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How interaction radius shapes vortex states in mobile phase oscillators
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Vortex patterns are a prominent form of collective organization in chiral active matter, yet how local interac-
tions affect their persistence and eventual breakdown has not been fully clarified. We investigate vortex states in
the Vicsek-Kuramoto model with different interaction ranges. For locally interacting mobile phase oscillators,
vortex states persist over finite intervals of the coupling strength and are eventually replaced by the polar ordered
state as the coupling strength increases. Adiabatic scans of the coupling strength reveal the coexistence of vortex
and polar ordered states and lead to pronounced hysteresis, indicating that vortex states act as stable dynamical
attractors rather than transient structures. To understand these behaviors, we combine continuum theory with
linear stability analysis and show that the incoherent state first becomes unstable through the zero-wave-number
mode, with a critical coupling strength identical to that of the classical Kuramoto model. By deriving the
critical coupling strengths for the homogeneous mode and finite-wave-number modes, we demonstrate how
the interaction range controls the separation of instability thresholds. These results characterize the dependence
of collective states on the interaction radius and quantify its influence on the linear instability conditions of the
incoherent state in the Vicsek-Kuramoto model.
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I. INTRODUCTION

Synchronization is a fundamental collective phenomenon
observed across a wide range of physical, chemical, bio-
logical, and engineered systems, including systems such as
Josephson junction arrays [1], chemical turbulence [2] and
mechanical oscillators [3,4], as well as engineering appli-
cations such as power grids [5], bridge vibrations [6], and
coupled laser arrays [7]. In systems of interacting mobile
agents, synchronization can also manifest as coordinated
behavior at the level of interacting groups, particularly in
biological systems such as starling flocks [8,9], fish schools
[10,11], microswimmers like sperm and vinegar eels [12,13],
and robot systems [14]. This collective perspective on syn-
chronization provides an important macroscopic context
for the study of collective motion and complex collective
behavior.

In the context of mobile agent systems, a central question
is whether locally interacting moving units can develop a
common direction of motion over large spatial scales. Early
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theoretical work by Toner and Tu showed that such large-scale
directional alignment, known as long-range polar order, can
persist even in two-dimensional systems [15–17]. This result
established the homogeneous polar ordered state as a natural
reference state for collective motion. However, extensive ob-
servational and computational studies have shown that many
biological and synthetic systems also organize into spatially
structured configurations characterized by rotation and cir-
culation. Vortex patterns have been reported in a variety of
systems, including milling behavior in fish schools [18–20],
enhanced angular polarization in insect swarms [21,22], and
torus states in bird flocks [23]. A particularly striking ex-
ample is the ant death vortex, which can arise in army ant
colonies under specific conditions [24,25]. Comparable circu-
lating and vortex patterns have also been observed in bacterial
suspensions and other spatially extended interacting systems
[26–29].

To account for these diverse forms of collective behav-
ior, a variety of theoretical models have been developed to
capture different aspects of collective dynamics in interacting
many-agent systems. The Kuramoto model [30–32] provides
an analytically tractable framework for studying phase syn-
chronization in populations of coupled oscillators, while the
Vicsek model [33–35] captures alignment-driven collective
motion in systems of self-propelled particles. Building on
these two seminal approaches, hybrid frameworks such as the
Vicsek-Kuramoto model [36–39] and the swarmalator model
[40–44] combine spatial motion with internal phase dynamics
to describe collective behaviors of interacting agents. These
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hybrid models provide a theoretical setting to study how in-
ternal synchronization and spatial motion coevolve and how
their coupling shapes emergent collective patterns.

In mobile agent systems, interactions are typically local
in space, so collective order is shaped by finite neighbor-
hoods rather than by global mean-field coupling [45,46].
Because motion and activity continuously modify who in-
teracts with whom, locality couples transport to ordering
and makes spatiotemporal organization a generic outcome
[47,48]. Consequently, spatially propelling agents with lo-
cally interacting phase dynamics provide a natural theoretical
setting for studying patterned collective states beyond polar
ordered states [49–51]. Despite this broad recognition of lo-
cality, many studies adopt a fixed sensing radius and do not
treat the interaction range itself as a primary control parameter
to be extensively scanned. The exploration of swarmala-
tors has only recently begun to investigate tunable coupling
ranges explicitly, showing that reducing the interaction range
can generate qualitatively new collective states and phase
boundaries [52,53].

The relevance of finite-range constraints is also evident
in engineered mobile systems such as unmanned aerial ve-
hicle (UAV) swarms. In such systems, the sensing range
determines which neighboring agents or targets can be ob-
served, whereas the communication range determines which
agents can directly exchange information. Changes in sensing
or communication range can therefore modify the available
neighborhood of each UAV and influence cooperative track-
ing, formation control, and collective coordination [54–57].
These examples further indicate that the interaction range is
not merely a technical modeling parameter, but a physically
and practically meaningful quantity in mobile agent systems.

Compared with previous work on activity-induced syn-
chronization and chiral self-sorting, our contributions are
twofold. Numerically, we systematically map the coupling
intervals supporting persistent vortex states, show that these
intervals narrow as the interaction radius increases within
the parameter range examined, and identify coexistence and
hysteresis between vortex and polar ordered states. The coex-
istence and hysteresis provide numerical evidence for multiple
dynamical attractors at the same parameter values. Theoret-
ically, we derive a dispersion relation for perturbations of
the homogeneous incoherent state within a continuum lin-
ear approximation that incorporates particle transport and
finite-range coupling. For a Lorentzian frequency distri-
bution, the homogeneous instability threshold Kc(0) = 2�

is independent of the interaction radius d0, whereas the
finite-wave-number thresholds Kc(q, d0) depend on d0. Phys-
ically, normalized neighborhood averaging preserves the
coupling response of homogeneous perturbations while fil-
tering spatially nonuniform perturbations according to their
spatial scale. This modifies their growth conditions and pro-
vides qualitative insight into the spatial structures observed
numerically.

The paper is organized as follows. In Sec. II, we intro-
duce the model and define the relevant order parameters. In
Sec. III, we study the formation and persistence of vortex
states, focusing on pattern evolution and the transition from
vortex states to polar ordered states as the coupling strength
increases. In Sec. IV, we characterize the persistence of vortex

states and their coexistence with polar ordered states through
adiabatic scans of the coupling strength, revealing pronounced
hysteresis behavior. In Sec. V, we analyze the linear instability
of the incoherent state, derive the critical coupling strengths
associated with the zero- and lowest nonzero-wave-number
modes, and show how the separation between their instability
thresholds depends on the interaction range. In Sec. VI, we
examine the dependence of collective states on particle num-
ber and system size by varying the particle number at fixed
system size and enlarging the domain at fixed density. Finally,
the conclusions are drawn in Sec. VII.

II. VICSEK-KURAMOTO MODEL WITH
FINITE-RANGE INTERACTIONS

We consider a noiseless system of mobile phase oscil-
lators whose microscopic dynamics combine Vicsek-type
self-propulsion [33] with Kuramoto-type sinusoidal phase
coupling [30]. Each oscillator moves at a constant speed
along a direction determined by its phase, so that the phase
represents both an internal state and the heading direction
[37,38]. Oscillators interact locally with neighbors within the
interaction radius d0. The dynamical equations are given by

ẋi = vn = v(cos θi, sin θi ), (1)

θ̇i = ωi + K

Ni

∑
j∈d0

sin(θ j − θi ). (2)

Here, xi = (xi, yi ) denotes the position of the ith oscillator in
two-dimensional space and ẋi is its instantaneous velocity.
The constant v is the self-propulsion speed. The unit vec-
tor ni specifies the direction of motion and is determined
by the phase θi ∈ [0, 2π ). We consider agents moving in a
two-dimensional square domain of size L × L with periodic
boundary conditions. Distances di j are computed from the
shortest periodic displacement between two agents:

di j =
√

�x2
i j + �y2

i j, (3)

where �xi j = min(|xi − x j |, L − |xi − x j |), �yi j = min
(|yi − y j |, L − |yi − y j |).

Furthermore, the adjacency relationship between oscilla-
tors is determined by their mutual distances. Accordingly, the
elements of the adjacency matrix Ai j are defined based on the
spatial distance di j between oscillators i and j as

Ai j =
{

1, if di j � d0,

0, if di j > d0.
(4)

The second term in Eq. (2) describes a Kuramoto-type local
coupling with its strength K . This implies that interactions
exist only among oscillators located within the interaction
range d0; namely, oscillator i interacts with oscillator j if
di j � d0. Here, Ni denotes the number of such neighboring
oscillators.

The natural frequencies {ωi} are drawn from a Lorentzian
distribution centered at zero,

g(ω) = �

π (ω2 + �2)
. (5)
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Here, � is the half width at half maximum and character-
izes the degree of frequency heterogeneity. The Lorentzian
distribution is chosen primarily for analytical tractability: Its
simple pole structure allows the frequency integrals arising
in the linear stability analysis to be evaluated exactly using
residue calculus, thereby yielding closed-form expressions for
the instability thresholds of both homogeneous and finite-
wave-number modes.

To quantify global phase coherence, we use the standard
Kuramoto order parameter [31], defined as

RG = 1

N

N∑
j=1

eiθ j . (6)

RG ≈ 1 represents the fully synchronized state of oscillator
phases, while RG ≈ 0 corresponds to a disordered phase state.
To characterize local phase coherence, we define a complex
local order parameter using a normalized average over the
interaction neighborhood [39],

Z (x, t ) = R(x, t )eiψ (x,t ) = 1

Ni

∑
j∈d0

eiθ j , (7)

which characterizes the degree of local synchronization
through its modulus and mean phase within the interaction
range d0.

III. DYNAMICS OF VORTEX STATES

We investigate the dynamical behavior of the proposed
model through numerical simulations and find that it exhibits a
variety of collective states across different parameter regimes.
After discarding the initial transient, we compute and dis-
play the time series of the global order parameter RG(t ) over
the final 100 dimensionless time units to characterize the
temporal evolution of global synchronization. More impor-
tantly, the model describes a motion-induced, time-varying
interaction network Ai j , whose topology is not fixed in ad-
vance but instead emerges self-consistently from the agents’
spatial motion. As a consequence, monitoring the network
structure itself is crucial for a proper understanding of sys-
tem dynamics. The adjacency matrix Ai j corresponds to the
same instantaneous snapshot. Nodes are reordered according
to their natural frequencies in ascending order to visualize the
instantaneous connectivity structure.

A. Formation of vortex states

Motivated by these observations, we proceed to investigate
how the coupling strength K affects the asymptotic dynam-
ical states of the system for a fixed interaction radius d0.
By comparing representative snapshots, order parameters, and
interaction networks, we identify a progression of regimes
from disordered motion to vortex states and eventually to a
polar ordered state as the coupling strength increases.

At weak coupling K = 0.1, the system exhibits a vortex-
like state. As shown in Fig. 1(a), mobile phase oscillators
are broadly distributed across the domain, without forming
well-defined spatial clusters. The snapshot shows a spatially
heterogeneous phase field with multicolored phase values
and locally varying arrow directions. The phase distribution

is disordered across the domain, and arrow directions vary
strongly from place to place, with only a weakly organized
curved arrangement around the central area. Consistent with
the spatial snapshot, the global order parameter RG(t ), shown
in Fig. 1(b), remains close to zero over the entire observa-
tion window, exhibiting only small amplitude fluctuations and
indicating the absence of macroscopic coherence. From the
adjacency matrix in Fig. 1(c), oscillators exhibit large vari-
ations in the number of neighbors at weak coupling. Some
oscillators interact with many neighbors, whereas others have
relatively few. Overall, the system remains in a disordered
regime with incoherent phases, low global order, and a scat-
tered connectivity structure.

At a moderate coupling strength K = 1, the system exhibits
a vortex state. As shown in Fig. 1(d), the spatial snapshot
reveals the emergence of two well-defined vortex structures,
forming a double-vortex configuration. The mobile phase os-
cillators are spatially organized into two rotating groups, each
circulating around a localized center. Notably, oscillators with
positive and negative intrinsic frequencies, which correspond
to opposite chiralities in the present model, are predomi-
nantly separated into different rotating groups. This indicates
that the double-vortex configuration reflects a spatial segre-
gation of mobile oscillators with opposite chiralities [43].
Correspondingly, the global order parameter RG(t ), shown in
Fig. 1(e), displays pronounced and regular oscillations over
time, reflecting persistent collective dynamics while the sys-
tem has not yet reached a fully synchronized state. As shown
in Fig. 1(f), the adjacency matrix reveals a clear differentia-
tion in neighbor connectivity. Interactions between different
groups are still present, while neighbor connectivity mainly
forms groups associated with spatially separated rotating
regions.

At a stronger coupling strength K = 2.5, which lies
above the critical threshold Kc ≈ 2 associated with the in-
stability of the incoherent state in the classical Kuramoto
model for a Lorentzian frequency distribution with unit half-
width, the system does not evolve toward a polar ordered
state but instead remains in a vortex state. As shown in
Fig. 1(g), a double-vortex configuration can still be iden-
tified in the spatial snapshot, although the two vortices
exhibit a pronounced asymmetry in their spatial appear-
ance. One vortex core is compact and clearly defined,
whereas the other, located near the system boundary, is more
diffuse yet still displays recognizable rotational organiza-
tion. Correspondingly, the global order parameter, shown in
Fig. 1(h), continues to exhibit regular oscillations through-
out the observation window, with a larger amplitude than
that observed at K = 1, indicating persistent collective dy-
namics rather than convergence to a phase-locked state. As
seen in Fig. 1(i), the neighbor connectivity at K = 2.5 re-
mains grouped, with interactions occurring primarily within
each rotating group and relatively fewer connections between
groups. Thus, even beyond the classical Kuramoto instabil-
ity threshold, the system supports a persistent vortex state
characterized by ongoing phase evolution rather than static
synchronization.

At strong coupling K = 6.5, the system reaches a polar
ordered state. As shown in Fig. 1(j), the spatial snapshot indi-
cates that most oscillators move in nearly the same direction.
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FIG. 1. Spatiotemporal patterns of the Vicsek-Kuramoto model for d0 = 2 at different coupling strengths K . For each value of the coupling
strength K , we present a snapshot of the emergent pattern, the time evolution of the global order parameter, and the corresponding adjacency
matrix Ai j . Arrows indicate the instantaneous directions of motion of mobile phase oscillators, and their colors represent the phase θ , as
shown by the color bar on the right. Numerical simulations are performed using the Euler method with a time step dt = 0.01 and a total
integration time of t = 50 000. Natural frequencies follow a Lorentzian distribution with half-width � = 1. The remaining parameters are
fixed as L = 10, v = 0.5, and N = 200. Panels (a)–(c) show the disorderlike state at K = 0.1, (d)–(f) the vortex state at K = 1, (g)–(i) the
vortex state at K = 2.5, and (j)–(l) the polar ordered state at K = 6.5. Panels (a), (d), (g), and (j) show snapshots of the emergent patterns;
(b), (e), (h), and (k) show the time evolution of the global order parameter RG(t ); and (c), (f), (i), and (l) show the corresponding adjacency
matrices Ai j .

The oscillators are distributed across the domain without
forming rotational structures or localized clusters, and the
overall motion appears highly coherent. Correspondingly, the
global order parameter shown in Fig. 1(k) remains close to
unity throughout the observation window, with only small
fluctuations, indicating stable macroscopic coherence. From
the adjacency matrix shown in Fig. 1(l), oscillators in the
polar ordered state have similar numbers of neighbors. Com-
pared with the vortex states, the interactions no longer exhibit
clear grouping, but are instead more evenly spread among
oscillators.

B. Persistence of vortex states

To understand under what conditions the previously ob-
served vortex states emerge and persist, we systematically
explore the dependence of the collective patterns on d0 and K .
Figure 2 summarizes the final patterns obtained for different
combinations of the interaction range d0 and the coupling
strength K . As d0 increases, the system exhibits pronounced
changes in its spatial organization, indicating a gradual shift
from locally organized motion to more globally coordinated
behavior.

For small interaction ranges d0 = 1 and d0 = 2, oscillators
interact only within a limited neighborhood. In the panels to
the left of the red dashed boundary, the spatial snapshots show
localized rotational structures rather than globally aligned mo-

tion. For d0 = 1, these rotational patterns appear fragmented
and confined to small regions, and vortex configurations are
observed throughout the explored range of coupling strengths.
When the interaction range increases to d0 = 2, the rotational
structures become more clearly visible and occupy slightly
larger areas, although they remain spatially separated. As
the coupling strength K increases within this regime, these
localized vortex patterns continue to appear before the system
transitions to polar ordered states in the panels to the right of
the dashed boundary.

For intermediate interaction ranges d0 = 3 and d0 = 4, the
spatial patterns display a different organization compared with
the small-d0 cases. Although rotational structures can still be
identified in the panels to the left of the red dashed bound-
ary, they no longer dominate the overall pattern and occupy
a smaller portion of the domain. At the same time, larger
regions with similar orientation begin to emerge, reducing the
directional contrast across space. As K increases further, these
coherent regions gradually replace the rotating structures, and
the system enters polar ordered states in the panels to the right
of the dashed boundary.

For sufficiently large interaction ranges d0 � 5, interac-
tions extend over a broad neighborhood. In this case, Fig. 2
shows that once the coupling strength exceeds K ≈ 2, the
previously observed vortex structures rapidly disappear. The
oscillator phases tend toward synchronization, and the sys-
tem transitions to a polar ordered state. In this polar ordered
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FIG. 2. Instantaneous pattern snapshots for different interaction ranges d0 and coupling strengths K . Each row corresponds to a fixed
interaction range d0, increasing from top to bottom, while each column corresponds to a fixed coupling strength K , increasing from left to
right. The regions to the right of the red dashed boxes correspond to polar ordered states. It can be seen that the transition from vortex states to
polar ordered states occurs at different values of K for different d0.

regime, the velocity directions become highly coherent across
the entire domain, and rotational structures are strongly sup-
pressed in the spatial patterns.

Overall, Fig. 2 demonstrates that the interaction range d0

plays a key role in shaping the observed patterns. Small d0

favors localized rotational structures, whereas large d0 pro-
motes globally aligned motion. Notably, the transition from
vortex-dominated patterns to polar ordered states occurs at
different coupling strengths for different interaction ranges,
indicating that the location of the transition boundary depends
on d0. This observation shows that varying d0 effectively
shifts the parameter region in which polar ordered states are
realized.

IV. VORTEX STATES AS STABLE ATTRACTORS

To clarify how the vortex state responds to slow variations
of the coupling strength K and to examine the possible co-
existence of multiple dynamical states, we perform adiabatic
scans of the coupling strength for different interaction ranges
d0. Specifically, we adiabatically increase and decrease the
coupling strength K and monitor the evolution of the global
order parameter RG, which is obtained by averaging over the

last 2000 time steps once the system has reached a stationary
state. Distinct critical coupling strengths are observed for the
transition from the vortex state to the polar ordered state dur-
ing the adiabatic increase of K and for the reverse transition
during the adiabatic decrease. This gives rise to hysteresis
regions whose widths depend on d0, as shown in Fig. 3. The
blue (orange) curve represents the evolution of RG under the
adiabatic increase (decrease) of K .

When d0 = 1, the order parameter RG increases smoothly
with K and saturates at RG ≈ 0.6. Apart from minor numerical
fluctuations, the forward and backward scans nearly overlap
over the entire parameter range, indicating neither pronounced
hysteresis nor bistability. In this regime, the system transitions
from the disordered state to the vortex state, while no polar
ordered state is observed.

For d0 = 2, hysteresis emerges for K � 7.5, indicating the
coexistence of the vortex and polar ordered states over a finite
but narrow parameter interval. Under adiabatic decrease of the
coupling strength, the system follows the polar ordered branch
with RG ≈ 1 and remains aligned down to lower values of
K . Under adiabatic increase, it instead remains on the vor-
tex branch with RG ≈ 0.6 throughout the explored parameter
range.
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FIG. 3. Adiabatic scanning results of the global order parameter RG as a function of the coupling strength K for different interaction ranges
d0. Panels (a)–(f) correspond to d0 = 1, 2, 3, 4, 5, and 6, respectively. The blue curves show the evolution of RG during the adiabatic increase of
K , while the orange curves correspond to the adiabatic decrease of K . For small values of d0, the system predominantly exhibits vortex states,
and the forward and backward branches nearly overlap. As d0 increases, discontinuous transitions between vortex states and polar ordered
states emerge, accompanied by pronounced hysteresis loops whose widths depend on d0. Arrows and dashed lines indicate different dynamical
states and the associated hysteresis regions.

For d0 = 3, the attractor landscape becomes significantly
richer. For 2 � K � 4, RG forms a plateau at approxi-
mately 0.6, and the forward and backward scans nearly
coincide, corresponding to a robust vortex attractor char-
acterized by a long-lived vortex-antivortex pair without
global alignment. For K � 4, the two branches separate

and the polar ordered state becomes dynamically accessi-
ble. The resulting bistable interval 4 � K � 8.5 produces
a hysteresis window substantially wider than that observed
for d0 = 2.

At d0 = 4, the coexistence of the vortex and polar or-
dered states persists, but over a markedly reduced interval:
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Upon increasing K , the vortex state is replaced by the po-
lar ordered state at K ≈ 4.3, whereas upon decreasing K ,
the polar ordered state remains stable down to K ≈ 2.8.
The closer transition thresholds demonstrate that the hystere-
sis window contracts substantially as the interaction range
increases.

At d0 = 5, a small hysteresis loop remains near K ≈ 2, and
vortex states are observed over a narrow coupling interval. At
larger coupling strengths, the adiabatic scans follow the polar
ordered branch. At d0 = 6, the branch separation essentially
disappears, the forward and backward scans nearly coincide
over the entire parameter range, and the system undergoes a
sharp yet reversible transition directly from a weakly ordered
regime to the polar ordered state, indicating that multistabil-
ity is lost when the interaction range becomes sufficiently
large.

In summary, increasing the interaction range d0 drives
a qualitative change in the system dynamics. At small d0,
the evolution is reversible and no hysteresis is observed.
At intermediate interaction ranges, vortex and polar ordered
states coexist, leading to pronounced path dependence and
hysteresis. As d0 is further increased, the hysteresis window
progressively shrinks and eventually disappears, and the sys-
tem undergoes a direct and reversible transition to the polar
ordered state. The hysteresis observed in the adiabatic scans
provides numerical evidence for the coexistence of persistent
vortex and polar ordered states over a finite coupling inter-
val. The state reached depends on the direction of adiabatic
continuation. These results support the interpretation of vortex
states as dynamical attractors under the simulation conditions
examined.

V. MECHANISM OF VORTEX STATES’ PERSISTENCE

In Sec. III, we observe an intriguing phenomenon related
to the interaction range d0. When d0 � 5, once the coupling
strength K exceeds the critical value 2� corresponding to the
classical Kuramoto model, the system does not exhibit a de-
layed vortex state but instead directly transitions into the polar
ordered state. In contrast, for locally interacting oscillators
with d0 � 5, the vortex state can persist even when K exceeds
2�, and the smaller the interaction range d0, the larger the
coupling strength required for the transition from the vortex
state to the polar ordered state. These observations indicate
that the persistence of vortex states cannot be explained solely
by the classical mean-field synchronization threshold. Instead,
it is necessary to examine how the finite interaction range
modifies the competition between spatially homogeneous syn-
chronization and spatially modulated collective motion. In this
section, we investigate the dynamical mechanism underlying
this phenomenon.

A. Linear stability analysis of the disordered state

To elucidate why local interactions allow vortex states
to persist beyond the classical Kuramoto critical coupling
strength, we perform a linear stability analysis of the dis-
ordered state. We introduce the probability density function

f (x, θ, ω, t ) [58], which satisfies∫
R2

∫ ∞

−∞

∫ 2π

0
f (x, θ, ω, t ) dθ dω d2x = N. (8)

In the disordered state, the oscillators are uniformly dis-
tributed in space. In this case, it satisfies

f0 = N

L2
× g(ω)

2π
= ρ0

g(ω)

2π
. (9)

To analyze the stability of the disordered state, we expand the
distribution f (x, θ, ω, t ) in Fourier modes with respect to θ

[49]:

f (x, θ, ω, t ) = ρ0g(ω)

2π

∑
m

Fm(x, ω, t )eimθ . (10)

In the disordered state, one has F0 = 1 and Fm = 0 for all
m �= 0.

Since the disordered state is spatially homogeneous and
the interaction kernel depends only on the distance between
oscillators, the linearized dynamics are invariant under spatial
translations. As a result, a perturbation with a given wave vec-
tor does not generate components with different wave vectors
at the linear level. We therefore consider solutions of the form

Fm(x, ω, t ) = eλt eiq·x fm(ω), (11)

where λ denotes the growth rate and q is the wave vector.
In the limit of a sufficiently large number of oscillators,

the number of neighbors is given by Ni = ρ0πd2
0 . The corre-

sponding perturbation of the local order parameter in Eq. (7)
can be obtained as

Z̃ (x, t ) = 1

ρ0πd2
0

∫
W (r) eiθ ′

δ f (θ ′, ω′, x′, t ) dθ ′ dω′ d2x′,

(12)

where r = di j denotes the spatial distance between oscillators
i and j. The function W (r) acts as a local interaction kernel
that restricts the spatial coupling to a finite neighborhood, and
is defined as

W (r) =
{

1, r � d0,

0, r > d0.
(13)

Since
∫ 2π

0 ei(m+1)θ dθ = 2π δm,−1, only the m = −1 angular
harmonic contributes to the perturbation of the local order
parameter. Moreover, by absorbing the factor πd2

0 into the
interaction kernel, we introduce the normalized kernel W ′(r).
As a result, the perturbation of the local order parameter can
be written as

Z̃ (x, t ) = eλt

[∫
R2

W ′(r) eiq·x′
d2x′

][∫ ∞

−∞
g(ω) f−1(ω) dω

]
.

(14)

Let H (x, q, d0) denote the spatial convolution term on
the right-hand side of Eq. (14). Introducing r = x − x′, we
have x′ = x − r and eiq·x′ = eiq·xe−iq·r. For the normalized
disk-shaped interaction kernel, W ′(r) = 1/(πd2

0 ) for r � d0

and W ′(r) = 0 otherwise. Because the kernel is isotropic, we
choose the polar axis along q, so that q · r = qr cos φ, with
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q = |q|. The spatial convolution then becomes

H (x, q, d0) =
∫
R2

W ′(|x − x′|)eiq·x′
d2x′

= eiq·x

πd2
0

∫ d0

0
r dr

∫ 2π

0
e−iqr cos φ dφ. (15)

The angular integral in Eq. (15) can be evaluated using the
standard integral representation of J0, the Bessel function of
the first kind of order 0 [59]. This gives

∫ 2π

0
e−iqr cos φ dφ = 2πJ0(qr). (16)

Substitution of Eq. (16) into Eq. (15) leaves a radial integral
involving J0. According to the standard differentiation prop-
erty of Bessel functions, this integral can be reduced to a
boundary term involving J1, the Bessel function of the first
kind of order 1. The lower boundary contribution vanishes
because J1 is regular at the origin. Hence,

2

d2
0

∫ d0

0
rJ0(qr) dr = 2

d2
0

[
rJ1(qr)

q

]d0

0

= 2J1(qd0)

qd0
≡ G(q, d0). (17)

Combining Eqs. (15)–(17) and substituting the result into
Eq. (14), the perturbed local order parameter becomes

Z̃ (x, t ) = eλt eiq·xG(q, d0)
∫ ∞

−∞
g(ω) f−1(ω) dω. (18)

Here, G(q, d0) is the Fourier-space representation of the nor-
malized interaction kernel. The apparent singularity at q =
0 is removable, and continuity gives G(0) = 1. Physically,
G(q, d0) is the normalized Fourier transform of the circu-
lar interaction region. For qd0 � 1, G(q, d0) 	 1 − (qd0)2/8,
so long-wavelength perturbations are transmitted almost un-
changed. In contrast, when qd0 � 1, spatial variations within
the interaction region partially cancel under local averaging,
thereby attenuating finite-wave-number modes. The interac-
tion kernel therefore acts as an effective spatial low-pass filter,
with a characteristic cutoff wave number of order d−1

0 .
We adopt a continuum kinetic description in which po-

sition, orientation, and natural frequency are retained as
distribution variables, following kinetic formulations of rotat-
ing active particles [60,61]. We adapt this description to the
present noiseless model, with the coupling normalized by the
number of neighbors. Within this continuum approximation,
the distribution f (x, θ, ω, t ) obeys

∂ f

∂t
+ v n(θ ) · ∇x f + ∂

∂θ
[(ω + K Im(Z̃e−iθ )) f ] = 0, (19)

where n(θ ) = (cos θ, sin θ ). Following the kinetic approach
to linear stability analysis for active particles with nonlocal
angular coupling [62,63], we linearize Eq. (19) about the spa-
tially homogeneous disordered state f0(ω) = ρ0g(ω)/(2π ).
Writing f = f (0) + f̃ , and retaining only first-order terms, the

product Z̃ f̃ is neglected. Owing to spatial isotropy, the wave
vector can be chosen along the x direction without loss of
generality. The linearized equation then reads

∂ f̃

∂t
+ v cos θ

∂ f̃

∂x
+ ω

∂ f̃

∂θ
+ K

∂

∂θ
[Im(Z̃e−iθ ) f (0)] = 0.

(20)

Substituting Eqs. (10) and (11) into Eq. (20) yields the lin-
earized angular-mode hierarchy. To obtain a closed analytical
approximation, we retain only the lowest angular harmonics
m = 0,±1 and neglect the higher modes |m| � 2. The result-
ing coupled equations are

m = 0 : λ f0 + iqv

2
( f1 + f−1) = 0,

m = 1 : (λ + iω) f1 + iqv

2
f0 = K

2
Z̃∗,

m = −1 : (λ − iω) f−1 + iqv

2
f0 = K

2
Z̃. (21)

The m = 0 equation gives f0 = −iqv( f1 + f−1)/(2λ). Substi-
tuting this relation into the m = ±1 equations yields[

λ + iω + α α

α λ − iω + α

][
f1

f−1

]
= K

2

[
Z∗

δ

Zδ

]
, (22)

where α = q2v2

4λ
and

Zδ = G(q, d0)
∫ +∞

−∞
f−1(ω) g(ω) dω, (23)

Z∗
δ = G(q, d0)

∫ +∞

−∞
f1(ω) g(ω) dω. (24)

Equation (22) is a 2 × 2 linear system for f1(ω) and f−1(ω).
The determinant of its coefficient matrix is

D = λ2 + 2λα + ω2. (25)

According to the standard inverse formula, the two diagonal
entries are interchanged, the signs of the off-diagonal entries
are reversed, and the resulting matrix is divided by D. Multi-
plying this inverse matrix by the right-hand side of Eq. (22),
the first and second rows give f1(ω) and f−1(ω), respectively,
as

f1(ω) = K

2

(λ − iω + α) Z∗
δ − α Zδ

D
, (26)

f−1(ω) = K

2

−α Z∗
δ + (λ + iω + α) Zδ

D
. (27)

B. Lorentzian frequency analysis

The natural frequencies are assumed to follow the
Lorentzian distribution with half-width � given in Eq. (5).
Since g(−ω) = g(ω) and the denominator D defined above
depends on ω only through ω2, both g(ω) and D are even
functions of ω. Therefore,∫ +∞

−∞

ωg(ω)

D
dω = 0, I0(λ, q) =

∫ +∞

−∞

g(ω)

D
dω. (28)
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We first substitute Eq. (27) into Eq. (23). Separating the ω-
independent and ω-dependent contributions gives

Zδ = G(q, d0)
∫ +∞

−∞
f−1(ω)g(ω) dω

= K

2
G(q, d0)

∫ +∞

−∞

g(ω)

D
{(λ + α)Zδ − αZ∗

δ + iωZδ} dω

= K

2
G(q, d0)I0(λ, q)[(λ + α)Zδ − αZ∗

δ ]. (29)

Likewise, substituting Eq. (26) into Eq. (24) yields

Z∗
δ = G(q, d0)

∫ +∞

−∞
f1(ω)g(ω) dω

= K

2
G(q, d0)

∫ +∞

−∞

g(ω)

D
{(λ + α)Z∗

δ − αZδ − iωZ∗
δ } dω

= K

2
G(q, d0)I0(λ, q)[(λ + α)Z∗

δ − αZδ]. (30)

Introducing u = (K/2)G(q, d0)I0(λ, q), Eqs. (29) and (30)
can be collected into the matrix self-consistency equation[

u(λ + α) −uα

−uα u(λ + α)

][
Zδ

Z∗
δ

]
=

[
Zδ

Z∗
δ

]
. (31)

A nontrivial solution exists only if (1 − uλ − 2uα) (1 −
uλ) = 0, which yields two branches. The branch 1 − u(λ +
2α) = 0 corresponds to the antisymmetric eigenvector v− =
(1,−1)�, which induces only a phase rotation of the order
parameter and does not lead to a growth of its modulus. In
contrast, the branch 1 − uλ = 0 is associated with the sym-
metric eigenvector v+ = (1, 1)�, which modifies the modulus
of the order parameter. This mode characterizes the primary
instability of the disordered state. Therefore, we obtain

1 = K

2
G(q, d0)J (λ, q), (32)

where J (λ, q) = λI0(λ, q). Defining A2 = λ2 + v2q2

2 , the inte-
gral I0(λ, q) can be written as

I0(λ, q) =
∫ +∞

−∞

�

π (ω2 + �2)
× 1

ω2 + A2
dω. (33)

To evaluate Eq. (33), we introduce the meromorphic func-
tion

F (z) = �

π (z2 + �2)(z2 + A2)
. (34)

We then close the integration contour with a semicircle in the
upper half of the complex z plane. Since F (z) = O(|z|−4) as
|z| → ∞, the contribution from the semicircular arc vanishes.
The poles enclosed by the contour are z = i� and z = iA. For
A �= �, the corresponding residues are

Res [F (z), i�] = lim
z→i�

(z − i�)F (z) = 1

2π i(A2 − �2)
(35)

and

Res [F (z), iA] = lim
z→iA

(z − iA)F (z) = − �

2π iA(A2 − �2)
.

(36)

Applying the residue theorem, we obtain

I0(λ, q) = 2π i[Res (F, i�) + Res (F, iA)]

= 1

A2 − �2

(
1 − �

A

)
= 1

A(A + �)
. (37)

For A = �, the same expression follows from the continuous
limit A → �. Consequently,

J (λ, q) = λ

A(A + �)
. (38)

Combining Eqs. (32) and (38), we find that, for each fixed
wave number q, the disordered state loses stability at the
minimal coupling strength obtained by minimizing over the
growth-rate parameter λ > 0:

Kc(q) = min
λ>0

2
√

λ2 + v2q2

2

(√
λ2 + v2q2

2 + �
)

G(q, d0) λ
. (39)

For each fixed value of q, the critical value Kc(q) is obtained
by minimizing the expression above with respect to λ > 0,
which can be performed numerically. Due to the periodic
boundary condition on a domain of length L, admissible per-
turbations satisfy eiq(x+L) = eiqx, which restricts the allowed
wave numbers to

qn = 2πn

L
, n ∈ Z. (40)

Therefore, in a finite system, one only needs to evaluate
Kc(qn) on the discrete set {qn}.

For the zero mode n = 0, that is, q = 0, the expansion of
J1(x) near the origin implies

G(q, d0) = 2J1(qd0)

qd0
→ 1 as q → 0. (41)

Substituting this result and q = 0 into Eq. (39), we obtain

Kc(0) = 2�. (42)

This result agrees with the critical coupling for the instabil-
ity of the disordered state in the classical Kuramoto model,
demonstrating the consistency of the present dispersion re-
lation with the standard Kuramoto theory. A direct analysis
of Eq. (39) shows that Kc(q) attains its minimum at q = 0
and increases monotonically with increasing q. This result
implies that the disordered state first loses stability through
the uniform mode (q = 0), and notably, this instability is
independent of the interaction radius d0. In contrast, for q �= 0,
the critical value Kc(qn) depends explicitly on the interac-
tion range d0 through the kernel G(q, d0), so that spatial
modes with finite wave numbers are strongly influenced by the
interaction range.

C. Mode competition with d0

To quantify how close each spatial mode is to its linear
instability threshold at a given coupling strength K , we intro-
duce the relative coupling strength

S(qn) = K

Kc(qn)
. (43)
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FIG. 4. Critical coupling strengths Kc(qn) and the corresponding relative coupling strengths S(qn) for different interaction ranges d0. For
each interaction range d0, the left column shows the analytically obtained Kc(qn) as a function of the wave number qn = 2πn/L, while the
right column shows S(qn) for different values of the coupling strength K . The dashed line indicates S(qn) = 1, which corresponds to the linear
stability threshold. As d0 increases, the critical coupling strengths associated with finite-wave-number modes increase significantly, and in
some cases Kc(qn) diverges, resulting in S(qn) → 0 for finite values of K . Panels (a), (c), (e), (g), (i), and (k) show the analytically obtained
critical coupling strengths Kc(qn) for d0 = 1, 2, 3, 4, 5, 6, respectively. Panels (b), (d), (f), (h), (j), and (l) show the corresponding relative
coupling strengths S(qn) for the same respective interaction ranges, with K = 3.0, 3.5, 4.0, 4.5.

When S(qn) > 1, the mode with wave number qn becomes
linearly unstable. For S(qn) � 1, the mode is linearly stable,
since the real part of the growth rate remains negative, but it
becomes small when S(qn) is close to one. By jointly examin-
ing the q dependence of Kc(qn) and the corresponding values
of S(qn), we can systematically characterize how different
spatial modes approach instability as the interaction radius d0

is varied. Accordingly, Kc(qn) and S(qn) are computed numer-
ically for different interaction radii d0, as shown in Fig. 4.

For d0 = 1, the lowest finite-wave-number threshold corre-
sponds to q1 and lies close to Kc(q0), whereas q2 has a higher
critical coupling, as shown in Fig. 4(a). At K = 3, S(q0) >

1 while S(q1) < 1. For K = 3.5, 4, and 4.5, S(q1) slightly
exceeds unity, whereas S(q2) remains below unity through-
out the same range, as shown in Fig. 4(b). Thus, although
q1 is not the first mode to become unstable, it can partici-
pate in the subsequent nonlinear dynamics together with the
homogeneous mode.

For d0 = 2, the homogeneous mode still loses stability at
Kc(q0) = 2, whereas the q1 threshold increases to Kc(q1) 	
4 and the q2 threshold is still higher, as shown in Fig. 4(c).
Within the interval K 	 3–4.5, q1 remains linearly stable up
to K = 4 and only slightly exceeds its threshold at K = 4.5,
while q2 remains stable, as shown in Fig. 4(d). Compared with
d0 = 1, the finite-wave-number instability therefore occurs at
a larger coupling strength, although q1 can still influence the
nonlinear evolution near its threshold.

For d0 = 3, the q1 threshold is further shifted to Kc(q1) =
5.4, while q2 has a substantially higher critical coupling, as
shown in Figs. 4(e) and 4(f). Over the interval K 	 3–5, S(q1)
remains below unity over most of the range, while q2 lies
even farther from instability. Nevertheless, vortex states and
hysteresis are observed over the same parameter range. Dur-
ing the downward scan, the polar ordered state persists to K 	
3.8 before returning to the vortex state, as shown in Fig. 3(c).
This behavior does not contradict the linear analysis, which
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describes the stability of the incoherent state but does not
exclude nonlinear spatial structures when finite-wave-number
perturbations remain linearly damped.

For d0 = 4, Kc(q1) 	 8, whereas Kc(q2) → +∞ and
hence S(q2) → 0, as shown in Figs. 4(g) and 4(h). The q1

mode remains below its threshold over the relevant coupling
range, while the q2 mode is effectively inactive. Vortex states
nevertheless persist over a finite coupling-strength interval,
but both their persistence range and the hysteresis window
are substantially narrower than those for d0 = 3, as shown in
Fig. 3(d).

For d0 � 5, vortex states are no longer observed above
the homogeneous threshold Kc(q0) = 2�, and the system
directly approaches the polar ordered state. At d0 = 5, the
finite-wave-number thresholds are already much larger than
the homogeneous threshold, as shown in Figs. 4(i) and 4(j). At
d0 = 6, Kc(q1) 	 260 and Kc(q2) 	 120, yielding S(qn) < 1
for all finite wave numbers considered, as shown in Figs. 4(k)
and 4(l).

Comparing the results for different interaction radii shows
that d0 modifies the instability conditions of spatially nonuni-
form perturbations around the incoherent state while leaving
the homogeneous threshold unchanged. Within the parameter
range examined, increasing d0 raises the instability threshold
of the lowest finite-wave-number mode, eventually placing
it beyond the coupling range considered. The separation
between these thresholds characterizes the linear instabil-
ity spectrum of the incoherent state. Its connection to the
numerically observed vortex persistence interval is heuris-
tic and does not constitute a quantitative prediction of that
interval.

VI. DEPENDENCE OF COLLECTIVE STATES
ON PARTICLE NUMBER AND SYSTEM SIZE

We performed additional adiabatic scans of the Vicsek-
Kuramoto model for N = 400, 600, 800, 1000, and 1200 at
fixed L = 10, using the same parameter grid as the original
N = 200 simulations (see Figs. S1–S5 of the Supplemental
Material (SM) [64]).

All five scans show similar overall state distributions,
including disordered configurations, localized vortices and as-
sociated clusters, and polar ordered states. The polar ordered
regions coincide exactly on the sampled grid, while localized
vortices and clusters at smaller interaction radii remain ob-
servable even for N = 1200. For d0 � 4, all five scans exhibit
direct entry into polar order at the sampled couplings above
the homogeneous-mode critical coupling Kc(0) = 2�, with
no persistent intermediate vortex state. These results support
the qualitative robustness of this ordering pattern beyond the
original N = 200 system, across the tested particle numbers
and scanning conditions.

To examine domain enlargement at fixed density, we
additionally scanned (N, L) = (450, 15) and (800, 20), main-
taining the original density ρ = N/L2 = 2 (see Figs. S6 and
S7 of the SM [64]). Both enlarged systems remain disor-
dered at K = 0, and the localized vortices and clusters at
d0 = 1, 2 persist as in the earlier scans. At d0 = 3, the L = 20
snapshots retain separated clusters at K = 5, 6, 7, whereas
the L = 15 snapshots show spatially extended polar config-

urations. At d0 = 4, 5, the enlarged scans differ from the
fixed-L results, which already exhibit polar order at K = 3.
For d0 = 4, the first sampled couplings exhibiting polar or-
der are K = 4 for L = 15 and K = 6 for L = 20. For d0 =
5, the L = 15 system is polar ordered at K = 3, while the
L = 20 system remains clustered; both exhibit polar order at
K = 5, 6, 7.

At d0 = 6, both enlarged systems reproduce the origi-
nal ordering pattern: Polar order at every sampled coupling
K = 3–7, with no persistent intermediate vortex state. Here,
K = 3 is the first sampled value above Kc(0) = 2� = 2. In
the derived dispersion relation, d0 enters the linear instabil-
ity conditions through the normalized local interaction-kernel
factor G(q, d0). The enlarged-domain results at d0 = 6 are
consistent with these conditions and show that polar ordering
does not require the interaction neighborhood to cover the
entire simulation domain.

These comparisons show that the sampled intermediate-
state regions at d0 = 3–5 change with domain enlargement,
while the pattern of direct entry into polar order at d0 = 6
is retained on the sampled grid. Together with the fixed-L
particle-number scans, these results support the qualitative
robustness of the ordering behavior at d0 = 6 and its inter-
pretation in terms of the local interaction kernel, indicating
that this phenomenon is not a finite-size artifact specific to the
original small system with N = 200, L = 10.

VII. DISCUSSION

We have investigated how the interaction radius affects
persistent vortex states and their transition to polar order
in the Vicsek-Kuramoto model. Within the parameter range
examined, increasing the interaction radius narrows the cou-
pling interval supporting vortices, while adiabatic scans reveal
coexistence and hysteresis between vortex and polar or-
dered states. These observations highlight the spatial extent
of local interactions as a relevant parameter for collective
rotation.

Within the present continuum linear approximation, the ho-
mogeneous incoherent state first becomes unstable at Kc(0) =
2�, independently of the interaction radius, whereas the in-
stability thresholds of perturbations at finite wave numbers
depend on the spatial interaction kernel. These results char-
acterize perturbation growth around the incoherent state, but
do not determine the selection or stability of the collective
states that subsequently develop. The connection between the
linear instability spectrum and vortex persistence therefore
remains heuristic. A quantitative account of vortex stability
boundaries, hysteresis, and selection among coexisting states
requires nonlinear analysis.

To address this gap, future work could explore a descrip-
tion involving multiple scales for the coupled evolution of
particle motion and collective phase order. This idea is moti-
vated by the feedback between particle transport, the evolving
interaction neighborhood, and local synchronization, which
may involve different characteristic timescales. Distinguish-
ing these processes could provide a framework for examining
how initial perturbation growth develops into persistent spatial
organization and how the interaction radius influences this
evolution.

043126-11



SHANG, GUO, ZHENG, AND GU PHYSICAL REVIEW RESEARCH 8, 043126 (2026)

If a suitable separation of scales can be established, the
Ginzburg-Landau framework could offer a unified description
of nonlinear saturation and spatial modulation. This approach
may help clarify how collective rotation is sustained and
how vortex states coexist with polar order. It could also
provide a basis for exploring whether persistent vortex pat-
terns are associated with stable collective oscillations, thereby
connecting the temporal evolution of collective order with
its spatial organization. The applicability of this framework
to the present model remains to be established in future
work.
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