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Nonreciprocal multiphoton bundle emission in a spinning resonator
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We propose a scheme to realize nonreciprocal multiphoton bundle emission in a spinning resonator. The
system consists of a rotating two-mode cavity directly coupled to a two-level atom, enabling efficient excitation
of the desired multiphoton bundle states. These photon bundles originate from leapfrog transitions between
dressed states, established through the coherent atom-cavity coupling under multiphoton resonance conditions.
When the rotating resonator is driven in different directions, it generates opposite Sagnac-Fizeau shifts, making
the resonant conditions dependent on the direction. As a consequence, distinct multiphoton transition channels
can be selectively activated by tuning the driving direction and frequency. The nonreciprocal two-photon or
three-photon bundle emission with the same and different modes can be implemented with a high tunability. This
scheme provides a feasible route toward direction-controlled multiphoton emitters with potential applications in

chiral quantum information processing.

DOLI: 10.1103/n1pp-vwbg

I. INTRODUCTION

Nonreciprocity originates from the breaking of time-
reversal symmetry and constitutes a fundamental physical
mechanism for achieving directional selectivity of propaga-
tion and one-way information transport. In optical systems,
it plays a crucial role in devices such as isolators, circula-
tors, and directional amplifiers [1-3]. To date, nonreciprocal
transport has been achieved through the following core
physical mechanisms. Breaking of time-reversal symmetry,
induced by magnetic biasing or mechanical rotation, pro-
vides genuine nonreciprocity and has been widely explored in
magneto-optical and spinning systems [4-9]. Time-dependent
modulation and synthetic gauge fields enable nonrecipro-
cal transmission and circulation without static magnetic
fields [10-20]. Nonlinearity-induced asymmetric responses
have been demonstrated in nonlinear photonic and few-
photon atom-cavity systems [21-24]. Dissipation engineering
and non-Hermitian interference offer an alternative route to
nonreciprocity via asymmetric coherent and dissipative cou-
plings [25-30]. Chiral light-matter interactions further enable
direction-dependent coupling and nonreciprocal transport at
the single-photon level [31-36]. Such directionality is partic-
ularly important for quantum information processing, because
the emission, absorption, and scattering of single photons can
be controlled by their propagation direction. It provides a
natural mechanism for realizing nonreciprocal single-photon
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devices, deterministic spin-photon interfaces, and cascaded
quantum networks, which are relevant to quantum-state
transfer, quantum routing, and integrated quantum photonic
circuits [3,37-39]. More recently, nonreciprocity has been
extended into the quantum regime, giving rise to direc-
tional control of quantum noise and amplification [40,41],
as well as genuinely quantum phenomena such as nonrecip-
rocal photon (magnon) blockade [42—47] and nonreciprocal
entanglement [48-51].

The generation and control of strongly correlated mul-
tiquanta states constitute one of the central problems in
quantum optics and quantum information science, playing a
fundamental role in precision measurements beyond classi-
cal limits, the preparation of nonclassical light fields, and
the construction of quantum devices [52-55]. Against this
backdrop, N-photon bundle emission has attracted increasing
attention in recent years as a quantum radiation mechanism
capable of producing strongly correlated multiphoton states
within a continuous dynamical process [56]. This process
typically involves coherent coupling between the ground
state and highly excited Fock states and, under appropriate
conditions, leads to the formation of periodic multiphoton
super-Rabi dynamics. Building on this physical mechanism,
multiphoton bundle emission has been investigated in several
physical platforms, including cavity and waveguide quantum
electrodynamics (cQED and wQED) [57-66], cavity optome-
chanics [67,68], strongly interacting Rydberg atomic systems
[69—72], hybrid magnonic systems [73-77], semiconductor
quantum dot system [78], and superconducting microwave
resonators [79—83]. Building on these advances, nonrecip-
rocal multiphoton bundle emission has attracted increasing
interest due to its potential applications in one-way quan-
tum information processing and chiral quantum networks.
Recently, Bin et al. proposed a theoretical scheme to realize
directional emission of entangled photon-phonon and photon-
magnon pairs in a spinning hybrid cavity-atom system via
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the Sagnac effect [84]. However, their scheme has several
disadvantages. First, its implementation relies on a rather in-
volved hybrid platform combining optical, mechanical, and
magnonic modes. Second, the population of the target bundle
states remains relatively low due to the indirect atom-phonon
(magnon) coupling. Third, the associated super-Rabi dynam-
ics requires stringent multiparameter resonance conditions.
These factors posed significant challenges to the experimental
implementation.

In this paper, we propose an effective scheme to real-
ize nonreciprocal multiphoton bundle emission in a rotating
cavity coupled to a two-level atom. The cavity rotation
induces a Fizeau-Sagnac frequency shift between the coun-
terpropagating modes [9], making the resonance conditions
dependent on the propagation direction of the driving field.
The direction-dependent resonance enables selective exci-
tation of two-photon and three-photon leapfrog transitions,
giving rise to directional emission of strongly correlated pho-
ton bundles, including both same-mode and hybrid-mode
bundles. Our scheme provides several distinct advantages over
previous schemes: (1) The system is based on the direct atom-
cavity coupling, which enables more efficient preparation of
the target bundle states. (2) The nonreciprocal two-photon
bundle emission with high purity can be implemented and
it can be further extended to the nonreciprocal three-photon
bundle emission. (3) The proposal is convenient and highly
tunable, allowing flexible control of multiphoton bundle gen-
eration via the driving direction and frequency. This scheme
offers a practical platform for direction-controlled multipho-
ton emitters, with potential applications in chiral quantum
information processing, directional quantum communication,
and nonreciprocal quantum photonic devices.

The remaining part of this paper is organized as follows.
In Sec. II, we introduce the model and master equation.
In Sec. III, we focus on nonreciprocal two-photon bundle
emission, including the analysis of super-Rabi oscillations
and dissipation-triggered directional bundle generation. In
Sec. IV, we extend the study to nonreciprocal three-photon
bundle emission. Finally, a conclusion is given in Sec. V.

II. MODEL AND EQUATIONS

As illustrated in Fig. 1, we consider a rotating optical
resonator supporting two independent optical modes, a and b,
with frequencies w, and w;. A two-level atom with states |g)
and |e) is coherently coupled to both modes, with interaction
strengths g, and g,. For a resonator spinning at an angular
velocity €2, the circulating optical modes experience Sagnac-
Fizeau frequency shifts Ap, (j=a,b),ie,w; = w;+ Ap,
with Ref. [85]

A _inrij | 1 Adn )
F= c n2  ndi)’

where n is the refractive index, r is the radius of the cavity,
and ¢ and A denote the speed and wavelength of light in
vacuum, respectively. The factor in parentheses corresponds
to the Fresnel-Fizeau drag coefficient, including the Lorentz
dispersion correction term dn/dX, which is typically negligi-
ble in common optical materials. For convenience, we scale
all frequencies by the atom-cavity coupling strength g, i.e.,
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FIG. 1. Schematic of the spinning cQED system and the energy
level structure diagram under the two-photon resonance condition.
The system states are labeled as |n,, n,, &), where n, and n;, denote
the photon numbers in cavity modes a and b, respectively, and |+)
represent the atomic dressed states. (a) Driving from the left side
(Ar; > 0) and (b) driving from the right side (Af, < 0). (¢) Under
the left-side driving, the solid red line corresponds to the a? two-
photon bundle emission (two photons in mode a). (d) Under the right-
side driving, the solid green line corresponds to the ab two-photon
bundle emission (one photon in each mode a and b). The dotted blue
lines indicate a flip of the atomic dressed state from |—) to [+).

8a = 8» = & which defines the unit of frequency throughout
this work. As indicated by Eq. (1), the rotation of the cav-
ity leads to frequency shifts that are linear in €2 and have
opposite signs for counterpropagating optical modes. To il-
lustrate the dependence of the Fizeau shifts on the rotation
angular velocity, Fig. 2 plots the normalized frequency shifts
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FIG. 2. The frequency shifts Ar;/g (j = a, b) as functions of the
rotation angular velocity €2/g of the optical microcavity, where all
frequencies are normalized to the atom-cavity coupling strength g
(with g, = g, = g). The blue and orange solid lines correspond to
Apj > (, while the dashed lines indicate A F < 0. The four marked
points correspond to Ap, = £3gand Ay, = £5gat Q = 41.2g.
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Ar;/g (j = a, b) as functions of the normalized rotation an-
gular velocity €2/g. The parameters are chosen as » = 30 um,
n=14, and ¢ = 3.0 x 108m/s. The wavelength of mode b
is Ap = 1064 nm, and that of mode a is A, = (5/3)A;, with
w; =2mc/Aj (j = a, b). For convenience, we fix the cavity
rotation direction as counterclockwise, such that Ap, < 0 for
corotating modes and Ag, > 0 for counterpropagating modes.
Under the dipole and rotating-wave approximations, the sys-
tem Hamiltonian is given by (A = 1)

H = we0,0 + (w4 + Ap)a a+ (wp + Ap)b'h
+ g(aoeg + aTage) + g(baeg + bTGge)
+ é(o_ege—i(ult + O_geeiu)/t) + éd (aTe—iw,t + aeia)/t)' (2)

Here, a (a') and b (b') are the annihilation (creation) op-
erators of the cavity modes. w,, represents the transition
frequency between the excited states |e) and the ground
state |g). £ denotes the Rabi frequency of the classical field
driving the two-level atom. &§; = \/2Pk,/w; is the amplitude
of the external cavity driving field, where P is the driving
power, w; is the driving frequency, and «, is the loss rate
of mode a. In our model, the external driving field &, is
injected into the cavity through a specific input channel that
couples to mode a. As a result, only mode a is directly
driven, while mode b is populated indirectly through the
atom-cavity interaction. o;; = |i){j| (i, j = g, e) describe the
projection operators when i = j and the spin-flip operators
when i # j.

In the rotating frame H, = w;(0.. + a'a + b'b), the total
Hamiltonian of the system can be rewritten as

H=A,0,+ (Ay+ Ap)a'a+ (Ay + AR )b'h
+ g(aoe, + aToge) + g(boe, + bfage)
+ E(0ug + 0ge) + Ea(a+ab), 3)

where A, = w,, — w; and A = wy — w; (for k = a, b) denote
the detunings of the atomic transition and the cavity modes
from the driving field, respectively. In the following sections,
we analyze the statistical properties of the two independent
optical modes and investigate their nonreciprocal photon bun-
dle emission behavior.

In this rotating frame, the system dynamics are described
by a Lindblad master equation [53,54]

p=—ilfl. pl+ F Llalp + TLblo + S Llowlo. @)

with L[o]p = 20po" — oTop — po'o. Here, ki (j =a,b) and
y denote the decay rates of the cavity modes and the atom,
respectively. In general, Eq. (4) can be numerically solved by
using the QUTIP package in Python [86].

In the strong driving field limit of £ >> g, the dressed-state
picture can be employed to interpret the possible transition
channels. By diagonalizing the Hamiltonian H, = A0, +
£(0eg + 0ge), the two dressed states can be expressed in terms
of the bare states as [87]

|+) = cosB|e) + sinb|g),
|—) = cosf|g) —sinf|e), (®)]

where cos@ = /(£ + A,)/2&, sinf = /(E — A,)/2&, and
&€ = /A2 +4€2. These dressed states |+) have their
eigenvalues ¢y = (A, £ /A2 +4&2)/2. Correspondingly,
the Hamiltonian H,, is rewritten as H, = ¢, 0, +e_o__. Ac-
cording to the dressed-state picture, the possible spontaneous
transition channels and corresponding frequency conditions
can be characterized by an effective total detuning A. Differ-
ent multiphoton emission processes generally involve distinct
values of A, which will be specified in detail in the following
discussion. The main channels are given by

£,
—£. (6)

+) = =) A
=) = +) A

As an example, the |+) — |—) transition under the two-
photon resonance condition is illustrated in Figs. 1(c) and
1(d), showing two-photon emission either entirely in mode a
(red solid line) or split between modes a and b (green solid
line). The system states are labeled as |n,, np, =), where n,
and n, denote the photon numbers in cavity modes a and
b, respectively, and |£) represent the atomic dressed states.
Subsequently, the cavity mode in the two-photon excited state
emits two photons and returns to vacuum, while the atomic
dressed state flips from |—) to |+) (dotted blue lines).

III. NONRECIPROCAL TWO-PHOTON
BUNDLE EMISSION

In this section, we investigate the generation of nonre-
ciprocal two-photon bundle emission in a rotating optical
microcavity. Owing to the Sagnac effect, the cavity resonance
frequencies undergo direction-dependent Fizeau shifts, giving
rise to optical nonreciprocity. In the following, we fix the
cavity rotation direction as counterclockwise. In this case,
the Fizeau shift Ar, > 0(Af, < 0) corresponds to driving the
resonator from the left (right) side.

A. Super-Rabi oscillations

In the dressed-state picture, the total Hamiltonian of the
atom-cavity system can be decomposed as H = Hy +V,
where

H() = A;cfa + A;bTb + 8+0‘++ + E_0__,
V =g(a+ b)(sinf cos fo ;. + cos’> oy _
—sin*fo_, —sinfcosbo__)+ H.c. @)

Here, the cavity driving term has been neglected due to the
weak cavity driving, i.e., £; < g, and we have defined A/, =
A, + Ap, and A = Ay + Ap,. In the following, we focus
on the dispersive regime g < |A/ |, where the off-resonant
single-photon couplings are much smaller than the relevant
detunings. Then, an effective Hamiltonian can be obtained
by performing a Schrieffer-Wolff transformation [88], Hefr =
e S (Hy + AV )e*S, where A is introduced as a formal pertur-
bation parameter by replacing V with AV and is setto A = 1
after the perturbative expansion. The non-Hermitian operator
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S is given by
S ga(sin 0 cos O S cos? 0_ o — sin® 9_ - sin @ cos 6 a__>
A A, —§ A, +§ Ag
gb<sin 0 cos 6 os+ cos? 9_ S sin? 9_ - sin cos 6 a__>  He., ®)
5 8,-E T a e 5

which satisfies the condition V + [Hy, ST = 0. In terms of the Baker-Campbell-Hausdorff (BCH) formula, we expand Heg to
second order in A as

)\‘2
Hey =Hy + AV — A[S, Hyl — A2[S, V] + >
Then, we consider a multiphoton resonance condition of the form

A =mA! +nA) =&,

S, [S, Holl + O(A) = Hy — %[S, V14 00%). ©)

(10)

where m and n are non-negative integers. This condition corresponds to an m + n photon resonance, where m and n denote the
number of photons emitted into modes a and b, respectively. First, we consider the two-photon resonance case, corresponding
to (m, n) € {(2,0), (1, 1), (0, 2)}, corresponding to the emission processes a> (two photons in mode a), ab (one photon in each
mode a and b), and b* (two photons in mode b), respectively. Under these conditions, the system can be described by the

following second-order effective interaction Hamiltonians:

o0
HY = garad’oy +He. = Y gar1y/(p+ D(p+2)Ip. ¢, +)(p+ 2. ¢, —| + He,

P,q=0

[o.¢]
HE = genipaboy— +He. = Y geray/(p+ D(g+ DIp. ¢, +)(p+1,g+ 1, —| + He,

P.q=0

H = gerrsb’o +He. = Y gewsy/(q+ D@ +2)p. ¢, +)(p. g+ 2, —| + He.

p.q=0

The coupling coefficients are defined as

1 1
8eff,1 = —Ag2<— - ——)
A 1 1 n 1 1
8eff,2 = 8 AL AL - A, A, “£)
1 1 )
A, A -E)
with A = cos> 0 sin 6. Here, the direct product state |p, g, i) =
|p) ® lg) ® |i) denotes the state with photon occupancy |p) in
mode a, the photon occupancy |g) in mode b when the atom
stays in the state |i). Each effective interaction Hamiltonian
H3} (0,0 = a, b) describes a physical process in which the
dressed transition from |+) to |—) (or from |—) to |+)) is
accompanied by the successive emission (or absorption) of
two photons.
To characterize the statistical properties of the two-photon

emission processes, we introduce the time-delayed second-
order correlation function, as defined in Ref. [89]:

(0" (0)0 ()0 (7)0(0))
(0"(0)o(0)) (0T ()0 (1))
Here, the function corresponds to the autocorrelation for
0 = 0 and to the cross-correlation between the two modes for

0 # 0. In our numerical calculations, the steady-state density
matrix p; is obtained by solving the Lindblad master equation

12)

8eff3 = — Agz<

g (D) = (0.0 =a,b). (13)

an

(

ps = 0 based on Eq. (4). In the following, we first focus on
the equal-time case v = 0. Figure 3 shows the logarithm of
g(l%ld(O) (0,0 = a, b) as a function of the detunings A,/g
and A/g. In these contour plots, regions with warm colors
denote strong correlation effects with g(122)0 (0) > 1, indicating
superbunching behavior. Figure 3(a) corresponds to the left-
side driving, while Figs. 3(b) and 3(c) show the results for the
right-side driving. Here, the two driving directions correspond
to opposite signs of the Fizeau shifts A, in the Hamiltonian,
which modify the effective cavity detunings and resonance
conditions. It is clearly seen that three prominent transition
lines emerge in all panels, along which the correlation func-
tion undergoes sharp variations. These lines correspond to the
two-photon resonance conditions given by Eq. (10) for the
integer pairs (m, n) € {(2,0), (1, 1), (0, 2)}, respectively. In
addition to the resonance lines, two characteristic intersec-
tion points are highlighted in Fig. 3. The white pentagram
marks the common intersection shared by Figs. 3(a) and
3(b), indicating that under the same detuning parameters,
reversing the driving direction induces distinct antibunching
behaviors. Specifically, the left-side driving produces strong
antibunching in the mode a, whereas the right-side driving
results in antibunching in mode b. Similarly, the black filled
circle denotes the intersection between Figs. 3(a) and 3(c).
At this parameter point, the left-side driving yields anti-
bunching in mode a, while the right-side driving activates
antibunching in the hybrid-mode correlation, as characterized

by g(]%zlb(O). Without loss of generality, we assume identical
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FIG. 3. The logarithm of equal-time second-order correlation function

(2)

gl,od(O) (0, 0 = a, b) as a function of detunings A,/g and A,/g.

The white pentagram and black filled circle denote the intersection points of the resonance lines, corresponding to (A, = 27g, A, = 35g) and
(A, = 27g, A, = 41g), respectively. The other parameters are £ = 30g, £, = 0.02g, @ = 41.2g, k = 0.1g, y = 0.01g,and A, = 0.

coupling strengths and decay rates for the two cavity modes,
i.e., g» = g» = g and x, = k = k. Other parameters are cho-
sen as § = 30g, §; =0.02g, k =0.1g, y =0.01g, and A, =
0. In addition, the rotation angular velocity is chosen as
Q =41.2g, yielding the frequency shifts Ap = +3g and
Ap, = £5g, where Ar; > 0 (Ap; < 0) corresponds to driv-
ing the resonator from the left (right) side.

To gain deeper insight into the mechanisms underlying
the observed photon correlation patterns, we investigate the
super-Rabi oscillations. Here, super-Rabi oscillations refer to
coherent population oscillations between a zero-photon state
and a resonant multiphoton state under a multiphoton res-
onance condition [90]. This differs from conventional Rabi
oscillations, which usually occur between single-excitation
states. In our system, these oscillations are induced by the
effective two-photon interactions in Eq. (11). In Fig. 4, the
time evolution of the populations P,;(t) = [(p, q, il @)
(p, g =0, 1, 2) is shown for five representative cases selected
from the resonance lines and their intersection points in Fig. 3
(marked by the black filled circle and the white pentagram).
The system is initially prepared in state |0, 0, +); i.e., both
cavity modes are in vacuum and the atom is in state |+). Under
the exact two-photon resonance condition, the dynamics of
each resonant channel can be approximately reduced to a
two-state oscillation between |0, 0, 4+) and the corresponding

final state |f), where |f) = 2,0, —), |1,1, =), or |0, 2, —)
for the a?, ab, or b* channel, respectively. The populations are
then approximately given by Pyys(t) = cos?(Sest), Pr(t) =
sin?(eset), With Qegr = \/Egeff’l,geff,z, and ﬁgefm for the
three channels, respectively. In Figs. 4(a)—4(c), successive
photon emissions occur only for one driving direction. Specif-
ically, in Fig. 4(a), the left-side driving induces coherent
oscillations between the populations Py, and Py corre-
sponding to a two-photon bundle emission in mode a, whereas
the right-side driving suppresses all two-photon bundle chan-
nels. In Figs. 4(b) and 4(c), the right-side driving gives rise
to the coherent oscillations between the populations Py and
Py or Py,_, corresponding to the two-photon bundle emis-
sions with one photon in each mode [Fig. 4(b)] or only in
mode b [Fig. 4(c)], whereas under the left-side driving no
two-photon bundle emission is observed. For clarity, only P_
is plotted in Fig. 4(a) under the left-side driving, while Py;_
and Py,_ are shown in Figs. 4(b) and 4(c) under the right-
side driving, since all other two-photon populations remain
zero throughout the evolution. Figures 4(d) and 4(e) illustrate
the cases where photon emission occurs under both driving
directions. Under the left-side driving, the populations oscil-
late between Pyp+ and Py—, corresponding to the two-photon
emission in mode a. Under the right-side driving, the system
exhibits the coherent oscillations between Py and Pjj_ in

1=

@ Poor by, Poor ©n Poo dw, Pom\\} (O Por O\
] ) ~ BA K 2 K R K q
£ |"Tow ‘-”m\ /\ﬁy7 N BN eV
% 0.5}0.5 0.5 )< fg 0.5 i{ ! i 05 $< Ix 0.5 / \
‘ / | { f I
QS: 00— ool / \71\ i oo \‘j\'} 00 *b/ \j il ookt Wy /
0.0 Pao. Py Po. on/ﬂ/ Py
1 10 100 1 10 100 1 10 100 1 10 100 1 10 100
gt gt gt gt gt

FIG. 4. Time evolution of the dressed-state populations Pp;(t) = |(p, q, i|¢(1))|*(p, g =0, 1,2;i = +, —) without dissipation, at the

photon-bundle resonances for five representative cases: (a) A, = 27gand A, = 40g, (b) A, = 28gand A, = 40g, (c) A, = 40gand A, = 35g,
(d) A, =27gand A, =41g, () A, =27g and A, = 35g. The blue, red, green, and orange solid lines correspond to the numerical results
obtained from the original Hamiltonian [Eq. (3)], while the circular, star, triangle, and diamond markers denote the results obtained from the
effective Hamiltonian [Eq. (11)]. The initial state is |0, O, +), and the other parameters are the same as in Fig. 3.
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FIG. 5. (a)—(f) Quantum trajectories illustrating nonreciprocal
two-photon bundle emission in the same mode and hybrid mode
under system dissipation. The lines represent the time evolution of
the state populations P,,;; obtained via Monte Carlo simulations. (g),
(h) Time-delayed correlation functions g(lzl ,(7) and ggla,(r). The
parameters are the same as in Fig. 4(d).

Fig. 4(d), while by adjusting the detuning A, this changes
to oscillations between Py and Pp_ in Fig. 4(e). In all
these cases, the population oscillates between the initial state
|0,0,4) and the corresponding two-photon dressed states,
giving rise to nearly perfect super-Rabi oscillations. The solid
lines show the numerical results obtained from the original
Hamiltonian in Eq. (3), while the markers represent the cor-
responding dynamics predicted by the effective Hamiltonian
in Eq. (11), demonstrating that the two approaches are fully
consistent. To highlight the coherent dynamics, dissipation is
temporarily neglected.

B. Nonreciprocal bundle emission triggered by dissipation

The ideal super-Rabi oscillation is demonstrated in Fig. 4
without considering environmental noise. However, dissipa-
tion must be taken into account in realistic scenarios, as the
system inevitably interacts with its surrounding environments.
Therefore, we turn to a more realistic case in which the bundle
emission is affected by the cavity losses and the atomic decay.

To characterize the full dynamics of the bundle emission,
we use Monte Carlo simulation based on the Lindblad master
equation in Eq. (4) to record a single quantum trajectory
of the system. Below, we focus on the black filled circle
highlighted in Fig. 3, where both driving directions exhibit
nonreciprocal bundle emission. First, under the left-side driv-
ing with detunings A, = 27g and A, = 41g [Figs. 5(a)-5(c)],
the system is first driven into a superposition of the initial state
|0, 0, 4+) and the target state |2, 0, —) under the two-photon

resonance condition, with the population of the target state
reaching 0.048 at gt = 27. During this process, undesired
single-photon transitions are largely suppressed, ensuring the
selectivity of the target bundle state. When a quantum col-
lapse occurs due to dissipation, a single photon is emitted
from mode a, resulting in a transition to the single-photon
state |1,0, —) with a probability close to unity [Fig. 5(b)].
Owing to the strong photon correlation, this is promptly fol-
lowed by the emission of a second photon, leading to the
final state |0, 0, —) and completing the emission of a two-
photon bundle in the same mode. Notably, the quantum state
|0, 0, —) returns to the initial state when the atomic dressed
state flips from |—) to |+). This establishes a cyclic process,
enabling successive bundle emissions. In contrast, under the
right-side driving [Figs. 5(d)-5(f)], the system evolves into
a superposition with the target state |1, 1, —) (one photon in
each mode), with the target-state population reaching 0.137.
Upon a dissipation-induced collapse, a photon is first emitted
from mode b, followed by a correlated photon from mode a,
resulting in the final state |0, 0, —). These results demonstrate
the nonreciprocal behavior of the bundle emission process.
The order of photon emission is random. When the system
is driven from the left, it predominantly emits a two-photon
bundle in a single mode, whereas the driving from the right
leads to the emission of a hybrid photon pair involving two
different modes.

Next, we focus on the correlations between photon bun-
dles. To quantify correlations between such bundles, we use
the generalized second-order correlation function [84]

{(00)"(0)(00)' ()(00')(7)(00)(0))
{(00)7(0)(00')(0)){(00)(T)(00')(T))’

grhy (1) = (14)

with o0, 0 = a, b. Here, the delay time satisfies T > Ty =
ZZ;I 1/mi, where N denotes the number of photons in a
single bundle emission event. For an N-photon bundle, the
photons are emitted through a cascade process: The first
photon is emitted with the time 1/(N«), followed by the
subsequent emissions with times 1/[(N — 1)«], ..., and 1/«k.
Thus, the total emission time of the bundle is 7,,;,. The con-
dition T > Ty, is introduced to distinguish the correlation
between different photon bundles from the correlation be-
tween photons within the same bundle. These correlations can
be measured directly thanks to recent advances in two-photon
detection techniques [91]. In Figs. 5(g) and 5(h), we plot the
time-delayed second-order correlation functions g(lz,i,d(r) and

g(zz)od(r) as functions of the scaled delay time « T, representing

intrabundle and interbundle correlations, respectively. For the
left-side driving, the results in Fig. 5(g) show gﬂ%zla(t) > 1
and g(z%;a(t) < 1, indicating photon bunching within each
two-photon bundle and antibunching between successive bun-
dles in mode a. Corresgondingly, for the right-side driving,
Fig. 5(h) shows that g(l.ilb(r) > 1 and 8(22,2,;;(7) < 1, demon-
strating antibunched emission of two-photon bundles across
different modes, while both gﬁ?lu(r) and 3(12,2;;;(” remain be-
low unity, confirming photon antibunching in the individual
modes. At large delay times, g(lz)m(t) and g(zzzm(r) converge
to the same Poissonian limit, indicating that témporally sepa-
rated emission events become statistically independent. These
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FIG. 6. A series of emission events extracted from the Monte
Carlo simulations over 50 quantum trajectories under the two-photon
resonance: (a) the system is driven from the left, and (b) the system is
driven from the right. The single-, two-, and four-photon emissions in
mode a are represented by blue squares, red stars, and cyan triangles,
respectively. The single-photon emission in mode b and two-photon
emission involving both modes a and b are represented by purple
diamonds and green stars, respectively. The other parameters are the
same as in Fig. 4(d).

observations collectively verify the nonreciprocal generation
of two-photon bundles, specifically in the forms of a® and ab.

To visualize these nonreciprocal two-photon bundle emis-
sions, we extract photon emission events from Monte Carlo
simulations over 50 quantum trajectories at two-photon reso-
nance. In Fig. 6, the horizontal and vertical axes correspond to
time and individual trajectories, respectively, with each point
representing a photon emission event that may involve one or
more photons in the corresponding cavity mode(s). For the
left-side driving [Fig. 6(a)], a*> two-photon events dominate
the emission process, occurring with a probability of 94.3%
over 50 independent trajectories. Only a small fraction of
undesired events, such as single-photon emissions or higher-
order events, are observed, indicating the high purity of the
two-photon bundle emission in mode a. In contrast, for the
right-side driving [Fig. 6(b)], the two-photon bundle emission
with one photon in each of the a and b modes prevails, with
a probability of 91%. These results confirm the nonrecipro-
cal nature of the two-photon bundle emissions, the system

predominantly producing two-photon bundles in mode a un-
der the left-side driving and with one photon in each of the
a and b modes under the right-side driving. The emissions in
each case occur stochastically in time and across trajectories,
reflecting the probabilistic character of the process. Thus,
our scheme enables efficient and high-purity generation of
nonreciprocal two-mode two-photon bundles, where different
multiphoton emission channels can be selectively activated
depending on the driving direction. This direction selectivity
originates from the opposite Sagnac-Fizeau shifts for opposite
propagation directions, which make the effective detunings
and the corresponding multiphoton resonance conditions di-
rection dependent.

IV. NONRECIPROCAL THREE-PHOTON
BUNDLE EMISSION

Nonreciprocal two-photon bundles have been demon-
strated under appropriate frequency conditions. To further
explore the flexibility of the proposed scheme, we extend our
analysis to three-photon bundle emission. To derive the ef-
fective three-photon interactions, we expand the Hamiltonian
using the BCH formula and obtain the effective Hamiltonian
up to third order in A as

)\2
Her =Ho + AV — A[S, Hol — A%[S, V] + 7[59 [S, Holl

23 23 4
+ 1818, VIl = IS, [S. [S. Holll + 0G5,

1 1
=%—5mw+§mwwn+mﬁ) (15)

Logyg8Y 1 (0)

108,087 400 ()

FIG. 7. The logarithm of equal-time third-order correlation func-
tion gff)dd,(O)(o, 0, 0" = a, b) as a function of detunings A,/g and
Ay/g. (a) Driving from the left side and (b)—(d) driving from the
right side. The magenta triangle, black pentagram, and red square
denote the intersection points of the resonance lines, correspond-
ing to (A, = 11g, A, =31g), (A, =11g, A, =22g), and (A, =
11g, A, = 19g), respectively. We choose & = 20g, £, = 0.02g, k =
0.01g, y =0.001g and A, = 14g. The other parameters are the same
as in Fig. 3.
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Under the multiphoton resonance condition introduced
above Eq. (10), we consider the integer pairs (m,n) €
3,0),(0,3),(2,1),(1,2), which correspond to resonant
three-photon transitions involving the two cavity modes.
Among these channels, we first focus on the single-mode
processes, for which the corresponding third-order effective
Hamiltonians can be written as

aaa 3
off = eff,dd 04 _ + H.c.

=Y gera/(p+ D +2)(p+3)p. q. +)
P.4=0

x {(p+3,q9,—| +Hc,
H”{Z” = geff,5b30'+_ + H.c.

ef

= Y gersy/(@+ D@ +2)g+3)p.q. +)

p.q=0
x (p,qg+3,—|+Hec, (16)
with the effective coupling strengths given by

SB[ 4 (1 1
=5 o \a, " A, —F
2 ( 1 | )}
+ = = = 9
A, =§\A, & (A, +§)
SB[ 4 (1 1
i3 = 3 A\ A, A, -

. 2 ( 1 1 >:| 17
A, =E\A =& (A +8) ]

with B = cos* 0 sin? 6. The hybrid-mode channels (2, 1) and

(1, 2) can be derived in an analogous manner but are omitted
here for brevity.

To characterize the correlations among photons within a

three-photon bundle, we define equal-time third-order corre-
lation functions

3
& oo (0) =

/)

(oT o0 o 0)
(ofo) (o'oY (0" 0")

with o, 0, 0" = a, b. Here, the function corresponds to the
autocorrelation for o = ¢’ and to the cross-correlation between
the two modes for o # ¢'. In Fig. 7, we plot log,, 8(13,3)01(/' (0) as
functions of the detunings A,/g and Aj,/g under the three-
photon resonance condition. The parameters are chosen as
& =120g,& =0.02g, «k =0.01g, y = 0.001g, and A, = 14¢g.
The warm-colored regions in the contour plots indicate strong
correlations (g(flo,d,(O) > 1), reflecting pronounced super-
bunching. Figure 7(a) corresponds to the left-side driving,
while Figs. 7(b)-7(d) show the results for the right-side driv-
ing. For completeness, all four resonance channels (m, n) €
{(3,0),(0,3),(2,1),(1,2)} are displayed, revealing promi-
nent resonance lines along which the correlation functions are
strongly enhanced. Notably, three characteristic intersection
points between the resonance lines in Fig. 7(a) and those
in Figs. 7(b)-7(d) are highlighted. At identical detuning pa-
rameters corresponding to these intersections, reversing the
driving direction leads to distinct three-photon correlation
behaviors. Specifically, under the left-side driving, strong

(18)
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FIG. 8. Time evolution of the dressed-state populations P,;(t) =
p, q, i|1//(t))|2(p, q=0,3;i =+, —) without dissipation, at the
threephoton resonance conditions marked by the red square in Fig.
7. (a) Driving from the left side and (b) driving from the right side.
The initial state is |0, O, +). The blue, red, and orange solid lines
correspond to the numerical results from the original Hamiltonian
Eq. (3), while the triangle and square markers denote the results
obtained from the effective Hamiltonian Eq. (16).

su};))erbunching appears in the single-mode correlation
(

81.aaa(0), whereas under the right-side driving the dominant

correlations shift to the hybrid-mode correlations g(ﬁ zwb(O) and
g(ﬁlbb(O), or to the single-mode correlation g(ﬁ)bbb(O). These
results clearly demonstrate the nonreciprocal characteristics
associated with the three-photon bundle correlations.

To gain further insight into the mechanisms underlying
the observed three-photon bundle correlations, we examine
the super-Rabi oscillations induced by the effective three-
photon interactions. Starting from the initial state |0, 0, +),
we numerically plot the time evolution of the dressed-state
populations P, (¢) for p, g € {0, 3}, focusing on the single-
mode three-photon resonant transitions. Figure 8 shows a
representative case selected from the intersection of the res-
onance lines in Figs. 7(a) and 7(b) (marked by the red
square). In Fig. 8, the population oscillates almost perfectly
between the initial state and the corresponding three-photon
dressed state, giving rise to nearly ideal super-Rabi oscilla-
tions. Specifically, under the left-side driving [Fig. 8(a)], the
coherent oscillations occur between Py, and P3p_, indicating
the three-photon bundle emission in mode a, whereas under
the right-side driving [Fig. 8(b)], the oscillations occur instead
between Py, and Py3_, corresponding to three-photon bundle
emission in mode b. The solid lines show the numerical dy-
namics governed by the full Hamiltonian in Eq. (3), while the
markers indicate the corresponding prediction of the effective
Hamiltonian in Eq. (16), showing near-perfect consistency
between the two approaches. To highlight the coherent dy-
namics, dissipation is temporarily neglected.

To investigate the impact of dissipation on three-photon
bundle emission, we employ Monte Carlo simulations to
record the quantum trajectories of the system. First, under
the left-side driving with detunings A, = 11g and A, = 19g
[Figs. 9(a)-9(d)], the system evolves into a superposition of
the initial state |0, 0, +) and the target state |3, 0, —), with
the three-photon state population reaching 0.081 at gt = 488.
During this process, undesired transitions are largely sup-
pressed, ensuring the selectivity of the target bundle state.
When a quantum collapse occurs due to dissipation, a sin-
gle photon is emitted from mode a, bringing the system to
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FIG. 9. (a)—-(h) Quantum trajectories illustrating nonreciprocal
three-photon bundle emission in the same mode under system dissi-
pation. The lines represent the time evolution of the state populations
P,,; obtained via Monte Carlo simulations. The parameters are the
same as in Fig. 8.

the two-photon state |2,0, —) with a probability close to
unity [Fig. 9(c)]. The strong correlation between the photons
ensures that the emission of the second and third photons
follows promptly, sequentially reaching |1,0, —) and then
|0, 0, —), thereby completing the three-photon bundle emis-
sion from mode a. The atomic dressed state then flips from
|—) back to |+), establishing a cyclic process that allows
successive bundle emissions. In contrast, under the right-side
driving with the same detunings [Figs. 9(e)-9(h)], the system
evolves into a superposition with the target state |0, 3, —),
with the population of the three-photon state reaching 0.047.
Following a dissipation-induced quantum collapse, the three
photons are sequentially emitted from mode b, and the sys-
tem returns to the initial state |0, 0, —). These results clearly
illustrate the nonreciprocal character of the emission. The left-
side driving predominantly generates a three-photon bundle
in mode a, whereas the right-side driving produces a three-
photon bundle in mode b.

Next, we analyze the photon correlations within a single
bundle and between different bundles. To quantify the correla-
tions between successive three-photon bundles, we introduce
the time-delayed second-order correlation functions

{(00'0")"(0)(00'0")' (z)(00'0")(7)(00'0")(0))
{(00'0")7(0)(00'0")(0)){(00'0" ) (T)(00/0")(T))
19)

2
8§,de/(f) =

The correlation functions 8(12,2)(/(7) and g(222) ., (T) are plotted
as functions of the scaled delay time «7 in Fig. 10. For the
left-side driving, we observe gﬁl .(t) > 1 and g(zzzl (7)< 1,
indicating that the three photons in mode a are strongly
bunched within each &> bundle, while successive bundles

are antibunched. Similarly, for the right-side driving,

- 3
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FIG. 10. Time-delayed second-order correlation functions
gﬂ%zo(r) and g(zzz)d (1) (0,0,0" =a,b). (a) Driving from the left
side and (b) driving from the right side. The parameters are the same

as in Fig. 8.

g(lzzb(r) > 1 and g(zzibb(t) < 1, demonstrating the formation

of antibunched three-photon bundles in mode b. These results
demonstrate the nonreciprocal generation of three-photon
bundles, with a® and b appearing depending on the driving
conditions. Thus, our scheme enables efficient generation
of nonreciprocal two-mode three-photon bundles, where
different three-photon emission channels can also be
selectively activated depending on the driving direction
through the direction-dependent Sagnac-Fizeau shifts.

The proposed scheme can be realized using a rotating
whispering-gallery-mode (WGM) microcavity coupled to a
two-level quantum emitter. Strong emitter-cavity coupling via
the evanescent field has been routinely achieved in WGM
cQED experiments, with coherent coupling rates exceeding
both the cavity decay rate and the emitter dissipation rate
[92-95]. To induce optical nonreciprocity, we exploit cavity
rotation, which generates a propagation-direction-dependent
Fizeau-Sagnac frequency shift that can be comparable to the
cavity linewidth in micron-scale resonators [9]. By selecting
two specific high-Q cavity modes, their effective detunings
relative to the emitter can be independently controlled via
the rotation. For example, a microcavity with radius R =
30 wm and refractive index n = 1.4 can support high-Q res-
onances at both 1550 and 1064 nm. The statistical properties
of multiphoton bundle emission can be characterized using
Hanbury Brown-Twiss interferometry combined with high-
time-resolution single-photon detectors [96,97]. Therefore,
the present scheme provides a realistic and feasible platform
for investigating directional multiphoton dynamics in nonre-
ciprocal cQED and offers a promising route toward tunable
multiphoton quantum light sources.

V. CONCLUSION

In conclusion, we have proposed a scheme to realize
nonreciprocal multiphoton bundle emission in a rotating cav-
ity directly coupled to a two-level atom. Cavity rotation
produces opposite Sagnac-Fizeau shifts between counterprop-
agating modes, making the resonance condition dependent
on the driving direction. By tuning the driving direction and
frequency, different multiphoton transition channels can be
selectively excited, which leads to the nonreciprocal two-
photon or three-photon bundle emission with the same and
different modes. The proposed scheme combines efficient
state preparation, a highly tunable and convenient design, and
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a versatile platform for realizing direction-controlled multi-
photon sources. This may find applications in chiral quantum
information processing, directional quantum communication,
and nonreciprocal quantum photonic devices.
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