PHYSICAL REVIEW RESEARCH 8, 043153 (2026)

Extracting the pairing gap from van Hove singularities in rf spectra of the Fermi-Hubbard model
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‘We show that van Hove singularities in radio-frequency spectra of the three-dimensional (3D) attractive Fermi-
Hubbard model provide a robust route to extracting the pairing gap. Four types of singularities are classified, and
their spectral positions are shown to depend solely on the pairing gap A and chemical potential x through simple
algebraic relations. Measuring two well-resolved singularities therefore determines both parameters without
requiring full spectral fitting. Numerical simulations incorporating phenomenological lifetime and scattering
broadenings confirm that these features remain visible in both momentum-integrated and k,-integrated spectra,
and become more pronounced at stronger coupling where conventional backbending methods lose sensitivity. At

half filling, particle-hole symmetry fixes p, reducing the extraction to a single singularity measurement. These
results establish van Hove singularity analysis as a practical spectroscopic diagnostic for pairing in quantum-

simulated 3D Fermi-Hubbard systems.

DOI: 10.1103/mthq-q8kh

I. INTRODUCTION

Ultracold Fermi gases in optical lattices have garnered
significant attention over the past two decades, as their
high degree of tunability renders them an ideal platform for
quantum simulation and engineering. These systems offer
substantial potential for advancing our understanding of long-
standing problems in condensed matter physics and exploring
novel regimes of quantum matter [1-6]. The versatility of
these platforms arises from the precise control over param-
eters such as interaction strength, lattice depth, temperature,
dimensionality, population imbalance, and lattice geometry.
In particular, the transition from Bardeen-Cooper-Schrieffer
(BCS) superfluidity to Bose-Einstein condensation (BEC) of
fermion pairs, namely, the BCS-BEC crossover, can be re-
alized by tuning the effective interaction strength through
a Feshbach resonance in trapped atomic Fermi gases [7,8].
This crossover is intimately linked to the pseudogap phe-
nomenon observed in cuprate superconductors [9], a topic
of paramount importance for elucidating the mechanisms of
high-temperature superconductivity [10,11].
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The physics of ultracold Fermi gases in a three-
dimensional optical lattice (3DOL) can be described by the
Fermi-Hubbard model (FHM). However, despite extensive
theoretical effort [12—19], the phase diagram of the three-
dimensional (3D) attractive FHM at intermediate and strong
coupling, especially at high fillings, remains largely undeter-
mined. In the weak-coupling limit, BCS mean-field theory,
along with the Gor’kov correction [20], provides a reliable
description. In the BEC regime at low densities, the physics
reduces to a dilute gas of tightly bound pairs whose few-body
properties are well understood. Away from these limiting
regimes, however, in the intermediate coupling and density
range where pairing fluctuations are the most prominent,
diagrammatic methods capture qualitative trends but differ
quantitatively in their predictions for key observables such as
the pairing gap A. For instance, the non-self-consistent GoGy
approximation [21], widely used for its computational sim-
plicity, the GoG scheme (derived using an equation-of-motion
approach [22,23], employed in the present work), and the con-
serving GG theory [24-26] each yield appreciably different
values of A in the pseudogap regime where the effects of
pairing fluctuations are strong. Often regarded as a reliable
numerical method, quantum Monte Carlo, which is free of the
fermion sign problem in the attractive case, is limited by the
analytic continuation needed to obtain real-frequency spectral
information, which obscures fine spectral features at strong
coupling. In addition, it suffers from numerical instability
at strong coupling and becomes computationally prohibitive
at large lattice sizes and low temperatures. Consequently,
quantum simulation experiments that realize the 3D attrac-
tive FHM in controllable cold-atom platforms [27-31] are
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indispensable for establishing the phase diagram, and recent
progress, including measurements of the doublon fraction
[32], underscores the need for complementary diagnostics that
can directly extract pairing parameters from spectroscopic
measurements. This work develops such a diagnostic.

In particular, radio-frequency (rf) spectroscopy serves as
an important probe for investigating superfluid pairing physics
and has been widely used in experiments on ultracold Fermi
gases [33,34]. Initially utilized to probe mean-field shifts in
strongly interacting systems, the technique evolved following
the proposal that the pairing gap could be extracted spec-
troscopically [35]. Subsequent experiments have provided
compelling evidence of fermionic pairing through distinct
spectral signatures [36-38]. Nevertheless, the peak position in
momentum-integrated rf spectra can hardly be used to extract
the pairing gap, since the fermion energy shift induced by
pairing is momentum dependent and not proportional to the
gap [39].

Momentum-resolved rf spectroscopy, analogous to angle-
resolved photoemission spectroscopy, overcomes this limi-
tation by directly measuring the spectral function A(k, w)
[40—42]. In homogeneous continuum gases, the pairing gap
can then be inferred from the characteristic backbending
of the dispersion, a technique that has recently confirmed
the presence of a pseudogap in strongly interacting Fermi
gases [43].

In optical lattices, however, the anisotropic dispersion
makes the direct reconstruction of full 3D momentum-
resolved rf spectra experimentally demanding. Such mea-
surements have been successfully demonstrated in two-
dimensional lattice systems [31], but extending them to three
dimensions remains beyond reach at present. Theoretical stud-
ies of rf spectroscopy in the attractive Hubbard model have
also been limited [44]. Consequently, it is desirable to identify
spectral markers that survive partial momentum integration
and whose positions are directly linked to the underlying
pairing parameters.

In this work, we investigate the effects of van Hove singu-
larities (vHSs) in both momentum-integrated and momentum-
resolved rf spectra for two-component ultracold Fermi gases
in a 3DOL with nearest-neighbor hopping, described by an
attractive Fermi-Hubbard model. The vHS features originate
from the underlying lattice band structure and are subse-
quently modified by fermion pairing. We show that, within
the present approximation, the spectral positions of the vHS
features are controlled by the pairing gap A and the effective
chemical potential u, defined precisely in Sec. II. In principle,
measuring two well-resolved vHS positions therefore allows
one to infer both A and u from the corresponding algebraic
relations. This strategy is complementary to conventional
analyses based on rf spectral peaks and the backbending of the
quasiparticle dispersion: Because the vHS positions are fixed
by lattice critical points, they remain robust and identifiable
even when the momentum is only partially resolved in the rf
spectra. Employing the GoG T -matrix approximation within
the framework of pair-fluctuation theory [45], we solve the
3D attractive FHM at finite temperature 7" and fermion den-
sity n for different interaction strengths U. We introduce two
phenomenological broadening parameters into the self-energy
to simulate momentum-integrated and momentum-resolved rf

spectra under realistic experimental conditions [46,47]. Be-
cause momentum-resolved rf measurements typically involve
integration over one momentum component (line-of-sight
integration), we also calculate the k,-integrated momentum-
resolved spectrum and identify the four types of vHSs in
these rf spectra, each appearing at distinct rf detunings.
For illustrative purposes, we keep the main text focused
on the representative cases n = 0.1 and n = 1. Additional
results for intermediate fillings (n = 0.2, 0.4, 0.6, 0.8) and
interaction strengths are shown in Appendix B. The detailed
self-consistent equations are also provided in Appendix A.

II. THEORETICAL FORMALISM

A. Model and overview of the pairing fluctuation theory

The attractive FHM in momentum space is described by

H—uN =Y &él o0 +UY & 160y e jbu s,
ko kk'q

where & = ex — 1, ke =k £ q/2, and u is the effective
fermion chemical potential into which the mean-field Hartree
shift has already been absorbed. Here, U < 0 is the attrac-
tive interaction strength, and ex = 2¢(3 — cosk, — cosk, —
cosk,) is the tight-binding dispersion, where ¢ is the nearest-
neighbor hopping amplitude and the lattice constant is set to
unity. Throughout this work, we take the half bandwidth 6¢ as
the energy unit.

We solve the attractive FHM using the GoG scheme of the
T -matrix approximation of pair-fluctuation theory, which self-
consistently includes pairing fluctuations beyond mean-field
BCS theory, as derived from the earlier work of Kadanoff and
Martin [22]. The full formalism is detailed in Refs. [39,45]
and in Appendix A; here, we only outline the essential physi-
cal structure.

The fermion self-energy X(K) = Xs(K) + Xpg(K) con-
tains in general contributions from both zero-momentum
pairing (relevant below T, giving rise to the superfluid
condensate contribution ¥y ) and finite-momentum pairing.
The latter, referred to as the pseudogap self-energy, is
expressed through the T-matrix #,,(Q) = U/[1+ U x(Q)],
where x(Q) = ) _x Go(Q — K)G(K) is the pair susceptibility.
Near T;, the dominant contribution to X,, comes from the
vicinity of Q = 0, allowing the pseudogap to be captured by a
single energy scale Agg =— ZQ 20 Ipg(Q). The total pairing

gap A =~AZ + A}, enters a BCS-like gap equation and
particle-number equation [Eqs. (A6) and (A7)], which are
solved self-consistently for w, Ay, and Ay at given U, n,
and T'. The resulting Green’s function takes the standard BCS
form

0 Vi
G(K) = - - , (D
iwj — Ex  iw; + Ex

with coherence factors u?, v} = (1 £ &/Ex)/2 and Ex =
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FIG. 1. Representative spectral function of the 3D attractive
FHM at U, and T, for n = 0.1. The results are obtained from self-
consistent solutions yielding A = 0.207 and p = 0.182 (in units
of 6r). The upper and lower blue curves denote the particle and
hole quasiparticle branches, respectively, with the two branches
color coded by their spectral weight. The dispersions are plotted
along the high-symmetry lines of the first Brillouin zone, with I' =
0,0,0),X = (7,0,0),M = (;r, ,0),and R = (7, r, 7). The ma-
genta curve represents the noninteracting band dispersion. The lower
panel shows the coherence factors uZ and v, corresponding to the
spectral weights of the two quasiparticle branches.

B. Spectral function and van Hove singularities

The spectral function A(Kk, w) follows directly from Eq. (1)
as

AK, w) = —2Im GR(k, )
=2n[upd(0 — Ex) + vid(w + E)], ()

exhibiting two quasiparticle branches with weights given by
the coherence factors.

Figure 1 illustrates a typical spectral function for a Fermi
gas at critical coupling U, ~ —7.9136¢ in a 3DOL, corre-
sponding to the threshold for forming a two-body bound
state with zero binding energy in the dilute limit. The upper
and lower branches correspond to the “particle” and “hole”
quasiparticles, respectively. As depicted in the lower panel,
the coherence factors u2 and vg dictate the spectral weights
of these quasiparticles at energies +Ey. The locus & = 0 for
free fermions defines the Fermi surface. A comparison be-
tween the quasiparticle dispersion and the noninteracting band
dispersion reveals a distinct pairing gap opening at the Fermi
surface, whose crossing with the quasiparticle dispersion is
located midway along the '-X and I'-R paths.

A van Hove singularity, associated with a nonanalytic fea-
ture in the density of states (DOS) N(w) = ) Ak, w) [48],
arises from the vanishing gradient of the lattice dispersion,
Vikék = 0. For a standard 3D cubic lattice, the Hessian matrix
H (&) evaluated at the critical points is diagonal:

cos k, 0 0
H(&k) x 0 cos ky 0
0 0 cosk,

When k, . take values O or 7, four distinct types of vHSs
arise, including a local minimum (M), all cosines positive), a
local maximum (M3, all cosines negative), and two types of
saddle points (M; and M,, with mixed signs). Along the dis-
persion shown in Fig. 1, the I', X, M, and R points correspond
to these four vHS types, respectively, i.e., (I', X, M, R) -
(Mo, My, Mz, M3).

C. rf response and vHS kinematic relations

Within linear response theory, the lowest-order 1f current
for a transition from an initial interacting state to a final
noninteracting state is [39]

1
1) = = ) A, 0)f (@)=t 3)
k

where v is the rf detuning and f(w) = 1/(e‘”/T+1) is
the Fermi-Dirac distribution function, with kg = 1. The
energy-conservation constraint w = £ — v reveals a struc-
tural resemblance between the rf response and the DOS,
suggesting that vHS signatures will also manifest in the rf
spectroscopy of lattice Fermi gases.

At low temperatures, the particle branch is exponentially
suppressed by the Fermi function. Focusing on the hole
branch and substituting into Eq. (3) gives

L) = ko s E 4
h(V)—/mka(ék—V) (& — v + Ex). 4)

By imposing the resonance condition & — v + Ex = 0 at the
four vHS momenta, the characteristic rf detunings of the vHS
are obtained as

My :vg = —p + /12 + A2, (52)

2 2 2
Mitvi==—p+,/lz—n| +A42 (5b)

3 3

4 4 2
Mz:Vz=§—M+ 3K + A2, (50)

Ms:vs=2—pu++/(2—u?+ A2, (5d)

in units of 6¢. The band energies at the VHS points are ¢; =
2i/3 (i=0,1,2,3), ie, ¢ =0, €, =2/3, e2=4/3, and
€3 = 2. Equivalently, the four detunings can be combined into
the unified expression

vi =€ — 1+ V(e —pu)?+ A%

Equation (5) are the central result of this analysis: The
rf detuning of each VvHS is determined by @ and A
within the BCS-like quasiparticle description, with additional
self-energy shifts either negligible or absorbed into these pa-
rameters. Since there are only two unknowns, measuring any
two well-resolved VHS positions suffices to determine both
parameters algebraically. In the special case of half filling
(n = 1), particle-hole symmetry pins p = 1, so that a single
measured VHS uniquely determines A.

The inversion in Eq. (5) is valid whenever the quasiparti-
cle propagator retains a BCS-like pole structure, with a real,
momentum-independent gap A and all diagonal self-energy

i=0,1,2,3. (6)
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corrections absorbed into an effective w. Within the present
pair-fluctuation theory, this holds when the pair susceptibility
is dominated by the long-wavelength (Q ~ 0) mode, i.e., be-
low and in the vicinity of T, so that the pseudogap self-energy
reduces to a single self-consistently determined scalar A,.
Because the relation is purely kinematic, following from the
resonance condition at a lattice critical point, it holds in this
form for any many-body scheme whose propagator retains
such a pole structure, although the numerical values of A and
W it returns are specific to the scheme used to obtain them. It
would thus apply, e.g., to the GoGy [21,49] and GG [24,50]
formulations of the 7-matrix approximation for pairing, pro-
vided they arrive at a BCS-like dispersion. For other forms of
the self-energy treatment, one may arrive at different relations
between the VHS positions and (A, w); the extraction strategy
itself, however, remains valid.

Experimentally, one can achieve momentum resolution in
the xy plane by shining the imaging laser in the &, direction.
This leads to a k,-integrated spectral response, given by inte-
grating Eq. (4) over k;:

1 m
ke k) = — / d, 02 f (B — )3 — v+ E)
0

1A v+ AT 3
—(zn)3?[l_f< 2v >:||sink10}’ 2

where & (k,, k,, v), defined as the root of & — v + Ej = O for
given ki, k,, and v, signals a vHS when k;, = 0 or 7. Here,
mirror symmetry has been used to fold 4k, and +k, so that
(kx, ky) is restricted to the first quadrant of the first Brillouin
zone (BZ). In this projected representation, the vHS effects
are most pronounced at the center and the BZ boundaries.

Shown in Fig. 2 are the energy positions of the four types
of vHSs in the momentum-integrated rf current /(v), and
their counterparts in the k,-integrated momentum-resolved
response I (k, v) along the face-diagonal direction k; = (k, k).
In the momentum-integrated spectra in Fig. 2(a), the M;
VvHS is the most prominent and should be experimentally
accessible. Compared to the fully integrated signal, the
VvHS effects in the partially momentum-resolved spectrum in
Fig. 2(b) are significantly more pronounced, because reducing
the integration dimensionality better preserves the nonana-
lytic nature of the dispersion. Correspondingly, extracting
the energy distribution curves (EDCs) from such partially
momentum-resolved rf data is expected to yield unambiguous
experimental signatures of these VHS features.

D. Phenomenological spectral broadening

In our initial theoretical framework, the spectral function
exhibits infinitely sharp quasiparticle peaks. To simulate the
finite lifetime of thermally excited pairs and single-particle
scattering, we generalize the (retarded) self-energy to a phe-
nomenological form, which was originally obtained from
numerical studies [51,52] and applied in pseudogap research
of high T; superconductivity [46,53,54] and in rf spectro-
scopic studies of ultracold Fermi gases [47],

2

A
SRk,w)= ——2 i1y, 8
o (K, @) o1 & 11T il (8

0.04+

(a)

=0.021

v/6t

FIG. 2. (a) rf current I (v), i.e., the momentum-integrated rf spec-
trum, at 7 for U/6t = —1.8 and n = 0.1. The four types of vHSs
are labeled on the curve. (b) The z-integrated, partially momentum-
resolved rf spectrum / (k, v) plotted along the projected face-diagonal
direction k; = (k, k). The red dashed lines align the corresponding
vHS features in panels (a) and (b).

where I'y describes the broadening of quasiparticle peaks as-
sociated with the finite pair lifetime, and I'; accounts for the
incoherent background from single-particle scattering. The
full spectral function follows from Dyson’s equation

R
—ZImZpg

[0 — & — =R —ReXR ]’ + [Im=R ]

Ak, w) = C)]

In the results below, we treat 'y and I'} as adjustable
phenomenological parameters to systematically assess the vis-
ibility and resolvability of the VHS features under realistic
experimental conditions; both parameters become negligible
at low temperatures due to the formation of stable pairing
[55]. The broadened BCS form of the spectral function un-
derlying Eq. (9) is well supported experimentally, as recent
rf measurements in homogeneous unitary Fermi gases [43],
together with earlier rf studies [41], have confirmed that the
spectral function indeed retains a BCS-like two-branch struc-
ture even in the strongly interacting regime. We note that the
vHS detunings in Eq. (5) follow from the resonance condition
& — v+ Ex = 0 and therefore define the underlying kine-
matic locations of the vHS features. The phenomenological
broadening mainly smears these singular structures and serves
to reduce their signal contrast. This broadening therefore
weakens as the temperature decreases, consistent with recent
momentum-resolved rf measurements on the homogeneous
unitary Fermi gas [43], where the broadening increases with
temperature. Far above T, the gap becomes small, and the
large detunings are expected to weaken the VHS signals and
can even cause neighboring vHS peaks to coalesce. Moreover,
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FIG. 3. Spectral function A(k, @) of the 3D attractive FHM at
T. and U, for (a) n = 0.1 and (b) n = 1, with I'( = I’y = 0.05. The
white dashed line denotes the noninteracting band dispersion.

at such high T, the frequency and momentum dependencies
of the self-energy can no longer be neglected, which shifts
the positions of the already broadened vHS peaks slightly
and hence leads to quantitative deviations in the extracted A
and u.

III. NUMERICAL RESULTS AND DISCUSSION

A. Spectral function

Based on the self-consistent solutions, we evaluate the
spectral function using Eq. (9) with 'y = 'y = 0.05. Figure 3
illustrates the qualitative evolution of A(K, w) for different
densities (a) n = 0.1 and (b) n = 1 along the high-symmetry
momentum directions at U, and T. Results of more densities
can be found in Appendix B. A pronounced gap opens at the
Fermi surface for both densities. Along the ['-R direction (the
body diagonal), a characteristic backbending feature occurs
at the Fermi wave vector k, determined by &, = 0. At low
filling, the spectral function along I'-R resembles that of
the 3D continuum limit, where k, >~ ﬁ As n increases,
the gap widens and the spectral weight of the lower hole
branch is enhanced, with lattice effects becoming increasingly
apparent.

At half filling (n = 1), particle-hole symmetry fixes the
chemical potential at the band center (u = 1). The corre-
sponding Fermi-surface crossing along I'-R is located at
k, =(7/2,7/2,7/2), ie., exactly at the midpoint of the
'R line, as shown in Fig. 3(b). This special kinematic point
provides a useful experimental diagnostic to identify half
filling; combined with the vHS protocol proposed below, it
enables A to be extracted from a single vHS measurement.

(@) | [— Try=0ri=0 0.03{(b)
————— I)=0.05,I, =0
0.10 === Tp=005T1=005|| (s
S ! '
= i
0.05 | 0.01
Vi N
0.00—*__| = 0.00 e
-1 0 1 2 3 4 5 -10 1 2 3 4 5
1.5
© (d
I 0.75
1.0 : i
[l !
< 0.50 i
=
05 0.25
i , J
0.0F——& | S—— 0.00
-1 0 p) 30 -1 0 p) 3

1 1
v/6t v/6t
FIG. 4. rf current /(v) as a function of detuning v for (a) n = 0.1,
U=U,bn=01,U/6t =-2,(c)n=1,U=U;,and(d)n =1,
U/6t = =2, for various I'y and I"y. The vertical lines indicate the rf
detunings corresponding to the My—M3 vHSs.

B. rf current and sensitivity to broadening

The fully momentum-integrated rf current /(v) is the sim-
plest experimental observable. We compute /(v) for various
(U, n) and examine the sensitivity of the vHS features to the
broadening parameters 'y and I';.

As shown in Fig. 4, for a fixed filling, as the coupling
increases from weak to strong, the pairing gap grows and the
rf spectral weight shifts and spreads toward larger detuning,
leading to a broader spectrum consistent with the observations
in continuum gases [37]. The shift simultaneously suppresses
the peak near the My detuning at the left edge, making the
M, vHS feature relatively more pronounced, as shown in
Fig. 4(b). As the density (and chemical potential) increases to-
ward half filling, the left-edge peak and the M peak approach
each other, and the spectral weight of the former becomes
so suppressed that the M; peak becomes dominant. Upon
broadening, the two features merge into a single dominant
peak, as seen in Figs. 4(c) and 4(d). Compared with the low-
filling case, the spectral peak at high filling is then associated
primarily with the M; vHS, reflecting the proximity of the
Fermi level to the vHS band extrema.

The broadenings primarily reduce the contrast of the vHS
features and smear nearby structures, while their spectral
weight remains concentrated near the kinematic detunings
predicted by Eq. (5). The apparent peak or spectral maxima
may change slightly when features overlap, but the underlying
vHS markers are only weakly sensitive to I'y and I"; within
the parameter range at low temperature. This supports the use
of Eq. (5) as a stable guide for extracting A and u from
well-resolved spectral features. Note that the M, detuning,
corresponding to the I' point, provides a particularly strong
marker in the large-gap regime, where it moves well away
from zero detuning.

C. k;-integrated momentum-resolved rf spectroscopy

The observable more directly accessible in experiments is
the k_-integrated, (k,, k,)-resolved spectrum I(k;, v), which
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(b)

FIG. 5. The k;-integrated, (k,, k,)-resolved rf spectra I(k, v) at
T. along the face-diagonal direction k; = (k, k) for (a) n =0.1,
U=U,bn=01,U0/6t =-2,(c)n=1,U =U;,and(d)n =1,
U/6t = —2. The same color saturation value is applied across all
panels to enhance the visibility of weak signals.

retains the momentum resolution in the xy plane. We focus
on the face-diagonal direction k; = (k, k) and axis-along di-
rection k; = (0, k) with 'y = T'; = 0.05. In contrast to the
fully integrated spectrum, where the M; feature dominates,
the partial momentum resolution brings the M, and M3 fea-
tures to the foreground along the face-diagonal direction. As
discussed below, however, the k; = (0, 7) point turns out
to be more favorable experimentally, since the M; and M,
signals there are considerably stronger.

Comparing Figs. 5(a) and 5(b), increasing |U| shifts the
dominant spectral weight toward larger rf detunings, consis-
tent with a larger pairing gap. When the filling increases to
n =1 [Figs. 5(c) and 5(d)], the spectral weight also shifts
toward larger detunings as the pairing gap grows at these
interaction strengths, while the spacing between the vHS fea-
tures decreases. As shown in Fig. 3, this behavior reflects the
reduced curvature of the dispersion near the relevant band
extrema; as the Fermi level approaches the band edge, the dis-
persion flattens, which narrows the energy window available
for the rf transitions.

To extract the VHS signatures, we plot the energy distribu-
tion curves I(ky, v) at the zone center k; = (0, 0) and zone
corner ky = (7, ), as shown in Fig. 6. The EDCs at k| =
(0, 0) exhibit stronger overall intensity due to larger occupied
spectral weight. In contrast, the EDCs at k; = (7, ) show
more pronounced VHS features, which become increasingly
prominent as |U| and n increase.

However, the EDC signal at (7, ) is weak, since M,
and Mj in Fig. 3 lie far above the Fermi level, so that the
corresponding spectral weight, indicated by the opacity of
the dispersion curves, is small and vanishes in the U — 0
limit. To obtain stronger signals, we examine the EDCs at
ky = (0, ), with k, integrated, for the same parameters, as
shown in Fig. 7. For both low and high fillings, the rf signals at
k; = (0, ) are much stronger than those at (i, 77 ), since the
M, and M, features here lie closer to or below the Fermi level.

0.075{ (a) \W 0.0751 (b)
~0.050 0.050
o
= 0.025 0.025 L
0.000 0.000 i
T 0 1 2 3 4 5 -1 0 1 2 3 4 5
1.00 1.00
() (d)
0.75 0.75
,: H
2050 | 0.50
= i ]
025 HE 025 i
00 =513 3 0= =1 32 3
vl6t vl6t

FIG. 6. EDCs I(k;, v) at the center and edge of the first Bril-
louin zone for (a)n = 0.1, U =U,, (b)n =0.1,U = -2,(c)n=1,
U =U.and (d)n = 1,U = —2. The blue solid and red dashed lines
denote the EDCs at k; = (0, 0) and k; = (i, ), respectively. The
vertical lines indicate the rf detunings corresponding to the My—M3;
vHSs.

The M, and M, features at k; = (0, ) are therefore consid-
erably more robust than the M, and Mj features at (7, 7 ), for
a given lattice size and total atom number in experiment.

D. vHS detunings as functions of interaction strength

Figure 8 shows the predicted vHS rf detunings v; as
functions of —U/6t, computed from Egs. (5) using the self-
consistent (@, A) for various n. This plot serves as the
theoretical “map” connecting the measurable VHS positions
to the underlying pairing parameters.

0.08 ; — 0.08
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5 =..
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=
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FIG. 7. EDCs I(k, v) with the same (n, U) as in Fig. 6 but at

k; = (0,0) and k; = (0, ) in the xy plane of the first BZ. The

blue solid and red dashed lines denote the cases of k; = (0, 0) and

k; = (0, ), respectively. The vertical lines indicate the rf detunings
corresponding to the My—M, vHSs.
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FIG. 8. vHS rf detunings v; (i = 0, ..., 3) as functions of —U /6¢
for n = (a) 0.2, (b) 0.4, (c) 0.6, and (d) 0.8, computed from the
kinematic relation of Eq. (5) with the self-consistent (1, A). The
opacity of the curves is coded by the spectral weight v at the vHS
momenta.

The detuning vy starts from zero at U = 0, passes through
an exponentially suppressed flat region, scaling approximately
as A2, and then rises away from the horizontal axis at stronger
coupling. Meanwhile, vy, v,, and v3 are well separated from
one another and grow monotonically with |U]|, reflecting the
increasing pairing gap, along with decreasing . Comparing
the four panels, the vHS marker positions all decrease with
increasing n, dominated by the chemical-potential term €; — 1
in Eq. (§) that shifts the band energies downward. The spectral
weight, in contrast, is controlled by the coherence factor vﬁ
and spreads toward larger momenta as the gap grows. The
separation between vy, v,, and v; across a wide coupling range
indicates that multiple candidate vHS markers exist at the
kinematic level.

It should be noted, however, that the spectral weight vﬁ
contributing to the vy, v,, and v; features becomes very small
and vanishes at U = 0 for low fillings, consistent with the fact
that the rf spectrum in the noninteracting limit reduces to a
single é-function peak at v = 0.

E. Extraction protocol for A and n

The kinematic relations in Eq. (5) can be inverted alge-
braically. To illustrate the procedure, we outline the inversion
for the M; and M, pair, which are well separated and ex-
perimentally favorable. Using the band energies €; = 2i/3
(i = 1, 2) defined in Eq. (6), Eq. (5) can be rearranged to yield

A? = (v, — 264+ 2p), i=1,2. (10)
Eliminating A? between the two equations gives u directly,
after which A follows from either equation. For concreteness,
using the parameters of Fig. 4(c) (n = 1, U = U.), the M, and
M, detunings extracted from the spectrum yield u ~ 1.0 and
A = 0.5, in quantitative agreement with the self-consistent
input values. Equivalent inversions can be performed for any
pair of VHS features that are sufficiently resolved.

At half filling, u = 1, so that a single VHS measurement
suffices:

A= vi(‘)i —2€,+2) (11)

Thus, one may choose the most pronounced, best separated
signals among the M;, M,, and M3 features for the best
quantitative accuracy.

It should be noted that the pairing gap A represents the off-
diagonal part of the self-energy, while the chemical potential
W appearing in the kinematic relations is the effective one
determined by the self-consistent equations. It differs from the
physical value measured relative to the noninteracting band
bottom by the bare Hartree shift nU /2 and the other diagonal
self-energy contributions. These diagonal contributions do not
vanish with the gap; indeed, in the limit A — 0, the full
Green’s function G reduces to the formally bare Gy, yet its
w may still differ from the noninteracting value.

IV. CONCLUSION

We have shown that van Hove singularities in the rf spectra
of the 3D attractive Fermi-Hubbard model provide robust,
kinematics-based markers for the pairing gap A and chemical
potential . Four types of vHSs were classified, and their rf
detuning positions were derived as simple algebraic functions
of A and p alone. This makes it possible, in principle, to ex-
tract both parameters from two well-resolved and sufficiently
intense singular features without full spectral dispersion fit-
ting. The features remain identifiable under realistic lifetime
and scattering broadenings, become more visible at stronger
coupling where backbending loses sensitivity, and reduce to
a single-vHS diagnostic at half filling owing to particle-hole
symmetry. In the k. -integrated spectra, the EDCs at k; =
(0, ) provide the strongest signals and are therefore the most
favorable for experiments. We note that the present results
are obtained within the pseudogap approximation X,s(K) ~
—AggGO( —K), which captures the dominant Q ~ 0 contribu-
tion; a fully self-consistent convolution over all pair momenta
would introduce additional frequency-dependent broadening,
likely further softening the vHS features, and remains a
challenge for future work. We also note that the present
analysis employs the GoG T-matrix scheme; in conserving,
®-derivable (GG) or non-self-consistent (GoGy) formulations,
the quantitative relation between VHS detunings and the pair-
ing gap may differ, and the extent to which VHS features
survive at these levels of approximation warrants further in-
vestigation. More broadly, the kinematic relations derived
here are independent of the concrete details of a particular
many-body framework, provided that the propagator of the
theory retains a BCS-like pole structure with a real, roughly
momentum-independent A and an effective . Indeed, such
a BCS-like form has been validated by various BCS-BEC
crossover studies in the continuum, employing the conserving
GG theory [26], the GoG scheme [47], the non-self-consistent
GoGyo approximation [56], and finite-temperature quantum
Monte Carlo [57], all of which analyze their spectra in terms
of the same BCS-like dispersion, albeit with quantitatively
different pairing gap values. Most importantly, it is con-
firmed by a recent microwave spectroscopic experiment [43].
Therefore, vHS-based gap extraction can serve as a useful
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cross-method benchmark and test bed, so that the parameters
inferred from experiment may be used to test against the
values predicted by these different 7T-matrix theories, clus-
ter dynamical mean-field theory, and other approaches that
currently yield disparate gap estimates. Recent experimental
advances in 3D lattice cooling and homogeneous trapping
[58], together with rf frequency resolutions reaching 0.038 Ex
[43,59], make these predictions testable with current tech-
nology. We anticipate that vHS-based extraction will serve
as a practical complement to backbending and peak-analysis
methods in ongoing quantum simulation experiments.

ACKNOWLEDGMENT

This work was supported by Quantum Science and
Technology—National Science and Technology Major
Project (Grant No. 2021ZD0301904).

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

APPENDIX A: PAIR-FLUCTUATION THEORY:
DETAILED FORMALISM

Here, we provide the full self-consistent pair-fluctuation
formalism used in the main text, closely following
Refs. [39,45].

1. Hamiltonian and T -matrix

The attractive Fermi-Hubbard model in momentum space
is
H—pl = Zékck o +U Zcm 14¢ k+ 9 C-K+31 K +41
kk'q
(AD)

with &k =€ — u,
and U < 0. The critical coupling U, =
—7.9136¢ marks the unitary point.

The fermion self-energy contains condensate and pseudo-
gap contributions:

€x = 2t(3 — cosk, — cosk, — cos k;),

—1/ 2% 1/ Qe ~

2(K) = Ze(K) + Zpe(K), (A2a)
AZ

T (K) = —A2.Gy(—K) = —% | A2b

(K) «Go(—=K) Py (A2b)

Ype(K) = (A2¢)

> 1(Q)Go(Q — K),
0

where K = (iw;, k), Q = (iR2,, q) are four-momenta, with
Yk =TY, > and Gy(K) = (i, — &)™ is the bare
Green’s function.

The finite-momentum 7 -matrix sums the ladder diagrams:

_v
1+ Ux(©@)

with the pair susceptibility x (Q) = > G(K)Go(Q — K) in-
cluding self-energy feedback through the full Green’s function

1pe(Q) = (A3)

G(K)—a key distinction from the Nozieres—Schmitt-Rink ap-
proach [21].

The Thouless criterion tp’gl (0) = 0 implies that the domi-
nant contribution to X, comes from Q ~ 0, leading to the
pseudogap approximation Xpe(K) ~ —AggGo(—K ), with

== (). (A4)
0#0
The total pairing gap is A = VA7 + A2,
2. Self-consistent equations
The full Green’s function takes the BCS form
2 2
GK)=—% 4 Tk (AS)
ioj — Ex  iw; + Ex
with ulz(, vﬁ = (1 £ &/Ex)/2 and Ex = «/Elf + A%
The gap equation is
2f (Ex)
1+U Z K= = doMpair, (A6)

where f(x) is the Fermi distribution, the effective pair chem-
ical potential ppir =0 for T < T¢, and ap is an expansion
coefficient of the inverse 7 -matrix.

The particle number equation is

n—ZZ[Uk+ f(Ek):|

The pseudogap equation follows from a Taylor expansion
of tp‘gl(Q) on the real frequency axis, .'(2, q) ~ a; Q> +

ap(2 — Qg + Ipair), yielding

(A7)

’Pg

-1/2
|ao|A§g=Z[1+4 (< upm)} b(Qq).  (A8)

q

where Q4 = {\/ao[l + 4a1(QO Mpair)/do] — ao}/2ay is the
pair dispersion, with QO = 23(3 — €08 gy — COS gy — COS g;),
B is the pair hopping 1ntegra1 and b(x) is the Bose distribution
function.

Equations (A6)-(A8) form a closed set, solved self-
consistently for (u, Apg, Tc) at A, =0, and for (i, A, Ape)
below 7. When extended to above T, they can be solved for
(t, Apg, Mpair) as a function of T > T¢.

APPENDIX B: ADDITIONAL NUMERICAL RESULTS
FOR DIFFERENT DENSITIES

In this Appendix, we provide additional numerical data for
filling factors n = 0.2, 0.4, 0.6, and 0.8, complementing the
representative cases n = 0.1 and n = 1 presented in the main
text, which represent low and high fillings, respectively. The
broadening parameters are set to I'g = I'j = 0.05 throughout.

1. rf current at different densities

As shown in Figs. 9 and 10, the weight of the pairing
peaks gradually decreases and the M; vHS peak becomes
progressively dominant as n increases, reflecting the growing
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FIG. 9. Rf current for densities n = 0.2, 0.4, 0.6, and 0.8 at U =
U.. The vertical lines indicate the rf detunings corresponding to the
Mo—M3 vHSs.

prominence of lattice effects. The rf detuning v, correspond-
ing to the M; vHS decreases, as the chemical potential
approaches the M; band energy €; = 2/3 from below (see
Fig. 15). For fixed density, increasing |U | shifts the M; vHS
to larger detuning, signaling an enlarged pairing gap.

2. k,-integrated momentum-resolved rf spectra

As n increases, the spectral weight distribution narrows
because the hole branch of the quasiparticle dispersion shifts,
moving spectral weight to smaller detuning, which reflects
the concurrent changes in the pairing gap and the chemical
potential. Inspection of the unified expression for v; in the

0.061 (a) 0.15) (b)

0.04 0.10
.05,I'1=0.05

0.02 0.0s—j
0.00——"| —1 0.00

I(v)
|
o
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S
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_J \ N ’_J \\
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-1 0 2 3 -1 0 2 3

i i
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FIG. 10. rf current for densities n = 0.2, 0.4, 0.6, and 0.8
at U/6r = —2. The vHS signatures become more pronounced at
stronger coupling. The vertical lines indicate the rf detunings cor-
responding to the My—M; vHSs.

FIG. 11. k.-integrated momentum-resolved rf spectra I(k;, v)
along the face-diagonal direction k; = (k, k) for densities n = 0.2,
0.4,0.6,and 0.8 at U = U.,.

main text reveals that this change is dominated by the decrease
of |e; — u|, as the Fermi surface moves closer to the relevant
VvHS band energy with increasing n. This density-dependent
spectral evolution is evident in Figs. 11 and 12 for U = U,
and U/6t = —2, respectively.

3. Energy distribution curves

As shown in Figs. 13 and 14 for U = U, and U /6t = —2,
respectively, the EDCs exhibit more pronounced VHS evo-
lution than the momentum-integrated spectra because fixing
the two remaining momentum components leaves the VHS
structure unaveraged along those directions. At k; = (0, 0),

k

FIG. 12. k. -integrated momentum-resolved rf spectra I(k;, v)
along the face-diagonal direction k; = (k, k) for densities n = 0.2,
0.4,0.6,and 0.8 at U /6t = —2.
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FIG. 13. EDCs extracted from the k,-integrated momentum-
resolved rf spectra for densities n = 0.2,0.4,0.6,and 0.8 at U = U..
The vertical lines indicate the rf detunings corresponding to the
M()—M3 vHSs.

the My and M; vHSs have greater signal intensity, but their
detunings lie close to zero when the gap is not large enough,
making them susceptible to background contamination, espe-
cially from the trap edge in a realistic experimental setup. The
M, and M3 vHSs at k; = (7, 7), in contrast, are more clearly
separated in the plots. In the main text, we further find that
the M; and M, vHSs in the spectrum at k; = (0, w) have
stronger intensities and are therefore the most robust choice
for experiments. Here, we show the curves fork; = (i, ) for
illustrative purposes, where the vHS features are more clearly
separated from their counterparts at k; = (0, 0).

(@ — k;=(0,0) (b)
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FIG. 14. EDCs for densities n = 0.2, 0.4, 0.6, and 0.8 at U /6t =
—2. The vertical lines indicate the rf detunings corresponding to the
M()—M3 vHSs.
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FIG. 15. Chemical potential /6t as a function of —U /6t for
fillings n = 0.2, 0.4, 0.6, and 0.8. The vertical dashed line marks the
unitary coupling U = U,.

4. Self-consistent parameters

To make the parametric dependence explicit, we report
the self-consistent solutions of the pair-fluctuation theory as
functions of —U /6t for fillings n = 0.2, 0.4, 0.6, and 0.8, as
shown in Figs. 15 and 16.

As |U| increases, the pairing gap grows monotonically
while the chemical potential decreases, crossing zero as the
system enters the BEC regime. For fixed —U/6t, a larger
filling n yields both larger i and larger A, consistent with
BCS-BEC crossover physics on the lattice.

| —— n=02

A/6t

-U/6t

FIG. 16. Pairing gap A /6t as a function of —U /6t for fillings
n=0.2,0.4, 0.6, and 0.8. The vertical dashed line marks U = U..
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