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Insertion space in repulsive active matter
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For equilibrium hard spheres, the statistical geometry of the insertion space, the room to accommodate another
sphere, relates exactly to the equation of state. We begin to extend this idea to active matter, analyzing the
insertion space for repulsive active particles in one and two dimensions using both on- and off-lattice models. In
one dimension, we derive closed-form expressions for the mean insertion cavity size, cavity number, and total
insertion volume, all in excellent agreement with simulations. Strikingly, activity increases the total insertion
volume and tends to keep the insertion space more connected. We also find that insertion space metrics contain
signatures of collective phase behaviors occurring at previously predicted packing fractions. Taken together, our
work provides the first quantitative foundation for the statistical geometry of active matter.

DOLI: 10.1103/n9s4-ykn2

Insertion is one of the most basic actions in the natural and
human worlds: it is the act of storing physical objects in space.
The practical difficulty of insertion lies in the objects taking
up a limited amount of space and accounting for the many
ways to arrange the objects (Fig. 1). Since the work of B.
Widom (1960s), only insertion into a medium in equilibrium
with its environment has been considered [1,2], but what hap-
pens if the insertion medium is, instead, motile and far from
equilibrium? Understanding insertion has important practical
ramifications regarding the storage of motile units, such as
self-propelled colloids [3], robots [4], and biological cells [5],
which could form the next generation of engines [6]. Here,
we provide the first answer to this question in the context of
active matter: a broad class of nonequilibrium systems whose
constituents turn over energy to fuel their dynamics [7].

Active constituents interact in many ways, with volume
exclusion (a form of repulsion) being the most relevant for
insertion [8—10]. An important phenomenon that arises for
active—as opposed to passive—repulsive particles is motility-
induced phase separation (MIPS): the formation of dense
clusters of particles surrounded by a dilute vapor [11]. The
nonequilibrium driving and the many-body repulsive inter-
actions make understanding the insertability of active matter
difficult.

It has been shown that some frameworks and ideas from
equilibrium statistical mechanics, i.e., of passive matter, can
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be leveraged to understand the thermodynamics of active
matter [12]. Motivated by these successes, we here begin to
investigate an unexplored avenue: the relationship between
thermodynamics and insertion space (IS), or, in general,
statistical geometry, which was established for equilibrium
hard spheres [13-20]. Remarkably, there exist exact relations,
largely attributed to R. J. Speedy, connecting both the equi-
librium compressibility Z = SPV/N and, separately, the total
chemical potential o to the averaged insertion space, i.e.,
the room available to place another sphere averaged over all
configurations [13,14] (Fig. 1):

o (Sp) %
Zc =1 , = —In—-, 1
G +2d(V1) MG n v (1)
d
Z6=72Z=BPVIN, UG = texce =PBu—In 7 (2)

At equilibrium

where B = (kgT)~! is the inverse temperature, P is the bulk
pressure, V is the total volume of the space, N is the num-
ber of constituents, o is the particle diameter (or repulsion
range), d is the spatial dimension, A is the thermal de
Broglie wavelength, (V;) is the averaged (over all values in all
configurations) total insertion volume, and (S;) its averaged
concomitant surface. The insertion volume is expressed in
terms of the averaged (over all values across all configura-
tions) number of cavities and cavity size as (V;) = (Na)(A)
[16,18].

The appeal of the above relations is that—at equilibrium—
each of the left-hand sides of Eq. (1) has clear thermodynamic
interpretation (2), while the right-hand sides of Eq. (1) are
purely geometric. However, it is not straightforward how one
should view the above relations in light of active matter:
systems far from equilibrium. Already, it has been shown that
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FIG. 1. (a) Visualized insertion cavities for a configuration of
hard spheres in d = 1. (b) Example insertion cavities for a configu-
ration of hard disks in a closed box. Disconnected cavities identified
in our algorithm (right).

an equation of state, Z, with the equilibrium interpretation, is
the exception and not the rule for active systems [21]. Thus,
if Eq. (2) were to somehow hold, the interpretation of the
thermodynamic objects must change. Though, before this, a
systematic investigation into the geometric objects in Eq. (1)
for active systems needs to be done. An important anchoring
point is that the determination and interpretation of the IS
quantities are purely geometric and remain concrete far away
from equilibrium. Here, we determine the IS and its statistics
for repulsive active matter models in low dimensions.

First, in d = 1, the averaged total number of cavities (Na)
can be written in terms of Pc, the contact probability of two
particles, as

(Na) =N — Fe), 3

with (Np) = N in the dilute limit (packing fraction n =
No /V — 0) and (NA) = 0 at full packing (n — 1). The av-
eraged total insertion volume is, as a function of P,

(Vi) =V +No(Pc - 2), “

with (V;) =V — N(20) in the dilute case, where 20 is the
volume excluded by one particle, and (V;) = 0 at full packing.
Then, based on simple manipulations of Egs. (3) and (4), the
dimensionless averaged cavity size (A)/o = (A) is given as
(A) = Vi) _ 1+n 2). 5)
0 (Na) nl —Fe)
The above exact relations, expressing the insertion observ-
ables in terms of P, to the best of our knowledge appear to be
new and are consistent with the expressions in Ref. [14].

In one dimension, (S;) = 2(Na) exactly, implying that
the geometric compressibility Zg (1) can be simplified as
Zg =1+ (A)~'[14]. The above observables for the equilib-
rium one-dimensional hard-sphere model, i.e., the Tonks gas
[8], are given exactly as [8,15,16]

_ 1—
<A>o=( n)
n

1
(Vido =V (1 —n)exp <—m)7 (6)
with a corollary that P.? = 1 — exp(—(A); ).

1
,  (Na)o=Nexp (—m),

To make analytical progress for the active model, we
consider repulsive run-and-tumble particles (RTPs) in d = 1.
The model consists of N RTPs, of diameter o, on a lat-
tice of n =V/o € Z* sites. In this model, the run lengths
k;, for particle i, are exponentially distributed with rate pa-
rameter K~! > 0, and during the runs the particles have a
constant self-propulsion speed vy [22] (see Supplemental Ma-
terial [23] for all model details). We note that K ~ [,/0 is
to be interpreted as some persistence length divided by the
particle size. At equilibrium (K — 0), the model reduces
to the simple symmetric exclusion process [24]. The RTP
particle model can be mapped to a mass transfer model
with fluctuating directed bonds [as is done in the Dandekar-
Chakraborti-Rajesh (DCR) model [25]], which we exploit
here. The neighboring probability Pr can be broken down as
4Pc =p- ~ +2p_, . +p ., where p_, . is the proba-
bility that two particles are next to each other with the left
one moving right and the right one moving left, p_, _, =
P, is the probability that two particles are next to each
other where both particles move in the same direction, and
P« is the probability to be next to each other with the left
particle moving left and the right particle moving right. The
expressions for p_, —, p_, _,, and p_ _, are difficult to obtain
exactly, and so we resort to a mean-field approximation (as is
done in Ref. [25]; see Supplemental Material for details [23]).
For weak activity, i.e., K < 1, the mean-field P¢ reads [up to
O(K?)] as

— 1)K — D?n4n? = Tn + DHK?
Pc=n+n(n ) +(n ) n(4n n+1) .
k<1 2 8

(N

For the high-activity (large persistence) regime, naively
expanding P for small K~! « 1 is pathological (as noted
in Ref. [25]). The main reason for this is that the mean-field
treatment assumes bonds (orientations between close parti-
cles) are independent and thus cannot—by design—represent
the long, strongly correlated domains of like orientation
that arise at large persistence. A better high-activity starting
point is the coalescence-fragmentation picture in the DCR
model (Sec. IV of Ref. [25]), which focuses on the inter-
faces of comoving particle clusters. In this picture, in the
steady state, there is a balance in the rates of clusters joining
and breaking, resulting in the density of interfacial bonds
(jammed interfaces) going as ¢* = /K ~1(A)( and the typical
unoccupied cavity size going as K¢*. Then, the contact prob-

ability is simply Pr Pl 1 — ¢*. In the full packing regime,
>

both the weak- and high-activity limits obey Pc(n — 1) =1,
yet in the dilute regime Pr(n — 0) ~ 0 for K — 0, while
Pc(n — 0) ~ O(1) for K — oo (high persistence limit taken
first).

The dimensionless averaged cavity size (5) in the presence
of weak and strong activity is then, respectively,

K>(1 = n)(1 =57 +21°)
8 b

(A) o K*—1=,/K({(A)y—1, ®)

A = (Aot X
(&) = Blot+50 =0~
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FIG. 2. Insertion space for repulsive active particles in d = 1. (a) Averaged normalized cavity size as a function of packing fraction n, as
determined from off-lattice (filled points) and on-lattice (unfilled points) simulations of RTPs at various K. Analytical results are solid lines; for
K < 10.0, the lines are the weak-activity mean-field expressions, while for K > 10.0 we show the high-activity expressions [Egs. (8)—(10)].
Exact passive expressions are from Eq. (6) and are shown along with strict passive simulations (K = 0). (b) The averaged total insertion volume
divided by the system volume. (c) Averaged number of insertion cavities per particle as a function of 7. (d) The geometric compressibility,
Zg, as a function of 7. Inset is the geometric chemical potential g against 7. (e)—(h) The same quantities as for panels (a)—(d) but for the
AOUP (off-lattice) model. High-activity analytics (for T = 1000) are Egs. (8)—(10), with K ~ VD't /o . Parameters (RTPs): N = 1024, u =1
(off-lattice), € = 10 (off-lattice), and 0 = 1; AOUPs: N = 1024, u = 1,¢ = 10, D' = %, ando = 1.

with (Na) and (V;), also given, respectively, as

(Na) Kn(1—n)® K(1 —Tn+47n%)
= (1-n- - )
N k51 2 4
/N Y S
N K;)l =4K I<A>Oy (9)
and
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These relations have three strong physical implications: (1)
the relations (8) show that—to leading order—the averaged
cavity size is always higher at higher activity, (2) relations (9)
imply that the presence of activity tends to reduce, relative
to the passive case, the total number of insertion cavities,
and (3) relations (10) imply that the presence of activity
increases, relative to equilibrium, the averaged total inser-
tion space across the entire packing fraction. Another way to
think of this is through the increased probability of insertion
Pr = (Vi(K, n))/V [14]. Moreover, in the limit of extreme
activity (K — o0), we obtain a rather simple relationship
(V1)/V =1 — n, which is even simpler than both the exact and
mean-field-limit equilibrium expressions. Due to (A) > (A)o,
for K > 0, we predict a lower Zg across the full range of 1.
Interestingly, in the limit limg_, .o Zg = 1, which is equivalent
to the compressibility for an equilibrium ideal gas. Addition-
ally, we predict a lower geometric chemical potential pg on
the basis that (V;(K, )) > (Vi(n))o YK, . These insights and
the relations [Eqgs. (8)—(10)] are our main theoretical results.

To test our theoretical predictions [Egs. (8)—(10)], we
perform on- and off-lattice numerical simulations of repul-
sive RTPs in d =1 (Fig. 2). The implementation of the
on-lattice model consists of RTPs hopping between adja-
cent sites and tumbling at exponentially sampled rates with
rate parameter K —1 with a successful move to a new site
only if that site is unoccupied. The off-lattice model has
essentially the same ingredients, with the exception of con-
tinuous space and strict volume exclusion being modeled by
a repulsive Weeks-Chandler-Andersen (WCA) potential (see
Supplemental Material [23]). In the simulations, for a given
configuration w, the IS can be quantified through the inser-
tion profile p;(x;w) ;=1 — @(Zflzl ®(o — |x — x;])), where
®(- - -) is the Heaviside function. By assuming that particles
are ordered on the line as i = 1, ..., N, the insertion cav-
ity A;i41(w) between two neighboring particles i and i + 1
mod N, the instantaneous number of insertion cavities per
particle Na(w)/N, and the total insertion space V;(w)/V are
exact (see Supplemental Material [23]).

Our numerical results are, on the whole, in very good
agreement with the theoretical mean-field predictions (Fig. 2).
For (A), the agreement between the on- and off-lattice simu-
lations is excellent for n < 0.5 but worsens for both higher n
and lower K [Fig. 2(a)]. The reason for the former is that at
higher packing, the off-lattice simulations are able to better
sample smaller (than o = 1) insertion cavities, which is diffi-
cult in the on-lattice simulations with a single site per particle.
For the diminishing discrepancy at higher K: for a particular 7,
the increase in activity increases the mean cavity size, which
tends to be higher than o and which the on-lattice simulations
are better able to sample; however, as the system becomes
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more dense, the average cavity size will naturally start to
shrink, where, again, the on-lattice simulations will struggle
to sample these lower values. As expected, as the activity
weakens, with K — 0, the data approach the known passive
result (A)g (6) [see also leading order term of weak-activity
expression (8)].

Gratifyingly, the numbers for (V;)/V [Fig. 2(b)] at
high activity align excellently with our prediction that
(Vi)/V =1 —n. We note that the passive limit of Eq. (10)
is in much better agreement for the K = 1.0 data than the
full weak-activity expression [up to O(K?)], this suggests that
(at K = 1) all K terms should approximately cancel to leave
(Vi)/V = (1 — n)?. For the averaged number of insertion cav-
ities (Na)/N [Fig. 2(c)], we note that the excellent agreement
between the simulations and the mean-field prediction, which
worsens for lower K. Interestingly, at higher activity, e.g.,
K = 1000, there is a rapid decline of the number of insertion
cavities at small n, which then flattens out. The interpretation
of this is that the insertion space tries to be as connected (in the
percolation sense) as possible. We find that both the geometric
compressibility and geometric chemical potential are lower
for higher K [Fig. 2(d)]. Finally, we find that, out of equi-
librium, care must be taken with the averaging, where naive
averages of No and A are no longer statistically independent
(see Supplemental Material [23]).

We next wondered whether our insights carried over to a
different model of repulsive active matter. Thus, we performed
off-lattice numerical simulations of repulsive active Ornstein
Uhlenbeck particles (AOUPS) in one dimension. To tune ac-
tivity, we varied the persistence time of the OU process t, with
passivity taken at T — 0. Overall, we find that the insertion
space in the AOUP case closely follows that for RTPs: the
average insertion cavity and averaged total insertion volume
are always higher for increasing activity, while the averaged
number of cavities, geometric compressibility, and geometric
chemical potential tend to decrease with activity (see Fig. 2).
For the AOUP model, a typical persistence length is £, =

VrmsT With Ve = /(v2) = /D’/7, so that £, = VD't and
one can define K = v/D't /o . To our surprise, we find that the
high-activity expressions of the IS observables of (A) [Eqs.
(8)—(10)] with the replacement K = VD't /o, derived for an
on-lattice RTP model, quantitatively describe the off-lattice
AOUP numerical data for t = 1000 almost as well as the
off-lattice RTP data.

Thus far, we have only considered one spatial dimension.
We now determine how the insertion space changes for re-
pulsive active particles in d = 2. Analytical results in higher
dimensions present significant challenges, even in equilibrium
[14,26]. The mathematical challenge is that, unlike ind = 1,
different particles can form the boundary of a single cavity,
and thus cavities cannot be labeled by particle indices consis-
tently between different configurations. One certain difference
in higher dimensions is that the number of cavities per particle
approaches (in the dilute limit) (Na) — 1, in contrast with
(Na) — N for d = 1 [17]. Another fact is that (S;)/(Na), the
typical surface area of the insertion cavity, is no longer just a
constant.

As there are no analytical relations (on the lattice) ind = 2,
we here only perform off-lattice simulations [27]. In higher

FIG. 3. Snapshots from d = 2 off-lattice simulations of N = 500
RTPs and insertion cavities for varying K at n = 0.4.

dimensions, the determination of the IS is nontrivial. Here, we
develop a conceptually simple and efficient voxel-based algo-
rithm to determine the IS quantities, which is straightforward
to parallelize and also to extend to higher dimensions (see
Supplemental Material [23] for the algorithm and benchmark
test). In short, our algorithm partitions the space into voxels of
side length [ <« V'!/? and removes voxels inside the exclusion
zones of particles. If implemented naively (comparing each
voxel with every particle), the algorithm is incredibly slow,
to avoid this, we only check voxels surrounding the particles
and leverage the symmetry of the d-dimensional cube, greatly
improving the computational complexity and attainable reso-
lution. While exact algorithms based on voronoi constructions
exist [18,26,28], they are not as easy to implement and to
extend to higher dimensions [29].

Crucially, the off-lattice simulations of RTPS in d = 2 still
show that the total insertion space (V;) remains higher and
tends to be more connected as compared with equilibrium
(Figs. 3 and 4). Interestingly, we find that, at high activities
K > 100, (A) no longer remains strictly monotonic (as in
d = 1) with a wide shelf between n = 0.5—0.75 [Fig. 4(a)].
As expected, our close-to-equilibrium data K = 1 are in excel-
lent agreement with previous IS quantifications in equilibrium
hard-disk simulations [17]. We observe a tendency for lower
averaged number of insertion cavities at higher K, with a g
twofold decrease in the maximum at our highest explored
activity [Fig. 4(b)]. Interestingly, the location of the maxi-
mum of (N,) is approximately the same as in the equilibrium
simulations n = 0.3—0.4 [17]. The similar n values for the
peaks of the number of cavities are likely due to the under-
lying percolation transition of the hard-disk model, where the
number of disconnected insertion cavities and particle clusters
become equal, though we do not analyze that here [17,34]. We
note that for small packing fractions, n < 0.1, the averaged
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FIG. 4. Quantification of the insertion space for off-lattice simu-
lations of N = 1000 repulsive RTPs in d = 2. (a) Averaged insertion
cavity size as a function of 7. Hard-disk equilibrium data from
Ref. [17] are shown as reference. Inset shows a close-up for small
packing fractions. (b) Number of insertion cavities per particle.
(c) Averaged total insertion volume. (d) The boundary of the in-
sertion volume. (e) Zg (1) as compared to passivity. The packing
fraction n = 0.7 is within 5% of the freezing transition [30] and also
the location of liquid-hexatic coexistence at low Pe [31], n = 0.761
is the packing fraction at which the hard-disk fluid freezes [17,32],
n = 0.84 is the predicted packing fraction at which the metastable
fluid to maximally random jammed state transition occurs [33].
(f) The geometric chemical potential compared to passivity.

cavity size is slightly smaller for increased activity yet the
averaged number of cavities is slightly higher [Figs. 4(a) and
4(b)], which, nonetheless, results in higher total insertion vol-
ume, for higher activities, across the entire range of packing
fractions [Fig. 4(c)].

For the boundary of the insertion space (S;), we find it to
be a monotonically decreasing function of 1 (due to periodic
boundaries) and generally higher for higher activity, though
some saturation appears for very high activities K > 100
[Fig. 4(d)]. For the geometric compressibility Zs, we find

that the equilibrium Z;' well approximates the active data for
low packing n < 0.4, but then Zg/Z;! starts to rapidly devi-
ate to lower values [Fig. 4(e)]. Interestingly, close to known
values of phase transitions (freezing [30] and liquid-hexatic
coexistence [31]), n % 0.7, we find that the slope of Zg/Z!
abruptly changes sign. Only for the high-activity data does
Zg/Zg' again change sign, at n ~ 0.8. We also observe a
sign change in the slope of the geometric chemical potential
e/ g [Fig. 4(f)].

In this letter, we have made the first analytical and numeri-
cal investigations into the insertion space of volume-excluding
(repulsive) active matter. We show that, across the entire range
of packing fractions, the total insertion space is always higher
in the presence of activity, however, weak or strong. This
fact is borne out in analytics and simulations for two differ-
ent well-studied particle models of active matter: RTPs and
AOUPs. We expect our findings to be true for different models
of repulsive active matter. We have discovered that activity
tends to reduce the total number of insertion cavities, implying
that the insertion space remains more connected. Importantly,
our results and predictions regarding the insertion space of
active matter are clearly experimentally testable and could
be tested in systems of monodisperse active colloids. Future
work and challenges include a systematic investigation com-
paring mechanical definitions of compressibility, pressure,
and chemical potential in active systems [21,35-38]. Further,
it is not exactly clear how the increased (active) insertion
volume should relate to mechanical explanations of MIPS: the
slowing down of particles with density results in instabilities
that favor clustering [11]. Other questions are: how is the
insertion space related to both the degree of time irreversibility
and the entropy production [39]? Can the active insertion
space reveal the thermodynamic phases of active matter [40]?
Remaining technical challenges are to find exact, as well as
more direct perturbative, relations for the insertion space. We
also wonder how the insertion space behaves in the context
of other active matter systems, such as nonreciprocal active
matter [41], and how it could inform the control of active
matter [42].
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