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Compositional disorder in a multicomponent nonreciprocal mixture: Stability and patterns
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In passive phase-separating mixtures, the average density of each component can be tuned to control the com-
position of the coexisting bulk phases. This concept extends to active systems. For example, in a nonreciprocal
mixture of two species, changing the average density of either species alters the qualitative nature of the traveling
patterns that emerge in the steady state. In this paper, we build on the existing framework of the multispecies
nonreciprocal Cahn-Hilliard model to examine the influence of compositional disorder in a multicomponent
active system. Specifically, we allow each scalar field in the mixture to have a distinct average density and
analyze the implications of this generalized setting. Focusing on ensembles of systems in which the interspecies
interaction coefficients and the average densities of each species are both sampled from probability distributions,
we show that nonreciprocity stabilizes the uniformly mixed state, even in the presence of compositional disorder,
when compared to the corresponding reciprocal system. Using random matrix theory, a general condition for the
onset of the spinodal instability is derived and verified through simulations. Finally, the connection between the
statistics of the most unstable eigenvalue and the emergent nonlinear dynamics is illustrated.
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I. INTRODUCTION

An important question that has driven intense research is
the following: how does a cell achieve self-organization and
regulation? A widely accepted route, applicable in many sce-
narios, is that the constituents of the cell cytoplasm organize
into compartments enriched in a specific group of chemi-
cals simply through thermodynamic phase separation [1,2].
In the past decade, liquid-liquid phase separation has been
implicated in the formation of membraneless organelles [3–6],
regulation of stable structures such as the nucleolus [7–9], and
in strategies to adapt to adverse external stimuli in stress gran-
ules [10,11]. It is striking that this intuitively appealing idea
that has recently received widespread acceptance surfaced for
the first time at the end of the 19th century to explain the shape
of sea-urchin protoplasm [12,13] and again in the context of
protocells that might have paved the way for the origin of life
[14]. The identification of phase separation as the dominant
mechanism opens up possibilities for regulating condensate
formation through pathways accessible in passive systems.
These include controlling pH [15], modulating chemical ac-
tivity [16], applying a chemical gradient [17], coupling to an
active fluid [18], and, most relevant to this work, altering the
relative mean density of the constituents [19]. The exploration
of the last pathway, namely, controlling the total availability
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of a particular chemical species in an active phase-separating
mixture, is the main topic of this paper.

A description of processes within the cell cytoplasm has
to incorporate two features: multiple participants [20] and
activity in a suitable form. A recent protein database [21] lists
more than 2000 relevant types of proteins in membraneless
organelles that are collected from hundreds of papers. The
heterogeneity at the cellular level is reflected in numerous
studies on passive phase separation [19,22–25]. However,
the perspective that active processes must be included in a
suitable, system-specific form in a theoretical description of
biocondensates is relatively recent [26,27], such that the prop-
erties of active mixtures constitute a new area of research. In
the field of active matter, active phase separation in a single
component has been explored in several minimal models, such
as motility-induced phase separation [28,29], chemically ac-
tive mixtures [30,31], and binary mixtures of nonreciprocally
interacting components [32,33].

With this background, we assume a reductionist approach
where we model the cell as a multicomponent mixture with
nonreciprocal interspecies interactions [34–40]. Nonreciproc-
ity appears naturally in mixtures of active particles: whether
the constituents have an orientation [41] or not [32,33], in quo-
rum sensing mixtures [39,42], or mixtures of Janus colloids
[43]. Nonreciprocity is a key ingredient that can be used to
mimic behaviors typically associated with living, intelligent
systems, such as predator-prey dynamics. Recent experimen-
tal findings have established the validity of some key theoret-
ical predictions in polar mixtures [44], active solids [45–47],
and a vibrated granular mixture of rods and spheres [48].

The hallmark of nonreciprocal number conserving systems
is that it combines features of pattern-forming systems [49,50]
and phase-separating systems [51,52]. The latter aspect im-
plies that the average density is an important physical quantity
that can be tuned to alter dynamics, as shown explicitly for
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FIG. 1. Illustration of the role of compositional disorder in multi-species NRCH systems: (a) The average composition of each species is
fixed to a value that is drawn from a distribution. The dynamical matrix determining the linear stability of the homogeneous mixed state is
the sum of a random Gaussian matrix (top) and a diagonal matrix whose entries are determined by the mean density of each species (bottom).
In panel (a), the diagonal entries are drawn from a uniform distribution and each color shows a different random value. (b) Three other
distributions are chosen to illustrate our main results—the associated probability distribution functions and their names are mentioned. (c) To
illustrate the effect of compositional disorder on the dynamics, we run simulations in one-dimensional space keeping M the same in all three
cases. The top and the bottom evolve to a state of spatiotemporal chaos in the steady state, while the middle evolves to a phase-separated state.

a binary nonreciprocal mixture where the system undergoes
a transition from stable mixtures to traveling lattices via a
conserved form of the Hopf bifurcation [32]. The role of
composition is, however, largely unexplored in these systems,
with a few exceptions in the binary case [32] and no studies in
the multicomponent case.

In this work, we address a natural question: how does vari-
ability in the mean density of each species, hereafter referred
to as compositional disorder, influence the stability and pat-
tern formation in the system? Recent work [38] has shown that
nonreciprocity, in the form of asymmetric correlations of in-
terspecies interaction coefficients, stabilizes the homogeneous
mixed state compared with a system that has only passive
interactions. If the mean density of each species is identical,
its effect can be subsumed into the definition of a tempera-
turelike control parameter that can be tuned to drive pattern
formation in the active system. The simplifying assumption,
however, is invalid for biological condensates, as established
in recent papers where it has been possible to measure the
relative abundance of each component forming a condensate
and show that it varies widely [53], implying that a realistic
description of the underlying physics should account for this
variability. In biological condensates, the compositions are
typically highly variable, for example, in cancer cells [54] and
in experiments using DNA chains to explore this diversity in
a controlled manner [55].

We use random matrix theory [56–59] to study the linear
stability of the system, as pioneered in the seminal works
of Wigner [60] and May [61] in quantum mechanics and
ecosystems, respectively. This approach has been successfully
applied to a wide range of physical systems, including the
stability of ecosystems with random interactions [62–66], and
disordered systems such as spin glasses [67–69]. We adopt a
statistical perspective, replacing the complexity of individual
interaction networks with probabilistically sampled ensem-
bles of systems [22,70,71]. Within this framework, the mean
composition is treated as a stochastic variable drawn from a
distribution, as recently investigated in passive systems [72].
The stability analysis of uniform mixtures of the multispecies
nonreciprocal Cahn-Hilliard (NRCH) model reduces to study-
ing the eigenvalue spectrum of the asymmetric matrices with
diagonal disorder (diagonal entries being pulled from a dif-
ferent, non-Gaussian distribution) as represented in Fig. 1(a).
The approach facilitates the statistical estimation of the onset
of the spinodal instability [73] and provides useful insights
into the possible phases in this system.

We show that for any choice of compositional disorder,
the nonreciprocally interacting system is more stable than
the passive one when one considers a system with infinitely
many species with random interactions. The theoretical pre-
dictions are supported by the numerical solution of the full
nonlinear model for a few chosen forms of the distribution

023223-2



COMPOSITIONAL DISORDER IN A MULTICOMPONENT … PHYSICAL REVIEW RESEARCH 8, 023223 (2026)

for the average densities shown in Fig. 1(b). We demonstrate
the role of complex eigenvalues, focusing on finite number
of components, in producing diverse dynamics that are not
permitted in the equilibrium counterpart. The paper is orga-
nized as follows: we introduce the theoretical framework of
the multispecies NRCH model in Sec. II motivating why it is
essential to consider random Gaussian matrices whose diag-
onal matrices have been drawn from a different distribution
as illustrated in Fig. 1 (a). In Sec. III, we introduce a general
condition pertaining to the linear stability of a system with
compositional disorder. In Sec. IV, we present the analytical
arguments leading to the results in Sec. III. The varied dynam-
ics possible in the model is explored in Sec. V and we present
our conclusions in Sec. VI.

II. MULTISPECIES NRCH
WITH COMPOSITIONAL DISORDER

We follow the framework of Ref. [38] for multicomponent
active mixtures and consider N active species, each conserved
individually. All species interact via pairwise nonreciprocal
interactions originating from the active nature of the system
[37,43], and reciprocal interactions driven by a free energy.
The scalar field φa(r, t ) represents the number density of the
ath species. The densities obey gradient dynamics of the form
∂tφa = �a∇2μa, with mobility �a and active chemical poten-
tials μa. The chemical potentials μa = μ

(eq)
a + μ(ac)

a have two
parts each: the first is the functional derivative of a free energy
F and the second represents the nonequilibrium active con-
tribution that is not related to a free energy. The free energy
functional F = ∫

dd r f , where f is the free energy density that
promotes macroscopic phase separation. We use a minimal
polynomial form for f as shown below:

f =
∑

a

[
1

2
�aφ

2
a + sa

4
φ4

a + K

2
|∇φa|2

]
+ 1

2

∑
ab

χabφaφb. (1)

χab = χba is Flory-Huggins-type interaction parameter be-
tween two species a and b. The active part of the chemical
potential is

μ(ac)
a =

∑
b

αabφb, (2)

where αab = −αba.
To make progress, we have made some assumptions while

still retaining enough complexity. The interfacial tension is as-
sumed to be identical for all species and equal to K , in order to
focus on effects that are distinct from a Turing-type instability
that appears when the coefficients are chosen to be distinct
[74]. The coefficient of self-interaction �a = (1 + �) is the
same for all species, a parameter akin to an external tuning
parameter, such as the temperature of the system, that controls
the transition to a patterned state. Rescaling time, space, and
the scalar fields as t → tK/�, x → x

√
K , and φa → φa/

√
sa,

the equations can be recast as follows by introducing an inter-
action matrix M with elements Mab = χab + αab:

∂tφa = ∇2

[
(1+�)φa + φ3

a +
∑

b

Mabφb

]
− ∇4φa,

∫
dd rφa(r, t ) = φa0, (3)

where the term quartic in space gradients represents the sur-
face tension and appears due to the interfacial contribution to
f in Eq. (1). From this point onward, we consider an ensemble
of systems where all elements of M are drawn from a Gaus-
sian distribution of zero mean and variance σ , a quantity that
sets the scale of the interspecies interactions.

Mab(χ̄ , ᾱ) = ᾱ

2
√

N (ᾱ2 + χ̄2)
Aab + χ̄

2
√

N (ᾱ2 + χ̄2)
Sab, (4)

where A and S are fully asymmetric and symmetric matrices,
respectively, i.e., Aab = −Aba and Sab = Sba. Equation (4) fol-
lows from the general rule that any matrix can be expressed as
the sum of a symmetric and an antisymmetric matrix. Equa-
tion (4) is written such that the variance of the coefficients
is σ 2 and the correlation between elements Mab and Mba of
M determines the level of nonreciprocity parametrized by α,
which depends on the ratio of ᾱ and χ̄ . The properties of M
are summarized as follows:

〈MabMab〉 = σ 2

4N
, 〈Maa〉 = 0,

〈MabMba〉 = σ 2

4N
(1 − 2α2), α = ᾱχ̄−1√

ᾱ2χ̄−2 + 1
, (5)

where the angular brackets denote averaging over ensembles
of M.

To determine the linear stability of the system, we sub-
stitute φa = φa0 + δφa in Eq. (3) to obtain the following
linearized dynamics in Fourier space with wave number q,
retaining terms only quadratic order in q:

∂tδφa = −q2
∑

b

[
Mab + (

1 + � + 3φ2
a0

)
δab

]
δφb + O(q4).

(6)

Notice that the parameter σ simply renormalizes the effective
temperature and can be set to unity without any lack of gen-
eralization in all calculations, other than in Sec. IV where we
discuss the threshold of stability using analytical arguments.
Defining a diagonal matrix Caa = 3φ2

a0, whose off-diagonal
entries are zero, it is clear from Eq. (6) that the linear stability
of the system is determined by the eigenvalues of the matrix
D = M + C. The effect of varied composition thus enters the
dynamical matrix as diagonal disorder through the diagonal
matrix C whose diagonal elements φ̄ are drawn from a distri-
bution P(φ̄), as illustrated in Fig. 1(a).

III. SPINODAL

The stability of the system has to be determined in a multi-
dimensional space constituted by the effective temperature �

and the parameters defining the distribution P from which the
average densities of the species are selected. The boundary of
the spinodal instability separates the part of the multidimen-
sional parameter space where at least one of the N eigenmodes
in Eq. (5) is linearly unstable (and grows exponentially) from
the region where the homogeneously mixed state is stable.
The onset of the spinodal instability is thus determined by
the eigenvalue λ0 of D with the smallest real part. With this
definition, we can discuss the onset of pattern formation in the
system as controlled by the effective temperature �.
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Setting the right-hand side (RHS) of Eq. (6) to zero, we
determine the threshold value of � = �sp for the mixed state
to be stable to perturbations:

�sp (α, φ0, {D}) = −1 − Re [λ0(α, {D})], (7)

where {D} denotes the set of parameters that characterize
the distribution P. On lowering � below �sp, the mixture
undergoes a spinodal instability as shown in the kymographs
of Fig. 1(c) to evolve to a patterned final state. The statistics of
λ0 are determined by the properties of the dynamical matrix
D. For � lower than �sp, the homogeneous state is unstable
and patterns are formed in the steady state.

For P(φ̄) = δ(φ̄ − φ0), i.e., if the mean density of each
species is identical, λ0 is given by the eigenvalues of M
shifted by a constant factor [38]:

�sp = −3φ2
0 − α2. (8)

Equation (8) implies that for a fixed φ0, �sp is smaller for the
active system in comparison to the passive system (α = 0).
The control parameter � + 1 is synonymous with the strength
of self-interaction. If all entries of the matrix M were set
to zero, the noninteracting system would not phase separate
for � > −1. � < −1 implies that interactions between par-
ticles of the similar species are attractive and lead to phase
separation. Equation (8) shows that random passive interac-
tions lead to �sp = 0, meaning that they generate effective
attractive interactions between the species, such that to tune
the system to a homogeneous state, it is necessary to increase
intraspecies repulsive interactions. For a fully nonreciprocal
system, α = 1, �sp decreases to −1, which is the threshold
for the noninteracting system. The nonreciprocal counterpart
is thus more stable than the reciprocal system. The factor of
unity in Eq. (7) simply sets �sp for passive interactions to
zero, which serves as a good reference point for comparisons.

We will now state the first important result of our work
before illustrating its significance for specific choices of P.
We find that for any choice of P, �sp satisfies the following
simple relation:

�sp = −1 − Re[λ0] = l0 + mα2. (9)

The slope m and l0 depend only on the parameter D character-
izing the distribution P; in particular, both of these parameters
are independent of α. The relation in Eq. (9) is rigorously
true in two cases; it is a good estimate for an ensemble of
systems with interactions following the statistical rules laid
out in Eq. (4) for finite N , and Eq. (9) is rigorously true for
a system with infinitely many components. When N → ∞,
the variance of Re(λ0), which goes down with N as 1/

√
N ,

approaches zero. For finite N , we expect deviations from the
relation in Eq. (9). Keeping this in mind, we choose N = 100
in most of the simulations that are carried out to verify Eq. (9),
as for this value we expect fluctuations of 10% in λ0 for α = 0,
which converges to −1 for N → ∞. The numerical results
presented in the paper are also averaged over an ensemble of
systems to compensate for the expected variations.

First, consider the system with only reciprocal interactions
(α = 0), with any specified P. Notice that l0 is the only param-
eter that determines the stability of the passive system in the
presence of compositional disorder. For different distributions
P, we can compute l0 and use the results to compare the effect

that a particular choice of P has on the stability. The lower
the value of l0, the more stable the system is, as the transition
to a patterned state occurs at a lower effective temperature
[see discussion after Eq. (8)]. We now discuss the stability of
the uniform mixture on tuning the level of nonreciprocity α.
The sign of the “slope” m between �sp and α2 determines the
stability of the active system. For m < 0, the active system is
more stable than the passive one. We will show in Sec. IV that
the slope m is always negative, irrespective of the details of
the distribution P. This implies a very general consequence
of nonreciprocity is the stabilization of the mixed state. We
will also show that the sign of l0 depends on the specific
choice of P.

In Fig. 2, we have plotted the theoretical prediction for �sp

for the bimodal and exponential distributions described in Sec.
IV; see Eqs. (12) and (14). The solid lines in Fig. 2 separate
the region where the uniform reference is stable (higher �sp)
from the unstable region (higher �sp). To test the predictions
of linear stability analysis, we solve Eq. (3) numerically (see
Appendix B for details). At the beginning of the time evolu-
tion, the scalar fields are uniform with mean φa0, such that
3φ2

a0 is drawn from either the bimodal or the exponential
distributions. The initial conditions at the beginning of the
numerical simulation are thus φa = φa0 + δφa, where small
deviations δφa are uncorrelated in space and drawn from a
Gaussian distribution. For other details on system size and
methods used, see Appendix B. The results of the simulation
are shown in Fig. 2, where the markers denote the points
where the simulations are carried out and the color of the
markers carries information about the magnitude of the order
parameter:

� =
∫

dx
1

N

∑
a

(φa(x, t ) − φa0)2. (10)

� measures the mean squared deviation from the homoge-
neous state and vanishes when it is stable. � deviates from
zero when the system develops patterns, as seen in the space-
time kymograph showing the evolution of the system in one
dimension in Fig. 1(c). Thus, � serves as the order param-
eter for the transition to the ordered state. The value of �

is determined by a spatial and temporal averaging of the
numerical results, followed by an ensemble averaging over
50 realizations of the matrix M, for N = 100 components.
The agreement between theoretical and numerical results in
Fig. 2 for both bimodal and exponential distributions [panels
(a) and (b)] proves that the stability condition in Eq. (9), which
holds for infinitely many components, is applicable for a finite
number of components as well.

IV. EIGENSPECTRUM AND THE MOST
UNSTABLE EIGENVALUE

The objective of this section is to establish the results in the
previous section with analytical arguments. We first explore
the eigenvalue spectrum due to compositions drawn from
four different distributions that are qualitatively different from
one another, being either bounded or unbounded, and which
assume either discrete or continuous values. The boundary en-
closing the spectrum of complex eigenvalues is approximated
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FIG. 2. Spinodal instability as observed in theory and simulations: (a) The boundary of linear stability is plotted with a solid line in the
�–α plane, for a fixed set of parameters for the discrete bimodal distribution [see Eq. (12)]. The predictions are tested using simulations with
50 realizations of M. The color of the markers reflects the ensemble and space-averaged order parameter � [see Eq. (10)], which vanishes
outside the spinodal shown by a light hue and changes discontinuously to a finite value inside the unstable region, as marked by a darker hue.
The gray line is the same for an identical mean composition of the densities. The plots show that the relative stability depends both on the
distribution and on α. (b) Same as panel (a) for the exponential distribution.

by a continuous curve when N → ∞, as illustrated in Fig. 3
with some examples. In Fig. 3, the markers denote eigenvalues
of a single realization of the matrix D with N = 2000, while
the boundary has been calculated using methods described in
Ref. [75], which provides an estimate for an infinite number of
components. We will briefly describe the analytical approach
and use it to justify the form of Eq. (9). The spectral distribu-
tion ρ of the eigenvalues λ j of D can be written formally as

ρ(z) = lim
n→∞

1

n

〈
n∑

j=1

δ(x − Re(λ j ))δ(y − Im(λ j ))

〉
. (11)

The boundary of the eigenspectrum of D (one that encom-
passes all eigenvalues λ j in the complex plane), or equiva-
lently, the support set of ρ(z), is called S and is given by the
points z ≡ (x, y) in the complex plane as indicated in Fig. 3.

As the name suggests, the discrete bimodal distribution is
a discrete distribution in a bounded domain with delta peaks
at two values d1 and d2:

P(φ̄) = pδ(φ̄ − d1) + (1 − p)δ(φ̄ − d2). (12)

As seen in Fig. 3(a), the bimodal effectively splits the compo-
nents into two groups containing pN and (1 − p)N species
each. For any p and for d1,2 → 0, the boundary of the
spectrum is simply stretched along the real axis. As d1,2

increases, a fissure appears in the boundary, whose location
reflects the chosen p, being located around Re(λ) = 0 for
p = 1/2. Eventually, at a large enough value of d , S splits into
two disconnected contours, each enclosing pN and (1 − p)N
eigenvalues. The numerical results match well with the con-
tour determined from solving Eqs. (18) and (17), as seen in
Fig. 3(a). The distribution can be generalized for multiple
discrete values di with probability pi as follows:

P(φ̄) =
n∑

i=1

piδ(φ̄ − di ), pn = 1 −
n−1∑
i=1

pi. (13)

FIG. 3. Boundary that encloses the eigenvalues in the complex
plane: (a) The boundary and the spectrum of a large random ma-
trix with diagonal disorder drawn from the bimodal distribution;
see Eq. (12) for d2 = −d1 = d . (b) The diagonal elements of C
are drawn from a uniform distribution where d− = 1 and d+ = 2.
(c) The diagonal disorder is drawn from an exponential distribution
with d = 0.6. (d) The spectrum and the boundary of support for a
large random matrix with diagonal elements from a beta distribution
with a = 2 and b = 5. For all examples, the random matrix is of
size N = 1000 and χ = 1, α = 0.5. (e) The diagonal disorder is
drawn from a trimodal distribution with d1 = 0.5, d2 = 2, d3 = 5,
p1 = 1/2, and p2 = 1/5; the random matrix is of size N = 2000 and
χ = 1.
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An example of the trimodal distribution and a splitting of the
spectrum into three parts are shown in Fig. 3(e).

The exponential distribution is unbounded and described
by a single parameter d that determines the upper limit of the
values that are sampled with high probability:

P(φ̄) = 1

d
exp

(
− φ̄

d

)
, d > 0. (14)

The boundary in Fig. 3(b) reflects the asymmetry of the dis-
tribution and shows a tail that reflects the large deviations, as
only a few species are included with high mean composition.

The uniform distribution is defined by its width d within
which all compositions are sampled with the same probability

P(φ̄) = 1

d2 − d1
, φ̄ ∈ [d1, d2]. (15)

Figure 3(c) shows an elongated boundary along the real axis.
With increasing d , the aspect ratio increases as well.

Finally, we examine the Beta distribution, which is a con-
tinuous and bounded distribution parametrized by indices a,
b, and its bound d:

P(φ̄) = N−1
a,b φ̄a(d − φ̄)b, x ∈ [0, d],

Na,b = da+b+1B(a + 1, b + 1), (16)

where Na,b is the normalization constant and B is the Beta
function. The method used to calculate the boundary S is
described next.

A. Calculation of the boundary S
The starting point of our analysis is the coupled equations [see
Eqs. (17) and (18) ] that determine the contour of points (x, y)
in the complex plane enclosing the eigenspectrum {λ j} of D.
To do so, it is essential to introduce the function Re(g), which
is related to the resolvent

∑
j (z − λ j )−1 (see Appendix A for

details and Ref. [75] for the original derivation). The condi-
tion that Re(g) assumes finite values outside the boundary
S (i.e., in the region where no eigenvalues appear) and di-
verges precisely on the boundary was used to determine the
relation between the points (x, y) constituting S and Re(g)
[75]. The necessity of introducing Re(g) has been explained
in Appendix A.∫

dφ̄P(φ̄)
σ 2

((φ̄ − x) + Re (g)(1 − 2α2)σ 2)2 + y2/(2α2)2
= 1

(17)

and∫
dφ̄P(φ̄)

φ̄ − x + Re (g)(1 − 2α2)σ 2

((φ̄ − x) + Re (g)(1 − 2α2)σ 2)2 + y2/(2α2)2

= − Re (g), (18)

where the integrals are defined over the domain of φ̄. For
P(φ̄) = δ(φ̄ − φ0), the eigenvalues are distributed uniformly
with an ellipse with major and minor axes equal to 1 − α2 and
α2, respectively, such that Re[λ0] = 1 − α2 as verified readily
from Eqs. (18) and (17) (see Appendix A 1).

The general relation in Eq. (9) is motivated by a close
examination of the structure of the coupled equations (18) and

(17), and verified by numerical calculations using the distribu-
tions introduced above. To calculate S for any distribution P,
we define scaled and shifted coordinates x̃ and ỹ,

x̃ = x − Re(g)(1 − 2α2)σ 2, ỹ = y

2α2
, (19)

Notice that Eqs. (17) and (18) rewritten using x̃ and ỹ are
independent of α, a property that will be used in evaluating
S . As a first step to calculating S , we use Eq. (19) to rewrite
Eq. (17) as

1

σ 2
=

∫
dφ̄ P(φ̄)

1

(φ̄ − x̃)2 + ỹ2
≡ h(x̃; ỹ), (20)

thus defining the function hỹ. The function hỹ can in principle
be inverted to obtain x̃ for a fixed ỹ as

x̃ = h−1(σ−2; ỹ). (21)

In the second step, Re(g) is calculated using Eq. (18),

Re(g)[x̃, ỹ] = −
∫

dφ̄P(φ̄)
φ̄ − x̃

(φ̄ − x̃)2 + ỹ2
. (22)

The following expression for x holds for a given y:

x = h−1(σ−2, ỹ) + (1 − 2α2)σ 2Re(g)[h−1(σ−2; ỹ), ỹ],

(23)

showing that x depends explicitly on α only through the sec-
ond term in the RHS of Eq. (23). The procedure yields the
set of points (x, y) defining the curve S that serves well as
the boundary for the eigenvalues plotted for N = 2000 in the
complex plane, see Fig. 3.

α = 1/
√

2 is a special value of α because at this point
x̃ = x, and it is particularly easy to carry out the algebraic
operations described above, a point illustrated with the exam-
ple of the bimodal distribution in Appendix A. The physical
meaning of x̃ and ỹ is now clear—they are simply the curve
S at α = 1/

√
2. Consider now two values of α, α1,2 both

different from 1/
√

2; at fixed y, we have using Eq. (19)

x(α1) − x(α2)

α2
2 − α2

1

= 2[Re(g)(x̃, ỹ)]σ 2,
y(α1)

y(α2)
= α2

2

α2
1

. (24)

Equation (24) suggests that the curve S can be calculated at
all values of α if we calculate it at α = 1/

√
2.

Notice now that for two different values of α, the y values
of the curves S are proportional. For ỹ = 0, the points at which
S intersects the x axis are the same for S for any value of α.
This implies that the topology of S , meaning that the number
of times the curve S intersects the real axis, is determined
by {D} only and does not depend on α at all, as illustrated
using the bimodal distribution in panel (e) of Fig. 3. The curve
in S splits into two above a threshold value of d , as seen in
Fig. 3(a), meaning that ỹ vanishes at four points on the x axis.
The topology of the boundary is preserved for all values of
α as shown in Fig. 3(e) for a trimodal distribution where the
{D} are fixed and only αis varied. The spectrum for the values
indicated at the values of alpha indeed follows the insight from
theory.
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FIG. 4. The slope m and the intercept l for different types of compositional disorder: The slope m, referred to in Eqs. (9) and (25) for
the definition, is calculated for the distributions indicated in the figure. The heatmap of m for the two parameters in panels (a) and (d) and its
variation with the width d in panels (b) and (c) show that it is always less than zero. Both the uniform and exponential distributions approach
the delta function for d → 0 so that m approaches −1 in panels (b) and (c). Panels (e) and (f) show that l0 can be positive or negative, meaning
that �sp for the passive system can be higher or lower for the corresponding system with identical mean densities.

B. Expression for λ0

By the definition of λ0 (intercept x of the curve S at y = 0),
we have using Eq. (23)

λ0(α) = L0 − mα2, (25)

where the intercept L0 that determines the threshold of insta-
bility for the passive system is given by

L0 = h−1(σ−2; 0) + σ 2Re(g)[h−1(σ−2; 0), 0]. (26)

λ0 varies quadratically with α2 with the constant of propor-
tionality or “slope” m given by

m = 2σ 2Re(g)
[
h−1

0 (−σ−2), 0
]
. (27)

Substituting Eq. (27) in the definition of the threshold of insta-
bility �sp = −1 − Re[λ0] produces the expression in Eq. (9)
with the identification l0 = −1 − L0.

From Eq. (27), it is evident that m depends only on the
parameters {D} meaning that it is enough to resolve the sign
of m for any nonzero value of α, which following the train
of discussion so far in the section is accomplished easily at
α = 1/

√
2.

The form of the diagonal terms that we consider represents
squared deviations of the mean density of each species from
the average, and thus, they are always positive quantities
bounded by zero from below. From Eq. (19), it is clear that
at the extreme value λ0 of x̃ = x,

m = −2σ 2
∫

dφ̄P(φ̄)
1

(φ̄ − λ0(1/
√

2))
, (28)

the sign of the integrand in Eq. (22) is determined by the sign
of (φ̄ − λ0(1/

√
2)), a quantity whose sign cannot change in

the domain of φ̄ for a distribution with a well-defined λ0. This
argument constrains the signs of the deviation φ̄ − λ0(1/

√
2)

and thus m to be either always negative and positive, respec-
tively, or vice versa. The two cases represent the two extreme
bounds of the eigenvalues, and clearly m > 0 corresponds to
the eigenvalue with the smallest real part.

To test the validity of the theoretical predictions, we plot
m by varying the parameters {D} for the distribution shown
in Fig. 1. For each value indicated in the axes of the panels
in Fig. 4, we calculate λ0 at two values of α2 and calculate
the slope and verify that it is indeed positive everywhere [see
panels (a)–(d) of Fig. 4]:

m = λ0(α1) − λ0(α2)

α2
2 − α2

1

. (29)

We also calculate L0 and find that it can assume both positive
and negative signs depending on the parameters specifying the
distribution, meaning that the stability of the passive system
(α = 0) does not follow a universal trend. Panels (e) and
(f) of Fig. 4 show the variation in �sp(0) = l0 = −L0 − 1
[refer to Eq. (9)] for the bimodal and exponential distributions,
respectively.

V. IMAGINARY EIGENVALUES
AND STEADY-STATE PATTERNS

In this section, we further characterize λ0 for a finite num-
ber of components N and relate the trends that we observe in
the statistics of λ0 to patterns in numerical solutions of the
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FIG. 5. Statistics of λ0. In the limiting case of infinite conserved
densities, λ0 is real. For any finite-sized system, 〈λ0〉 averaged over
ensembles of D is in fact complex. (a) The imaginary and real parts,
Im(λ0) and Re(λ0), are plotted as a function of α, encoded in the
color of the marker. The error bar indicates the variance. At each
value of α, we consider 104 realizations of D for N = 300. From the
plots, it is clear that the variability in Im(λ0) depends on the type of
compositional disorder. Notice also that the variations are increased
compared to the uniform average composition. (b) The fraction of
complex eigenvalues is plotted as a function of α, showing that the
fraction increases with α although it does not approach unity.

full nonlinear model in Eq. (3). λ0 is real only when N → ∞,
a limit that represents a theoretical abstraction. In reality,
the statistics of λ0 exhibit strong finite-size effects that are

relevant to real experimental systems and to the dynamics ob-
served in numerical simulations. The most important aspect of
this is that λ0 is imaginary with a significant probability—an
important fact because the novel features of the multispecies
NRCH model can be attributed to the emergence of complex
eigenvalues in the linearized dynamics of a phase-separating
mixture [32].

In Fig. 5(a), the mean value of λ0 (both the real and
imaginary parts), averaged over 300 realizations of the matrix
M, is shown for the exponential, the discrete bimodal, and
the identical distributions. In panel (b) of the same figure,
the probability of λ0 being complex is plotted for the same
ensemble. A few comments are in order. First, the variance
of λ0, indicated by the error bars, shows that finite-size ef-
fects are larger for the first two cases in comparison with the
identical distribution. Second, in the absence of compositional
disorder, D has almost all imaginary eigenvalues for α → 1.
The fraction of complex λ0 approaches unity as N approaches
infinity, a relevant regime relevant to biocondensates, as seen
in Fig. 5(b). In the other two cases, the varying diagonal
entries of D create the possibility that λ0 is real, meaning that
the probability that λ0 is imaginary is capped by a limiting
value, as seen in Fig. 5(b). For the exponential distribution,
we expect that as d → 0, or as the range of allowed values of
φ̄ shrinks, the curve will bend upward and resemble the case
with no compositional disorder.

We now show a few examples of the dynamics in the steady
state for values of � chosen to be below �sp. Figures 6 and 7
illustrate the dynamics in the steady state for the bimodal
distribution and the exponential distribution as � is tuned
below �sp. The same interaction matrix M has been chosen

FIG. 6. Steady-state dynamics for a mixture with composition drawn from a bimodal distribution: The left panels illustrate the dynamics in
the steady state for randomly sampled realizations of M and C for a mixture with N = 100 components. The average density of each species is
chosen from a discrete bimodal distribution; i.e., it can attain two values, either d1 or d2. The effective temperature � is indicated in the figure.
For � very close to �sp, the system undergoes bulk phase separation. As seen in the histograms of the densities of a few species selected at
random, species 2–4 exhibit more than two peaks. This means that the system has compartmentalized into more than two compartments, a
feature common in passive systems. At larger �, there are two asymmetric peaks that get smoother with decreasing �.
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FIG. 7. Steady-state dynamics for a mixture with composition drawn from an exponential distribution: (a) The left panels illustrate the
dynamics in the steady state with the diagonal disorder from an exponential distribution. Each kymograph shows the evolution of the scalar
field for one species among N of them. At � close to �sp, the dynamics are chaotic, resembling chaotic condensates. As � is decreased, the
chaotic nature of the condensates increases. The dynamics is reflected in the histograms in panel (b), where peaks in the distribution of the
values assumed by the fields change to smooth curves with two well-defined peaks.

for the examples in panel (a) of Figs. 6 and 7; the other
relevant parameters are mentioned in the captions.

The effective temperature � is lowered (see values indi-
cated in the panels) to showcase the dependence of patterns
on the difference �sp − �. The kymographs representing the
space-time dynamics for a randomly selected species in panel
(a) of Fig. 6 show that just below �rmsp condensates appear.
The term condensates refers to spatial domains of enhanced or
diminished density that are observed to be long-lived (being
stationary in the steady state). For � = −0.1, the system
seems to have arrested, a consequence of the dimensionality,
and deterministic evolution of the system. On lowering the
value of �, the condensates become dynamic; notice that
they shift and fluctuate in time. On increasing � further, we
generically find spatiotemporal chaos in the steady state.

To ensure that the system has reached steady state, we
calculate the distribution of the values assumed by the fields
in the steady state at different points in the lattice and average
the data temporally as well to obtain the histograms in panel
(b) of Figs. 6 and 7. The formation of two sharp peaks would
signal binary phase separation, while smooth peaks would
correlate with spatiotemporally chaotic dynamics. Notice the
correlation between panels (a) and (b); stationary condensates
are associated with multiple well-defined peaks in the his-
togram, while chaotic ones are associated with smooth and
wide peaks. We note that the solid lines in the histogram plots
are not a parametric fit assuming any functional form but a
result of data-driven smoothing to help in distinguishing the
peaks. Interestingly, we find that the condensates are likely to
represent multiphase coexistence, as seen in the three or more
prominent peaks observed for �sp just below �sp.

Finally, A comparison between the dynamics in Figs. 6 and
7 shows that similar trends appear in both cases although the
transition to chaotic condensates occurs at a larger value of �

for the exponential distribution. Although we have reported
a few examples here, further simulations have shown that
the trends are quite generic when other realizations of the
interaction matrix M are considered.

VI. CONCLUSIONS

To conclude, we have explored the role of compositional
disorder in determining the onset of the spinodal instability
and pattern formation in a random nonreciprocally interacting
mixture. The spinodal threshold (the temperature at which the
system transitions from a homogeneous to a patterned state)
in a system with varying mean density of each component
decreases quadratically with the strength of the nonreciprocal
parameter. The stability is thus governed by the interplay of
two parameters. The first is the coefficient multiplying the
square of the nonreciprocal activity, and the second is the
transition point at zero nonreciprocity. Both parameters are
determined solely by the distribution from which the disorder
is drawn. Using analytical arguments based on random matrix
theory, we have motivated this functional dependence and pro-
vided arguments for the relative stability of the active system
compared to its passive counterpart.

These predictions are validated through extensive numeri-
cal simulations probing whether the onset of pattern formation
follows the theoretical expectations. A second set of simu-
lations was carried out to explore the emergent features of
the steady-state dynamics. We find that condensates (static
domains of enhanced density) appear close to the threshold
of the spinodal instability and exhibit signatures of multiphase
coexistence, meaning that the system separates into more than
two dominant phases, as evidenced by multiple peaks in the
distribution of density values in the steady state. On lowering
the effective temperature, the condensates become chaotic, a
feature common to both types of compositions explored in the
paper.

In passive multicomponent systems, tuning the mean
density of each species generally leads to complex phase
behavior, with changes in composition providing access to
new critical points [19]. It is therefore striking that relatively
simple statements can be made about the stability of the non-
reciprocal system (arguably a much more complex system)
when one considers an ensemble of systems with interaction
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strengths drawn from random distributions. The generality of
the results in this realistic setting, with many components each
having a variable average density, suggests that tuning the
level of nonreciprocity can be an effective way to control the
nature of condensates in biological systems [76]. However,
it is reasonable to expect that controlling the volume fractions
of chemical species in a mixture, and thereby regulating phase
separation, may provide a more accessible experimental path-
way [15].

Our work represents a first step toward understanding the
composition dependence of multicomponent active mixtures,
addressing the important aspect that different species are
mixed in asymmetric proportions in realistic experimental
setups and real biomolecular condensates. The detailed phase
behavior via a construction of binodals and an implementation
of Maxwell construction will be left for future work [51].
A detailed exploration of the resulting dynamical phases in
two and three dimensions, where novel interfacial effects are
expected upon changing the concentrations of the components
[51], will be presented in future studies.
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APPENDIX A

In this Appendix, we will describe the methods used to
obtain Eq. (9). The resolvent for the dynamical matrix D is
defined as

G(z) =
∫

dz′ ρ(z′)
z′ − z

, (A1)

where ρ(z) is the spectral density of D and the integral is
carried out in the complex plane. As the resolvent is singular
whenever z is equal to one of the eigenvalues, we have to reg-
ularize the resolvent by considering the quaternionic resolvent
G(q), as a function of the quaternionic argument q [77,78]:

G(q) =
∫

dz′ρ(z′)(z′ − q)−1, (A2)

which is well defined as long as q = z + u j with u �= 0.
Using the generalization of Pastur’s relation [79] for the asym-
metrical matrices, which was studied in Ref. [77], and the
properties of the quaternions, we can rewrite the resolvent as

g + βj =
∫

dφ̄P(φ̄)
(φ̄ − z∗ − (1 − 2α2)g∗) + βj

|φ̄ − z − (1 − 2α2)g|2 + |β|2 , (A3)

where both sides of this equation are quaternionic. Writing
the complex number g as g = Re(g) + Im(g) distinguishing
the real and imaginary parts, and z = x + yi, we can distin-
guish the real and imaginary parts of Eq. (A3) to obtain the
coupled equations for z and Re(g) [see Eqs. (18) and ((17). In
arriving at Eqs. (18) and (17), we have further assumed that
the diagonal entries of C, and thus the values φ̄,are real.

1. Identical distribution

For P = δ(φ̄ − d ), Eqs. (18) and (17) reduce to

σ 2/4

(x̃ − d )2 + ỹ2
= 1, Re(g) = d − x̃

(x̃ − d )2 + ỹ2
, (A4)

which yields x̃ = d −
√

σ 2/4 − ỹ2, such that for ỹ = 0, x̃ =
d − σ/2. Re(g) = 2/σ . Using the definition of x̃, we have

λ0 = d − σ (1 − α2). (A5)

2. Discrete bimodal distribution

As the second example, we sample the diagonal entries of
C from the bimodal distribution:

P(φ̄) = pδ(φ̄ − d1) + (1 − p)δ(φ̄ − d2).

We assume d1 < d2 and d1 > 0. Eqs. (18) and (17) assume
simple forms for this choice, such that λ0 can be found ana-
lytically setting y = 0, and using the redefined variable x̃ we
get

1 = p

(x̃ − d1)2 + (1 − p)

(x̃ − d2)2 ,

Re (g) = − p

(x̃ − d1)
− (1 − p)

(x̃ − d2)
. (A6)

The smallest eigenvalue is then obtained as λ0 = x̃ − d2 −
(1 − 2α2)σ 2Re(g). However, it is worth mentioning that the
boundary of support plotted in Fig. 3 is for α = 1/

√
2, for

which the boundary follows a simpler equation

f (λ) = p

|λ − d1|2 + (1 − p)

|λ − d2|2 = 1/σ 2, (A7)

where λ = Re(λ) + iIm(λ).

APPENDIX B: NUMERICAL SCHEMES
AND PARAMETER CHOICES

In this Appendix, we will describe the methods used to
solve the N nonlinearly coupled partial differential equations
(PDEs) to verify the results of the linear stability analysis
and to garner some idea of the rich pattern forming abil-
ity of these systems of equations. The simulations shown
in Fig. 1 and used to obtain the results in Fig. 2 have
been performed using a pseudospectral method in a one-
dimensional system on a domain of length L discretized with
nx grid points to obtain a stable solution of the nonlinear
partial differential equations for the N-species equations of
motion. For time discretizing, we use the second-order expo-
nential time differencing scheme [80] with a fixed time step
�t , a small enough time step to ensure reaching a steady
state.

For the results in Fig. 2, the simulation was carried out
for N = 100 components. The system size is chosen to be
L = 4096 and nx = 4096 in the simulations. The time step
for simulations reported in this figure is �t = 2.5 × 10−3.

The results of Figs. 6 and 7 are from a simulation of N =
100 components with the system size L = 512 and nx = 512.
The time step for simulations reported in this figure is �t =
5 × 10−3. For both results in Figs. 2 and 6, the surface tension
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parameter K = 0.1. In all simulations for the discrete bimodal
distribution, we chose d1 = 0.2 and d2 = 1. Accordingly, for
the exponential distribution that was used in the simulation,

we chose d = 0.6. In Fig. 6, for the discrete bimodal distri-
bution, from the linear stability analysis, we can find �sp =
0.06, and for the exponential distribution �sp = −0.19.
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