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Quantum-informed reduction algorithm for the maximum independent set problem
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We propose and implement a quantum-informed reduction algorithm for the maximum independent set
problem that integrates classical kernelization techniques with information extracted from quantum devices.
Our larger framework consists of dedicated application, algorithm, and hardware layers, and easily generalizes
to the maximum weight independent set problem. In this hybrid quantum-classical framework, which we
call qReduMIS, the quantum computer is used as a coprocessor to inform classical reduction logic about
frozen vertices that are likely (or unlikely) to be in large independent sets, thereby opening up the reduction
space after removal of targeted subgraphs. We systematically assess the performance of qReduMIS based on
experiments with up to 231 qubits run on Rydberg quantum hardware available through Amazon Braket. Our
experiments show that qReduMIS can help address fundamental performance limitations faced by a broad
set of (quantum) solvers including Rydberg quantum devices. We outline implementations of qReduMIS with
alternative platforms, such as superconducting qubits or trapped ions, and we discuss potential future extensions.
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I. INTRODUCTION

The maximum independent set (MIS) problem is a paradig-
matic, NP-hard combinatorial optimization problem with
close ties to the well-known, complementary maximum clique
and minimum vertex cover problems [1]. Practical appli-
cations can be found in virtually every industry, including
computer vision [2], map labeling [3], network design [4],
vehicle routing [5], and quantitative finance [6—8], to name
a few. Given an undirected graph G = (V, £) with nodes V
and edges &£, an independent set is a subset Z € V, such that
no two vertices in the set Z share an edge. The goal of the
MIS problem is to find an independent set Z with maximum
cardinality. Such a set is called a maximum independent set
of size |MIS| = |Z|. Similarly, for a weighted graph G =
(V, €, w) with vertex weight function @ : ¥V — R™, the gen-
eralized maximum weight independent set (MWIS) problem
asks for an independent set Z with maximum weight w(Z) =
ZveI a)(v)

Classical ReduMIS. One of todays leading heuristics for
the MIS problem is the ReduMIS algorithm [9], which in-
termixes a suite of reduction (or kernelization) techniques
with a heuristic evolutionary algorithm. Reduction techniques
are polynomial time procedures that can shrink a given
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input graph to an irreducible kernel by removing well-defined
subgraphs. These subgraphs are removed through targeted
selection of exposed vertices that are provably part of some
maximum(-weight) independent set, hence maintaining opti-
mality [10-16]. Whenever an irreducible kernel is identified,
ReduMIS makes use of an evolutionary approach to identify
and remove vertices that are likely part of a large independent
set, thereby opening up yet again the reduction space for fur-
ther kernelization. Ultimately, a solution to the MIS or MWIS
problem on the original input graph can be found by undoing
previously applied reductions, with numerical experiments re-
porting state-of-the-art results for both large MIS and MWIS
problem instances [9,17].

Quantum optimization. Over the last few decades, quantum
optimization algorithms have emerged as a novel paradigm
for solving combinatorial optimization problems, such as
the MIS problem [18]. Prominent examples include quan-
tum annealing algorithms (QAA) [19-23] and the quantum
approximate optimization algorithm (QAOA) [24,25]. In par-
ticular, analog neutral-atom quantum machines in the form of
Rydberg atom arrays have attracted broad interest as a novel
class of programmable and scalable special-purpose quantum
devices that can natively encode and (approximately) solve
the MIS (and MWIS) problem on unit-disk graphs [26-34].
Recent QAA-based experiments report on a potential super-
linear quantum speedup over classical simulated annealing
[29,35]. However, for a broad set of Markov chain Monte
Carlo (MCMC) algorithms, the same experiments also show
that the algorithmic performance is suppressed exponentially
in the conductancelike hardness parameter H, defined as H =
Dpviisj—1/(IMIS| x Dyuis) ), where D, denotes the degeneracy
of the independent sets of size «. Specifically, the success
probability to find the MIS in a single algorithmic run (shot),
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FIG. 1. Schematic illustration of the hybrid qReduMIS framework, with distinct (1) application, (2) algorithm, and (3) hardware layers
(from top to bottom). The application layer is illustrated for an example portfolio selection problem (PSP) that can be framed as a MIS (or
MWIS) problem on an asset graph, the solution to which can be fed into a downstream portfolio composition problem. For a given problem
instance on a graph G, the qReduMIS algorithm solves the MIS problem by intermixing exact, polynomial time reduction logic with information
obtained from quantum measurements to unblock the kernelization process whenever necessary by identifying and removing frozen vertices
that have a high (or low) likelihood to be part of large independent sets. The qReduMIS framework is hardware agnostic, and can be powered
by both digital or analog quantum devices, such as Rydberg atom arrays implementing AHS programs.

denoted as Pys, is shown to follow the form Pys ~ 1 —
exp(—C H~#) [29], where B depends on details of the given
algorithm and C refers to a positive (fitted) constant.
Quantum ReduMIS (qReduMIS). In this work, we propose
and implement a novel quantum-informed algorithm (dubbed
qReduMIS), which integrates exact classical kernelization
with a quantum processing unit (QPU) used as coprocessor
(rather than a classical evolutionary heuristic) that unblocks
the reduction process whenever necessary; see Fig. 1 for a
schematic illustration. Unlike standard quantum optimization
approaches—which task the QPU with sampling a maximum
independent set directly—qReduMIS uses the QPU solely to
identify frozen nodes: vertices whose marginal probability
of belonging to large independent sets is anomalously high
(or low). These frozen nodes are then removed (along with
their neighbourhoods), reenabling exact classical reduction
rules on the resulting kernel. This process is recursive: The
algorithm alternates between classical kernelization and QPU-
assisted frozen-node identification until the graph is fully
reduced or a target kernel size is reached. The algorithm
is hardware agnostic and embedded in a larger, three-tiered
framework, with distinct application, algorithm, and hardware
layers. Because each QPU call operates on a progressively
smaller kernel, qReduMIS provides a path toward smaller
and simpler kernels that are more accessible to the QPU.
While this need not hold for very large instances, the sampling
quality of the quantum device generically remains high, even
when the original instance may be far too hard for standard

quantum optimization to sample an optimal solution. By de-
sign, the algorithm leans heavily on classical kernelization,
and periodically leverages information obtained from QPU
measurements to unblock the kernelization process by iden-
tifying and removing frozen vertices that have a high (or low)
likelihood to be part of large independent sets. This offers
several benefits: First, classical kernelization is provably opti-
mal, second these methods are fast (e.g., linear time for sparse
graphs), and third, kernelization methods are insensitive to the
hardness parameter H [36].

We emphasize that the classical reduction logic in qRe-
duMIS is not merely a one-time preprocessing step applied
before handing a (smaller) problem to a quantum solver. This
distinguishes qReduMIS from warm-start approaches [37,38],
which classically precompute an initial state or parameter set
and then run a full-size quantum optimization (e.g., QAOA)
as a second, independent stage. In qReduMIS, reduction and
quantum sampling are interleaved in a recursive loop: The
QPU output feeds back into the reducer, which produces a
new (smaller) kernel, which may require another QPU call.
Classical reduction is therefore an integral, repeated compo-
nent of the algorithm—not an offline preprocessing step—and
generically the QPU never sees the full original graph.

Our contributions can be summarized as follows: We
introduce reduction (kernelization) techniques within a recur-
sive (hybrid) framework, thereby effectively expanding the
size of problems compatible with near-term quantum hard-
ware within larger end-to-end pipelines. Disentangling the
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reduction logic from the kernel solver (which can be classi-
cal or quantum) our framework is designed to be hardware
agnostic, thus unlocking new experiments across hardware
platforms (including Rydberg atoms, trapped ions, and super-
conducting qubits). Our experiments with up to 231 qubits
demonstrate that qReduMIS successfully tackles fundamental
performance issues reported in Refs. [29,34,35], significantly
outperforming previous approaches based on optimized quan-
tum annealing protocols [29,34].

II. qReduMIS METHODOLOGY

In the following, we outline the anatomy of qReduMIS
in more detail, systematically stepping through its individual
layers from application, to algorithm, to hardware layers (cf.
Fig. 1 from top to bottom).

Application layer. The qReduMIS algorithm accepts
generic MIS instances as problem input and can be extended
to MWIS instances by combining generalized reduction tech-
niques for MWIS [17] with quantum devices compatible with
the MWIS problem [39,40]. Generically, in the application
layer we construct an MIS/MWIS problem instance for a
given set of problem-specific input parameters. The corre-
sponding problem graph is fed to the algorithm layer, which
then returns a (large) independent set that can be further pro-
cessed based on the underlying use case. For illustration, in
Fig. 1, we showcase the application layer with an example
PSP. Given information from historical stock price data in the
form of expected returns g and interasset correlations o, to-
gether with a user-defined correlation threshold A, the PSP can
be framed as an MIS (or MWIS) problem on a so-called asset
(or market) graph [7,8,41], which is passed to the algorithm
layer. The output solution represents a diversified portfolio
within a larger universe of assets, which can be integrated
into a larger multistage portfolio management pipeline where
portfolio selection is followed by portfolio composition [8].

Algorithm layer. The algorithm layer is at the center of the
qReduMIS framework, involving both classical and quantum
resources, with the QPU feeding information to the classi-
cal reduction logic in every iteration of the algorithm. See
Algorithm 1 for a basic outline of the core routine. While
several variants of qReduMIS are conceivable, ranging from
greedy heuristics to exact branch-and-reduce-type algorithms;
here, we focus on a semigreedy implementation thereof. In-
dependent of implementation details, qReduMIS comprises
three core modules, given by (1) CLASSICALREDUCE(:), (2)
QUANTUMMIS(+), and (3) SELECT(-) methods.

The CLASSICALREDUCE routine takes a graph G as input
and outputs a smaller graph kernel K, along with sets of
nodes that have been selected or removed, respectively. To
achieve this reduction, one can draw from the full suite of
reduction procedures developed over the last two decades
[9,16,42], involving, for example, techniques such as isolated
vertex removal [10], vertex folding [43], or critical indepen-
dent set reductions [11]. For definiteness, here we leverage
a simple, yet efficient reduction procedure known as isolated
vertex removal [10,13,36], which makes use of the notion of
exposed corner nodes (also known as isolated or simplicial
vertices) that are provably part of some MIS/MWIS by a
simple cut-and-paste argument [10,13,15,36]. By iteratively

ALGORITHM 1. Basic structure of qReduMIS.

Input graph G = (V, E), RCL size Kgcy, selection parameter A
# default KrcL = A = 1
Global W =0, S = 0, R = @ # best solution (incumbent), set
of selected nodes, set of removed nodes
# Set up selection scheme
params = {size : A, RCLsize : Kgcy, strategy : in}
Procedure gReduMIS(G)
if G is empty then return VW
# Get kernel, selected, and removed nodes
(K, s, r) < CLASSICALREDUCE(G)
Append s to S, append r to R
if K is empty then update and return W
# Get candidate sets for kernel from QPU
{Z,} < QUANTUMMIS(K)
# Update incumbent
if |S| 4+ max(|Z,|) > |W| then update W
# Select A frozen (fixed) nodes with “in/out” strategy,
# and update S and R accordingly
(Q, 84, q) < SELECT({Z,}, params)
Append s, to S, append 1, to R
K' < K[Vic\ Q] # Get updated (inexact) kernel
gReduMIS(K') # Recurse on inexact kernel
return W

selecting those corner nodes and removing their neighbor-
hood, this simple kernelization technique is able to efficiently
shrink a given input graph G to an irreducible kernel K—
typically in linear time—while preserving optimality [36].
Here, we will focus on the MIS problem, but it is straightfor-
ward to generalize qReduMIS to the MWIS problem, by either
(heuristically) extending our reduction logic toward weighted
nodes as detailed in Ref. [36] or by adopting known (exact)
MWIS reduction schemes [17].

Next, the irreducible kernel K is passed to the
QUANTUMMIIS routine, which samples from the low-energy
sector and computes high-quality solutions in the form of
independent sets {Z,,} for the kernel, forn = 1, ..., nghos, With
Nghots Teferring to the number of QPU measurements (shots).
As further detailed below, both analog (i.e., quantum anneal-
ing type) or digital (i.e., circuit-based) quantum devices can
be called in the backend to compute these independent sets.
In the case that the kernel’s size exceeds the QPU’s capabili-
ties, qubit compression [44], lightcone [45], or decomposition
techniques [46] may be used to effectively shrink the problem
size and enable the use of near-term quantum devices.

Finally, the SELECT routine takes the QPU’s output {Z,}
as input, and leverages its inherent sampling capabilities to
identify frozen nodes that tend to be included in independent
sets (or excluded), across all measurements (or some suitably
filtered version thereof). See the histogram in Fig. 1 for a
simple example with four nodes in which node 1 is never
part of a low-energy solution, while node 3 is always selected
(across different MIS solutions). In this case, both nodes 1 and
3 are frozen. In the context of superconducting annealers, this
concept has been introduced as sample persistence [47], which
amounts to the evaluation of one-point correlations sourced
from a low-energy (quantum) state, but can be generalized
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to higher-order correlations [33,48]. Here, we consider two
simple selection mechanisms, both based on a histogram of
in-set selection counts across allnodesi = 1, ..., |Vx/|, as can
be straightforwardly sourced from the measurement results
{Z,}; compare Fig. 1 for a toy illustration. We refer to in-
set (out-set) nodes as those vertices, which have the highest
(lowest) count numbers, respectively, representing their like-
lihood to be part of high-quality independent set solutions.
In a semigreedy implementation of qReduMIS, we randomly
pick XA candidate nodes from a restricted candidate list (RCL)
of size Krcr that tracks those nodes with the highest (lowest)
counts, possibly with a bias toward low-degree nodes for in-
set nodes, simply because high-degree vertices are unlikely to
be in a large independent set [9]. The nodes identified from
the RCL are then used to construct a set Q to remove from
the kernel. For the out-set strategy, Q contains the A randomly
selected nodes, whereas for the in-set strategy O contains the
X randomly selected nodes and their neighbors. After this
quantum-informed elimination of Q, we repeat the procedure
on the updated kernel K’ < KC[Vic\ Q], with the central idea
that the quantum-informed removal of Q once again opens
up the reduction space for further classical kernelization and
helps guide the algorithm toward an MIS solution.

Hardware layer. The qReduMIS hardware layer can in-
volve hardware solvers such as Ising machines [49], and
analog or digital quantum devices. Specifically, quantum al-
gorithms such as QAA [19-23] or QAOA [24,25] run on
quantum devices can be used to prepare a superposition of
low-energy candidate solutions to the MIS/MWIS problem
from which information is extracted upon measurement to
unblock classical kernelization.

Given a graph K = (Vi, k), the MIS problem is equiva-
lent to finding the ground state of the classical Hamiltonian

Hm)y==Y m+U > nnj (1)

i€V (i,))e€x

with U > 1 and n; = 1 if node i is in the set (and n; =0
otherwise); generalization to the MWIS problem is straight-
forward. Introducing the Ising spin variables z; = 2n; — 1 and
promoting those to Pauli spin operators z; — Z;, we obtain the
corresponding MIS quantum Ising Hamiltonian

Heost = Zjijzizj + Z hiZ:, (2)
ij i

with local fields #; and couplers J;;. The common theme
across different quantum algorithms and hardware platforms
is then to prepare a quantum many-body system undergoing
coherent, programmable dynamics, as described by the uni-
tary evolution

[W(6)) = UO)| Winitia) 3

which seeks to prepare |W(6)) via control parameters 6 as
to minimize the expectation value with respect to the cost
Hamiltonian H,os. The unitary {/(6) can be engineered with
both analog and digital quantum devices, across hardware
platforms such as superconducting qubits or trapped ions, as
further detailed in Appendix A 2. In the following, we focus
on implementations based on Rydberg atom arrays.

Given the ability of Rydberg atom arrays to efficiently en-
code MIS (and MWIS) problems on unit-disk graphs [26,29],
here we focus on qReduMIS backed by Rydberg atom arrays.
See Fig. 1 for a schematic illustration of our end-to-end work-
flow for solving the MIS with analog Hamiltonian simulation
(AHS) programs run on Rydberg QPUs. In this setup, each
atom represents a vertex, and coherent excitation from an
atom’s ground state |0) into an excited Rydberg state |1) can
be utilized for hardware-efficient encoding of unit-disk MIS
problems, with the Rydberg blockade mechanism effectively
inducing edges within the (tunable) unit-disk radius Rj, ~
1-10 wm [50-53]. The quantum dynamics of Rydberg atom
arrays is described by the Hamiltonian H = Hpiy + Heosts
with (= 1)

. Q(t .
Hpix = % Z(e’¢<’>|0>,-<1| +H.c.),

1
Aeos = —A@) Y A+ ) Vijhid, )
i i<j
where 71; := |1);(1]| is the occupation number operator for

atom i, V;; = Cg/||x; — xj||6 for atoms at positions x; and x;,
respectively, and Cg is the van der Waals coefficient. Here,
0(t) = {Q2(), ¢(t), A(t)} specifies a programmable schedule
in terms of the global Rabi frequency €2(¢), the phase of the
Rabi drive ¢(¢), and laser detuning A(z). Together with a two-
dimensional atom arrangement {x;}, 6(¢) defines a complete
AHS program for quantum devices available online today
with up to 256 qubits [54]. Neglecting corrections from Ryd-
berg interaction tails and carefully choosing positive detuning
Ayg > A > Arpg > 0 [34], it is straightforward to see that
Heos in Eq. (4) can capture the MIS cost function in Eq. (1)
on unit-disk graphs, in a quantum system with n; — 7;, while
the driver H,;, allows to coherently drive transitions between
bit strings [26]. Generalized MWIS instances can be tackled
using local detuning capabilities, effectively taking A(¢) —
A;(t) [39,40]. If a given problem instance does not match the
unit-disk connectivity supported natively by the hardware, we
resort to embedding schemes, as described in Refs. [36,39],
that map the logical input to a physical graph compatible with
the hardware connectivity constraints, typically at the expense
of a quadratic overhead in the required number of qubits. At
the end of the schedule, site-resolved projective measurements
can be used to read out the final quantum many-body state.
Given this raw output, we use simple postprocessing logic that
repairs potential violations of the independence constraint and
ensures the feasibility of all solution candidates [29]. Out-
set (in-set) nodes to be considered for selection per SELECT
method then manifest as frozen (persistent) vertices for which
the local observables 7; have low (high) expectation values,
i.e., (7;) = 0 ((f1;) = 1), as those give the probability to mea-
sure the ith atom in the Rydberg state |1) at the end of the
anneal.

gReduMIS run-time. Unless a maximum number of iter-
ations is specified, qReduMIS proceeds until the kernel is
empty. We denote the number of iterations needed to fully
reduce the kernel by D. Every iteration involves both classical
(te1) as well as quantum processing time (zq), up to the last
step that only involves classical kernelization. Considering
realistic wall-clock times, we have 7 < 74, leading to a
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total run-time T A DngyosT, With Tq = nghosT and hardware-
dependent cycle time t. For current Rydberg devices, 7 is
limited by (destructive) blow-out measurement techniques
to T ~ 0.1s [54]. For typical input graphs with n ~ 1000
nodes, we estimate D < 10, based on repeated classical ker-
nelization, leading to 7 &~ 100-1000 s for nges & 100-1000
measurements per iteration. This timescale can be reduced via
faster cycle times through improved reloading schemes [54],
the ability to parallelize measurements across a single QPU
device provided both enough space and qubits are available
[54], and the potential to parallelize the workload across mul-
tiple QPUs, if available.

Frozen-node sampling. Rather than tasking the QPU with
sampling a maximum independent set, qReduMIS only uses
it to identify frozen nodes, i.e., nodes with a high (or low)
probability of being in (or out of) the set. This offers two key
benefits.

Reduced problem size. Classical reduction is exact and
typically shrinks the graph to a smaller kernel before any
QPU call. Since Ebadi et al. [29] have shown that, for random
unit-disk instances, the hardness parameter H grows on aver-
age with system size, the successive (smaller) kernels handed
to the QPU are typically easier to sample than the original
instance.

Robustness to errors. By design, qReduMIS can find the
MIS of the original input G even when the QPU never samples
an MIS for the kernels /C, as long as the in-set (or out-set)
classification it suggests is compatible with some MIS. This
is because the frozen-node signal is sourced from the QPU’s
full low-energy output, not from optimal states alone: A cor-
rect in-set node v may appear in many sampled independent
sets, of which the MISs containing v are only a subset. Its
marginal inclusion probability is therefore strictly larger than
the probability of sampling an MIS, so the signal qReduMIS
needs survives in regimes where a bare quantum solver would
fail.

Beyond reducible graphs. Finally, we note that qReduMIS
is not restricted to graphs that are directly amenable to reduc-
tion. Even for instances immune to classical reduction (e.g.,
three-regular graphs, where no vertex is isolated), removing
a correctly identified frozen node together with its neighbor-
hood breaks the local structure and generically yields a kernel
that is reducible, reenabling classical reduction on the updated
kernel.

III. NUMERICAL EXPERIMENTS

We now assess the performance of qReduMIS experimen-
tally. For the sake of a well-controlled test bed, we focus
on hardware-native instances, foregoing the requirement for
excessive compilation. In particular, we consider (nonplanar)
random union-jack (UJ) instances, as previously studied in,
e.g., Refs. [29,32,35,55]. We compare the performance of
QAA vs a semigreedy implementation of qReduMIS with
in-set selection strategy and 20 classical shots per instance, for
the same optimized schedule [34], and nghors = 1000 through-
out. We provide results based on experiments run on the
QuEra Aquila QPU available on Amazon Braket [54]. We
apply postprocessing logic that repairs violations of the in-
dependence constraint [29,54]. We also perform postselection

TABLE 1. Average success probabilities Pyys achieved with
QAA and qReduMIS (with in-set selection strategy) using the QuEra
Aquila QPU for four test instances (all with n = 137 vertices) refer-
enced by their hardness parameters H. More details can be found in
Appendix B.

Instance hardness H ~1.478 ~14.12 ~125.5 ~1435
QAA 35.2% 0.8% 0.7% 0%
QAA (Ref. [34]) 47.8% 0.4% 1.9% 0%
qReduMIS 100% 100% 100% 100%

and only consider those shots for which the lattice has been
correctly filled with atoms, as done in Ref. [34].

Example instances. We first focus on four example in-
stances with n = 137 nodes and hardness ranging from [H ~
1.478 to H ~ 1435, as previously studied in Refs. [32,34]. In
line with the expected strong performance dependence on H,
Pvis ~ 0.478, Pyiis ~ 0.004, Pyis ~ 0.019, and Pys = 0 has
been reported for those four instances, using the optimized
QAA developed in Ref. [34]. Our results are given in Table I.
To illustrate the anatomy of qReduMIS, in Fig. 2, we provide
snapshots of the algorithm for one particular instance, show-
ing how the algorithm can succeed in finding an MIS through
repeated rounds of kernelization guided by information ex-
tracted from quantum measurements. Overall, we find that
gReduMIS outperforms QAA on all four instances, reaching
Pyviis = 1 on all four instances, including the hardest instance
for which QAA fails to find the MIS [34], i.e., Pyus = 0.

Systematic experiments. Next, we perform systematic ex-
periments on a larger set of 39 random UJ instances, with
hardness parameters ranging over 4 orders of magnitude from
H ~ 1.03 up to H ~ 9717, based on graphs with n = 7-231
nodes. To validate the usefulness of the quantum informa-
tion in guiding the kernelization process, we also consider
a simple random-informed baseline (dubbed rReduMIS), in
which in-set nodes are chosen randomly from the kernel. As
another important performance baseline, we provide results
based on an optimized implementation of classical simulated
annealing (SA) as described in detail in Ref. [35] and shown
to be competitive with the optimized QAA results reported in
Ref. [29].

Our results are displayed in Fig. 3. As expected, for QAA
Pyiis is strongly suppressed for hard instances, dropping to
small Pyys = 0 for most instances with H > 10. While more
performant than QAA, we observe a similar performance drop
for SA, as expected [35]. Conversely, qReduMIS solves most
instances to optimality with Py = 1 and maintains a nonzero
success rate with average Pyys = 89% throughout the test
bed. Overall, these results illustrate the benefits of introduc-
ing kernelization techniques over both classical and quantum
MCMC-based methods as studied in Refs. [29,34,35]. We
also see that qReduMIS outperforms the random baseline
rReduMIS, showing that the information extracted from the
quantum backend does carry useful information. While our
current focus has been on improvements over fundamental
limitations faced by a broad set of MCMC solvers, this ob-
servation lays the groundwork for future studies assessing in
detail the information obtained from the quantum sampler.
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FIG. 2. Snapshots of the qReduMIS algorithm (with in-set selection strategy) for the hardest instance listed in Table I with H ~ 1435.
(a) The problem input is given in terms of a site-diluted union-jack graph with n = 137 nodes on a square lattice of side length L = 14. (b)
qReduMIS first calls CLASSICALREDUCE. Orange nodes are selected (n; = 1), blue nodes are removed (n; = 0) per kernelization, until an
irreducible kernel C is found, with 37 kernel nodes displayed in dark gray. (c) Next, the QPU is called to unblock the reduction procedure.
Solution candidates for the kernel are sampled, and the node highlighted in pink is identified as a frozen node with high in-set probability.
Selection of this node and removal of its kernel neighborhood (pink box) results in an updated kernel ' that features an exposed corner node
(highlighted with an orange dot). (d) The remaining kernel is fully reducible. Within two iterations (with two calls to CLASSICALREDUCE and
one quantum-informed selection) qReduMIS finds an optimal solution of size [MIS| = 45.

While Pyys = 1.0 for all instances with H < 103, we find
Pyviis ~ 0.89-0.95 (on average) for two hard instances with
H > 10°, which we attribute to suboptimal information
sourced from the quantum sampler for relatively large (and,
thus, harder) kernels; see Appendix B for further details.
Ultimately, those performance drops may be addressed with
extended reduction techniques [16] and (kernel) samplers that
are insensitive to the hardness parameter, as discussed in
Ref. [35], which we leave for future research. Still, given
that the performance of qReduMIS is imperfect (Pys < 1)
only for those instances where QAA fails (Pyis = 0), for our
test bed we find an optimal area-under-the-curve performance
boost for Pys(qReduMIS)/Pyis(QAA).
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FIG. 3. Success probability Pyys as a function of the hardness
parameter H, for QAA (red squares), classical SA (bright blue dia-
monds), qReduMIS (blue circles), and a random-informed baseline
(black triangles). Error bars refer to 90% confidence intervals as
extracted via bootstrapping; for SA error bars are estimated via
repeated Bernoulli experiments. The inset provides selected results
for those nine instances (with a nonzero kernel) that are not solved
by the first iteration of CLASSICALREDUCE alone.

ReduMIS powered by SA. The broader ReduMIS frame-
work is agnostic to the choice of optimization subroutine used
to solve the kernel: While the original ReduMIS implemen-
tation [9] is powered by a heuristic evolutionary algorithm,
in the spirit of qReduMIS one can instead use SA as the
inner solver, which we denote as SaReduMIS. As yet another
baseline, we applied SaReduMIS across our test bed of 39
random union-jack instances and observed a success proba-
bility of exactly Pys = 1 on all instances, including the nine
instances that are not fully reducible by exact reduction rules
alone. This is in line with our expectations: In earlier work
on the computational hardness of MIS [35], we showed that
SA performs on par with—or, given sufficient depth, better
than—quantum annealing, with the speedup reported in Ebadi
et al. [29] holding only against a restricted, simple form of
SA. We therefore expect SA to supply the classical reduc-
tion wrapper with information of comparable quality to our
quantum implementation, and our experiments confirm this.
The scientifically pertinent question our work addresses is
thus not whether classical kernels are tractable at current sys-
tem sizes—they are—but whether the reduction framework
can help overcome the fundamental scaling barrier faced by
standalone quantum optimization (specifically QAA), and our
results demonstrate that it does.

IV. CONCLUSION AND OUTLOOK

In summary, we have proposed and analyzed a family of
quantum-informed reduction algorithms for the MIS/MWIS
problems (dubbed qReduMIS) in which exact kernelization
is applied in tandem with a quantum coprocessor that helps
guide the repeated reduction process through the identifica-
tion of frozen vertices. The qReduMIS algorithm is hardware
agnostic and embedded in a three-tier framework with distinct
application, algorithm, and hardware layers. Our experiments
with up to 231 qubits show that qReduMIS can help over-
come fundamental performance limitations faced by (neutral
atom) quantum processors. In future work it will be inter-
esting to integrate backtracking techniques [33] and expand
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the classical reduction toolkit [16]. Furthermore, one could
integrate qubit compression [44], lightcone [45], or decompo-
sition techniques [46], with the goal to study larger problem
sizes, and run larger benchmarking experiments (e.g., com-
paring qReduMIS against classical ReduMIS) using a variety
of hardware platforms such as superconducting qubits or
trapped ions.
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APPENDIX A: ADDITIONAL DETAILS

Here, we provide further details for the qReduMIS al-
gorithm. We first discuss variants of qReduMIS, such as a
quantum-frugal version to speedup the algorithmic run-time.
Thereafter, we show how to implement qReduMIS across
different quantum hardware platforms, including supercon-
ducting qubits and trapped ions.

1. Algorithmic details for qReduMIS

Anatomy of qReduMIS. The qReduMIS algorithm is
sketched in Algorithm 1. Here, we provide some more details
for its implementation. In each iteration, qReduMIS updates
the set of selected nodes S that tracks nodes selected per
classical reduction as well as nodes selected as (frozen) in-set
kernel nodes. In parallel, the incumbent W is also updated
in every iteration whenever a better solution has been found,
allowing us to track (potentially high-quality) global solution
candidates already in the first iteration, even when the kernel
K may still be relatively large and |S| relatively small. As
such, the QPU’s output in the form of candidate sets {Z,} is
used in two ways, to establish a global incumbent solution
and to identify frozen nodes as to unblock the kernelization

process. In this way qReduMIS proceeds toward large inde-
pendent sets in two complementary ways, with the incumbent
W securing a global solution candidate even when the algo-
rithm is stopped early.

Variants of qReduMIS. For . = KrcL = 1, the semigreedy
implementation of qReduMIS discussed in the main text
simplifies to a simple greedy variant of qReduMIS. Gener-
alizations of our semigreedy implementation (with uniform
random sampling from top-K candidates) to alternative sam-
pling strategies, such as top-p (nucleus) sampling [57], should
be straightforward. In semigreedy qReduMIS with R parallel
runs (repetitions) the total number of QPU calls amounts to
Ngpu ~ RD. However, this number can be reduced to Ngpy ~
D in a quantum-frugal variant of qReduMIS, whereby the
inexpensive classical reduction is run for all candidate nodes
in the restricted candidate list RCL (as to validate multiple
scenarios based on quantum information) before one greedily
uses the option with the largest reduction footprint.

qReduMIS run-time. The qReduMIS run-time may be fur-
ther reduced by keeping the number of shots ngs low,
because high-resolution measurements are not necessarily re-
quired, akin to the use of stochastic gradient descent over
gradient descent. Moreover, the run-time depends heavily on
the quantum device used and its characteristic cycle time t.
For Rydberg atom arrays, we currently have relatively slow
cycle times with t ~ 0.1s, amounting to ~10 samples per
second. Conversely, with superconducting devices one can
achieve more than 6 x 10* circuit repetitions per second [58],
resulting in much faster cycle times with 7 ~ 1.6 x 107 s.

Robustness. By design, qReduMIS is robust against errors
in that it can succeed in finding the MIS for the original input
G even if the QPU fails to find the MIS for the kernels C,
as long as the in-set (or out-set) classification suggested by
the QPU is compatible with some MIS solution. For typical,
sufficiently dense problems of interest, the majority of vertices
will be out-set nodes resulting in an imbalanced classification
problem in which the correct prediction of some out-set nodes
is expected to be easier than the correct prediction of in-set
nodes. For example, for the instances studied in Table I with
n = 137 and typical MIS size of ~46 the average in-set prob-
ability is approximately pi, ~ 1/3, while the average out-set
probability is approximately pou ~ 2/3. However, removal
of in-set nodes comes with a larger reduction footprint and
thus typically requires a smaller number of qReduMIS iter-
ations. Empirically, we observe that the two effects roughly
balance each other out, leading to approximately similar per-
formance for in-set and out-set selection strategy. We leave
a more detailed analysis thereof, along with the develop-
ment and analysis of alternative selection strategies, for future
research.

Loading errors. In particular, qReduMIS can also improve
the robustness against atom loading errors for Rydberg de-
vices. Specifically, for the QuEra Aquila device, the typical
probability of failing to occupy a given (single) site is € ~
0.007 [54]. The probability to correctly load a desired atom
arrangement with n atoms is then pjpg & (1 — €)". We have
addressed this source of error through proper postselection,
noting that the fraction of valid samples can be much larger for
qReduMIS over QAA, given that the kernel graph is typically
much smaller than the original graph. For example, for the
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hardest instance in Table I, we have pjoaq ~ 38% for QAA
with n = 137, while pjoaq ~ 77% for correctly loading the
(first) kernel with n = 37 nodes within qReduMIS.

2. Hardware layer

The qReduMIS framework is hardware agnostic. In the
main text, we have focused on implementations based on Ry-
dberg atom arrays. Here, we now show how qReduMIS could
be backed by digital (gate-based) devices run, for example,
on superconducting (SC) qubits or trapped ions, or alternative
SC-based quantum annealers. In order to use these backends
within the qReduMIS framework, one needs to specify the
unitary U/ (6) that implements the desired dynamics in Eq. (3).
Below, we describe this process for both the quantum approx-
imate optimization algorithm using digital architectures, and
quantum annealing using superconducting qubits.

QAOA. The QAOA is one of the most widely studied
quantum algorithms for solving combinatorial optimization
problems on gate-based, near-term quantum devices [24],
with first experimental demonstrations run on both super-
conducting qubits [59,60] and trapped ions [61]. In the case
of QAOA, the unitary /(0) in Eq. (3) is given by U(0) =
H;)lemix(,Bl)Ucost(yl)9 involving a series of p layers alter-
nating cost and mixing unitaries, Uy (y;) = exp(—iy,ﬁcosl)
and Upnix (B)) = exp(—iﬁ;ﬁmix), respectively, which are gener-
ated by Heos and Hopix = > X, respectively. The parameters
6 = (y, B) can either be optimized in an outer (closed)
loop, inferred from parameter setting heuristics [25,62,63],
or preoptimized [64]. Finally, note that one could also adopt
generalizations of QAOA such as recursive QAOA [48].

Superconducting annealers. Alternatively, when adopting
SC quantum annealers, e.g., as provided by D-Wave Systems
Inc. [19,22,23,65], the unitary U (0) in Eq. (3) is generated
by the time-dependent Hamiltonian H@) =1 —0)Hnix +
OH.., where 6 = 0(t) defines the annealing schedule with
0(0) =0 and 6(zy) =1 for a total anneal time 7y ~ 10 ys.
More general protocols can involve techniques such as coun-
terdiabatic driving [66], reverse annealing [67], Bayesian
optimization [32], or catalyst terms [68,69].

APPENDIX B: ADDITIONAL NUMERICAL RESULTS

In this appendix, we provide further details for our
hardware experiments and additional numerical results, com-
plementing the results shown in the main text.

Algorithm parameters. In our experiments, we have set A =
1 and Krc, = 0.4|K|, where | K| refers to the number of kernel
nodes. Measurements have been filtered to solution candidates
{Z,} with the largest and second largest independent set size
found.

Comparison to simulated annealing. Our implementation
of SA is the one developed in Ref. [35]. Note that our imple-
mentation differs from the implementation of SA presented
in Ref. [29] in the following ways: (1) Our implementation
involves only moves compatible with the (hard) independence
criterion such that only the feasible space is searched and is
not based on a (soft) penalty model, (2) proposal probabil-
ities are biased toward additions and exchanges to increase
acceptance, and (3), we use a geometric cooling schedule in

TABLE II. Success probabilities Py;s (including error estimates)
achieved with QAA and qReduMIS (for both an in-set and out-set
selection strategy) using the QuEra Aquila QPU [54] for four test
instances (all with n = 137 vertices) referenced by their hardness
parameters H.

Algorithm H~1478 ~14.12  ~1255 ~1435
QAA 0.35(2) 0.008(5)  0.007(4) 0.0
qReduMIS (out set) 1.0 1.0 1.0 1.0
qReduMIS (in set) 1.0 1.0 1.0 1.0

combination with frequent restarts, as opposed to a constant
low temperature as used in Ref. [29]. These changes allow
the implementation of SA in Ref. [35] to achieve higher
success probability compared to Ref. [29]. We estimate the
90% confidence interval for our results using the statistical
variance from repeated Bernoulli trials, where each trial is
considered a success if the optimal solution is found and a fail-
ure otherwise. The variance for Nz Bernoulli trials is given by
p(1 — p)/Np, where p represents the observed probability of
success. To estimate the 90% confidence interval, we multiply
the standard error by 1.645, which is the z score corresponding
to the central 90% of the standard normal distribution.

Comparison to SaReduMIS. We also implemented the Re-
duMIS framework powered with classical SA as kernel solver,
replacing the QAA sampler from qReduMIS with SA. Note
that the original ReduMIS [9] algorithm comes with a larger
set of reduction rules but for this comparison we employed the
same classical reduction rule based on clique-based removals.
To make the comparison fair, we employed 500 replicas and
two steps in the SA implementation such that the total com-
putational budget was 1000, on par with the QAA component
of qReduMIS.

Hardware parameters. For our hardware experiments, we
adopt the optimized schedules developed in Ref. [34], with
a maximum Rabi frequency Qnax/2m = 2.5MHz and total
annealing time 7, = 4 us. The lattice spacing a was set to
a = 5.45 um for most of the problem instances, ensuring that
the Rydberg blockade radius R, = (Cs/Qmax)"/® is compati-
ble with the desired UJ connectivity, i.e., V2 < Rp/a < 2 for
Ry/a ~ 1.5. Given device geometry constraints in the form of
limited maximum site pattern width and height [54], for large
instances we set a = 4.45-5.0 um when necessary, amounting
to Ry/a ~ 1.7-1.9, well within the desired UJ regime.

Example instances. We first provide an extended version
of Table I that features error bars (as extracted from boot-
strapping) and provides results for both in-set and out-set
selection strategies (see Table II). We observe comparable
performance for the two selection strategies. In addition, com-
plete histograms featuring all shots (QAA) and repetitions
(qReduMIS) for the two hardest instances considered in Table
I are displayed in Fig. 4. We see that with qReduMIS the
probability is shifted to larger independent set sizes, indicating
that performance is improved not only in the best case, but
also on average.

Number of QPU calls. In Fig. 5, we provide histograms
showing the number of QPU calls (across R = 20 runs) for
both in-set and out-set selection strategies for the two hardest
instances considered in Table I. We find that a small number
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FIG. 4. Performance as measured in terms of the independent set size |IS| for both QAA and qReduMIS (with in-set selection) for the
two hardest instances considered in Table I, with H ~ 125.5 (left) and H ~ 1435 (right), respectively. The optimal MIS sizes are given in
the rightmost bin. (Left) QAA finds the optimum [MIS| = 46 with a small success rate of Pyys ~ 0.7%, displaying a broad shoulder toward
suboptimal solutions, while qReduMIS finds the optimum with a success rate of Pyys = 100%. (Right) The best solution found by QAA is
|IS| = 44, while qReduMIS finds the MIS of size |[MIS| = 45 with a success rate of Pyys = 100%. Error bars refer to 90% confidence intervals

as extracted via bootstrapping, and ng,qs = 1000 for all QPU calls.

of calls (<10) is sufficient for these instances with n = 137
nodes, in line with the expected (moderate) logarithmic in-
crease of algorithmic depth D with system size n. Moreover,
we find that in-set selection typically requires a smaller num-
ber of QPU calls, likely due to its larger removal footprint,
because we only remove one (frozen) node at a time (for
A = 1) within the out-set strategy, but we remove one frozen
node together with its kernel neighborhood when adopting the
in-set strategy. As such, qReduMIS is expected to reach an
empty kernel faster when adopting the in-set strategy. Finally,
we note that the number of QPU calls can be reduced with a
simple extension of our selection strategy in which we select
one node per kernel component, which allows to (potentially)
unblock all kernel components in parallel.

Likewise, the number of QPU calls for qReduMIS with in-
set selection across the larger test bed underlying Fig. 3 is
shown in Fig. 6. We find that small UJ instances with n <
100 nodes tend to be fully reducible, and thus do not require
any QPU calls [36], thus providing a QPU resource efficiency
improvement over vanilla QAA for this set of (fully reducible)
instances. Some of the larger instances with n 2> 100 nodes
may have a nonempty kernel, and thus may require calls to
the QPU. However, compared to vanilla QAA, the overhead
is small in that a small number of calls is sufficient to reach
termination of qReduMIS.

We also observe a relatively strong Pearson correlation
coefficient ~—0.92 between the number of QPU calls and
the size of the first reduction, i.e., the larger the first classical
reduction, the smaller the average number of QPU calls. The
number of QPU calls is anticorrelated with the performance
measure Pys, as confirmed by a relatively strong Pearson
correlation coefficient of ~—0.40. Overall, the emerging
rationale can be simply stated as follows: The larger the prob-
lem size n, the smaller the average reduction; the larger the
kernel, the larger the number of QPU calls and the smaller the
average Pys.

Fixed shot budget. As explained in the main text, our
main experiments used the same number of quantum shots
in QAA as in each execution of the quantum backend within
the full gqReduMIS solve. In some cases, qReduMIS requires
more than one quantum call (i.e., execution of the quantum
backend), as shown in Fig. 6, such that qReduMIS could
incur a larger total number of quantum shots than QAA. To
further compare qReduMIS with QAA, we also ran additional
experiments with a fixed fotal number of quantum shots. For
example, we observed that instances with H > 10? have a
larger number of quantum calls. Note, however, that the num-
ber of qubits (nodes) required for the kernels solved by the
quantum annealing system in qReduMIS is smaller than that
of standalone QAA for the full graph, as we apply classical
reductions effectively reducing the size of the problem, thus
reducing the QPU resource requirements in terms of the num-
ber of qubits.

To study the trade-off between the number of quantum
calls and the success probability, we performed additional ex-
periments comparing QAA and qReduMIS (via the noiseless
tensor network simulator) for different total numbers of quan-
tum shots. The total number quantum shots for standalone
QAA is simply the number of shots that the program ran,
whereas for qReduMIS the total number of quantum shots is
the sum over all the quantum shots used across all calls to the
QPU.

We performed these additional experiments for the two
hardest instances considered in Table I, with H ~ 125.5
and H ~ 1435. For the first instance, we set the number of
quantum shots per iteration of qReduMIS to 125 and 250,
respectively, and we calculate the success probabilities across
20 classical shots, and we report the largest value of total
quantum shots (i.e, the worst case). In all cases, the success
probability obtained by qReduMIS is 1. In contrast, QAA
achieves a success probability of 0, even when running for
1000 total quantum shots. We report these results in Table III.
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FIG. 6. Number of QPU calls for qReduMIS with in-set selection
across the larger test bed with 39 instances with up to 231 nodes.
Note that the number of QPU calls is zero for the majority of in-
stances, thus providing a QPU resource efficiency improvement over
vanilla QAA for this set of (fully reducible) instances.

TABLE III. Success probabilities Pyys achieved for QAA and
qReduMIS (using the in-set selection strategy) for different total
numbers of quantum shots (qshots) when solving two of the hardest
test instances (with n = 137 vertices), labeled by hardness parameter
H. Note that in QAA the total quantum shots is simply the number
of shots used in the program execution, while in qReduMIS the total
is given by the sum of all quantum shots the QPU executed in all
iterations of the algorithm. Here, Pyj7¢* is the success probability for
qReduMIS when restricted to only those trials (i.e., classical shots)
for which the worst case number of total quantum shots was required.

H ~ 125.5 H ~ 1435
gshots QAA gReduMIS Pt QAA gReduMIS  Pye
500 0.0 1.0 1.0 0.0 0.6 0.27
1000 0.0 1.0 1.0 0.0 0.80 0.75

We attribute the lack of decay in success probability for
qReduMIS when reducing the number of quantum shots per
quantum call to the fact that the bulk of the heavy lifting
in the algorithm is classical reduction, and the QPU is only
leveraged to identify frozen nodes that unblock subsequent
classical reduction. Performing this task requires less preci-
sion than identifying the actual problem solution, as one does
in standard QAA. Note that the average number of QPU calls
does not change much when varying the number of quantum
shots (i.e., 3.1 calls for 500 total of quantum shots, and 3.05
calls for 1000 quantum shots).

For the hardest instance, we ran qReduMIS with 250 and
500 quantum shots per iteration, incurring a total of 500 and
1000 quantum shots (in the worse case). In Table III, we
see that in this case there is an improvement in the suc-
cess probability as we increase the number of quantum shots
per iteration. We observe that Py;is™ (the success probability
when we restrict to only the trials (i.e., classical shots) that
incurred the worst case number of total quantum shots) is
significantly improved when increasing the quantum shots per
iteration, as expected. When using 500 quantum shots per
QPU call, out of the 20 classical shots, 12 performed three
classical reductions (two QPU calls). This number is very
similar when using 250 quantum shots per QPU call, with 11
(out of the 20 classical shots) shots performing three classical
reductions.

Overall, based on our experiments we conclude that qRe-
duMIS can outperform QAA even when the budget of total
quantum shots is fixed and held constant.

Number of frozen nodes. As discussed in the main text,
one of the hyperparameters in the qReduMIS algorithm is
the number of frozen nodes to be identified by the quantum
backend either for inclusion in the candidate independent set
(in set) or exclusion (out set). For the benchmarks shown in
the main text, we set A = 1. However, one can select more
than one node with high probability to be included or excluded
from the set. In the case of in-set selection, identified nodes are
included in the candidate set, and they are removed from the
kernel along with their neighbors. To understand the effect of
changing this hyperparameter, we analyzed the success proba-
bility of the qReduMIS algorithm while varying the number of
frozen node in the case of in-set selection using the noiseless
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TABLE IV. Success probabilities Pyys (including error estimates
corresponding to 90% confidence intervals extracted via bootstrap-
ping) obtained with QAA and gReduMIS (for in-set selection
strategy) for different number of number of frozen nodes (1) for two
of the hardest test instances (all with n = 137 vertices) referenced
by their hardness parameters H. Note that the success probability
corresponding to standard QAA is exactly O for both instances. We
report on the number quantum calls qcalls, which is the number of
times the QPU was called to unblock reduction. Note that for the
instance whose H ~ 125.5 results for A = 3 are not included because
an intermediate kernel has a smaller size of MIS, as discussed in the
text.

H ~ 125.5 H ~ 1435
A qReduMIS qgcalls qReduMIS gcalls
1 1.0 3.2(4) 0.6(1) 1.6(5)
2 1.0 3.0 0.4(1) 1.2(4)
3 0.2009) 1.2(4)

tensor network simulator for the two hardest instances consid-
ered in Table I (H ~ 125.5 and H ~ 1435). Using the output
from the tensor network (TN) simulator, we can generalize the
concept of frozen nodes to larger subsets of nodes. For exam-
ple, if A = 2, we can obtain the probability of any possible pair
of nodes occurring in the output. Ordering these probabilities,
we can then select the set of nodes (with size A) with the
highest probability of occurring, which we return in place of a
single frozen node. If multiple such sets occur with the same
(largest) probability, we randomly select one to return. In the
in-set strategy, these selected nodes are removed together with
their neighbors. We study the performance of qReduMIS (in
terms of the success probability and the number of quantum
calls, i.e., the number of times the quantum backend is utilized
per execution of qReduMIS) for different values of A across
20 classical shots. We set the number of quantum shots per

iteration of qReduMIS to 250, as we have shown that for
this value the total number of quantum shots is less than or
equal to 1000 (as used for QAA). We report the results in
Table IV. For the easier of the two instances, we observe that
neither the success probability nor the number of quantum
calls significantly change when increasing A. Conversely, for
the harder instance we observe a significant reduction in the
success probability with increasing A, though no significant
change in the required number of quantum calls. These results
suggest that transferring responsibility from the exact classical
methods to the heuristic quantum backend can lead to reduced
performance, even though the kernel is simplified more for
larger A. Overall, with larger values of A one can reduce
the number of quantum calls (given the larger heuristic node
removal), albeit at the expense of potential performance drops
(given that exact reduction is traded for heuristic removal), as
expected.

In order to increase the probability of success for larger
A, one would need more quantum shots to have higher con-
fidence that the selected nodes are indeed within the MIS.
However, selecting A too large (e.g., larger than |MIS| for any
given kernel) can lead to failure, as the algorithm is asked
to produce A nodes that are likely to all be within the MIS,
but only |[MIS| < XA nodes are possible. We see an example of
this phenomenon for the case of H ~ 125.5 in Table IV, in
which an intermediate kernel has [MIS| = 2, but L = 3. We
observed (across many classical seeds) that, after the second
iteration of qReduMIS, the resulting kernel has five nodes
and is three-regular with [MIS| = 2. Thus, it was not possible
to remove A = 3 nodes through in-set identification. For this
reason, we did not include results for A = 3 in the table. Note
that, if the kernel graph is disconnected with A disconnected
components, one can immediately identify frozen nodes in
each disconnected subgraph independently without any com-
promise, as these frozen nodes can be correctly identified
individually.
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