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Probabilistic channel distillation via indefinite causal order
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The quantum switch has been widely studied as a prototypical example of indefinite causal order in quantum
information processing. However, the potential advantages of utilizing more general forms of indefinite causal
orders remain largely unexplored. We study higher-order switches, which involve concatenated applications of
the quantum switch, and we demonstrate that they provide a strict advantage over the conventional quantum
switch in the task of quantum channel distillation. Specifically, we show that higher-order quantum switches
enable the probabilistic distillation of any qubit Pauli channel into the identity channel with nonzero probability.
This capability contrasts with the conventional quantum switch, which allows only a limited set of Pauli channels
to be distilled with nonzero probability. We observe that, counterintuitively, the distillation rate generally
increases the noisier the channel is. We fully characterize the asymptotic distillation rates of higher-order
superswitches for qubit Pauli channels. Finally, we prove a no-go result for multiqubit generalizations.
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I. INTRODUCTION

Emerging from the context of quantum gravity [1,2], it was
observed that quantum theory is consistent with operations
that are not applied in a definite causal order [3,4], an obser-
vation that has sparked intense research since. The quantum
switch [4], the prototypical example of a supermap [5,6] with
indefinite causal order, has since found application in a variety
of topics ranging from quantum computation [7,8], quantum
metrology [9], to quantum work extraction [10]. Advantages
for classical and quantum communication by using indefinite
causal order have been shown in Refs. [11–21]. Since then,
various experiments have been performed that demonstrate
these findings; for a review, see Ref. [22]. In Ref. [23], it
was shown that noiseless communication is possible deter-
ministically through an entanglement-breaking channel that is
unique, up to unitary equivalence, by inputting two copies of
the channel in the quantum switch. Previously, probabilistic
perfect transmission of quantum information was shown to
be possible with the quantum switch for some Pauli channels
[12].

Higher-order generalizations of the quantum switch have
been introduced [15–21]. The n-switch superposes the order-
ings of n channels through coherent control of all possible
n! orders [15,16]. Superposition of the N cyclic orders of N
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depolarizing channels has also shown advantages in commu-
nication [18]. The switch of switches has also been considered
in Refs. [20,21] and has demonstrated advantages in quantum
communication and state discrimination. Although they have
demonstrated advantages in some instances, in most cases
these improvements are not always clear-cut. In addition, the
coherence needed to implement higher-order switches scales
badly, in general, further diminishing the returns and deeming
their usefulness questionable. In this work, we first report on
a task that certain types of higher-order switches can perform,
while the quantum switch cannot, thus demonstrating that
they can have a clear advantage over the quantum switch.
The task at hand is exact probabilistic channel distillation,
which by analogy to other resource distillation scenarios
[24–37] consists of turning multiple copies of a noisy channel
into the identity or a unitary channel, with some nonzero
probability.

We first notice that the quantum switch cannot perform
channel distillation except for channels from a subset of mea-
sure zero in the set of unital channels. We then show that
by using higher-order switches, and specifically switches of
switches, probabilistic distillation is possible with any unital
channel in dimension 2. Counterintuitively, we find that the
noisier a channel is, the better it performs in this distillation
protocol.

The quantum switch and some n-switches for small n
have been implemented [22,38], and thus our results can be
employed to achieve noiseless classical and quantum commu-
nication in d = 2 with any channel. We remark that as such
experiments require more uses of the channels in comparison
to the theoretical indefinite causal order setting, they are often
considered simulations instead of direct realizations. For the
intricacies and the debate on experimental implementations,
see Ref. [22]. From a foundational perspective, and in view of
the Choi-Jamiołkowski isomorphism [39,40], our results have
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implications for entanglement sharing between two parties,
where the first party prepares an entangled state, keeps one
part of the system, and sends the second part to the other
party over a quantum channel. This task is impossible over
a zero quantum capacity channel. With access to higher-order
switches, any unital channel in dimension d = 2 can be used
to distribute entanglement with nonzero probability, including
all channels from the set of entanglement-breaking channels,
enabling applications that would otherwise be impossible.

II. QUANTUM SWITCH AND SUPERSWITCHES

The quantum switch [4] is a supermap that superposes the
ordering between the actions of two channels E and F , con-
ditioned to a two-dimensional switch state ω. The resulting
channel is defined as

Sω(E,F ) =
∑
i, j

Si j (ρ ⊗ ω)S†
i j, (1)

with Si j = EiFj ⊗ |0〉〈0|C + FjEi ⊗ |1〉〈1|C . Here, Ei and Fj

denote the Kraus operators of the channels E and F , re-
spectively, and |0〉〈0|C and |1〉〈1|C denote the projectors
acting on the ancilla state. Si j are Kraus operators satisfying∑

i j S†
i jSi j = 1 when both E and F are Pauli channels, rep-

resented as P �p(ρ) = p0ρ + p1XρX + p2Y ρY + p3ZρZ with
�p = (p1, p2, p3) and p0 = 1 − p1 − p2 − p3 [4,23]. In par-
ticular, by taking the ancilla state to be ω = |+〉〈+| with
|±〉 = (|0〉 ± |1〉)/

√
2, we obtain

Sω(E,F ) = C+(E,F )(ρ) ⊗ |+〉〈+|
+ C−(E,F )(ρ) ⊗ |−〉〈−|, (2)

where

C±(E,F )(ρ) =
∑
i, j

[Ei, Fj]±ρ[Ei, Fj]
†
±,

with [A, B]± = AB ± BA denoting the anticommutator and
commutator. C±(E,F )(ρ) can be expressed as probabili-
ties q(1)

± , multiplied by channels E (1)
± (ρ) = C±(E,F )(ρ)/q(1)

± ,
where q(1)

± = trC±(E,F )(ρ). Consequently, a measurement
of the ancilla state in the basis {|+〉, |−〉} results in
the separation of the two channels. The case with E =
F is most commonly studied, which we also assume in
this work.

Higher-order generalizations of the quantum switch have
also been defined [15–20]. A particular case is switches of
switches, also known as superswitches. An instance with
synchronized ordering on the inside switches was studied in
Ref. [20], while the general case was introduced and studied
in Ref. [21] and applied to the problem of quantum state
discrimination. The n-order superswitch effectively evaluates
all possible nested expressions of commutators and anticom-
mutators of the Kraus operators of the channels. We denote
superswitches by SWITCHn, with n denoting their order.
SWITCHn is obtained by applying the switch operation in
Eq. (2) to the two lower-order superswitches SWITCHn−1 (see
Fig. 1). The case n = 0 corresponds to the application of no
superswitch, i.e., just the channel, and n = 1 is the case of the
quantum switch. To implement SWITCHn, 2n copies of the
channel E and 2n − 1 ancilla qubits are needed. The role of

FIG. 1. The (n + 1)-order superswitch is generated by super-
posing the ordering two n-order superswitches. The ancilla qubits
(green) control the ordering of channels inside the n-order super-
switches, while another ancilla (blue) controls their ordering.

the ancillas is to control the ordering of all nested switches.
We remark that SWITCHn can be seen as a restricted form of
the n-switch (see Appendix A); however, owing to its iterative
definition, it can be readily evaluated.

At each order, the action of SWITCHn can be effectively
described by the tuples �(n)

sn
= {q(n)

sn
, E (n)

sn
}, with E (n)

sn
denoting

channels and q(n)
sn

their probability of occurrence; sn denotes
a string of length 2n − 1 consisting of “±” outcomes cor-
responding to the measurements on the ancilla qubits. A
superswitch of any order n can be evaluated from the previous
order n − 1 (see Fig. 1). Explicitly, we find for the tuples
�(n)

sn
= {q(n)

sn
, E (n)

sn
},

E (n)
sn

= Cs
(
E (n−1)

sn−1
, E (n−1)

s′
n−1

)/
q(n)

sn
,

q(n)
sn

= tr
[
Cs

(
E (n−1)

sn−1
, E (n−1)

s′
n−1

)
(ρ)

]
, (3)

where sn = sn−1s′
n−1s denotes the concatenation of strings

sn−1, s′
n−1, and s. At order n = 0, we only have the channel,

and thus the initial conditions are q(0) = 1 and E (0) = E . It-
erating once, we get the two channels of the conventional
quantum switch, while a second iteration gives the first higher-
order generalization �(2)

μνs = {q(2)
μνs, E (2)

μνs} consisting of eight
channels and their respective probabilities of occurrence, and
where μ, ν are strings of “±” of length 1. In Appendix B, we
list all the expressions �(2)

μνs as well as the general expression
for the n-order superswitch.

III. QUANTUM CHANNEL DISTILLATION VIA
HIGHER-ORDER QUANTUM SWITCHES

Resource distillation is the task of converting k less-
resourceful copies of a certain resource into l copies with
higher resource content, where k � l . Examples include pro-
tocols to distil entanglement, coherence, and nonlocality
[24–37]. Such a task can be exact or approximate depend-
ing on whether the target resource is achieved exactly or up
to a certain approximation. In addition, such protocols can
be deterministic or probabilistic, depending on whether the
conversion is successful with certainty or only with some
nonzero probability. In this work, we consider the task of
exact distillation of multiple copies of a given channel E
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FIG. 2. The tetrahedron of the set of Pauli channels. On the
edges are channels that can be distilled with the quantum switch
deterministically (red lines), while channels on the faces can be
distilled probabilistically (yellow meshed surfaces). In the interior
are channels that can only be distilled with superswitches (cyan). UP

denotes a unitary channel P · · · P† with P = X,Y, Z .

into the identity or a unitary channel U . In the latter case,
applying the inverse unitary recovers the identity channel as
well. Thus, we will consider exact probabilistic channel dis-
tillation protocols. Our proposed channel distillation protocols
employ SWITCHn, which require 2n copies of the channel E
in order to implement.

Definition 1. Let D(n) be the collection of strings of 2n − 1
plus or minus outcomes such that the corresponding channel
is the identity or a unitary channel. That is, with s̃ ∈ D(n)

we either have E (n)
s̃ = Id or E (n)

s̃ = U , where U (ρ) = UρU †

denotes an arbitrary unitary channel. Then, the distillation
rate for a channel E , R(n)

E ∈ [0, 1], of a protocol based on
SWITCHn is given by

R(n)
E =

∑
s̃∈D(n)

q(n)
s̃ . (4)

In Ref. [23], it was shown that the channel EXY =
1
2 (XρX + Y ρY ) is the unique channel that is both en-
tanglement breaking and therefore useless for quantum
communication, but leads to perfect communication with unit
probability when combined with itself in the quantum switch.
In our setting, this translates to the statement that there is a
unique entanglement-breaking channel, up to unitary transfor-
mations, that can be exactly purified deterministically with the
quantum switch. More generally, any channel with zero por-
tion of the identity, p0 = 0, can be probabilistically purified
with the quantum switch.

By considering probabilistic protocols, more channels can
be purified. As the set of Pauli channels P �p(ρ) = p0ρ +
p1XρX + p2Y ρY + p3ZρZ with �p = (p1, p2, p3) forms a
tetrahedron in (p1, p2, p3) space (see Appendix C), the set of
channels that can be distilled by the quantum switch lies at
the boundary of the tetrahedron, that is, the four faces and
the channels at the edges. Inside the tetrahedron, no chan-
nel can be distilled with the quantum switch (see Fig. 2).
We note that even though the three axes of the tetrahedron
consist of channels that cannot be distilled by direct appli-
cation of the quantum switch (or even the protocols we will

propose), a simple application of one of the Pauli matrices
σi ∈ {σ1, σ2, σ3} = {X,Y, Z} with the same index i as one of
the zero pi’s in the definition of the channel, before inputting
in the quantum switch, maps it to a channel with nonzero pi’s.
This straightforward preprocessing is a technique that has also
been employed in Refs. [41,42].

IV. DISTILLATION PROTOCOL WITH SWITCH2

Our first result shows that SWITCH2 allows purification of
all channels inside the tetrahedron.

Result 1. Any qubit Pauli channel inside the tetrahedron
can be exactly distilled to the identity with a nonzero prob-
ability when four copies of the channel are combined in the
second-order superswitch. Moreover, a Pauli channel E = P �p
with pi 	= 0 ∀i has distillation probability:

R(2)
E = q(2)

−−+ = 4
(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
. (5)

The proof is given in Appendix D. We note that this proba-
bility is nonzero, i.e., q−−+ > 0, for all channels except for the
trivial case of E �p = Id and channels where two of the pi, with
i ∈ {1, 2, 3}, are equal to zero. In the latter case, applying one
of the Pauli matrices σi ∈ {σ1, σ2, σ3} = {X, Y, Z} with the
same index i as the zero pi to the channel before inputting in
the superswitch maps the channel to a channel with only one
zero pi, thus achieving a nonzero probability q−−+ according
to Result 1. We remark that among all unital channels 90.7%
are antidegradable (see Appendix E), they have zero quantum
capacity, and as a result, no protocol with definite causal
order can ever distil them to the identity. Moreover, even
with the quantum switch, only a set of measure zero among
the latter can be distilled. Interestingly, in Appendix A we
provide evidence that SWITCH2 achieves a higher distillation
rate than 4-switches that superpose all 4! = 24 orderings of
the four channels. Specifically, among the full 4-switches we
considered, we found one instance of nonzero distillation rate

equal to 4R(2)
E

9 , a 44% decrease. We also considered restricted
4-switches that superpose only 16 orders and found a distil-

lation rate of 3R(2)
E

4 . We conjecture that among all possible
restricted and unrestricted 4-switches, SWITCH2 achieves the
highest distillation rate.

Result 1 is a consequence of the fact that the channel
corresponding to the outcome “− − +” for SWITCH2 after
measurement in the ancilla qubits is the identity channel, i.e.,
E (2)

−−+ = Id (see Appendix B). The reason that this is possible
for SWITCH2 and not the quantum switch is due to the follow-
ing two facts: (1) for any Pauli channel input in the quantum
switch, a “−” result on the ancilla results in a Pauli channel
with p0 = 0, and (2) for any Pauli channel with p0 = 0 input
in the quantum switch, a “+” outcome leads to the identity
channel. Thus, even though the quantum switch can lead to
the identity channel for the input channels with p0 = 0, or any
of the other three faces of the tetrahedron by premultiplying
with a unitary, it cannot lead to the identity for any channel
in the interior: the quantum switch cannot distil any channel
inside the tetrahedron. In contrast, as SWITCH2 is a switch of
switches, both (1) and (2) can simultaneously occur, leading
to nonzero distillation in the interior.
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Returning to the distillation rate in Result 1, we make the
counterintuitive observation:

Result 2. Given two Pauli channels E = P �p and F = P�q
such that pi � qi, ∀i ∈ {1, 2, 3}, we have R(2)

E � R(2)
F , with

strict inequality if for at least one value of i, we have pi > qi.
That is, the noisier channel E will have a higher distillation
rate with the SWITCH2 protocol.

The proof is given in Appendix D.

V. DISTILLATION PROTOCOL WITH SWITCHn

For distillation protocols with SWITCHn, a similar argu-
ment holds. As these are nested switches, any sequence of
outcomes s that ends in “· · · − −+” implies that the channel
obtained is the identity. To account for all contributions to the
distillation rate in protocols with SWITCHn, we can set up re-
currence relations that can be iterated to obtain the distillation
rates. We first describe the construction in the interior before
examining the faces of the tetrahedron. At order n, we can
write the channel of SWITCHn as

S (n) = α(n)Id ⊗ ρId + β (n)N�q (n) ⊗ ρN

+ γ (n)P �p (n) ⊗ ρP , (6)

where ρId, ρN , and ρP denote unnormalized states with
orthogonal supports that gather the outcomes oId, oN , and oP
of measurements on the ancillas that lead to the identity
channel Id, a channel with zero portion of the identity N ,
i.e., q(n)

0 = 0, and a general Pauli channel with p(n)
0 	= 0, 1,

respectively. For instance, in the case of the second-order
superswitch, we have ρId = | − −+〉〈− − +|, ρN =
| + +−〉〈+ + −| + | − +−〉〈− + −| + | + −−〉〈+ − −| +
| − −−〉〈− − −|, ρP = 1 − ρId − ρN (see Appendix J).
The fact that it is possible to summarize all different channels
into essentially three channels follows from the fact that for
Pauli channels P �pi we have

∑
i λiP �pi = (

∑
i λi )P �p′ , with

�p′ =
∑

i λi �pi∑
i λi

.
Given that superswitches are switches of switches, and

that the action of the superswitch at order n is assumed
to take the form in Eq. (6), we can explicitly evaluate the
superswitch at order n + 1. In practice, this means that
for each combination of terms we need to evaluate the
contribution from the anticommutator and commutator from
Eq. (3). There are nine possible combinations, each of which
leads to two possible outcomes, so in principle we will
have 18 terms at order n + 1. We find nine unique terms,
which can be rearranged and written in the form S (n+1) =
α(n+1)Id ⊗ ρId + β (n+1)N�q (n+1) ⊗ ρN + γ (n+1)P �p (n+1) ⊗ ρP .
The equations for α(n+1), β (n+1), γ (n+1), �q (n+1), and �p (n+1)

define recurrence relations that can be iterated to obtain
any order superswitch (see Appendix J). Even though we
cannot solve the recurrence relations exactly, we look for
their fixed points. We find exactly one solution: α(∞) =
(2−√

3)
4 , β (∞) =

√
3

4 , γ (∞) = 1
2 , q(∞)

1 = q(∞)
2 = q(∞)

3 = 1
3 ,

and p(∞)
1 = p(∞)

2 = p(∞)
3 = (3−√

3)
6 . Thus, the asymptotic

distillation rate is R(∞)
in = (2−√

3)
4 ≈ 0.067. Note that the

asymptotic distillation rate does not always imply the highest
achievable distillation rate (see Appendix K).

1

2

3

4

5

6
7

8

0.02

0.04

0.06

FIG. 3. The distillation rates R(n) achieved by the superswitches
for orders n = 1, . . . , 8. The quantum switch cannot distil for any
value of p, while each superswitch achieves a higher distillation
rate for all values of p ∈ [0, 1], in comparison to all previous-order
superswitches.

In the case of channels on the faces of the tetrahedron,
unitary channels can also contribute to the distillation rate,
which changes the form of the recurrence relation. We find
that the asymptotic distillation rate on the base of the tetra-
hedron, R(∞)

base, is different to the rate on the other three faces,
R(∞) (see Appendix J). In summary, for the full set of Pauli
channels, we have the following result:

Result 3. The asymptotic distillation rate inside the tetra-

hedron is R(∞)
in = (2−√

3)
4 ≈ 0.067. On the three faces of

channels with nonzero identity part, i.e., p0 	= 0, the distil-

lation rate is R(∞) = (3−√
3)

4 ≈ 0.396, while on the face of
channels with p0 = 0, it is R(∞)

base = 1
4 .

VI. EXAMPLES

We now demonstrate our results for the depolarization
channel, D(ρ) = (1 − 3p

4 )ρ + p
4 (XρX + Y ρY + ZρZ ) with

p ∈ [0, 4
3 ]. Distillation is impossible through a depolarization

channel with p 	= 4
3 with the quantum switch. However, given

access to SWITCH2, distillation becomes possible for all val-
ues of p. Specifically, the distillation rate is R(2)

dep(p) = 3p4

64 ,
which is nonzero for all values of p and, moreover, it is a
monotonically increasing function of the channel noise pa-
rameter p, demonstrating Results 1 and 2. By iterating the
recurrence relations (see Appendixes F, J, and K), the distil-
lation rates of higher-order superswitches further increase the
distillation rate for all values of p ∈ [0, 1]. In Fig. 3, we show
a plot of the distillation rates for SWITCHn with n � 8. The
depolarization channel is entanglement breaking for all val-
ues of the noise parameter p ∈ [ 2

3 , 4
3 ] and antidegradable for

p ∈ [ 1
3 , 4

3 ] (see Appendix E). Thus, for p � 1
3 , a depolariza-

tion channel has zero quantum capacity and no protocol with
definite causal order can distil it to the identity. Interestingly,
this is the range where the distillation rate is the highest for all
orders n, echoing Result 2.

VII. EXTENSION TO NONUNITAL CHANNELS

So far, we focused our discussion on Pauli channels.
However, the case of nonunital channels N = ∑

i KiρK†
i
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can be covered by employing twirling [43,44]. Each copy
of the channel can be turned into a depolarization chan-
nel with parameter η = (

∑
i |trK2

i | − 1)/3 and subsequently
combined into the SWITCH2 leading to the distillation rate
R(2)

N = 3η4/4. While this comes at a great resource cost,
channel-specific-twirling protocols may be able to reduce that
overhead (see Appendix H).

VIII. NO-GO RESULT FOR MULTIQUBIT PAULI
CHANNELS

In the preceding, we only considered the case of qubit
channels. It is worth asking whether the above results can be
generalized to higher dimensions. In Ref. [21], superswitches
were also defined in any dimension 2l with l � 1 and dimen-
sion d = 4 was discussed in detail. We have the following
negative result.

Result 4. In any dimension d = 2l with l > 1, no super-
switch of any order can lead to noiseless communication for
all Pauli channels.

Thus, Results 1 and 2 no longer hold for higher dimensions.
The proof is given in Appendix I. In summary, Result 1 is
based on two facts: (1) for any channel, a minus result on the
ancillas gives a channel with p0 = 0, and (2) for any Pauli
channel with p0 = 0, a plus outcome leads to the identity
channel. While (1) still holds, (2) fails. This follows from the
commutators and anticommutators of tensor products of Pauli
matrices.

IX. DISCUSSION

We have shown that exact channel distillation is possible
probabilistically for any channel in dimension d = 2, includ-
ing the set of channels with zero quantum capacity, such
as entanglement-breaking and antidegradable channels. This
proves that all channels can be used for perfect classical
and quantum communication if two parties can implement
at least the second-order superswitch and have access to
a sufficient number of copies of the communicated states
and channel. Owing to the Choi-Jamiołkowski isomorphism
[39,40], access to higher-order superswitches thus implies that
any channel in dimension d = 2 can be used to distribute
entanglement with nonzero probability, including all channels
of zero quantum capacity such as the set of entanglement-
breaking and antidegradable channels (see Appendix E).
Useless channels from the perspective of sharing entangle-
ment [41], even those that remain useless after using the
quantum switch, can thus be used to distribute entanglement
given access to higher-order superswitches (see Appendix G).
We have also found that, counterintuitively, the closer a chan-
nel is to the identity channel, the worse it performs at this task.

There are a number of interesting avenues for further re-
search. Owing to the fact that the quantum switch has been
implemented in practice in a number of different experi-
ments, a direct adaptation of the setups to implement the
second-order superswitch appears within reach, thus making
our proposal for perfect quantum communication directly im-
plementable with current technology.

Another interesting direction is to focus on dimensions
d > 2 with the aim of designing switchlike supermaps that
can achieve noise-free communication for all unital channels.

Finally, our results assume that a perfect implementation
of the superswitches is possible, which, however, may not
be realistic in practical implementations. A promising future
direction is to revisit our results in the case where the ancilla
qubits are assumed to interact with their environment, thus
not being in perfect coherent superpositions. Quantifying the
trade-off between coherence and fidelity under realistic noise
models would enable analysis of our protocol in practical
settings.
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APPENDIX A: COMPARISON OF SWITCH2

TO THE 4-SWITCH

In this Appendix, we compare our distillation protocols,
which are based on the superswitches SWITCHn defined in
the main text, to the versions of the n-switch [7,15,19]. The n-
switch consists of all possible n! orderings of n input channels
and it is the most general object that one can define when
controlling the ordering of n channels. The general form of
n-switch is given by

nSω(E,F , . . .) =
∑
i, j,...

Wi, j,...(ρ ⊗ ω)W †
i, j,..., (A1)

where the Kraus operators are defined as

Wi, j,... =
n!∑

k=1

πk (EiFj · · · ) ⊗ |k〉〈k|. (A2)

πk denotes the kth permutation of the products of Kraus
operators Ei, Fj, . . . of the channels E,F , . . . combined in
the n-switch; {|k〉〈k|}n!

k=1 denotes an orthonormal basis in the
control system. Both the state of the control ω and the mea-
surement basis can be chosen freely. Their choice affects the
resulting channels after each measurement outcome, as well as
the probabilities of occurrence. In the conventional quantum
switch, for example, the measurement basis is taken to be the
Fourier basis (or equivalently the Hadamard basis in d = 2),
which is mutually unbiased to the computational basis. In
the case of the SWITCHn, the choice is similar. Generalizing
this approach, let H denote some normalized Hadamard ma-
trix of order n!. Define the measurement basis {|hk〉〈hk|}n!

k=1
with

|hk〉 = H |k〉, k = 1, . . . , n!, (A3)

and also choose the control system to be in the state |h1〉〈h1|.
As every Hadamard matrix can be cast in an equivalent form
where its first row and column consist only of 1s, the con-
trol state is always |h1〉 = 1√

n!

∑
k |k〉. It is this choice of the

coherent superposition of all orders that allows the maximal
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advantages through the switches. If, in the other extreme,
the control was chosen to be one of the basis vectors |k〉〈k|,
we would only have the definite order corresponding to the
permutation πk (EiFj · · · ).

The resulting channel on the system multiplied by its
probability of occurrence, Ẽ (n)

r , when measuring in the
{|hk〉〈hk|}n!

k=1 basis and after obtaining measurement outcome
k = r is given by

Ẽ (n)
r = tr[1 ⊗ |hr〉〈hr |nSω]

=
∑
i, j,...

[(∑
k

πk (EiFj · · · )HkrHk1

)
ρ

×
(∑

k

πk (EiFj · · · )HkrHk1

)†]
. (A4)

From the last result, we obtain the corresponding channel

E (n)
r = Ẽ (n)

r

Pr
(
Ẽ (n)

r
) , (A5)

where

Pr
(
Ẽ (n)

r

) = tr
(
Ẽ (n)

r

)
(A6)

denotes the probability of the outcome r occurring.
We now restrict to the case n = 4 and compare SWITCH2

to the full 4-switch. The question we ask is whether the full
4-switch can be used for distillation, and if so, what is the
distillation rate?

We recall that for any Pauli channel P �p, four copies
of which are combined in the second-order superswitch,
SWITCH2, there is a nonzero probability that the out-
come “− − +” that leads to the identity channel will be
obtained. Specifically, we found that the distillation rate
R(2) is

R(2) = 4
(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
. (A7)

To compare with the full 4-switch, we choose a number
of known Hadamard matrices and apply Eq. (A4). In the
case n = 4, we have to choose a Hadamard matrix of order
m = 4! = 24, the number of permutations of the ordering
in the product of the four Kraus operators. We note that
for every choice H , its transpose H
 is also a legitimate
choice, as both rows and columns of a Hadamard matrix
form orthonormal bases that are mutually unbiased to the
computational one.

Following the intuition from the case of the quantum
switch, the obvious choice is to take the Fourier matrix with
elements

F (24)
j,k = 1√

24
e

iπ
12 ( j−1)(k−1), j, k ∈ {1, . . . , 24}. (A8)

However, we find that none of the 24 channels is the iden-
tity channel. As a result, distillation is not possible with the
Fourier matrix, and we arrive at the same conclusion for
its transpose. Next, we consider the case of real Hadamard
matrices. Real Hadamard matrices of order m = 24 have been
completely classified [45,46], and it is known that the number
of inequivalent real Hadamard matrices is 60. We check all 60
matrices, as well as their transposes, and we find that only a

single instance gives the identity channel. This happens for
the transpose of the matrix number 27 in Ref. [45] after a
measurement on the control that yields outcome r = 18. The
distillation rate in this case is given by the probability of this
outcome occurring. We find that it differs by a constant factor
from the distillation rate of SWITCH2,

R(4,27) = 4

9
R(2) = 16

(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
9

. (A9)

Thus, we see that R(4,27) < R(2).
This is the only case we found where distillation hap-

pens for the 4-switch. Owing to the fact that a classification
of complex Hadamard matrices in dimension 24 is an open
problem, we are not able to answer the question in full
generality; however, our preliminary analysis suggests that
restricting to a subspace of the 4-switch may be bene-
ficial for the distillation task we considered. Indeed, the
SWITCH2 is obtained from the 4-switch by restricting to
an eight-dimensional subspace. Essentially, from the set of
all 24 orders, SWITCH2 applies only 8 possible orders.
Given that it can be analytically shown that the algebraic
structure

∑
i, j,k,l{[Ei, Ej], [Ek, El ]}ρ{[Ei, Ej], [Ek, El ]}† ∝ ρ

for any Pauli channel and this requires the superposing
of eight different orders to materialize as a generalized
switch, we do not expect restricting to a subspace with
d < 8 to lead to the identity channel for all Pauli chan-
nels. To that end, we also examined the case of the
3-switch for the Fourier matrix (no real Hadamard matri-
ces of order 3! = 6 exist) and found that distillation is not
possible.

To conclude, we note that the term of the real Hadamard
matrix number 27 that corresponds to measurement outcome
r = 18 takes the form

E (4,27)
18 = 3

242

∑
i, j,k,l

{[Ei, Ej], [Ek, El ]}ρ{[Ei, Ej], [Ek, El ]}†

+ cross terms. (A10)

Interestingly, this confirms the intuition derived from
SWITCH2, namely, that the algebraic structure related to
the nesting of the anticommutator with two inside com-
mutators of Kraus operators is what makes the distillation
possible. However, in this case it also follows that the cross
terms lead to destructive interference, reducing the distilla-
tion rate by a factor 4

9 ≈ 0.44. We also checked the case of
keeping only two instead of three terms in the brackets in
Eq. (A10) corresponding to restricting to a 16-dimensional
subspace, and the guessing probability increases to 3R(2)

4 ,
which provides further evidence that restricting to a sub-
space of the full 4-switch is beneficial for distillation. We
conjecture that the protocol with SWITCH2 achieves the
best distillation rate among all possible protocols with the
4-switch but we defer a more thorough investigation to
future work.

APPENDIX B: n-ORDER SUPERSWITCHES

The n-order superswitch can be iteratively defined as a
switch of two (n − 1)-order switches [21]. By denoting the
Kraus operators of the n-order superswitch as K (n), these are
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explicitly defined in terms of those of the previous orders as

K (n)
in−1i′n−1

= K (n−1)
in−1

K̃ (n−1)
i′n−1

⊗ |0〉〈0|2n−1 + K̃ (n−1)
i′n−1

K (0)
in−1

⊗ |1〉
× 〈1|2n−1

= 1
2

{
K (n−1)

in−1
, K̃ (n−1)

i′n−1

} ⊗ 1 + 1
2

[
K (n−1)

in−1
, K̃ (n−1)

i′n−1

] ⊗ Z,

(B1)

where the index of the control qubit denotes that at or-
der n there are 2n − 1 control qubits in total. The index

symbol in bold, in−1, is shorthand for the list of indices
in−1 ≡ i1i2 · · · i2n−1 associated with the Kraus operators of the
superswitch of order n − 1. We use the convention K (0) =
Ei, K̃ (0) = Fj, . . .; that is, at order zero we only have the
Kraus operators of the channels to be combined in a su-
perswitch. By expanding the nested expressions that consist
of all commutators and anticommutators of all pairs of
commutators and anticommutators generated by the Kraus
operators of the channels, we get the following expression for
SWITCHn:

S (n)
ω1···ω2n−1

(E,F , . . .) = 1

22n+1−2

∑
i1,...,i2n−1=±
i, j,...=1,...,4

(
[. . . , [[Ei, Fj]i1 , [Ẽk, F̃l ]i2 ]i3 , . . .]i2n−1ρ[. . . , [[Ei, Fj]i1 , [Ẽk, F̃l ]i2 ]i3 , . . .]i2n−1

⊗ Pi1ω1Pi1 ⊗ · · · ⊗ Pi2n−1ω2n−1Pi2n−1

)
, (B2)

with P+ = 1 and P− = Z . Explicit expressions for a given
order n can be evaluated iteratively [21].

In this framework, the first-order superswitch is the quan-
tum switch, which given two channels E and F with Kraus
operators Ei and Fj , respectively, is

S (1)
ω (E,F )(ρ) =

∑
i, j

K (1)
i j ρ ⊗ ωK (1)

i j

= 1

4

∑
i, j

{Ei, Fj}ρ{Ei, Fj}† ⊗ ω

+ 1

4

∑
i, j

[Ei, Fj]ρ[Ei, Fj]
† ⊗ ZωZ, (B3)

matching the expression in the main text [Eq. (2)]. The last ex-
pression shows that the quantum switch effectively evaluates
channels that follow from commutator and anticommutators
of the Kraus operators of the channels. Nontrivial effects
occur whenever some of the Kraus operators do not commute
with each other.

We now explicitly derive the second-order superswitch,
which is crucial for the results in the main text. Specifically,
with four channels E , F , Ẽ , and F̃ that have Kraus operators

Ei, Fj , Ẽk , and F̃l , respectively, we initially define two ordinary
quantum switches, that is, two first-order superswitches. Their
Kraus operators, K (1)

i j and K̃ (1)
i j , are explicitly

K (1)
i j = EiFj ⊗ |0〉〈0|1 + FjEi ⊗ |1〉〈1|1,

K̃ (1)
i j = ẼiF̃j ⊗ |0〉〈0|2 + F̃j Ẽi ⊗ |1〉〈1|2, (B4)

with the subscripts differentiating between the different an-
cilla qubits that control the ordering of the channels E,F and
Ẽ, F̃ , respectively. The Kraus operators of the second-order
superswitch are then defined as

K (2)
i jkl = K (1)

i j K̃ (1)
kl ⊗ |0〉〈0|3 + K̃ (1)

kl K (1)
i j ⊗ |1〉〈1|3

= 1

2

{
K (1)

i j , K̃ (1)
kl

} ⊗ 1 + 1

2

[
K̃ (1)

kl , K (1)
i j

] ⊗ Z. (B5)

We readily obtain the second-order superswitch as

S (2)
ωc

(E,F , Ẽ, F̃ )(ρ) =
∑

i, j,k,l

K (2)
i jkl (ρ ⊗ ωc)

(
K (2)

i jkl

)†
, (B6)

where the ancilla state ωc controls the order of channels
E,F and Ẽ, F̃ inside the two first-order superswitches, re-
spectively, as well as the ordering of the two superswitches
themselves. A schematic representation is shown in Fig. 4.
Expanding the Kraus operators, we find

K (2)
i jkl = EiFjẼkF̃l ⊗ |0〉〈0| ⊗ |0〉〈0| ⊗ |0〉〈0| + EiFjF̃l Ẽk ⊗ |0〉〈0| ⊗ |1〉〈1| ⊗ |0〉〈0| + FjEiẼkF̃l ⊗ |1〉〈1| ⊗ |0〉〈0| ⊗ |0〉〈0|

+ FjEiF̃l Ẽk ⊗ |1〉〈1| ⊗ |1〉〈1| ⊗ |0〉〈0| + ẼkF̃l EiFj ⊗ |0〉〈0| ⊗ |0〉〈0| ⊗ |1〉〈1| + F̃l ẼkEiFj ⊗ |0〉〈0| ⊗ |1〉〈1| ⊗ |1〉〈1|
+ ẼkF̃lFjEi ⊗ |1〉〈1| ⊗ |0〉〈0| ⊗ |1〉〈1| + F̃l ẼkFjEi ⊗ |1〉〈1| ⊗ |1〉〈1| ⊗ |1〉〈1|, (B7)

where we have dropped the subscripts from the ancilla qubits. This expression can also be written in terms of commutators and
anticommutators as

K (2)
i jkl = 1

8

∑
s1,s2,s

[[Ei, Fj]s1 , [Ẽk, F̃l ]s2 ]s ⊗ Ps1 ⊗ Ps2 ⊗ Ps
1

8
({{Ei, Fj}, {Ẽk, F̃l}} ⊗ 1 ⊗ 1 ⊗ 1 + {[Ei, Fj], {Ẽk, F̃l}} ⊗ Z ⊗ 1 ⊗ 1

+ {{Ei, Fj}, [Ẽk, F̃l ]} ⊗ 1 ⊗ Z ⊗ 1 + {[Ei, Fj], [Ẽk, F̃l ]} ⊗ Z ⊗ Z ⊗ 1 + [{Ei, Fj}, {Ẽk, F̃l}] ⊗ 1 ⊗ 1 ⊗ Z

+ [[Ei, Fj], {Ẽk, F̃l}] ⊗ Z ⊗ 1 ⊗ Z + [{Ei, Fj}, [Ẽk, F̃l ]] ⊗ 1 ⊗ Z ⊗ Z + [[Ei, Fj], [Ẽk, F̃l ]] ⊗ Z ⊗ Z ⊗ Z ), (B8)
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FIG. 4. A visual representation of the second-order superswitch.

where we have introduced the notation [A, B]+ ≡ {A, B} =
AB + BA and [A, B]− ≡ [A, B] = AB − BA for the anticom-
mutator and commutator, and P+ = 1, P− = Z . We now
assume that for any pair of indices i and j, the commutator
[Xi,Yj] and anticommutator {Xi,Yj} of a pair of Kraus oper-
ators Xi,Yj are not simultaneously nonzero, which holds for
Pauli channels; we then obtain the second-order superswitch,

S (2)
ωc

(E,F , Ẽ, F̃ )(ρ)

=
∑

i, j,k,l

Ki jkl (ρ ⊗ ωc)K†
i jkl

= 1

64

∑
i, j,k,l

∑
s1,s2,s

[[Ei, Fj]s1 , [Ẽk, F̃l ]s2 ]s

× ρ[[Ei, Fj]s1 , [Ẽk, F̃l ]s2 ]†
s

⊗ (Ps1 ⊗ Ps2 ⊗ Ps)ωc(Ps1 ⊗ Ps2 ⊗ Ps)†, (B9)

where the indices i, j, k, l ∈ [1, . . . , 4] and s1, s2, s = ±.
We further choose the ancilla state to be a product state

ωc = ω1 ⊗ ω2 ⊗ ω, with ω1 and ω2 controlling the ordering
of the channels E,F and Ẽ, F̃ , respectively, in the first-order
superswitches and ω controlling their ordering. Letting ω1 =
ω2 = ω = |+〉〈+| and defining channels E (2)

i jk as, e.g.,

E (2)
−−+(E,F , Ẽ, F̃ )(ρ)

= 1

q−−+

1

64

∑
i, j,k,l

{[Ei, Fj], [Ẽk, F̃l ]}ρ{[Ei, Fj], [Ẽk, F̃l ]}†,

(B10)

where

q(2)
−−+

= tr

(
1

64

∑
i, j,k,l

{[Ei, Fj], [Ẽk, F̃l ]}ρ{[Ei, Fj], [Ẽk, F̃l ]}†

)

(B11)

are the associated probabilities of occurrence, the second-
order superswitch takes the form

S (2)(E,F , Ẽ, F̃ )(ρ)

=
∑

s1,s2,s=±
q(2)

s1s2sE (2)
s1s2s(E,F , Ẽ, F̃ ) ⊗ |s1s2s〉〈s1s2s|

= q(2)
+++E (2)

+++(E,F , Ẽ, F̃ )(ρ) ⊗ | + ++〉〈+ + +|
+ q(2)

−++E (2)
−++(E,F , Ẽ, F̃ )(ρ) ⊗ | − ++〉〈− + +|

+ q(2)
+−+E (2)

+−+(E,F , Ẽ, F̃ )(ρ) ⊗ | + −+〉〈+ − +|
+ q(2)

−−+E (2)
−−+(E,F , Ẽ, F̃ )(ρ) ⊗ | − −+〉〈− − +|

+ q(2)
++−E (2)

++−(E,F , Ẽ, F̃ )(ρ) ⊗ | + +−〉〈+ + −|
+ q(2)

−+−E (2)
−+−(E,F , Ẽ, F̃ )(ρ) ⊗ | − +−〉〈− + −|

+ q(2)
+−−E (2)

+−−(E,F , Ẽ, F̃ )(ρ) ⊗ | + −−〉〈+ − −|
+ q(2)

−−−E (2)
−−−(E,F , Ẽ, F̃ )(ρ) ⊗ | − −−〉〈− − −|.

(B12)

We let E = Ẽ = F = F̃ = P �p = ∑
i piσiρσ

†
i ; that is, in-

stances of the same channel are combined in the first-order
superswitch, and we list the general expressions. For no-
tational brevity, we will denote a Pauli channel E = P �p =
p0ρ + p1XρX + p2Y ρY + p2ZρZ with the last three com-
ponents of its probability vector �p, since, due to the
normalization condition, the first follows from the other
three, i.e., p0 = 1 − p1 − p2 − p3, and we will write E =
{p1, p2, p3}. For instance, we will write Dp = { p

4 ,
p
4 ,

p
4 } to

denote a depolarization channel. With this notation, we can
list all the tuples �

(2)
i jk = {q(2)

i jk, E
(2)
i jk }, consisting of the eight

E (2)
i jk channels of the second-order superswitch:

E (2)
+++ = 4p0

(
p2

0 + p2
1 + p2

2 + p2
3

)
q(2)

+++
{p1, p2, p3},

E (2)
−++ = 2

(
p2

0 + p2
1 + p2

2 + p2
3

)
q(2)

−++
{p2 p3, p1 p3, p1 p2},

E (2)
+−+ = E (2)

−++,

E (2)
−−+ = {0, 0, 0} = Id,

E (2)
++− = 8p2

0

q(2)
++−

{p2 p3, p1 p3, p1 p2},

E (2)
−+− = 4p0

q(2)
−+−

{
p1

(
p2

2 + p2
3

)
, p2

(
p2

1 + p2
3

)
, p3

(
p2

1 + p2
2

)}
,

E (2)
+−− = E (2)

−+−,

E (2)
−−− = 8p1 p2 p3

q(2)
−−−

{p1, p2, p3}, (B13)

with the respective probabilities of occurrence:

q(2)
+++ = p4

0 + 4p3
0(p1 + p2 + p3) + 6p2

0

(
p2

1 + p2
2 + p2

3

)
+ 4p0(p1 + p2 + p3)

(
p2

1 + p2
2 + p2

3

)
+ (

p2
1 + p2

2 + p2
3

)2
,
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q(2)
−++ = 12p0 p1 p2 p3

+ 2
(
p2

0 + p2
1 + p2

2 + p2
3

)
(p1 p2 + p2 p3 + p3 p1),

q(2)
+−+ = q(2)

−++,

q(2)
−−+ = 4

(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
,

q(2)
++− = 8p2

0(p1 p2 + p2 p3 + p3 p1),

q(2)
−+− = 4p0

(
p2

1(p2 + p3) + p2
2(p3 + p1) + p2

3(p1 + p2)
)
,

q(2)
+−− = q(2)

−+−,

q(2)
−−− = 8p1 p2 p3(p1 + p2 + p3). (B14)

Note that the E (2)
−−+ channel is the identity channel Id, which

is the crucial feature that enables our results.
We remark that in Ref. [20] the concept of switch of

switches was introduced, similar to the case we consider
here but in a restricted scenario where there is only a single
control ancilla for the inside switches; i.e., their ordering is
“synchronized.” Here, we use the general case that is crucial
for our purposes, as the synchronized switches in Ref. [20]
do not exhibit the same properties. The reason for this is that
the effect of forcing synchronization leads to mixing of terms
[21], and thus the possibility to get the identity channel is in
general removed.

APPENDIX C: GEOMETRIC PICTURE OF PAULI
CHANNELS IN d = 2

A completely positive and trace-preserving (CPTP) map
acting on states in dimension d = 2 can be written in the
general form

Ẽ (ρ) = U ◦ E (ρ) ◦ V, (C1)

where E can be seen as acting on the Bloch vector of the state
as

E (ρ) = 1
2 (1 + (M�r + �t ) · �σ ), (C2)

with M = diag(λ1, λ2, λ3) and �t = (t1, t2, t3). λi satisfy (λ1 ±
λ2)2 � (1 ± λ3)2, along with permutations of the indices. The
conditions on the elements of M and �t for a map to be CPTP
are given in Ref. [47]. Geometrically, a channel will map the
Bloch ball into a displaced ellipsoid inside it. However, not all
ellipsoids inside the Bloch ball correspond to CPTP maps.

The case �t = 0 corresponds to unital channels and in terms
of the parametrization we have been using so far, i.e., E (ρ) =∑

i piσiρσi, we have

λi = 1 − 2p j − 2pk, (C3)

with i, j, k ∈ {1, 2, 3} and i 	= j 	= k.
The Kraus rank of a channel is the minimum number of

Kraus operators among all Kraus decompositions. Kraus rank
1 maps are the Id channel and the three unitary channels
UX ,UY , and UZ , which correspond to the vertices of the tetra-
hedron. Similarly, Kraus 2 operations are on the edges, while
Kraus 3 are on the faces. Any map inside the tetrahedron
necessarily has Kraus rank 4.

FIG. 5. The set of unital channels, corresponding to the tetra-
hedron in yellow. The octahedron in blue corresponds to the set of
entanglement-breaking channels.

A Pauli channel is entanglement breaking if the following
conditions are satisfied [48,49]:

λ1 + λ2 + λ3 � 1, λi − λ j − λk � 1,

∀ i 	= j 	= k. (C4)

It is straightforward to check that in terms of the pi

parametrization of unital channels, these conditions are equiv-
alent to pi � 1

2 ,∀i. These define an octahedron inside the
tetrahedron of unital channels.

From the discussion in the main text, including Result
1, at the faces of the tetrahedron lie channels that can be
purified by employing the quantum switch. Channels of Kraus
rank 4 lie strictly inside the tetrahedron and can only be
purified with the second-order superswitch. Thus, with the
quantum switch only a particular subset of entanglement-
breaking channels (i.e., those at the intersection of the surfaces
of octahedron and tetrahedron) can be distilled. On the other
hand, the second-order superswitch enables distillation of all
entanglement-breaking channels. The tetrahedron of unital
channels, as well as the octahedron corresponding to the set
of entanglement-breaking channels, is shown in Fig. 5.

APPENDIX D: PROOF OF RESULTS 1 AND 2

Result 1 follows by noting that in the expressions for the
second-order superswitch [Eqs. (B13) and (B14)], the out-
come “− − +” after measurements in the ancillas (1) leads
to the identity channel Id, for any input Pauli channel E �p, and
(2) this probability is nonzero, i.e., q−−+ > 0, for all channels
except for the trivial case of E �p = Id as well as channels with
two of the pi with i = 1, 2, 3 equal to zero. However, the
latter case can be mapped to the case with only one of the
pi being zero. Specifically, applying one of the Pauli matrices
σi with the same index i as the zero pi to the channel before
inputting in the superswitch maps each channel to a channel
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with only one zero pi, thus achieving nonzero probability
q(2)

−−+ according to Result 1, and thus all channels are covered.
For example, applying either a unitary Y or Z to the chan-
nel (1 − p)ρ + pXρX maps it to either (1 − p)Y ρY + pZρZ
or (1 − p)ZρZ + pY ρY , respectively. Thus, all channels are
covered by Result 1.

The fact that the second-order superswitch is a switch of
two switches is what enables this phenomenon. Specifically,
this follows directly from the equations of the quantum switch
[4,23], in the case of two channels E = F = p0ρ + p1XρX +
p2Y ρY + p3ZρZ with

∑
i pi = 1, which reduce to Sω(ρ) =

q+C+(ρ) ⊗ ω+ + q−C−(ρ) ⊗ ω−. The channels C+ and C−
[23] are defined as

C+(ρ) = 1

q+

((
3∑

i=0

p2
i

)
ρ + 2p0

(
3∑

i=1

piσiρσi

))
,

C−(ρ) = 2

q−
(p1 p2σ3ρσ3 + p2 p3σ1ρσ1 + p3 p1σ2ρσ2),

(D1)

with q− = 2(p1 p2 + p2 p3 + p3 p1), q+ = 1 − q−, ω+ = ω,
and ω− = ZωZ . The choice ω = |+〉〈+| leads to ω± =
|±〉〈±| and thus by measuring the ancilla on the same basis,
the two channels can be fully separated.

It readily follows that (1) for any Pauli channel, two copies
of which are combined in the quantum switch, the minus
outcome after measurement on the ancilla qubit leads to a
Pauli channel with p0 = 0, and (2) for any Pauli channel with
p0 = 0, two copies of which are combined in the quantum
switch, the plus outcome after measurement on the ancilla
qubit leads to the identity channel Id. Then, a way to satisfy
both conditions at the same time is to construct the second-
order superswitch: whenever measurements on the ancillas of
the two inside switches give minus outcomes and measure-
ment on the ancilla controlling the order of the switches gives
a plus outcome, the above scenario occurs and we thus obtain
a noiseless copy.

Result 2 follows easily from the functional form of the
distillation rate,

R(2) = q(2)
−−+ = 4

(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
, (D2)

and the observation that as all terms are positive, given two
channels E = P �p and F = P�q with probability vectors �p, �q
such that pi � qi for all i ∈ {1, 2, 3}, then we necessarily have
R(2)

E � R(2)
F . The fact that pi � qi for all i ∈ {1, 2, 3} implies

that the channel E is farther away from the identity channel
Id.

To make this more mathematically precise, we compare the
difference of their trace distances by defining the quantity

d (E,F , ρ) = T (ρ, E (ρ)) − T (ρ,F (ρ)), (D3)

where T denotes the trace distance,

T (ρ, σ ) = ‖ρ − σ‖1

2
= 1

2
tr(

√
(ρ − σ )†(ρ − σ )). (D4)

Note that the quantity d (E,F , ρ) is not a distance as it can
be negative and is not symmetric in the channels. As for two
qubit states ρ and σ , the trace distance is related to the Eu-
clidean distance de of their Bloch vectors �r and �s, respectively,

FIG. 6. Visualization of the distillation rate R(2) for (1) all unital
channels (left) and (2) the set of entanglement-breaking channels
(right).

and we have

T (ρ, σ ) = de(�r, �s)

2

=
√

(r1 − s1)2 + (r2 − s2)2 + (r3 − s3)2

2
. (D5)

The action of a quantum channel N in dimension d = 2 is
[47]

N (ρ) = 1
2 (1 + (M�r + �t ) · �σ ). (D6)

Restricting to the case of a Pauli channel, the Bloch vector is
transformed as

(r1, r2, r3) → ((1 − 2p2 − 2p3)r1, (1 − 2p3 − 2p1)r2,

× (1 − 2p1 − 2p2)r3). (D7)

Then, for two Pauli channels E = P �p and F = P�q such that
pi � qi for all i ∈ {1, 2, 3}, we have

d (E,F , ρ)

=
√

r2
1 (p2 + p3)2 + r2

2 (p3 + p1)2 + r2
3 (p1 + p2)2

−
√

r2
1 (q2 + q3)2 + r2

2 (q3 + q1)2 + r2
3 (q1 + q2)2

� 0, (D8)

which can be restated as the statement that ∀ρ

‖ρ − E (ρ)‖1 � ‖ρ − F (ρ)‖1, (D9)

which proves the claim. The distillation rates for Pauli chan-
nels in the interior of the tetrahedron are visualized in Fig. 6.

APPENDIX E: COMPARISON TO PROTOCOLS
WITH DEFINITE CAUSAL ORDER

We compare our distillation rates to protocols with defi-
nite causal order. It is clear that with operations in definite
causal order, a zero-capacity channel can never be dis-
tilled to the identify or a unitary channel by any protocol.
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Entanglement-breaking channels are the primal example of
zero-capacity channels. Here, we evaluate another set of zero-
capacity channels, the antidegradable channels, and show
that they are a superset of entanglement-breaking chan-
nels and in fact cover 90.7% of the whole set of unital
channels.

We briefly introduce degradable and antidegradable chan-
nels. Given a channel E , it follows from the Stinespring
dilation theorem that it can be written as

E (ρ) = trE [U (ρS ⊗ |0〉〈0|E )U †
SE ]. (E1)

Indices S and E denote the system and an environment. The
complementary channel Ẽ of E is obtained by tracing out the
system instead of the environment, that is,

Ẽ (ρ) = trS[USE (ρS ⊗ |0〉〈0|E )U †
SE ]. (E2)

A channel is called degradable if there exists another chan-
nel F such that

Ẽ = F ◦ E ; (E3)

that is, the complementary channel can be simulated from
the system’s output by applying the channel F . Similarly,
a channel is antidegradable if its complementary channel is
degradable. That is, there is a channel F such that

E = F ◦ Ẽ . (E4)

What is crucial for our purposes is that antidegradable
channels have zero quantum capacity. The case of antidegrad-
able unital qubit channels has been studied in Refs. [50–52],
and a necessary and sufficient condition for a channel to be
antidegradable has been derived.

Specifically, let m ∈ {1, 2, 3, 4} the index that corresponds
to the probability pi in the definition of the Pauli channel, E =∑

i piσiρσi, such that pm � pi,∀i. Let I = {1, 2, 3, 4} \ {m}
denote the set of the three indices of the probabilities that are
not the largest. Then, the channel is antidegradable if and only
if

pi + p j + pk + √
pi p j + √

p j pk + √
pk pi � 1

2 ,

with i, j, k ∈ Iand i 	= j 	= k. (E5)

A visualization of the set of all antidegradable and
EB channels is shown in Fig. 7. We see that the set of
entanglement-breaking channels is a strict subset of the an-
tidegradable channels. To quantify the size of these sets,
we compare their volumes. The volume of the tetrahe-
dron of all Pauli channels is VP = 1

6 . The volume of the
entanglement-breaking channels is found to be VEB = 0.083,
while the volume of the set of antidegradable channels is
VAD = 0.151 As ratios of the volume of all Pauli chan-
nels, 50% are entanglement breaking, while 90.7% are
antidegradable.

Thus, 90.7% of unital qubit channels cannot be distilled
with any protocol with definite causal order but can be dis-
tilled with our proposed protocols with SWITCHn, with n �
2. At the same time, using the quantum switch, only the
intersection of the zero-capacity set with the boundary can be
distilled, a set of measure zero in the three-dimensional set of
Pauli channels.

FIG. 7. The set of antidegradable channels is shown in green.
The set of the entanglement-breaking channels is shown in blue.

APPENDIX F: DISTILLATION RATES FOR n-ORDER
SUPERSWITCHES

As discussed in Appendix B, for any Pauli channel E �p,
four copies of which are combined in the second-order su-
perswitch, there is a nonzero probability q(2)

−−+ > 0 that the
outcome “− − +” is obtained. By definition, the distillation
rate R(2) is the probability that the outcome that leads to the
identity channel is obtained, i.e., “− − +,” and thus for the
second-order superswitch is

R(2) = q−−+ = 4
(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
. (F1)

The observation regarding the second-order superswitch
and the ability to lead to the identity channel with nonzero
probability for any channel holds for higher-order super-
switches as well. Specifically, at order n there are 2n − 1
ancilla qubits. The last ancilla controls the order of the in-
side two (n − 1)-order superswitches, while the second and
third from the end control the ordering of lower-order su-
perswitches inside these two (n − 1)-order superswitches. It
follows that whatever the previous outcomes o1, o2, . . . on the
rest of the ancilla qubits, the resulting channel is the identity
channel, with some probability 0 � q(n)

o1···−−+ � 1. We note
that some sequences of outcomes may have probability of
occurrence 0. This argument ignores the possibility of unitary
channels that can arise on the face of the tetrahedron and thus
applies only in the interior. The complete derivation of the
distillation rates that include the faces is given in Appendix J.
With this in mind, the distillation rate R(n) of an n-order
superswitch is then

R(n) =
∑

o1,...=±
Pr o1, . . . , o2n−4,−,−,+. (F2)
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For the depolarization channel, the distillation rates of up to order n = 5 are

R(2) = 3p4

64
, R(3) = 3

64
(−2 + p)4 p4 + 9p8

4096
,

R(4) = 12p4 − 72p5 + 210p6 − 390p7 + 4095p8

8
− 999p9

2
+ 11 877p10

32
− 6759p11

32
+ 746 673p12

8192
− 118 833p13

4096

+ 105 651p14

16 384
− 14 673p15

16 384
+ 981 201p16

16 777 216
, (F3)

and

R(5) = 192p4 − 2688p5 + 19 488p6 − 96 096p7 + 359 052p8 − 1076 304p9 + 2679 264p10 − 5663 592p11

+ 660 468 723p12

64
− 524 016 063p13

32
+ 2916 648 909p14

128
− 3575 251 239p15

128
+ 247 771 513 233p16

8192

− 29 664 177 201p17

1024
+ 402 111 190 275p18

16 384
− 301 008 655 485p19

16 384
+ 25 426 529 527 977p20

2097 152
− 7371 155 519 931p21

1048 576

+ 14 948 591 861 835p22

4194 304
− 6585 748 985 817p23

4194 304
+ 40 009 926 738 525p24

67 108 864
− 3238 417 329 813p25

16 777 216

+ 14 102 865 567 135p26

268 435 456
− 3165 750 102 405p27

268 435 456
+ 146 071 342 742 253p28

68 719 476 736
− 10 160 062 539 117p29

34 359 738 368

+ 4095 741 366 951p30

137 438 953 472
− 266 117 803 725p31

137 438 953 472
+ 17 141 597 128 353p32

281 474 976 710 656
. (F4)

APPENDIX G: THE CHOI-JAMIOłKOWSKI
ISOMORPHISM AND ENTANGLEMENT SHARING

Our results can be directly translated to an entanglement
sharing scenario. In this setting, a party prepares some entan-
gled state, keeps one part of that state, and sends the other to
the second party through some channel E . Clearly, if the chan-
nel is entanglement breaking, this task cannot be performed.
In addition, unless the channel is the identity, Id, or a unitary
channel, sharing a maximally entangled state is also impos-
sible. Our main results, however, show that this is possible
given access to at least the second-order superswitch. This
follows from the Choi-Jamiołkowski isomorphism [39,40,53],
which establishes a correspondence between bipartite states
and channels. Specifically, a map between channels and bi-
partite states is established through the equation

ρ = (Id ⊗ E )[|
〉〈
|], (G1)

where |
〉〈
| is a maximally entangled state. Pauli channels
are mapped to Bell-diagonal states, which are mixtures of
the four entangled states. Specifically, a Pauli channel P is
mapped to the Bell-diagonal state

ρB = p0|�+〉〈�+| + p1|
+〉〈
+|
+ p2|
−〉〈
−| + p3|�−〉〈�−|, (G2)

where

|�+〉 = 1√
2

(|00〉 + |11〉), |�−〉 = 1√
2

(|00〉 − |11〉),

|
+〉 = 1√
2

(|01〉 + |10〉), |
−〉 = 1√
2

(|01〉 − |10〉) (G3)

are the four Bell states. We note that a Bell-diagonal state is
separable if

pmax = max
i

{pi} � 1
2 . (G4)

The depolarization channel, defined with parameters p1 =
p2 = p3 = p

4 , is mapped to

ρ = (1 − p)|�+〉〈�+| + p
14

4
, (G5)

which is a Werner state [54]

ρW = λ|
−〉〈
−| + (1 − λ)
14

4
, (G6)

up to a unitary transformation. It is known that Werner states
are entangled whenever λ > 1

3 .
Through the Choi-Jamiołkowski isomorphism, we show

that results on channels are translated to results on bipartite
states through the quantum switch, which gives

S̃ω(F ,F ) = 1

4

∑
i, j

({Fi, Fj}ρ{Fi, Fj}† ⊗ ω

+ [Fi, Fj]ρ[Fi, Fj]
† ⊗ ZωZ ), (G7)

where the channel F is acting on bipartite states ρAB and is
given by F = 1 ⊗ E , where E is a channel acting on system B.
Then, the Kraus operators are explicitly Fi = 1 ⊗ Ei. If E is a
Pauli channel, we find that the result of applying the quantum
switch is

S̃ω(E, E ) = q+ρ
(+)
AB ⊗ ω+ + q−ρ

(−)
AB ⊗ ω−, (G8)
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where the bipartite states ρ
(+)
AB and ρ

(−)
AB are defined as

ρ
(+)
AB = (

p2
0 + p2

1 + p2
2 + p2

3

)|�+〉〈�+| + 2p0(p1|
+〉〈
+|
+ p2|
−〉〈
−| + p3|�−〉〈�−|)/q+,

ρ
(−)
AB = (2p1 p2|�−〉〈�−| + 2p2 p3|
+〉〈
+|

+ 2p3 p1|
−〉〈
−|))/q−, (G9)

with

q− = 2(p1 p2 + p2 p3 + p3 p1), q+ = 1 − q−, (G10)

and ω+ = ω and ω− = ZωZ . The choice ω = |+〉〈+| leads to
ω± = |±〉〈±|, and thus a measurement in the |±〉 basis can
separate the two states completely. A similar picture holds
for the higher-order superswitches. For instance, the second-
order superswitch follows directly by applying Eq. (G2) to the
expressions [Eqs. (B13) and (B14)].

APPENDIX H: TWIRLING CHANNELS
AND APPLICATION TO SUPERSWITCHES

Given a channel E , twirling is a sort of averaging with ran-
dom applications of unitaries over the Haar measure [43,44].
It can be seen as a supermap that maps any channel to the
depolarizing channel. Specifically, it is defined through the
equation

T [E](ρ) =
∫

dU U †E (UρU †)U

= (1 − ηE )ρ + ηE
1

2
≡ DηE (ρ) (H1)

in the case with d = 2. If the channel is expressed with Kraus
operators as E (ρ) = ∑

KiρK†
i , then the depolarizing parame-

ter is obtained as

1 − ηE =
∑

i

∣∣trK2
i

∣∣ − 1

3
. (H2)

Note that in the special case of a Pauli channel P , the last
equation reduces to

1 − ηP = 4p0 − 1

3
. (H3)

A unitary 2-design [44] is a finite set of unitary matrices
UD = {Ui}i=1,...,N that can perform twirling. That is,

1

N

∑
i

U †
i E (UiρU †

i )Ui ≡ TE (ρ) = (1 − ηE )ρ + ηE
1

2
. (H4)

In dimension d = 2, the Clifford group is an example of a
unitary 2-design. It consists of 24 elements, but there exist
unitary 2-designs with fewer elements, with 10 being the
lower bound. Moreover, it is known that for the restricted
class of Pauli channels, three unitaries are sufficient to per-
form twirling, making this protocol practical [55]. The above
machinery is important for our purposes as it allows us to turn
any channel into a depolarization one and thus the statements
made for Pauli channels apply implicitly to nonunital channels
as well. For a single use of a channel, and a unitary-2 design
with N elements, in practice one can perform twirling by

(1) producing N copies of the state,
(2) ∀i applying a different Ui to each copy,

(3) sending each UiρU †
i through a copy of the channel E ,

(4) applying a U †
i to each copy with the same index,

(5) using each copy for whatever purpose (e.g., measur-
ing), and

(6) averaging over outcomes over all copies, thus obtain-
ing T [E](ρ) = Dη(ρ).

However, as the superswitches combine multiple copies of
the channel, this procedure needs to be adapted. We describe
the modified implementation for the case of the quantum
switch, which combines two copies of the channel, and the
generalization to higher-order superswitches is straightfor-
ward. Let us denote by Ei the channels Ei = U†

i ◦ E ◦ Ui,
where Ui(ρ) = UiρU †

i denotes a unitary channel and U†
i its

adjoint. Each channel Ei has Kraus operators Eik = U †
i EkUi,

where Ek are the Kraus operators of E . Then, it follows that

1

N2

∑
i, j

Ei ◦ E j (ρ) = 1

N

∑
i

Ei

(
1

N

∑
j

E j (ρ)

)

= 1

N

∑
i

Ei

(
1

N

∑
j

U †
j E (UjρU †

j )Uj

)

= 1

N

∑
i

U †
i E (UiDηE (ρ)U †

i )Ui

= DηE (DηE (ρ)), (H5)

where we have used the linearity of channels. What this means
is that by making all possible combinations of Ei and E j on
different copies of the state and the channels, and averaging
over them, we can create the composition of the two twirled
channels. As for the way to compute the switch of the twirled
channels in practice, this can be done by

(1) producing N2 copies of the state,
(2) for each value of i, j combining the channels Ei and E j

in a quantum switch,
(3) sending each copy through a switch S (Ei, E j ),
(4) using each copy for whatever purpose (e.g., measur-

ing), and
(5) averaging outcomes over all N2 copies.
Note, however, that there is the following complication.

As a measurement is made on the ancilla for each of the N2

copies, same measurement outcomes should be grouped and
averaged over. That means that for each value of i, j at least
one + outcome needs to be obtained before the averaging to
produce the C+ channel, and similarly for −. Thus, given the
randomness of the outcomes after measurements in the an-
cilla, more repetitions are necessary. For instance, to replicate
the C+ channel one would need to keep repeating the process
for each i, j until the + outcome is obtained, which clearly
has a high resource cost.

However, irrespective of its inefficiency, this effectively
evaluates the quantum switch of the two depolarization chan-
nels that follow from twirling, i.e., S (DηE ,DηE )(ρ). Thus,
results on the depolarization channel can be effectively ap-
plied to any channel, however, at the significant resource
cost of multiple copies of the state ρ, the channel E , and
the need for one switch for each copy of the state, specifi-
cally N2 copies of the state, 2N2 copies of the channel, and
N2 quantum switches. For example, for a general unknown
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channel in d = 2, assuming the existence of a minimal unitary
2-design with 10 elements, one would need to implement 100
switches in parallel. In practice, however, this number can
be significantly smaller if the class of channels is restricted.
That is, channel-specific twirling in some cases exists that can
be used to significantly reduce this overhead. For instance, a
Pauli channel can be twirled with only three unitary matrices
[55], significantly reducing the cost from 10. In this case, only
9 copies of the state, 18 copies of the channel, and 9 quantum
switches are sufficient.

The generalization to the case of a superswitch of order n is
straightforward. The n-order superswitch combines 2n copies
of the channel and one can twirl and thus depolarize each of
them by

(1) producing N2n
copies of the state,

(2) for each value of the 2n indices i1, . . . , i2n combining
the channels Ei1 , . . . , Ei2n in an n-order superswitch,

(3) sending each copy through the superswitch
S (n)(Ei1 , . . . , Ei2n ),

(4) using each copy for whatever purpose (e.g., measur-
ing), and

(5) averaging outcomes over all N2n
copies.

This effectively evaluates the n-order superswitch of the
2n depolarization channels that follow from twirling, i.e.,
S (n)(DηE , . . . ,DηE )(ρ). Clearly, this becomes impractical
very quickly as N2n

copies of the state, 2nN2n
copies of

the channel, and N2n
n-order superswitches are necessary to

implement this. However, once again this overhead may be
reduced by channel-specific twirling.

Finally, in view of the main results, to distil the channel,
it is only necessary to implement the second-order super-
switch and obtain the sequence of outcomes “− − +.” Thus,
for channel distillation, a minimal protocol is given in the
following steps:

(1) Produce a copy of the state ρ to be sent over the
channel.

(2) For each value of the four indices i, j, k, and l , com-
bine the channels Ei, E j, Ek, and El in a first-order superswitch
and measure the three ancillas.

(3) If the obtained outcome is different from “− − +,”
repeat. Otherwise, use the obtained state for whatever purpose
(e.g., measuring) and proceed to a new combination of values
of i, j, k, and l .

(4) When all combinations of i, j, k, and l have been ex-
hausted and an outcome “− − +” has been obtained for each
one of them, average the outcomes on the states over all copies
with different indices, thus obtaining the original state ρ.

APPENDIX I: RESULTS 1 AND 2 DO NOT HOLD IN d > 2

In this Appendix, we show that our results do not hold for
all unital channels in any dimension d = 2n with n > 1. We
recall that the reason that this was possible in d = 2 was based
on two facts: (1) for any channel, a minus result on the ancillas
gives a channel with p0 = 0, and (2) for any Pauli channel
with p0 = 0, a plus outcome leads to the identity channel. We
will show that while (1) still holds, (2) fails.

The general expression for the superswitches [Eq. (B2)]
involves terms with nested commutators and anticommutators
of Kraus operators of the channels. A recursive procedure

to evaluate higher-order superswitches from lower-order ones
was given in Ref. [21]. Effectively, commutators and anticom-
mutators of Kraus operators of a Pauli channel map to another
Pauli channel, as in the expression for the quantum switch
[Eq. (G7)].

In order to evaluate the resulting channels, let E (ρ) =∑
i �p1,iσiρσi and F (ρ) = ∑

i �p2,iσiρσi denote two Pauli
channels with probability vectors �pi = {αi, βi, γi, δi}, where
�σ = {1, X,Y, X } is the vector of Pauli matrices. We gather
all anticommutators and commutators of Kraus operators in
two matrices with operator-valued elements, A[E,F] and
C[E,F], respectively, given by

A[E,F]

= 2

⎛
⎜⎜⎜⎜⎝

√
α1α2 1

√
α1β2 X

√
α1γ2 Y

√
α1δ2 Z√

β1α2 X
√

β1β2 1 0 0
√

γ1α2 Y 0
√

γ1γ2 1 0√
δ1α2 Z 0 0

√
δ1δ2 1

⎞
⎟⎟⎟⎟⎠
(I1)

and

C[E,F]

= 2i

⎛
⎜⎜⎜⎜⎝

0 0 0 0

0 0
√

β1γ2 Z −√
β1δ2 Y

0 −√
γ1β2 Z 0

√
γ1δ2 X

0
√

δ1β2 Y −√
δ1γ2 X 0

⎞
⎟⎟⎟⎟⎠.

(I2)

Then, the two terms in the definition of the quantum switch
[Eq. (B3)] are equivalent to

a[E,F] ≡ 1

4

∑
i, j

{Ei, Fj}ρ{Ei, Fj}†

= e
 · (A[E,F] ◦ ρ ◦ A[E,F]∗) · e,

c[E,F] ≡ 1

4

∑
i, j

[Ei, Fj]ρ[Ei, Fj]
†

= e
 · (C[E,F] ◦ ρ ◦ C[E,F]∗) · e, (I3)

where e = (1, 1, 1, 1) denotes a vector of 1s and “·” de-
notes usual matrix multiplication. We have introduced two
operations: (1) “· · · ◦ · · · ◦ · · · ” that takes two 4 × 4 operator-
valued matrices on the left and right sides and a density matrix
in the middle and returns a 4 × 4 operator-valued matrix,
and (2) “∗” that denotes taking the conjugate transpose of
each element of the operator-valued matrix. In detail, the first
operation consists of elementwise multiplication of the two
outside matrices while “sandwiching” the density matrix ρ

with the operators on the left and right, keeping the order. For
example, the third element of the first row of A ◦ ρ ◦ A would
give the contribution [A ◦ ρ ◦ A∗]13 = α1γ2Y ρY . The other
operation, ∗, is unimportant in the case we are considering, as
conjugate transposes of Pauli matrices leave them unchanged.
By taking left and right matrix products with the vector with
unit entries e, we effectively get all terms in the summation.
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With the introduction of this concise notation, we readily find

a[E,F] = (α1α2 + β1β2 + γ1γ2 + δ1δ2)ρ

+ (α1β2 + β1α2)XρX + (α1γ2 + γ1α2)Y ρY

+ (α1δ2 + δ1α2)ZρZ,

c[E,F] = (γ1δ2 + δ1γ2)XρX + (δ1β2 + β1δ2)Y ρY

+ (β1γ2 + γ1β2)ZρZ. (I4)

Note that the expressions do not give channels but channels
multiplied by probabilities.

The generalization to higher-order superswitches is
straightforward. For instance, the channel of interest cor-
responding to the outcomes “− − +” in the case of the
second-order superswitch is

1

64

∑
i, j,k,l

{[Ei, Fj], [Ẽk, F̃l ]}ρ{[Ei, Fj], [Ẽk, F̃l ]}†

= e
 · (A[c[E,F], c[Ẽ, F̃]] ◦ ρ ◦ A[c[E,F], c[Ẽ, F̃ ]]∗)

· e. (I5)

Letting E = F = Ẽ = F̃ = ∑
i piσiρσi, we readily obtain

C(2)
−−+ = 4

(
p2

1 p2
2 + p2

2 p2
3 + p2

3 p2
1

)
ρ = q(2)

−−+ Id. (I6)

A crucial feature for this is the fact that for two channels
with α1 = α2 = 0, the only terms remaining in the matrix of
anticommutators A[E,F] in Eq. (I1) involve the identity ma-
trix. However, when moving to Pauli channels in dimensions
2l with l > 1, all Kraus operators involve operators of the
form σi ⊗ σ j ⊗ · · · . This implies that the matrix of anticom-
mutators a[E,F] does not have the simple form of Eq. (I1).
Specifically, even when the portion of the identity of the two
channels E and F is equal to zero, there will remain terms that
involve operators that are not proportional to 1 ⊗ 1 · · · ⊗ 1.
For instance, in d = 4 we have the anticommutator

{1 ⊗ X, X ⊗ 1} = 2X ⊗ X (I7)

as well as similar terms with X replaced with Y or Z , among
others. Thus, it is clear that the crucial feature that enabled
distillation to the identity channel in d = 2 fails to hold in
d = 4. Moreover, such terms are also included trivially in any
dimension d = 2n with any n > 2 as, for example,

{1 ⊗ · · · ⊗ 1 ⊗ X,1 ⊗ · · · ⊗ X ⊗ 1}
= 1 ⊗ · · · ⊗ {1 ⊗ X, X ⊗ 1}
= 2(1 ⊗ · · · ⊗ X ⊗ X ). (I8)

It follows that in any dimension d 	= 2, Results 1 and 2 do not
hold for all Pauli channels.

APPENDIX J: RECURRENCE RELATIONS
AND ASYMPTOTIC DISTILLATION RATE

1. Channels in the interior of the tetrahedron

In this Appendix, we show that the distillation rate after
the action of a superswitch of order n on 2n copies of a Pauli
channel P�p can be evaluated given knowledge of the action
of the superswitch at order n − 1. Thus, we construct recur-
rence relations that can be iterated to find the action of the

superswitch at any order. In addition, by analyzing the fixed
points of the recurrence relations, we can find the asymptotic
behavior that follows from the superswitches and thus obtain
the asymptotic distillation rate for certain channels.

We use the following definitions. We denote a Pauli chan-
nel with P �p(ρ) = p0ρ + p1XρX + p2Y ρY + p3ZρZ and for
notational simplicity we may represent it by its probability
vector �p = {p0, p1, p2, p3}. We denote with N�q a channel that
has zero portion of the identity, that is, the channel N�q(ρ) =
q1XρX + q2Y ρY + q3ZρZ . We recall Eq. (I4) of Appendix I,
and rewrite concisely in terms of the two vectors �p and �q of
two Pauli channels E �p and F�q as

a[E,F] = Pr(a)

{∑3
i=0 piqi

Pr(a)
,

p0q1 + p1q0

Pr(a)
,

× p0q2 + p2q0

Pr(a)
,

p0q3 + p3q0

Pr(a)

}
,

c[E,F] = Pr(c)

{
0,

p1q2 + p2q1

Pr(c)
,

p2q3 + p3q2

Pr(c)
,

× p3q1 + p1q3

Pr(c)

}
, (J1)

where

Pr(c) = p1q2 + p2q1 + p2q3 + p3q2 + p3q1 + p1q3,

Pr(a) = 1 − Pr(c). (J2)

In turn, we can rewrite this as

a[E,F] = Pr(a)P �f ( �p,�q), c[E,F] = Pr(c)N�g( �p,�q), (J3)

with

�f ( �p, �q) = 1

Pr(a)

{
3∑

i=0

piqi, p0q1 + p1q0,

× p0q2 + p2q0, p0q3 + p3q0

}
,

�g( �p, �q) = 1

Pr(c)
{0, p1q2 + p2q1, p2q3 + p3q2,

× p3q1 + p1q3}. (J4)

We see that when two Pauli channels are combined in a
quantum switch, the anticommutator term that corresponds
to the “+” outcome after a measurement on the ancilla leads
to an updated Pauli channel with probability vector �f ( �p, �q),
while the commutator term that corresponds to the “−” out-
come after a measurement on the ancilla leads to a Pauli
channel with probability vector �g( �p, �q), which has zero por-
tion of the identity. In addition, the identity channel can
only be obtained if p0 = q0 = 0. This means that at each
order only outcomes from the previous order that lead to
channels with zero portion of the identity can lead to the
identity at the current order. As a result, at order n we need
to track and group together three terms that lead to different
behaviors:

(1) Outcomes that lead to the identity channel Id.
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(2) Outcomes that lead to channels with zero portion of
the identity, N�q (n) .

(3) Outcomes that lead to Pauli channels that do not be-
long to either of the two aforementioned classes, P �p (n) .

The total resulting channel at order n of the superswitch
can be written as

S (n) = α(n)Id ⊗ ρId + β (n)N�q (n) ⊗ ρN

+ γ (n)P �p (n) ⊗ ρP . (J5)

By ρId, ρN , and ρP we denote the unnormalized states with
orthogonal supports that gather the outcomes oId, oN , and oP
of measurements on the ancillas that lead to the identity chan-
nel Id, a channel with zero portion of the identity N , i.e.,
q(n)

0 = 0, and a general Pauli channel with p(n)
0 	= 0, 1, respec-

tively. For instance, in the case of the first-order superswitch,
it follows from Eq. (B13) that

ρId = | − −+〉〈− − +|,
ρN = | + +−〉〈+ + −| + | − +−〉〈− + −|

+ | + −−〉〈+ − −| + | − −−〉〈− − −|,
ρP = 1 − ρId − ρN = (| + ++〉〈+ + +|

+ | − ++〉〈− + +| + | + −+〉〈+ − +|. (J6)

The fact that it is possible to summarize all different channels
into essentially three channels follows from the fact that for
two Pauli channels P �p and P�q,

∑
i

λiP �pi =
(∑

i

λi

)
P �p′ , �p′ =

∑
i λi �pi∑

i λi
. (J7)

Given that superswitches are switches of switches and that
the action of the superswitch at order n is assumed to take the
form in Eq. (J5), we can explicitly evaluate the superswitch at
order n + 1. In practice, that means that for each combination
of terms we need to evaluate the contribution from the anti-
commutator and commutator contribution from Eq. (3). There
are nine possible combinations, each of which leads to two
possible outcomes, so in principle we will have 18 terms at
order n + 1. However, by noticing that combining the identity
with any channel leads only to one outcome, i.e., the channel
itself, and that the ordering of combining two channels, i.e.,
a[E,F] = a[F , E] and c[E,F] = c[F , E] does not matter, we
find nine unique terms. Explicitly,

S (n+1) =
(

(α(n) )2 + (β (n) )2

3

)
Id ⊗ ρId

+
(

2α(n)β (n)N�q (n) + 2(β (n) )2

3
N�q 4

3

+ (γ (n) )2 Pr(c[ �p (n), �p (n)])N�g( �p (n), �p (n) )

+ 2β (n)γ (n) Pr(c[ �p (n), �q (n)])N�g( �p (n),�q (n) )

)
⊗ ρN

+ (2β (n)γ (n) Pr(a[ �p (n), �q (n)])P �f ( �p (n),�q (n) )

+ (γ (n) )2 Pr(a[ �p (n), �p (n)])P �f ( �p(n), �p(n) )

+ 2α(n)γ (n)P �p (n) ) ⊗ ρP , (J8)

where �q 4
3

= {0, 1
3 , 1

3 , 1
3 }. The last expression is of the form

S (n+1) = α(n+1)Id ⊗ ρId + β (n+1)N�q (n+1) ⊗ ρN

+ γ (n+1)P �p (n+1) ⊗ ρP , (J9)

where

α(n+1) = (α(n) )2 + (β (n) )2

3
,

β (n+1) = 2α(n)β (n) + 2(β (n) )2

3

+ (γ (n) )2 Pr(c[ �p (n), �p (n)])

+ 2β (n)γ (n) Pr(c[ �p (n), �q (n)]),

γ (n+1) = 2α(n)γ (n) + 2β (n)γ (n) Pr(a[ �p (n), �q (n)])

+ (γ (n) )2 Pr(a[ �p (n), �p (n)]),

�q (n+1) =
(

2β (n)γ (n) Pr(c[ �p (n), �q (n)])�g( �p (n), �q (n) )

+ (γ (n) )2 Pr(c[ �p (n), �p (n)])�g( �p (n), �p (n) )

+ 2α(n)β (n) �q (n) + 2(β (n) )2

3
�q 4

3

)/
β (n+1),

�p (n+1) = (
2β (n)γ (n) Pr(a[ �p (n), �q (n)]) �f ( �p (n), �q (n) )

+ (γ (n) )2 Pr(a[ �p (n), �p (n)]) �f ( �p (n), �p (n) )

+ 2α(n)γ (n) �p (n)
)/

γ (n+1). (J10)

These equations effectively define recurrence relations that
can be iterated to find the action of a superswitch of any
order. The initial conditions for the recurrence relations are
α(0) = β (0) = 0, γ (0) = 1, �q (0) = 0, and �p (0) = �p. Note that
since the zeroth-order superswitch is the channel P �p only
without any superswitch acting, the index n starts from the
value 0. We highlight that the parameter α(n) gives the
distillation rate at order n, which is zero in general for
n = 1 (aside from channels with p0 = 0). Evaluating the
second-order superswitch by iterating, we find R(2) = α(2) =
4(p1 p2 + p2 p3 + p3 p1). Higher orders can be evaluated it-
eratively, but we do not list the expressions as they become
cumbersome.

Instead, we focus on a particular example, the depolariza-
tion channel. In this case, it can be seen that the parameters
�q (n) remain constant for any value of n and take the value
�q (n) = �q 4

3
= {0, 1

3 , 1
3 , 1

3 }. In addition, there is only one re-

currence relation for �p (n) as the Pauli vector is that of a
depolarization channel. Thus, the recurrence relations are sig-
nificantly simplified. The distillation rates, R(n) = α(n), can be
obtained in a straightforward manner and the expressions for
orders of up to 5 are given in Eqs. (F3) and (F4). Orders of up
to 8 are plotted in Fig. 3.

Interestingly, in this case we can also analyze the asymp-
totic behavior by looking for the fixed points of the recurrence
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relations. These follow by setting

α(n+1) = α(n) := α, β (n+1) = β (n) := β,

γ (n+1) = γ (n) := γ ,

�p (n+1) = �p(n) :=
{

1 − 3p

4
,

p

4
,

p

4
,

p

4

}
, (J11)

and explicitly we obtain

α = α2 + β2

3
,

β = 2αβ + 2β2

3
+ 4βγ p + 6γ 2 p2,

γ = 2αγ + 2βγ (1 − 2p) + γ 2(1 − 6p2),

p =
(

2αγ p + 2βγ

(
1

3
− p

)
+ 2γ 2(1 − 3p)p

)/
γ . (J12)

All solutions to these equations can be analytically obtained.
Some correspond to the trivial solution of starting with the
identity channel, p = 0. Another solution corresponds to the
case of starting with the depolarization channel with p = 4

3 ,

α
(∞)
4
3

= 1

4
, β

(∞)
4
3

= 3

4
, γ

(∞)
4
3

= 0, p(∞)
4
3

= 3 − √
3

6
. (J13)

The value of α
(∞)
4
3

gives the asymptotic distillation rate,

R(∞)
4
3

= α
(∞)
4
3

= 1
4 . We note that this is the only case of a

depolarization channel (excluding the trivial identity channel)
where the quantum switch achieves a nonzero distillation rate,
which is found to be R(1)

4
3

= 1
3 . With each subsequent super-

switch, the distillation rate is decreasing, tending to the value
R(∞)

4
3

from above.

The general case corresponding to starting with a depo-
larization channel with any value p ∈ (0, 4

3 ) is given by the
solution

α(∞) = 2 − √
3

4
, β (∞) =

√
3

4
, γ (∞) = 1

2
,

p(∞) = 3 − √
3

6
. (J14)

Thus, the asymptotic distillation rate for any depolarization

channel with p 	= 0, 4
3 is R(∞)

dep = (2−√
3)

4 ≈ 0.067. The fixed
point solution tends to

S (∞) =
(

2 − √
3

4

)
Id ⊗ ρId +

(√
3

4

)
D 4

3
⊗ ρN

+ 1

2
D 3−√

3
6

⊗ ρP . (J15)

Interestingly, tracing out the ancilla we find that the fixed
point corresponds to a completely depolarizing channel since
in terms of the probability vector �p we have

S (∞) =
(

2 − √
3

4

)
{1, 0, 0, 0} +

(√
3

4

){
0,

1

3
,

1

3
,

1

3

}

+ 1

2

{
1 − 3p

4
,

p

4
,

p

4
,

p

4

}
=

{
1

4
,

1

4
,

1

4
,

1

4

}
. (J16)

The fixed points for the general case [Eq. (J10)] are identi-
cal to the case of the depolarization channel. Excluding points
on the faces of the tetrahedron, we find that the only solution
is �p (∞) = {1 − 3p(∞)

4 ,
p(∞)

4 ,
p(∞)

4 ,
p(∞)

4 } and �q = {0, 1
3 , 1

3 , 1
3 } and

the rest of the parameters identical to the one given by
Eq. (J14). It turns out that in the general case, after a few
iterations, the initial arbitrary vector �q (n) quickly tends to the
vector {0, 1

3 , 1
3 , 1

3 }, while the vector �p (n) tends to a probability
vector of a depolarization channel and thus the general case
quickly converges to the case of the depolarization channels.
Thus, the asymptotic distillation rate for any channel inside

the tetrahedron is R(∞)
in = (2−√

3)
4 ≈ 0.067

2. Channels on the faces of the tetrahedron

From the four faces of the tetrahedron, we split the dis-
cussion into two cases, since the recurrence relations slightly
differ:

(1) The three faces consisting of Pauli channels P �p with
p0 	= 0 and exactly one pi = 0, i ∈ {1, 2, 3}.

(2) The face consisting of Pauli channels P �p with p0 = 0
and pi 	= 0,∀i ∈ {1, 2, 3}, that is, the base of the tetrahedron.

a. The three faces consisting of Pauli channels P�p with p0 �= 0
and exactly one pi = 0, i ∈ {1, 2, 3}

Without loss of generality, we will consider the case of
the face consisting of channels of the form P �p = (1 − p −
q)ρ + pXρX + qY ρY . The derivation for the other two cases
is identical.

In contrast to the case of channels inside the tetrahedron,
channels on the faces can also lead to unitary channels after
combining in the quantum switch. Thus, unitary contributions
must also be tracked at each order. As a result, at order n we
need to track the four terms that lead to different behaviors:
the three terms that were tracked for channels inside the tetra-
hedron, as well as an extra term that tracks a unitary channel.
Specifically, we have

(1) Outcomes that lead to the identity channel Id.
(2) Outcomes that lead to the unitary channel UZ = Z (·)Z .
(3) Outcomes that lead to channels with zero portion of

the identity, M�q (n) , with �q (n) ≡ {0, q(n)
1 , q(n)

2 , 0}.
(4) Outcomes that lead to Pauli channels that do not be-

long to either of the three aforementioned classes, P �p (n) , with

�p (n) ≡ {p(n)
0 , p(n)

1 , p(n)
2 , 0}.

The total channel resulting at order n of the superswitches
can be written as

S (n) = α(n)Id ⊗ ρId + β (n)UZ ⊗ ρU

+ γ (n)P �p (n) ⊗ ρP + δ(n)M�q (n) ⊗ ρM. (J17)

By ρId, ρU , ρP , and ρM, we denote the unnormalized
states with orthogonal supports that gather the outcomes
oId, oU , oP , and oM of measurements on the ancillas that
lead to the identity channel Id, the unitary channel UZ ,
a general Pauli channel on the face P �p (n) , with �p (n) ≡
{p(n)

0 , p(n)
1 , p(n)

2 , 0}, and a channel with zero portion of the
identity M�q (n) , with �q (n) ≡ {0, q(n)

1 , q(n)
2 , 0}, respectively.
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As in the case inside the tetrahedron, the next order n + 1
follows by forming all possible combinations of channels of
order n from Eq. (3). Explicitly, we find

S (n+1) = α(n+1)Id ⊗ ρId + β (n)UZ ⊗ ρU + γ (n+1)P �p (n+1) ⊗ ρP

+ δ(n+1)M�q (n+1) ⊗ ρM, (J18)

where

α(n+1) = (α(n) )2 + (β (n) )2 + (δ(n) )2
(
1 − 2q(n)

1 q(n)
2

)
,

β (n+1) = 2(γ (n) )2 p(n)
1 p(n)

2 + 2(δ(n) )2q(n)
1 q(n)

2

+ 2γ (n)δ(n)
(
q(n)

1 p(n)
2 + p(n)

1 q(n)
2

) + 2α(n)β (n),

γ (n+1) = 2α(n)γ (n) + (γ (n) )2
(
1 − 2p(n)

1 p(n)
2

)
+ 2γ (n)δ(n)

(
1 − q(n)

1 p(n)
2 − p(n)

1 q(n)
2

)
,

δ(n+1) = 2α(n)δ(n) + 2β (n)δ(n) + 2β (n)γ (n)
(
1 − p(n)

0

)
,

�p (n+1) = (2γ (n)δ(n) Pr(a[ �p (n), �q (n)]) �f ( �p (n), �q (n) )

+ (γ (n) )2 Pr(a[ �p (n), �p (n)]) �f ( �p (n), �p (n) )

+ 2α(n)γ (n) �p (n) )/γ (n+1),

�q (n+1) = (
2α(n)δ(n) �q (n) + 2β (n)γ (n)

{
0, p (n)

2 , p (n)
1 , 0

}
+ 2β (n)δ(n)

{
0, q (n)

2 , q (n)
1 , 0

})/
δ(n+1). (J19)

These are the recurrence relations that can be iterated to find
the action of a superswitch of any order for channels at the
face of the tetrahedron. The initial conditions for the recur-
rence relations are α(0) = β (0) = 0, γ (0) = 1, δ(0) = 0, �q (0) =
0, and �p (0) = �p. We note that in the case we are examining,
the distillation rate at order n is given as the sum α(n) + β (n).

Looking for the fixed points in the interior of the edge, we
find the only solution

α(∞) = 2 − √
2

4
, β (∞) = γ (∞) = 1

4
, δ(∞) = 1

2
√

2
,

�p (∞) =
{√

2 − 1, 1 − 1√
2
, 1 − 1√

2
, 0

}
,

�q (∞) =
{

0,
1

2
,

1

2
, 0

}
, (J20)

to which all points in the interior of the tetrahedron are at-
tracted to. The asymptotic distillation rate is thus

R(∞) = α(∞) + β (∞) = 2 − √
2

4
+ 1

4
≈ 0.3965. (J21)

b. The base of the tetrahedron, consisting of Pauli channels P�p

with p0 = 0 and pi �= 0, ∀i ∈ {1, 2, 3}
The derivation of the last face, corresponding to chan-

nels of the form P �p = pXρX + qY ρY + (1 − p − q)ZρZ ,
follows the derivation of the other three faces with one differ-
ence: there is no possibility for unitary channel contributions.
That is, the term β (n)UZ ⊗ ρU does not appear in Eq. (J17).
Moreover, the general channel is a channel with zero portion
of the identity and thus there is no M term; the superswitch

at order n will have the form

S (n) = α(n)Id ⊗ ρId + β (n)P �p (n) ⊗ ρP . (J22)

At the next order, we will have

S (n+1) = α(n+1)Id ⊗ ρId + β (n+1)P �p (n+1) ⊗ ρP , (J23)

where

α(n+1) = (α(n) )2 + (β (n) )2

× (
1 − 2q(n)

1 q(n)
2 − 2q(n)

2 q(n)
3 − 2q(n)

3 q(n)
1

)
,

β (n+1) = 2α(n)β (n) + (β (n) )2

× (
2q(n)

1 q(n)
2 + 2q(n)

2 q(n)
3 + 2q(n)

3 q(n)
1

)
,

�p (n+1) = 1

β (n+1)
(2α(n)β (n) �p (n) + 2(β (n) )2

× Pr(c[ �p (n), �p (n)])�g( �p (n), �p (n) )). (J24)

The initial conditions in this case are α(0) = 0, β (0) =
1, and �p (0) = �p. Looking for the fixed points of the recur-
rence relations [Eq. (J24)], we find the solution

α(∞) = 1

4
, β (∞) = 3

4
, �p (∞) =

{
0,

1

3
,

1

3
,

1

3

}
, (J25)

where we have restricted to points that are not in the edges.
Thus, the distillation rate at the base of the tetrahedron is
R(∞)

base = 1
4 .

APPENDIX K: ASYMPTOTIC DISTILLATION RATES
VERSUS FINITE-ORDER DISTILLATION RATES

The asymptotic distillation rates derived in Appendix J give
the limiting values that can be achieved with SWITCHn as
the order n tends to infinity. For some channels, this implies
that the higher the order of the superswitch, the higher the
distillation rate. However, this is not true for all channels.
In fact, there exist channels for which the highest distillation
rate is achieved by the quantum switch, with each subsequent
higher-order switch having a lower distillation rate, tending

FIG. 8. The distillation rates R(n) achieved by the superswitches
from orders 1 to 8. The quantum switch cannot distill for any
value of p, while each superswitch achieves a higher distillation
rate for all values of p ∈ [0, 4

3 ], in comparison to all previous-order
superswitches.
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to the asymptotic rate from above. Channels that exhibit be-
havior in between the aforementioned two cases exist as well.
This mirrors a similar phenomenon emerging in the problem
of quantum state discrimination [21].

As a demonstrating example, we revisit the case of the de-
polarization channel D(ρ) = (1 − 3p

4 )ρ + p
4 (XρX + Y ρY +

ZρZ ) with p ∈ [0, 4
3 ]. In Fig. 8, we plot distillation rates with

SWITCHn, n � 8.
We note that, for the depolarization channel, the point

where the behavior changes coincides with the point where
the Bloch vectors of the input states flip direction. That is,
whenever p > 1 the Bloch vector �r = (r1, r2, r3) of a state ρ

is mapped to

�r = (r1, r2, r3) → (1 − p)(r1, r2, r3), (K1)

and thus flips direction.
For general Pauli channels, although we do not have an ex-

act characterization of the different regions, we have noticed
by examining a number of examples that for channels close to
the identity channel (1) the asymptotic rate bounds all finite
orders from above and (2) a superswitch of order n will have a
higher distillation rate than all superswitches of order m, with
m < n.
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