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Revealing non-Markovian Kondo transport with waiting time distributions
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We investigate non-Markovian transport dynamics and signatures of the Kondo effect in a single quantum
dot (QD) model. The QD is coupled to a left lead non-Markovian bath and weakly coupled to a right lead,
acting as a detector. We calculate the waiting time distribution (WTD) of electrons tunneling into the detector
using a combination of the hierarchical equations of motion (HEOM) approach and the Born-Markov (BM)
approximation. Oscillations emerge in the short-time WTD, becoming more pronounced with stronger left-lead
coupling. Fourier analysis reveals a blueshift in the oscillation frequency as coupling increases, indicating en-
hanced system-bath hybridization. Crucially, comparison with a master equation confirms that these oscillations
are a direct consequence of non-Markovian system-bath correlations. By introducing a toy model, we analyze the
role of different parameters, such as coupling strength and bandwidth, in significantly influencing the oscillatory
behavior in WTD. In addition, we examine the Kondo effect’s influence on these oscillations by varying the
coupling strength and the bandwidth of the non-Markovian bath. Decreasing the bandwidth and increasing the
coupling strength enhance the WTD oscillations, while also enhancing the Kondo resonance in the quantum dot’s
density of states. Our results demonstrate that WTD oscillations offer a valuable tool for probing non-Markovian

system-bath interactions and the emergence of Kondo correlations within QD systems.

DOI: 10.1103/n4g1-m8s8

I. INTRODUCTION

Open quantum systems, where a system of interest is
coupled to one or more environments, exhibit rich dy-
namics that often deviate from the traditional Markovian
picture [1,2]. While many theoretical treatments focus on the
wideband limit, studying systems coupled to narrow-band en-
vironments is increasingly critical for understanding modern
condensed matter platforms, such as Moiré heterostructures
and other engineered materials with nearly flat electronic
bands [3-7]. These systems are usually strongly coupled to
environments characterized by long correlation times, mak-
ing non-Markovian effects particularly prominent. In the
Markovian approximation, the system’s evolution is described
by a memoryless master equation, such as the Lindblad
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equation [8-10]. However, this approximation breaks down
when the system-environment coupling is strong or when the
environmental correlation times become long, leading to non-
Markovian dynamics [11-15].

Non-Markovian dynamics are characterized by the back-
flow of information from the environment to the system,
giving rise to memory effects [16—19]. These effects play a
crucial role in various quantum processes, including quantum
transport in nanoscale devices [20-23]. Understanding and
controlling non-Markovian effects is essential for harnessing
the full potential of quantum technologies, as they can pro-
foundly impact the coherence and entanglement properties of
quantum systems [24-29].

One striking manifestation of strong system-environment
coupling is the Kondo effect [30], which arises from the
many-body entanglement between electrons in the system and
those in the environment [7,31-37]. In particular, QDs have
emerged as versatile platforms for engineering and probing
the Kondo effect [37-43], offering insights into the interplay
between many-body physics and quantum transport [44-48].

A powerful tool for studying the influence of non-
Markovian environments and the Kondo effect on quantum
transport [37,47-51] is the WTD [52-69], which quantifies
the probability density of observing electron transfer events
at different time intervals. The WTDs have been extensively
used to analyze electron transport in QDs [52-56,68,70-77],
revealing coherent oscillations [52,68] and entanglement
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signatures [68], and identifying the Majorana states for
the Majorana island device [75] and the influence of non-
Markovian environments [56]. Importantly, the WTDs can be
reconstructed directly from experiments leading to interesting
applications such as improving single-electron spin-readout
fidelities [71], extracting the short-time scaling of charge fluc-
tuations in parasitic states [72], visualizing the crossover from
adiabatic to nonadiabatic dynamics [73], investigating the spin
entanglement of split Cooper pairs [74], and analyzing corre-
lated electron transport in nanostructures [77].

Despite advances in understanding non-Markovian trans-
port, its interplay with the Kondo effect in shaping the WTD
remains largely unexplored. This work aims to bridge this
gap by studying a simple model describing a QD coupled to
a (left) non-Markovian lead and weakly coupled to a (right)
Markovian lead detector. This allows us to apply the Born-
Markov (BM) approximation to the right lead while using
the hierarchical equations of motion (HEOM) to model the
interaction with the left one nonperturbatively. This approach
reveals the emergence of short-time oscillations in the WTD.
These oscillations become more pronounced when increasing
the left-lead coupling. Fourier analysis reveals that the oscilla-
tion frequency shifts due to the enhanced system-environment
interactions. We explore this effect using a toy model, which
confirms how non-Markovian features, such as a smaller
bandwidth and a larger coupling strength, can enhance the
amplitude of the oscillations.

Furthermore, we also explore the influence of the Kondo
resonance on the WTD by changing the spectral bandwidth
and the coupling strength of the left lead. Analyzing the
system density of states (DOS), we observe a frequency
blueshift and an amplitude increment in the Kondo resonance
in correspondence to an increase of the coupling strength.
Interestingly, a similar blueshift is accompanied by a lower
amplitude of the resonance when it is the bandwidth to be
increased. This combined trend, i.e., the enhancement of the
WTD oscillations and the amplitude of the Kondo resonance
with increasing coupling and decreasing bandwidth, indicates
a relationship between the Kondo effect and non-Markovian
transport dynamics.

II. WTD REVEALS NON-MARKOVIAN SIGNATURE

As shown in Fig. 1, we consider a QD system coupled
to two leads constituting its environment. In the following
sections, we analyze the influence of non-Markovianity on the
WTD, with an increasing level of complexity for the system,
starting with a spinless single-level Anderson model.

A. QD with a single level

For a single-level QD, the total Hamiltonian of the system
and leads is (A = 1)

Hy = Hs + Hy + Hy, ()
where the QD is described by the system Hamiltonian
H, = ei. 2)

Here, /i = d'd is the number operator and d' is the cre-
ation operator for the QD. The leads are described by the

Hr» Wr

‘—’ -

FIG. 1. Schematic representation of the single impurity Ander-
son model (SIAM) considered in this study. The model depicts a
single quantum dot (QD), coupled to a left (non-Markovian) bath
(L) and weakly coupled to a right bath (R). The BM approximation
is applied to the interaction with the right lead, while the interaction
with the left one is treated nonperturbatively. Here, W,, and p, rep-
resent the bandwidth and chemical potential of the lead (@ = L, R),
respectively.

p, Wi

Hamiltonian
Hy =Y oac]  Cha 3)
koo
where ¢/ creates an electron in the state k of the ath lead

k,a
(o € {L, R}). The tunneling between the QD and the leads is

given by

Hi =" gralc] od +d'cra), )
k,a

parametrized by the coupling strengths g . In the continuum
limit, these coefficients can be encoded in a spectral density
function for which we choose a Lorentzian line shape

r,w?
(0 — po)* + W2

Here, I',, describes the overall coupling strength between the
QD and the « lead, while W,, and p,, represent the bandwidth
and the chemical potential of the « lead, respectively.

In this work, we assume the interaction between the QD
and the left lead to be in a regime that prevents the use of the
BM approximation. However, we consider the system to be
weakly coupled to the right lead, which allows us to interpret
it as a detector with a well-defined WTD. The effects of the
fermionic leads on the system are fully encoded in the two-
time correlation functions

Jo(@) = &)

Cl(t) = Try [Z T2 €8 oCha pf(O)] eVt
k

1 [ 1-— ‘
= —/ da)Ja(a))|:—v + vnzq(w):|e""”’, 6)
27 J_so 2

in terms of the Fermi-Dirac distribution n(w) = {exp[(w —
W)/ ke T,] + 1}~ at temperature T, where kg is the Boltz-
mann constant. Here, v = 1 characterizes the distinction

between particles and holes, and chl = ci o, and c,‘c’j’l = Ckq
(with b = —v). While the correlations in Eq. (6) cannot in

general be written in a closed analytical form, it is usually
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advantageous to consider the following ansatz:

[max

Co(t) =Yy expl—Va v ()], @)

=0

This representation expresses the correlation as an exponential
series, whose strength coefficients 77;! , and decay rates vy,
can be found using the Padé spectral decompositions as in
Refs. [78,79].

In order to capture the nonperturbative effects originating
from the strong interaction with the left lead, we employ
the HEOM approach [79-81], which is, in principle, nu-
merically exact [82] as it goes beyond the standard master
equations based on the BM approximation.

This approach enables us to comprehensively explore
the interplay between system-bath correlations and non-
Markovian transport characteristics. Explicitly, the HEOM for
the QD (left lead) system can be written as

3py" (1) = Mp"™ (1) . ®)

in terms of the HEOM Liouvillian superoperator M, which
characterizes the dynamics of the set of auxiliary density
operators (ADOs) defined by ,oj(m”’ )(t). Here, the pair (m, p)
represents the mth level fermionic ADO with parity p, and
j denotes the vector [j,, ..., ji], where each j represents a
specific ensemble with multiindex {«, v, [, oy} in which o
specifies the remaining system quantum numbers. The par-
ity index p € {+, —} in the fermionic HEOM formulation
emerges from the mathematical structure required to fully
encode the effects of fermionic anticommutation relations
between system and bath operators upon averaging over the
environmental degrees of freedom. As a result, all physical
density matrices belong to the even-parity sector (p = +),
while correlation functions for observables like the DOS re-
quire the odd-parity sector (p = —). Importantly, the even-
and odd-parity sectors of the HEOM are independent. This al-
lows each observable to be associated with a HEOM generator
having well-defined parity, thereby not requiring a doubling
of the computational resources. The superoperator in Eq. (8)
can be explicitly defined by its action on the auxiliary density
matrices as

ij(m,l’)(t) = — <lﬁs + Z qu)p;m,P)(t)
w=1

. 2 +1,
—iy Aot
J'éi

Ju

— i) (D" By o @) )
w=1

Here, ﬁs[-] = [H,(t), -] describes the system dynamics, while
A ; and B ; are the fermionic superoperators describing the
system-bath interaction. Specifically, they couple the mth-
level fermionic ADOs to the (m + 1)th-level and (m —
1)th-level fermionic ADOs, and they are explicitly given by

Al = (=1 {d) 11— P[11d] ]}
Bill = (=1 {nsd2 1+ (n),) P[[1dL ]}, (10)

in terms of the parity operator P, whose action is defined as
Polo"H 0y ] = F 1" p" P 0y (1)

In contrast, the coupling to the right lead (which will pri-
marily serve as a detector) can be modeled using the typical
assumptions valid in the weak coupling regime. This allows
for an adequate description of the right-lead influence on the
QD using the Born-Markov master equation (BMME).

We include this perturbative treatment for the interaction
with the right lead directly into the system Liouvillian by
modifying £ to include the Lindblad dissipator

A 1-— N
L1 =[H (). 1+ Y JR<w>(T” + vni"(w))DP(d”)[-],
v==l1

12)

where d'=' = df, d"="' =d, and D?(O)[-] = pO[-10T —
107 0[] is the standard Lindblad dissipator (with parity p). As
a consequence, the resulting equation of motion incorporates
both strong and weak coupling effects. We explicitly note that
the dimension of M does not increase with the additional
perturbative term modeling the right lead. At the same time,
we also note that a negligible difference is found between the
results for both the QD’s average electron occupation number
and the current flowing into the right bath, when computed
with this approximated model and the ones computed with a
full HEOM simulation for both leads (see Appendix C).

In order to analyze the statistical properties of the elec-
tron transport phenomena, the WTD plays a crucial role. In
fact, electronic currents are defined by a series of individual
electron tunneling events occurring at random time intervals.
The WTD quantifies the probability density that an electron
transfers to the detector electrode at time ¢ 4 t, given that an
electron was detected at an earlier time ¢, and that no electrons
were detected in the time interval [#, ¢ + t]. Given its exper-
imental accessibility [71-74,77] and the insight it provides
as a potential analytical quantity, we now compute the WTD
around the steady state of this model we have described. The
WTD in the steady state can be expressed as follows (see the
details in Appendix B) [52,60-62,68,75]:

Tr[J " T py ]

WIO= T 4
where pg is the steady state of the ADO space, J is a su-
peroperator encoding the quantum jumps in the dynamics,
and My = M — J is the superoperator evolving the system
in the absence of quantum jumps. Assuming conditions in
which the right lead only acts as a sink for electrons, using
Eq. (12), the quantum jump operator reads

Tps =) Ir(@)(1 = ni@))dp.d". (14)

Since the left lead is allowed to exhibit non-Markovian
effects, it is also useful to introduce a measure to quantify
the degree of non-Markovianity. In a Markovian process,
information flows unidirectionally from the system to the
environment, leading to increasingly indistinguishable quan-
tum states over time. Conversely, non-Markovian behavior
allows for information to flow back to the system, potentially
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FIG. 2. Non-Markovianity and the WTDs for the open system depicted in Fig. 1. For all panels, the QD’s energy is set to € = —0.2" in
terms of a reference frequency I'. The bandwidth and the coupling strength for the right lead are Wy = 5T and 'y = 107*T", respectively. In
panel (a), we show the non-Markovianity N (G) of the system. A/ ©)is plotted as a function of the left bath’s coupling strength (I'L) between
the QD and the left lead for different values of left-bath bandwidth W, . Narrower bandwidths lead to higher non-Markovianity values. In panel
(b), we compare the values of the WW(J; t) obtained from the HEOM + BMME (solid and dashed lines) and the BMME (dotted lines) for
the case Wi, = 0.1T". The oscillations emerge in the short-time regime by using HEOM + BMME. In panel (c), we plot the Fourier transform
W(J; ) of the WTD as a function of I';, by using the HEOM + BMME. The oscillation emerges when I', > 0.3T". In addition, the frequency

value of the peak blueshifts as the system-bath interaction increases.

overcoming this loss of distinguishability. The trace distance,
defined as

D(p1, p2) = Tt/ (p1 — p2)T (o1 — p2)],

quantifies the distinguishability between two quantum states
p1 and py. From Eq. (8), the reduced state of the QD system
is defined as

s5)

o) = p (1) = G)[p®P(0)],

where G(r) = exp(Mr) is the superoperator that propagates
all ADOs. For a Markovian process, the distinguishability
D(py1 (1), ps2(t)) between two different initial states s1 and s2
of the QD monotonically decreases over time. However, for
non-Markovian systems, a nonmonotonic behavior emerges
as a result of information backflow. As a consequence, we can
quantify the degree of non-Markovianity by considering the
difference in distinguishability with respect to the Markovian
case for all possible initial states as

N(©) = max > [D(pa (b, po(b))

Ps1,52

16)

— D(ps1(a;), ps2(a;))].

Here, the index i labels the time intervals (a;, b;) during which
the rate of change of the trace distance is positive, indicating
an increase in distinguishability due to non-Markovian infor-
mation flow [17], i.e.,

a7

%D(psl(t), p2()) >0, (13)
for ¢ € (a;, b;). In the following, we use these technical tools
to analyze the electronic transport properties of the model
defined in Eq. (1).

In Figs. 2(a) and 2(b), we show the non-Markovianity of
the system and the short-time behavior of the W(7; t), where
the total system is in equilibrium (up = ugr = 0), and the
truncation number for the HEOM tiers and the Padé series

are Ny =4 and [,,,x = 3 (see the details in Appendix D),
respectively. To analyze the influence of the system-bath
coupling strength on non-Markovianity, we compute the dis-
tinguishability of the states during the dynamics. We used
Eq. (17) by maximizing all pairs of initial conditions from the
set {|0), |1}, pmix}, where pmix = 1/2(]0)(0] + [1) (1), and |0}
(]1)) represents the empty (excited) state of the QD.

As expected, the non-Markovian effect becomes increas-
ingly pronounced as the system transitions into the nonper-
turbative regime. This observation is evident in Fig. 2(a),
where stronger I't (ranging from 0.1I" to 1I") leads to an
increase in distinguishability. In our observation, this feature
is absent when the HEOM is replaced with a BMME to model
the strong coupling to the left lead, which demonstrates its
inability to capture non-Markovian effects. On the other hand,
the result using the HEOM shows that this effect is partic-
ularly pronounced when Wy is narrower. This feature can be
intuitively justified by considering the Lorentzian shape of the
spectral density of the left lead, which corresponds, in this
limit, to a correlation that can be written as C}'(t) o e Mt
[79,83,84]. As a consequence, a smaller bandwidth Wy, corre-
sponds to a slower decay rate, thereby increasing the memory
time of the environment.

We now investigate W(J; t) on different values of I'r,
and compare the results when either the ME or the HEOM is
applied to describe the strong interaction with the left lead. A
key feature shown in Fig. 2(b) is that oscillations emerge in the
WTD only when the HEOM approach is used. Interestingly,
the frequency of these oscillations increases with stronger
interactions between the QD and the left lead. On the other
hand, the full BMME approach fails to reproduce the oscilla-
tions shown by the HEOM, which shows that it is not able to
correctly model the nonperturbative effects characterizing the
coupling to the left lead. Since the HEOM allow modeling all
the non-Markovian and nonperturbative effects, these results
indicate that a strong lead-system interaction is the cause for
the oscillation behavior in W(7; 7).
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To further describe the oscillatory behavior in W(J; 7),
we consider its one-sided Fourier transform

W(j;w):/ dte”" W(J; 1)
0

Tr[ T (iwl — ./\A/lO)iljlost]
Tr[ T ps] '

We analyze this quantity in Fig. 2(c), where we observe
an overall shift in the oscillation frequencies as I', increases.
This indicates the origin of these shifts in the emergence of a
stronger system-bath hybridization.

19)

B. Toy model

To provide deeper physical insight into the oscillations
observed in the WTD, we introduce a toy model that captures
the essential physics while being analytically tractable. We
employ the simplest version of the pseudofermion approach
[83], in which a single ancillary fermion coupled to a resid-
ual bath is used to approximate the effects of the left-lead
continuum. Intuitively, this pseudofermion encodes the effects
of the collective degrees of freedom in the bath that most
strongly interact with the system, thereby modeling the es-
sential system-bath non-Markovian coherent dynamics while
making the problem analytically tractable [84]. Specifically,
adopting this framework, the left lead is approximated by a
pseudofermion coherently coupled to the system, while the
right lead remains a weakly coupled detector, as described by
the following Hamiltonian:

Hy = H{ + H{ + Hj. (20)
Here, HSt characterizes the system QD, Hft describes both the
pseudofermion (modeling the left lead) and the right lead
(acting as a detector), and HI‘ is the interaction Hamiltonian.
These Hamiltonians are specifically defined as follows:
H! = ed!d,,

Hrl = Ebdgdb + Z wkClkCak,
a.k

H = go(dldy + d}d) + Z gk,L(C;Ldb +diciy)
X

+ > ger(c] pds + dicr), @1)
k
in terms of the fermionic creation operators for the system
d,;s for the pseudofermion d,_,, for the electrons in the right
lead c,:R, and for the pseudofermion’s residual bath c;L. Here,
gsb 1s the coherent coupling strength between the system and
the pseudofermion. For this model, the equation of motion can
be expressed as

d‘;ﬁ’) = —i[H! + go(didy + didy). p(1)]
+ Y 2WMD(d)[p(0)]
y==+1
1-— N
+y JR(es)<T" + vn;?(es>)D(d:)[p<t)]
v==1
= Lp(t). (22)

Here, g = VWiI'L/2, and ;' = d; and d;'' = d]. Within
this framework, we can derive an analytical expression for
the WTD by applying Eq. (13) with £y = £ — 7, in terms
of the following specific expression for the quantum jump
superoperator:

Tp =Jr(e)[1

Under the resonant condition € = €, and up, = ug =0,
our analytical treatment yields the WTD in a compact form as

W(j, t) - Z Sijk C;,j,k e_(A+V‘1k)T/2’ (24)

r==+

— ngl(es)]dspd;. (23)

where ¢;j is the Levi-Civita symbol with implicit summation
over repeated indices, and the coefficients ci” ik encode the
system parameters [ij’ 0= cfj, WL, 'L, Ty, €)] for appro-
priate indices (i, j, k) that incorporate sign conventions, with
detailed expressions given in Appendix E. The parameter
A = 2W, + 'k is introduced for notational simplicity.

The oscillatory dynamics are characterized by the terms ¢,
which are defined in relation to the roots f; of a characteristic
polynomial:

qr = VA + 4fi,

These roots f; are derived from a characteristic cubic
polynomial

P(z) =42 + ;> + a1z +ag = 4z — 1)z — )z — f3),
(26)

where {f1, f», f3} are the roots of P(z) = 0. The coefficients
a; are functionally dependent on the system parameters [a; =
a;(WL, I'L, T, €)], with their detailed expressions provided
in Appendix E.

To establish the validity and accuracy of this pseud-
ofermion approach, we perform a comprehensive benchmark-
ing analysis against the full HEOM and ME calculations.
Figure 3 presents a systematic comparison of the waiting
time distributions WW(J'; T) and their corresponding frequency
spectra W(J; w) computed using all three methodological
approaches. This validation confirms that our analytically
tractable toy model accurately captures the essential non-
Markovian features while providing explicit expressions for
further theoretical analysis.

The key result from this analysis is that some dynami-
cal features of the WTD can be intuitively understood by
interpreting the left lead as acting like a QD. Within this
interpretation, the oscillatory behavior of the WTD is a direct
consequence of the coherent interaction between the QD and
the left lead. Interestingly, this analysis also provides nontriv-
ial quantitative information. In fact, the oscillatory behavior in
the WTD emerges when the condition (2W, + R +4 fir <0
is satisfied for any of the roots f; as defined in Eq. (25).
Under this condition, g; becomes purely imaginary, which we
can write as g = igy, where g, = \/—[(2WL +TR)2 +4f]
is directly related to the WTD oscillation frequencies.

Our analysis reveals two key parameters controlling
these oscillations. The first controlling parameter is the co-
herent coupling strength gg, = /WL I'L/2. Increasing this
coupling strength makes the roots f; more negative,
thereby increasing the likelihood of satisfying the condition

fork=1,2,3. (25)
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FIG. 3. Oscillatory properties of the WTD in terms of the full and pseudofermion toy model for the case ¢, = 0. Other parameters are
I'r = 107*T", Wg = 5T, and kgTr = 0.5T for all panels. Dotted curves and colored markers represent BMME and HEOM + BMME results,
respectively, while colored solid and dot-dashed curves show the pseudofermion toy model predictions. In panels (a) and (b), we plot the WTD
in time and frequency domains of the case Wi, = 0.1I" for different values of the left-lead coupling strength I'. . A stronger system-bath coupling
leads to an enhancement of the oscillatory behavior in W(7; t), thereby increasing the characteristic frequency in W(7; @), consistent with
the analytical analysis of Eq. (25), where larger I'y promotes the oscillatory condition (2W, + I'r)?> + 4f; < 0 through increasingly negative
roots fr. The BMME approach fails to capture these oscillations, confirming their non-Markovian origin. In panels (c) and (d), we plot the
WTD in time and frequency domains of the case 'L = 1T for different values of the left-lead bandwidth W;.. The enhanced decay triggered
by a broader bandwidth suppresses the oscillations in W(J; t), while a narrower bandwidth enhances the oscillation amplitude, leading to
more pronounced spectral peaks in W(J; ). The agreement between the toy model and the full numerical results shows the validity of this
simplified pseudofermion toy model in capturing the essential non-Markovian features in this specific case.

QWL +T'r)?> 4+ 4f; <0 and consequently promoting oscil-
lations. This behavior is clearly demonstrated in Fig. 3(a),
where the oscillatory amplitude becomes more pronounced
with larger I'L.

The second critical parameter is the bandwidth Wy, whose
influence is revealed through Eq. (24). This parameter ex-
hibits a dual role: while increasing Wi, can increase gy,
it simultaneously accelerates the pseudofermion decay rate.
This acceleration arises because W, contributes to the term
A, which directly governs the exponential decay as shown in
Eq. (24). Consequently, a larger Wy (corresponding to broader
bandwidth and shorter memory) suppresses the oscillations
in W(J;t). This competing effect is clearly illustrated in
Fig. 3(c), where a narrower bandwidth enhances the oscilla-

tions in W(J; 7).

To highlight the non-Markovian origin of these oscilla-
tions, we contrast our results with the Markovian limit, where
the WTD reduces to a closed-form expression

Whe(T:T) = Z C/re*(ALru)T/Z’

r=+

27)

where A" = Jp (&) + Jr(€;), and the coefficients ¢, = c/.(u)
are detailed in Appendix E. The parameter u is given by

u={ (&) = Jr(e) [1 = 2n8(e))])°
F4J(e) Tr(e) [T = nfe)] [1 — nen]}'?, (28)

which ensures that u?> > 0 is always satisfied. This mathemat-
ical constraint implies that oscillatory behavior cannot emerge
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within the Markovian framework, as confirmed by the BMME
calculations shown in Figs. 3(a) and 3(c) even when applied to
parameter regimes that exhibit strong non-Markovian effects.

To characterize the oscillatory dynamics in frequency
space, we analyze the WTD spectrum via Eq. (19). Within the
pseudofermion toy model framework (characterized by weak
I'r and €; = 0), we derive the analytical solution WW(w) with
explicit expressions detailed in Appendix E.

The frequency-domain analysis reveals distinct parameter
dependencies. As shown in Fig. 3(b), stronger coherent cou-
pling (I'L) systematically increases both the amplitude and the
peak frequency of W(J; w). Conversely, a larger bandwidth
WL, broadens and flattens the spectral peak, while simulta-
neously shifting its central frequency upward [Fig. 3(d)].
To determine the precise oscillation frequencies wwrp, we
locate the extrema of the spectral magnitude through the
condition

d
d—IW(J;w)Hw:me =0. (29)
w

The resulting values wwrp correspond to the peak frequen-
cies in W(J; w), providing direct access to the oscillation
frequencies induced by the non-Markovian coupling (I'r) and
bandwidth (W). This provides a quantitative relationship be-
tween the system-environment parameters and the resulting
transport dynamics. The comprehensive parameter depen-
dence is visualized in Fig. 4, which clearly demonstrates that
both larger I'L. and larger Wy, systematically increase the WTD
oscillation frequency wwrp.

Our analysis establishes a clear connection between non-
Markovian effects and transport dynamics. Specifically, we
identify that a narrower bandwidth (Wi, small) and stronger
coupling (I'r large) both enhance non-Markovian mem-
ory effects. This parameter dependence demonstrates that
pronounced non-Markovianity correlates directly with the
appearance and strength of oscillations in W(J;t). Con-
sequently, these oscillations emerge as a sensitive and
quantitative signature of coherent, non-Markovian system-
environment correlations within our pseudofermion model
framework.

III. WTD AND THE KONDO CORRELATION

We now turn to the situation where the QD can be popu-
lated with two electrons with spin o, which interact through
a Coulomb repulsion U. This will allow us to see more
complex behaviors arising from the nonperturbative system-
environment interaction, typified by the well-known Kondo
resonance. We start by describing this setup with the SIAM,

Ho= )" e, + Uhyhy,

o=1.]

Hf = Z a)k,oz.ac;a.ng,a'a,
k,a,0

Hi = ) 8kaClqqds + 8had)Cra (30)
k,a,0

0.60
0.55
£ 0.50
=
2045
0.40
0.35

(a) W /T =0.1

05 06 07 08 09 1.0
Iyr

0.75{ (o)L =1T

0.60
0.10 0.12 0.14 0.16 0.18 0.20

wy/r

FIG. 4. WTD oscillation frequencies wwrp as functions of
system-environment parameters within the pseudofermion toy
model. Frequencies are determined from spectral extrema via
Eq. (29). (a) Systematic increase of wwrp With coupling strength
I'L/T" for fixed W /" = 0.1, demonstrating that enhanced system-
bath coupling elevates oscillation frequency through increasingly
negative polynomial roots f; satisfying the oscillatory condition
(2WL + Tr)?> +4f, < 0. (b) Frequency dependence on bandwidth
ratio W /T"L for fixed I'L = 1T, revealing that broader environmen-
tal bandwidth simultaneously suppresses oscillation amplitude yet
increases characteristic frequencies. These parametric relationships
provide quantitative mapping between microscopic interaction pa-
rameters and observable non-Markovian transport signatures.

Here, d; (cza ) creates an electron with spin o in the QD

(lead « € {L,R}), and 1, = d(";d(, describes the number of
electrons with o in the QD. The Coulomb interaction between
two electrons has a strength given by the repulsion energy U
and is described by the nonlinear operator 71 714.

When strong system interactions are present, such as those
arising from a large Coulomb repulsion U in the QD, the
conventional local Lindblad master equation can become
unreliable. This unreliability can manifest in unphysical pre-
dictions, including excitations at absolute zero temperature
[85] or inaccurate electron occupation numbers within the
QD. To overcome these problems, it is possible to use a
dressed Born-Markov master equation ((BMME), which is
more accurate than the conventional local Lindblad master
equation [37] to model these regimes. This improvement
relies on restricting bath-induced transitions among system
eigenstates |@;) of Hs having energy ¢;. Technically, this corre-
sponds to writing the Lindblad dissipator using an eigenbasis
decomposition to write Eq. (12) as

[Z > yé,“,gk(w)ﬁpugok)«ol|>]p}2§£§>, 31

v==%1 € —€=w
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FIG. 5. W(J;1), W(J;w), A(w), and AA(wk) for SIAM. Parameters are € = —0.2T", T'g = 107*T", Wg = 5T, up = ug =0, and
kgTr = 0.5T". In panels (a) and (b), we plot W(7; t) and W(J; w) for different I', in the case of kg7 = kgTxr. Oscillation is more obvious
at larger I'L, and the oscillation frequency (position of the peak) shifts to a higher value due to the stronger system-bath interaction. In panels
(c) and (d), A(w) and AA(wy) are depicted as functions of I';. A(w) is the spin-up electron DOS. Two Hubbard peaks appear along with a
central Kondo peak for I'r > 0.3I". The Kondo peak signifies an equilibrium many-body entangled state between the QD and the left lead, and
its intensity increases slightly with the larger coupling strength. AA(wx) is the difference in Kondo peak intensity between two temperatures
of the left lead, kg7; = 0.5T" and kg7, = 10T, as a measure of Kondo resonance. Larger AA(wy) correlates with stronger coupling and

higher-frequency oscillations in W/(J; 7).

where the transition rates are explicitly given by

v v 2
@) =21 > [rldlen| Tr(vw)

o=11

(l—v
X —_—
2

The superoperator for the quantum jumps can now be written
in terms of these rates as

Tled = Y v @led @l oslen (il

€r—€1=wW

+ vneRq(va))). (32)

(33)

We are now going to use this formalism in order to ana-
lyze the WTD for this open system with a constant on-site
Coulomb interaction energy of U =T".

Our analysis reveals that the spin-resolved system exhibits
similar behavior to the spinless case examined previously.
In Figs. 5(a) and 5(b), we show that the behavior of
W(J; t) closely parallels the case without the spin configura-
tions, where the parameters are Wi, = 0.1, Wg = 5T, I'r =
107*T, and kgT;, = kgTr = 0.5T. Specifically, both systems
demonstrate the same fundamental trend: stronger system-

bath coupling (I'L) leads to more pronounced oscillations in
the WTD.

This similarity extends beyond the WTD behavior to the
underlying non-Markovian characteristics. In Fig. 5(b), the
non-Markovianity of the system increases due to the large
I'L. Recall that non-Markovianity is quantified by measuring
how much the distinguishability between quantum states can
increase over time, as opposed to the monotonic decrease
expected in Markovian processes [see Eq. (17)]. When in-
formation flows back from the environment to the system,
initially different states can become more distinguishable,
providing a direct signature of memory effects. For the spin-
resolved system, the maximum distinguishability of the two
states is calculated from the set composed of the states
(oe = (L2 (Wil + 19, (D), where (1)) € {[0). 1),
1), [41)}) is the eigenstate of Hy.

The concurrent enhancement of both WTD oscillations
and non-Markovianity with increasing I'y demonstrates that
the oscillations in Figs. 5(a) and 5(b) serve as a reliable
signature of non-Markovian system-bath correlations, even
when spin degrees of freedom are included. It is important
to mention that, here, this behavior is driven by system-bath
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interactions rather than the presence of coherent interactions
[86,87].

By increasing the rate I'r, spin-dependent higher-order
tunneling events become more relevant, naturally leading us to
consider the relationship between our findings and the Kondo
effect. To analyze the interplay between the WTD and Kondo
physics, we examine the DOS of the QD, which serves as a
fundamental characterization of the electronic behavior and
many-body correlations in the system [88]. The DOS quan-
tifies the availability of electronic states at different energies
and is mathematically defined as

TAy () = Re{ / oodt({dg(t), dj,(O)})e"w’}. (34)
0

This expression involves retarded Green’s functions with
fermionic operator correlations (d, (t)d; (0)), which require
the odd-parity sector (p = —) in the HEOM formulation
due to anticommutation relations, contrasting with transport
calculations that use the even-parity sector. The DOS is com-
puted using the parity-dependent HEOM approach [79,89]
from Egs. (8) and (31). Here, (O) denotes the expectation
value of the system operator O. In the absence of an ap-
plied magnetic field, the QD exhibits spin-independent DOS.
Therefore, in the following, we will focus on the DOS of
the spin-up state, i.e., on the quantity A(w) = A;—4(w). For
weak system-bath coupling, DOS exhibits two Hubbard peaks
located at the resonant energies € and € 4+ U corresponding to
singly and doubly occupied states, respectively. As shown in
Fig. 5(c), in the regime where I't, > 0.3T", a central Kondo
resonance peak appears as a manifestation of the equilibrium
many-body entanglement between single-electron states in the
system and the electrons in the reservoir continuum. In addi-
tion, similarly to the behavior of W(J; w), the Kondo peak
also blueshifts as I'}, increases. Since Kondo correlations are
highly temperature-sensitive (thermal fluctuations readily dis-
rupt them [30,90-92]), increasing the lead temperature rapidly
suppresses the DOS Kondo peak [37,93-95]. To isolate the
true Kondo correlation within the DOS, we examine how the
Kondo peak diminishes as the temperature exceeds the Kondo
temperature (where the DOS central peak height remains
fixed). We compare a lower temperature, kg77 = 0.5, to a
higher one, kg7, = 10T, and calculate the difference in Kondo
peak height:

AA(wk) = A(wx, T1) — Alwk, Tr), (35)

where wg is the Kondo peak frequency. As I'L increases,
AA(wg) also increases, signifying a stronger Kondo cor-
relation induced by the enhanced QD-lead coupling [see
Fig. 5(c)]. In this specific instance, one can quantify the
strength of the Kondo correlation from AA(wg). From
Figs. 5(a) and 5(d), we observe that larger AA(wyg) results
in larger WTD oscillation amplitudes. On the other hand, as
shown in Figs. 5(b) and 5(d), the frequency wg blueshifts
for stronger I'r. These observations indicate that features of
the Kondo resonance are related to the oscillation behavior in
W(T ;7).

Our study focuses on the “narrow bandwidth” regime
(WL = 0.1T t0 0.5T"), a choice motivated by both physical rel-
evance and methodological advantages. This regime models
contemporary flat-band materials like Moiré heterostructures

[3-7]. Methodologically, a narrower bandwidth extends the
environmental memory time [C} (1) e~"M1], which amplifies
the non-Markovian signatures, as shown in Fig. 2(a). Fur-
thermore, this limit provides a valuable theoretical window
into phenomena such as molecular Kondo states [96] and the
zero-bandwidth limit of the Anderson model [3,97].

Non-Markovianity can also be used to build a theoretical
connection between WTD oscillations and the Kondo effect.
In fact, the Kondo effect is itself an inherently non-Markovian
process, as the electronic bath must “remember” past spin-
flip scattering events to form the characteristic many-body
entangled state [98—101]. Since the WTD oscillations also
arise from this information backflow, environmental param-
eters that control memory time should tune both phenomena
simultaneously. Consequently, stronger memory effects (nar-
row bandwidth, and strong coupling) should enhance both
phenomena, while weaker memory will cause their simulta-
neous suppression. Our numerical results in Fig. 6 confirm
this connection. There, we investigate the effects of W, on
both the WTD and the Kondo resonance, and find that a wider
bandwidth simultaneously suppresses both phenomena.

In Fig. 6(a), we compute A(w) for different W, and the
difference AA(wyg) between the Kondo peak amplitudes at
different temperatures 77 and 7, (see the inset). A larger W,
shows a larger wg and a smaller AA(wg). This indicates
that a narrower bandwidth shifts the wg, while increasing the
amplitude of the Kondo resonance.

At the same time, as shown in Figs. 6(b) and 6(c), the
same increase in Wi, decreases both the amplitude and the
period of the oscillation in W(J; t). This striking correla-
tion demonstrates that parameters that suppress the Kondo
resonance also suppress the WTD oscillations, establishing
these oscillations as a sensitive probe of the non-Markovian
dynamics that underpin Kondo physics.

IV. CONCLUSIONS

In summary, we have investigated the non-Markovian
transport dynamics in a system composed of a QD connected
to leads. Specifically, we considered the QD coupled to a non-
Markovian (left) lead injecting electrons and weakly coupled
to a detector lead. At short times, we observed the emergence
of non-Markovianity signatures in terms of oscillations in the
WTD (evaluated numerically using the HEOM and a Born-
Markov master equation).

As the coupling to the injecting lead is increased, these
oscillations become more pronounced and blueshifted in fre-
quency. This effect is due to the hybridization between the
system and the left lead, as confirmed by the impossibility to
reproduce it using a Markovian master equation.

We further analyzed the influence of different values for
the bandwidth of the non-Markovian bath on both the am-
plitude of the Kondo resonance and the oscillations in the
WTD. This sheds light on the relations and influence between
non-Markovian system-bath correlations and the properties of
the electron WTD and Kondo physics. As an outlook, this
work can be generalized by considering the influence of finite
voltage biases, and can be extended by calculating the WTD
deep in the Kondo regime using fermionic pseudomodes to
model strong system-bath interactions [83]. At the same time,
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FIG. 6. Numerical analysis of the effect of the left-lead bandwidth W, on A(w), W(J; 7), and W(J; w). The black solid, red dashed, and
green dash-dotted curves represent the results of W, = 0.1I", 0.3T", and 0.5T, respectively. For all panels, ¢ = —0.2T", kg7, = kgTr = 0.5,
and I'y, = 10*T'g = 1T. In panel (a), we show wA(w) for different values of the bandwidth Wy, of the left lead. For broader values, the Kondo
peak amplitude decreases and its frequency shifts. Inset: AA(wx) as a function of W.. We define AA(wk) as the difference of the Kondo

peak between kg7; = 0.5T" and kg5 =

10T". Narrower W leads to a stronger Kondo effect. In panels (b) and (c), we analyze the influence of

different values for the broadening Wi, on W(7; t) and W(J ; ). Larger W, diminishes the amplitude of the oscillations and decreases their

period. The peak in W(J; w) disappears for W, > 0.3I".

an analysis of the full counting statistics [21,64,76,102] using
the HEOM could further illuminate the role of non-Markovian
effects in electron transport [103].
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APPENDIX A: DERIVATION AND JUSTIFICATION
OF THE HYBRID HEOM-BMME FORMALISM

In this Appendix, we provide a systematic derivation of
the hybrid HEOM and BMME approach used in the main
text. This addresses the theoretical underpinning of our model,
particularly how the influences of a non-Markovian lead and
a Markovian lead are combined, and clarifies the physical
interpretation of the resulting equations of motion.

1. General propagator formalism for two independent baths

We begin with the total Hamiltonian for a quantum dot
(system) coupled to two independent fermionic leads (left and
right):

Hr = Hs + H. + Hr + Hy—1 + H_r. (A1)

After tracing out the lead degrees of freedom, the dynamics
of the reduced system density matrix ps(¢) can be formally

expressed using the Dyson series expansion for the propagator
superoperator G(t):

ps(t) = GO p5(0)]. (A2)
This propagator can be written compactly using the time-

ordering operator 7 and the Feynman-Vernon influence
functional F(¢):

GOl =T exp{—F O[]}
=7'exp{ —/ dt1/]dt2W(t1,t2)[-]}. (A3)
0 0

Since the left and right leads are independent, their influences
are additive. The total influence functional is the sum of the
individual influence functionals:

Ft) = Fo@)+ Fr(). (Ad)
This separability is the key foundation of our hybrid approach,
as it allows us to treat the two leads with different theoretical
tools appropriate to their physical characteristics. The super-
operator W(tl, 1) is consequently also separable: W(tl ,bh) =
Za:L’R Wa (t1, 1p). For the fermionic leads considered in this
work, this superoperator takes the form

Waltr, )l1=Y_ Y > {C

p=%t o v=+Il

+ C;’g (tr, K )['d(‘;}(l‘z), d;(tl )]7‘0}.

L1, 0)[d) (1), d) (tl)]

(AS5)

Here, C;’G (t1, 1p) is the bath correlation function for lead « and
spin o, and [, -]+ are the commutator and anticommutator.

2. Constructing the hybrid equations of motion

Given the separability of the influence functional, we can
now formulate a hybrid dynamical generator.
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a. Non-Markovian left lead: The HEOM

The left lead is assumed to be strongly coupled to the
system, exhibiting non-Markovian memory effects. To handle
the time-nonlocal integral involving WL(tl , 1), we employ the
HEOM method. This is achieved by assuming that the bath
correlation function C}  (t) can be decomposed into a sum of
exponentials, which is a standard procedure. The time differ-
entiation of the propagator then leads to an infinite hierarchy
of coupled, time-local linear differential equations for the
physical density operator p®(t) = py(¢) and a set of ADOs
p™(t). The generic structure is

0™ (1) = (=il =Y )™ @)
+ 2 Awp™ @) + Y B o™ (1),

where L[] = [H,, -], and A and B are superoperators that
couple ADOs up and down the hierarchy.

(A6)

b. Markovian right lead: The BMME and dBMME

The right lead is assumed to be weakly coupled with a very
broad bandwidth (short correlation time). This simplifies the
bath correlation function to a delta function

1—v

Cr(tr, 1)) = FR( + VHR>3(1‘2 - 1), (A7)
where 0 < ng < 1. This justifies applying the Born-Markov
approximation to its influence functional contribution Fg(¢).
Under this approximation, the time-nonlocal expression col-
lapses into a time-local Lindblad dissipator Lg:

dFr (1)
dt

where U(t) = e~ By performing the derivation with the
delta-correlated function, we obtain the standard Linblad form
as shown in Eq. (12).

We note that this derivation is, in principle, rigorous only
in the exact limit when Jr(w) o I'r for all frequencies, and
when neRq(a)) becomes frequency independent due to infinite
bias [104]. Outside this regime, this Lindblad equation can
still be used as an approximation, which, within our numerical
examples, appears to provide reasonable accurate results.

For the SIAM with strong on-site Coulomb repulsion U, a
more accurate form of the Markovian master equation is the
dBMME. The dBMME is derived in the eigenbasis [37,83]
of the system Hamiltonian Hj, which properly accounts for
the system’s internal interactions. This leads to the dissipator
Lasmme given by Eq. (31).

Lr[[1=U(t) U@, (A8)

¢. The hybrid HEOM-BMME (dBMME)

Combining these two treatments, the total time evolution
of the system is generated by a hybrid Liouvillian. The full
equation of motion for the physical density matrix is

3 ps(t) = (—iLs + Lavme (dBMME)) s (1)

+ [HEOM coupling to higher ADOs]. (A9)

When this is expanded intAo the fqll hierarghy, the time-local
parts of the generator, —iLs and Lgmme (LdagMME), appear in

the evolution of every ADO. The final set of hybrid equa-
tions is therefore

o™ (1) = (—iljS + Lomme (dBMME) — Z Vk)P(n)(l‘)
—iy App™@) =iy (1B, p" V).
J' w

(A10)

d. Physical interpretation

A key question is how to interpret the BMME (dBMME)
dissipator, /fBMME (ﬁdBMME), which describes the right lead,
acting on the ADOs p™ for n # 0, since these ADOs encode
the memory of the left lead.

The interpretation is twofold:

Formal viewpoint. The HEOM is a mathematical trans-
formation. It replaces the single, complex time-nonlocal
equation for pg(f) with a larger system of simpler, time-local
differential equations. The state of the system is no longer just
ps(t) but the entire vector of ADOs {p@, p®@), p®) 1},
The total dynamical generator, which includes the dissipator
EBMME (ﬁdBMME), acts on this entire extended state space.
Thus, from a formal perspective, it is necessary for ﬁdBMME
to appear in the equation for every ADO.

Intuitive viewpoint. Each ADO, p™(¢), is an operator that
lives in the system’s Hilbert space, just like the physical
density matrix ps(¢). An ADO can be physically interpreted
as the system’s state conditioned on a particular sequence of
past interactions with the non-Markovian (left) lead. However,
this conditioned state is still a state of the “system,” and the
system is physically coupled to the right lead. Therefore, the
dissipative processes induced by the right lead (e.g., tunneling
events) will affect the evolution of the system regardless of its
interaction history with the left lead. Since /deMME describes
this dissipation, it must act on any operator representing the
system’s state, including all ADOs.

In conclusion, our hybrid approach is built on the well-
established principle of additive influence functionals for
independent baths. This allows for a methodologically sound
combination of the HEOM and BMME (dBMME), where the
BMME (dBMME) dissipator correctly acts on all operators
in the extended HEOM state space, providing a physically
and mathematically consistent framework for the problem at
hand. Importantly, in constructing the dBMME we neglect
hybridization between left lead and system. Our numerical
checks demonstrate this induces minimal error for the pa-
rameters we employ here. Systematically incorporating the
hybridization effect into the dBMME seems challenging, but
may be an interesting avenue of future work.

APPENDIX B: WTD FORMULA

The HEOM equation can be expressed as Eq. (8), in terms
of a linear kernel that can be written as M = Mo + J. Thus,
using this decomposition, the reduced density matrix can be
written as

PO = M p(0)

oo t 12
=Y [an- [Cdnpuin.n). @y
n=0 "0 0
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FIG. 7. The particle population, (n) (N i), and the transient current from the right bath into the QD, (Ir). Parameters are ¢ = —0.2I', U =
IT, W, =0.1T, TL = 1T, Wg = 5T, and I'r = 10~*T". The solid and dotted (dashed) lines represent the results calculated by the full HEOM
and hybridization of the HEOM and BMME (dBMME), respectively. In panels (a) and (c), we plot the (1) ((N,)) calculated by full HEOM
and HEOM + ME (HEOM + dBMME). The results from both methods converge well in panel (a), and the HEOM + dBMME approach shows
excellent agreement with the full HEOM in panel (c). In panels (b) and (d), we present the results of the (Ix) computed by the full HEOM
approach and the hybridized approach. Both methods fit well, except a small deviation in (Ir) at# = 0 in panel (b). However, panel (d) reveals
a substantial deviation when using the HEOM + BMME approach (dotted line) compared to the full HEOM and HEOM + dBMME methods,
highlighting the importance of the dressed master equation formalism for accurate current calculations in the presence of strong Coulomb

interactions.
with

L) = eMU(t_tn)jeM(J(ln_tnfl)j . jeMOtl 05
(B2)

p(t|tna ..

being the non-normalized density matrix describing the time
evolution of an initial state ps = p®+)(0), conditioned on
n quantum jumps at times t; (i = 1, ..., n). For the case of
n = 2, the quantum jumps happen at #; and #, so that
pn=2(t2,11) = Tr[p(t]t2, 11)] (B3)
denotes the probability density that two quantum jumps occur
at #; and t,, and no quantum jumps in between. The condi-
tional probability density that a particle is emitted at 1, = 0
and the next emission will be at 7, = 7 can be expressed as

Pn=2(t2,11)
Tr[J eMoti pg]

_ Tr[ T eM0™ T ps]
T[T ps]l

Pty — 1) =

(B4)

This mathematical framework demonstrates that even
though we employ the standard WTD formula [Eq. (13)]
associated with Markovian quantum jumps, the underlying
dynamics M contain the full non-Markovian physics from
the left-lead interaction.

APPENDIX C: PARTICLE NUMBER AND CURRENT

In this Appendix, we compare the results calculated by
the full HEOM and the hybridization of the HEOM and
the BMME (dBMME). We show that if the bandwidth and
coupling of the right lead are large (Wg = 5I") and weak
(Tr = 107%I"), respectively, the dynamics between the QD
and the right lead can be replaced by a BMME (dBMME). We
compute the particle occupation in the QD, (71) (N i)), and the
current from the QD into the right bath, (/g). The comparison
of these two methods is shown in Fig. 7, where the dashed
and solid lines represent the full HEOM method and the
hybridization of HEOM and BM approximation, respectively.

In Figs. 7(a) and 7(b), we plot the dynamics of (i)
and (Ig) in the spinless case using the full HEOM and
HEOM + BMME approaches. The compatibility between the
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x1073

(2)

x10~1

4+

Al(ly, 1)

FIG. 8. The difference of DOS obtained by taking two neighboring parameters Al(/i, ), AN(n, ny) in the case of e = —0.2I', U =
IT, up = pur =0, ', =2W = IT", Wy = 5T, and 'y = 107*I". The black solid, red dashed, and blue dot-dashed lines stand for the two
neighboring numbers (3, 2), (4, 3), and (5, 4), respectively. (a) Al(l;, [) computed from Padé number / =2 to [ = 5. Al(4, 3) and Al(5, 4)
indicate that the results are convergent with /i, = 3. (b) AN(n;, ny) calculated from the second-tier hierarchy to the fifth-tier hierarchy. The

result is coverage at Ny = 4.

full HEOM and HEOM + BMME results indicates that both
methods converge well in this regime. We note a discrepancy,
limited to very short times, which is due to the capability of
the full HEOM method to model higher-order non-Markovian
tunneling effects.

In Figs. 7(c) and 7(d), we numerically analyze the dy-
namics of the quantities (]\7]-) and (Ir) for the SIAM case
using three methods: the full HEOM, HEOM + BMME,
and HEOM + dBMME. Here, NMT) = ﬁi(?) and Nyr = ﬁiﬁT’
respectively. In Fig. 7(c), (N ) (N 1)) the results from the
three approaches match well. The results obtained using the
HEOM + BMME also match well with those using the full
HEOM because U is not large enough to show the advantage
of fully nonperturbative methods.

This indicates that IBMME is more accurate than BMME
to describe the interaction between the right lead and the
QD in the spin-resolved case. Moreover, our hybrid approach
maintains fundamental physical consistency, including cur-
rent conservation. The steady-state current from the left lead
into the quantum dot equals the current from the dot into
the right lead, as the methodology preserves the continuity
equation and probability conservation at the position of the
quantum dot. This conservation emerges naturally despite the
different theoretical treatments of the two leads.

APPENDIX D: THE CONVERGENCE OF THE DOS

Conventional HEOM studies of Kondo physics typically
require numerous Padé poles (8—10 or more) and high tier
numbers for convergence, particularly at the low temperatures
where Kondo correlations emerge [105]. However, our inves-
tigation focuses specifically on narrow bandwidth parameters
(WL = 0.1T to 0.5T"), which provide crucial computational
advantages. The physical basis for this lies in the fact that
narrow bandwidth environments exhibit slower correlation
decay rates (proportional to e~"'), resulting in correlation
functions that can be accurately represented with fewer expo-
nential terms in the Padé decomposition. This reduced spectral
complexity enables convergent HEOM calculations with sig-
nificantly fewer Padé poles while preserving the essential
non-Markovian physics central to our investigation.

To rigorously verify our convergence parameters under
these conditions, we examined the difference in density of
states between neighboring Padé pole numbers: Al(l}, l;) at
the fourth-tier hierarchy level. As shown in Fig. 8(a), the
convergence of Al(4,3) and Al(5,4) confirms truncation
at lnax = 3. Additionally, we validated the tier convergence
by computing AN(ny, n,), the difference in DOS between
n;-tier and ny-tier calculations with I, = 3. The negligible
values of AN(4,3) and AN(5,4) in Fig. 8(b) demonstrate
convergence at Ny = 4 tiers. Our parameter regime, while en-
abling computational tractability, captures the essential Kondo
physics as evidenced by the characteristic three-peak structure
in the density of states and the temperature-dependent Kondo
resonance behavior shown in the main text.

APPENDIX E: PSEUDOFERMION TOY MODEL:
MATHEMATICAL FORMULATIONS

This Appendix provides the detailed mathematical expres-
sions for the pseudofermion toy model introduced in Sec. II B.
We present the complete analytical formulations for the wait-
ing time distribution, characteristic polynomial coefficients,
and frequency-domain analysis.

1. WTD for the toy model: Detailed coefficients

Under the resonant condition €, = €, and up, = ur =0,
the WTD from Eq. (24) takes the explicit form

W(j, t) - Z Sl'jk C;,j,k e*(AJrqu)r/Z’ (El)
r=%
where the coefficients ¢; ; , are given by
. —W2TLIR qiqk(fj — fi)rX;
Cijk = 4A 3 . (E2)
H1<i<j<3(fi — ) izt ax
The auxiliary functions in are defined as
Xi© = AN + 410 F quA® +2f0), (E3)

with the notation A = 2W;, + I'r for simplicity.
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2. Characteristic polynomial and root structure

The oscillatory dynamics are governed by the roots
{f1, f>, f3} of the characteristic cubic polynomial

P(2) =42 + wx + a2+ ay = 4z — i)z — )z — f3).
(E4)

The coefficients a; depend explicitly on the system parameters
(WL, I'L, I'r, €) and are given by

ap = ZWLZFLFR(2WL + FR)Z» (ES)

ap = 2W[4WP (T + TR) + 4WL TR (2T, + TR)
+ Tr(Tr(TL 4 TR) +4€7)]. (E6)

ay = AW (Wy +2TL) + 12WiTg + I3 + 4e?. (E7)

The oscillatory condition (2Wy, + I'r)? + 4 f; < 0 for any root
fx determines when the system exhibits non-Markovian oscil-
latory behavior.

3. Markovian limit: Analytical benchmark

For comparison with the non-Markovian results, the
Markovian limit yields the closed-form waiting time
distribution:

Whie(J57) = ) cre @2, (E8)

r=+
where A’ = Ji (&) + Jr(€s), and the coefficients are

— ngi(e))] [JLe) ni(ey) + Jr (&) g ()]
(E9)

r

C/ — JR(Es) [1
u

The parameter u is defined as
w={ (Jle,) = Jr(en) [1 — 2n%(e))])
+4J1(e) Tr(e) [1 = nf4(en] [1 — nien]} %, (E10)

which ensures u?> > 0, precluding oscillatory behavior in the
Markovian framework.

4. Frequency-domain analysis

In the frequency domain, the pseudofermion toy model (for
weak ['r and €, = 0) yields the analytical spectrum

W(Jse) =~ 2w{‘}:?L(£;21;¢];2B£Cl)2)IEii(?fiwi)j))]} @1
where the auxiliary functions are defined as

B(w) = i(w — iWL), (E12)

Cw)=w—2iW.. (E13)

The precise oscillation frequencies wwrp are determined by
locating the extrema of the spectral magnitude:

d
— IW(T; 0)l|w=wwm = 0. (E14)
dw

This condition leads to the characteristic equation
308 + 2WL (13, — 8I'L)w®
+ 8W (8W> — 13T, + 2I'7 )

+ 32WH (W — 2WLTL + 417 )o” + 64W,S° I} = 0.
(E15)

The real parts of the roots of this equation correspond to
the peak frequencies Re[w] = wwrp in W(J;w), provid-
ing direct access to the oscillation frequencies induced by
the non-Markovian coupling strength (I'r) and environmen-
tal bandwidth (Wp). These analytical results establish the
pseudofermion approach as a powerful framework for under-
standing non-Markovian quantum transport phenomena while
maintaining computational tractability.
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