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Theory uncertainties in predictions of strong-field QED
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Experiments using high-power lasers and relativistic electron beams will soon be capable of precision testing
of the theory of strong-field quantum electrodynamics. The comparison between experiment and theory always
occurs via numerical simulations, but the lack of quantitative uncertainty bounds for the latter means that the
origin of any discrepancies cannot be identified conclusively. Here, I present a simulation framework that can
place meaningful bounds on the theory uncertainties inherent to its operation. This work shows that the use of
the locally constant field approximation leads to a theory uncertainty of a few percent in the signals of quantum
radiation reaction expected in near-term experiments.

DOI: 10.1103/mtfw-zmpt

I. INTRODUCTION

Experiments with high-power lasers are now being used
to test the theory of strong-field quantum electrodynamics
(QED) [1–4]. This theory is nonperturbative in the coupling to
the electromagnetic (EM) field [5,6]; it predicts the dominance
of high-order processes, such as cascades of high-energy pho-
ton emission and electron-positron pair creation [7,8], and it is
essential for understanding the particle and plasma dynamics
in the magnetospheres around astrophysical compact objects
[9,10].

For any comparison between theoretical predictions and
experimental data to be meaningful, it is essential that both
include quantitative uncertainty bounds [11]. The theoretical
predictions are always obtained from numerical simulations,
because of the severe difficulty in using the theory directly
for high-order processes and experimentally relevant condi-
tions. Numerical simulations are only able to provide these
predictions because they make a series of approximations
[12,13], each of which induces some uncertainty in the final
result. This theory uncertainty, which is needed to judge the
agreement or disagreement with experimental data, has not
been quantified.

In this work, I present a means by which the theory un-
certainty may be quantified for signals of strong-field QED
of experimental relevance. Specifically, we consider the un-
certainty that arises from the use of the locally constant field
approximation (LCFA) as a demonstration of the general
method. We obtain a meaningful estimate for the error made
by this approximation, propagate this error through a simula-
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tion of a high-intensity laser interaction, and demonstrate how
it affects final-state particle spectra. As an example, the theory
uncertainty in the energy spectrum of electrons that have
undergone quantum radiation reaction [14–17] in an intense
laser pulse is a few percent in magnitude, for current and
near-term collision parameters. This work opens a pathway to
determine how well upcoming, higher precision, experiments
can test and constrain the theory of strong-field QED, as well
as to determine what precision would be required to make the
theory uncertainties visible.

II. ACCURACY OF THE LCFA EMISSION RATE

Numerical simulations depend, in particular, on the locally
constant field approximation, which is that photon emission
or pair creation can be treated as occurring instantaneously;
as such, the probability rate is a function only of local pa-
rameters, such as the instantaneous quantum parameter χ . It
applies if the formation length of the given process is much
smaller than the characteristic scale of variation of the external
EM field. The LCFA arises from a local expansion of the
unknown “true” rate of photon emission:

dW

d f
= dW (0)

d f
+ dW (1)

d f
+ · · · , (1)

where the leading-order term is [18]

dW (0)

d f
= α√

3πγ τC

[(
1 − f + 1

1 − f

)
K2/3(ξ )

−
∫ ∞

ξ

K1/3(t ) dt

]
. (2)

Here, γ and χe are the electron Lorentz factor and quantum
parameter, respectively, f = εγ /εe is the ratio of the photon
and electron energies, ξ = 2 f /[3χe(1 − f )], and Kn is a mod-
ified Bessel function of the second kind, of order n.
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The next-to-leading-order (NLO) term, which depends on
derivatives of the electromagnetic field, is given by [19]

dW (1)

d f
= α√

3πγ τC

(
δ1

dX1

d f
+ δ2

dX2

d f

)
, (3)

dX1

d f
= 2

1 − f
K2/3(ξ ) − f

χe(1 − f )2
K1/3(ξ ), (4)

dX2

d f
= χe(2 − f )

f
K1/3(ξ ) − 2 − f

1 − f
K2/3(ξ ). (5)

In the limit f → 0, d
d f X2 � 3.864(χe/ f )4/3 diverges faster

than d
d f X1 � 2.817(χe/ f )2/3. This divergence at small f

means that the correction to the number spectrum is not inte-
grable. Using W (1) to improve the prediction of the emission
rate therefore requires careful handling [19]. Using it as an
error estimate, on the other hand, is more straightforward:
The divergence in dW (1)

d f points correctly to the complete fail-
ure of the LCFA, which predicts a divergent (but integrable)
dependence ∝ f −1/3 at low photon energy. As we are in-
terested in when LCFA-based predictions are reliable, the
divergence may be handled, while preserving the necessary
information, by capping the error term at 100% of the spec-
trally resolved emission rate. Note that the correction to the
energy-weighted rate, which determines the electron recoil, is
integrable: f dW (1)

d f ∝ f −1/3.
For a plane electromagnetic wave, which is defined by

an electric field that is only a function of phase, E(φ), the
corrections to the LCFA rates depend on field derivatives in
the following two combinations:

δ1 = 3E · E ′′ + E ′ · E ′

45(E · E )2
, δ2 = 3E · E ′′ − 4E ′ · E ′

45(E · E )2
. (6)

Here, primes denote derivatives with respect to phase φ.
In the paradigmatic case of a circularly polarized electro-

magnetic wave with normalized amplitude a0 = eE0/(mcω0),
where E0 is the electric field strength and ω0 is the angular
frequency,

δ1 = − 2

45a2
0

, δ2 = − 7

45a2
0

. (7)

The normalized amplitude a0 appears here because it contains
a factor of the frequency ω0, which controls the rate of the
change of the background field: At fixed intensity (fixed E0),
the importance of these corrections increases with ω2

0. Ex-
panding Eq. (3) in powers of 1/a0 (at fixed f ), using Eq. (7),
we find that the typical size of the correction may be related
to the ratio of the energy-resolved photon formation length Lγ

and the laser wavelength [20],

lim
a0→∞

|dW (1)/d f |
dW (0)/d f

� 0.21

(
χe

a3
0

1 − f

f

)2/3

� 9

(
Lγ

λ

)2

, (8)

which is reasonable, because this ratio characterizes the extent
to which the external field is indeed “locally constant.”

III. IMPLEMENTATION OF UNCERTAINTY TRACKING

The proposition of this work is that we treat the absolute
value of the lowest-order correction, Eq. (3), as an unbiased
estimate of the systematic uncertainty associated with the

LCFA, i.e., a best guess of the truncation error that results
from a local expansion of the QED probability. On this basis,
the “true” rate of photon emission, W , is expected to lie some-
where in the region W (0) − |W (1)| � W � W (0) + |W (1)|.

The nonlinear nature of particle dynamics in the strong-
field QED regime means that numerical simulations are
needed to study how this uncertainty affects final-state spec-
tra. An outline of the simulation framework will be given
here, with details reserved for a future publication. In order
to propagate a theory uncertainty through a simulation, the
rate of photon emission for each individual initial particle is
assigned to be

dW

d f
= dW (0)

d f
+ sgn(R) min

(∣∣∣∣R dW (1)

d f

∣∣∣∣, dW (0)

d f

)
, (9)

where R is a pseudorandom number drawn from an ap-
propriate prior probability distribution, when the particle is
initialized. Here, we opt for a standard Gaussian prior, R ∼
N (0, 1), which means that the true rate lies between W (0) ±
2|W (1)| at the 95% confidence level. The error term is limited
to being no larger than the rate itself, in order to avoid nega-
tive probabilities being generated [19]; as a consequence, the
largest uncertainty at any point in the spectrum will be 100%.
This approach captures information about when the LCFA
is reliable, as desired, while avoiding the nonintegrability of
the divergence in the correction term when f → 0. Using
the absolute value of the correction avoids the appearance of
a zero crossing in the systematic uncertainty, which would
claim more confidence than is warranted.

When calculating the correction to the emission rate, W (1),
that appears in Eq. (9), it is necessary to evaluate the field
gradient factors δ1,2. The definition given in Eq. (6) assumes
a plane-wave background; however, it is possible to extend
this to a general electromagnetic background, such as a fo-
cusing laser pulse, by making a high-energy approximation,
γ 	 1 [19]. This is consistent with standard assumption that
the quantum parameter χe is much larger than the Poincare
invariants (|E|2 − |B|2)/E2

crit and E · B/E2
crit [8]. Thus, Eq. (6)

becomes

δ1 = −3u̇ · ˙̇u̇ + ü · ü

45(u̇ · u̇)2
, δ2 = 4ü · ü − 3u̇ · ˙̇u̇

45(u̇ · u̇)2
, (10)

where u̇ = du/dt is the (laboratory frame) time derivative
of the four-momentum. The momentum derivatives may be
obtained approximately by storing past values of u̇μ ∝ Fμνuν

(the force exerted by the external field) during the tracking
process and computing finite differences, e.g., ü � �u̇/�t ,
where �t is the simulation timestep. A crosscheck for the case
of a pulsed plane wave has established that using Eq. (10)
and an appropriately small time step, �t � 1/(2ω0), does
reproduce the uncertainty calculated directly from Eq. (6).

Once their R values have been chosen, particles are tracked
as they travel through a region of strong field in the usual
way: by solving the Lorentz force equation, pseudorandomly
sampling the emission spectrum along the classical trajec-
tory, and recoiling the particle when emission occurs [12,13].
To generate the simulation results in this work, we use the
Ptarmigan simulation code [21], which has been changed to
use the “modified event generator” of Ref. [13] to sample the
photon emission spectrum [Eq. (9)]. As it tracks the incident
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FIG. 1. Upper panels: Photon spectra predicted by LCFA-based
simulations, including uncertainty bounds at the 95% confidence
level (blue dashed lines and bands), and QED theory (black, solid
lines), at fixed electron energy parameter ηe = 0.1. Lower panels:
Systematic uncertainty (blue), statistical uncertainty (red), and rela-
tive difference between the QED and simulation results (black), all
in percent. Theory data reproduced from Ref. [21].

particles, the code collects, for example, an array of photons
with energies εi and uncertainty values ui (inherited from
their parent electrons). The photon energy spectrum, including
uncertainty bounds at the nσ level, follows as

dNγ

dε
� dNγ

dε

∣∣∣∣
R=0

± n
∂2Nγ

∂R∂ε

∣∣∣∣
R=0

. (11)

Similar logic applies to other final-state spectra.
In order for the systematic uncertainties to be meaningful,

they need to be larger than the statistical uncertainties inher-
ent in Monte Carlo simulations. The latter are calculated as
follows, when the code bins the final-state photons in order to
generate histograms of the kind shown in Fig. 1: If the total
weight of photons in a particular bin is

∑N
i=1 wi, where N is

the number of photons in that bin, the statistical uncertainty
(at one standard deviation) is the square root of the variance∑N

i=1 w2
i .

IV. BENCHMARKING AGAINST THEORY

Let us demonstrate that the procedure outlined here
leads to reasonable uncertainty bounds by comparing the
results of LCFA-based simulations with QED theory pre-
dictions for single nonlinear Compton scattering (e → eγ ).
This kind of benchmarking has previously been reported in,
e.g., Refs. [22–24]. The geometry we consider is a head-on
collision between a relativistic electron and a linearly polar-
ized, plane-wave laser pulse, which has wavelength 0.8 µm
and vector potential eAx = a0mc sin(φ) cos2(φ/32) for |φ| <

16π . The field derivatives needed to calculate Eq. (6) are
defined analytically, given this potential. The initial value of
the electron energy parameter, ηe = 0.1, is equivalent to an
energy of ε0 = 8.4 GeV at this laser wavelength. The QED
result, which is calculated to first order in the fine-structure

constant α, does not contain higher-order corrections, such
as radiation reaction. In the simulations, we therefore disable
recoil on emission, so that we have a consistent basis for
comparison [14].

The intensity spectrum of the emitted photons, as predicted
by the simulations and QED theory, is shown in Fig. 1, for
two values of a0. (The theory data have been reproduced
from Ref. [21].) The spectra are given as functions of s, the
ratio of the photon and electron lightfront momenta, which is
approximately equal to the energy ratio f for these collision
parameters. One expects that the simulation results should
tend toward the theory as the LCFA becomes more accurate,
and indeed this is the case: The relative difference between
the two (the black lines in the lower panels) decreases as
a0 increases. However, we are now able to show how the
theory and simulation results are consistent with each other
at a particular, quantitative uncertainty bound. In both cases,
across the full range of photon momenta, the relative error
is smaller than the systematic uncertainty at the 95% (2σ )
confidence level. Furthermore, the bounds are reasonably tight
in the way they capture the dependence of the error on a0 and
photon momentum. It should be noted that the comparison
is less reliable as at very large photon momenta (s → 1)
because the probability of emission is suppressed and there
are correspondingly fewer photons per bin: Here, the statisti-
cal uncertainty becomes too large to resolve the systematic
uncertainty. Nevertheless, the comparison confirms that the
procedure introduced in this work does provide a meaningful
quantitative estimate for the systematic (theory) uncertainty in
a simulation result.

V. UNCERTAINTY IN SIGNALS OF QUANTUM
RADIATION REACTION

Earlier work, reporting experimental measurements of
quantum radiation reaction (e → e

∑
n γ n) with high-

intensity lasers, has raised the question of whether the
mismatch between the experimental results and simulation
predictions might arise from the approximations used in sim-
ulations [2]. We now examine to what extent the uncertainty
caused by the LCFA affects the energy spectrum of an elec-
tron beam that collides with a high-intensity laser, radiates,
and loses energy. We consider a 1D interaction between an
energetic electron beam, which has a Gaussian energy spec-
trum (mean energy 2 GeV and 1% energy spread, rms) and
a linearly polarized laser pulse with an intensity parame-
ter a0 = 10, Gaussian temporal envelope (FWHM duration
30 fs) and a wavelength of 0.8 µm. The energy spectrum of
the electrons after the collision is shown in Fig. 2(a), with the
relative uncertainty at 2σ or 95% confidence in Fig. 2(b). The
simulation is run using 64 million incident particles, which
ensures that the typical statistical uncertainty is less than 0.5%
across a histogram with 100 bins, and that the systematic
uncertainties are adequately resolved. The systematic (theory)
uncertainty is approximately 5% to the left of the peak at 1800
MeV. It is larger to the right of this peak and grows with
increasing energy; i.e., it is particularly important for electrons
that have lost little to no energy.

We may compute an typical systematic uncertainty by av-
eraging the relative uncertainty over the electron spectrum.
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FIG. 2. (a) Final-state energy spectrum of a 2-GeV electron beam
that has collided with an intense laser pulse (a0 = 10, duration
30 fs), including systematic uncertainties (95% confidence interval).
(b) Systematic (blue) and statistical uncertainties (red) for the spec-
trum in panel (a), both at the 95% confidence level; the result of an
experimental uncertainty in a0 of 2% (green, dashed). (c) Average
systematic uncertainty in the electron energy spectrum as a function
of laser amplitude a0, for four different initial electron energies (from
bottom to top): 1, 2, 5, and 10 GeV.

The results, for four different initial energies and a range of
laser intensities, are shown in Fig. 2(c). For the parameters
of upcoming experiments, the typical scale is a few percent.
A power-law fit to the data shown in Fig. 2(c) indicates that
the average uncertainty scales as ε

p
0 aq

0 (p = 0.23, q = −1.33).
This should reflect the relative uncertainty in the radiation
power δP/P|th, which ultimately controls the uncertainty in
the electron’s energy loss and thus the final energy spec-
trum. Given Eq. (9), one may show that δP/P|th = P (1)/P (0),
where P (n) = εe

∫ 1
0 f | dW (n)

d f |d f . This is proportional to a−2
0 and

independent of χe, if χe 
 1. The reason for the different
scalings is multiple emission: Since the electron will radiate
several times before escaping the laser pulse, the total un-
certainty should scale as

√
Nγ /a2

0 ∝ a−3/2
0 (if χe is not too

large), which is in reasonable agreement with the simulation
results. On the other hand, the increase of the uncertainty with
increasing electron energy is a quantum effect: If χe 	 1,
δP/P|th ∝ χ2/3

e /a2
0 ∝ ε

2/3
0 [cf. Eq. (8)]. The weaker scaling

with ε0 obtained from the simulations is a consequence of
radiative energy losses.

Now that we have quantitative bounds on the theory
uncertainty, we can compare them against experimental
uncertainties. Let us consider an uncertainty δa0 in a0

that characterizes the interaction, which could arise from
fluctuations in the collision point, laser pulse energy, or spa-
tiotemporal couplings [25]; this causes a relative uncertainty
in the radiation power of δP/P|expt = 2(δa0/a0) if χ 
 1.
At a0 = 10, a precision in a0 better than 2% is required for
theoretical uncertainties to be larger; Fig. 2(b) shows that there
indeed is a range of electron energies for which the systematic

FIG. 3. (a) Electron and (b) photon energy spectra for a 2-GeV
electron beam that has collided with an intense laser pulse (a0 = 10,
duration 30 fs, focal spot size w0 = 3 µm), including systematic
uncertainties (95% confidence interval). (b), (c) Systematic (blue)
and statistical uncertainties (red) for the spectra, both at the 95%
confidence level, as well as the results of uncertainty of 5% in a0

(green, dashed).

uncertainty exceeds the experimental one. While the uncer-
tainty in a0 in recent all-optical experiments is larger (∼10%)
[4], future high-precision experiments, such as the Light Und
XFEL Experiment (LUXE), aim to tag this parameter from
shot to shot with a precision of 1% [26].

This paper concludes with an example of how this uncer-
tainty tracking framework can be applied to a more realistic
scenario. In any real experiment, the spatiotemporal structures
of the high-intensity laser and electron beam will play a signif-
icant role: Signals of strong-field QED are integrated over an
effective “peak” a0, which varies across the transverse plane,
as are any uncertainties. Here, we use fully 3D simulations
to capture this dependence (see Ref. [27] for an alternative
method based on averaging).

We consider parameters that would be reasonable for a
near-term experiment and therefore simulate the collision be-
tween an electron beam with Gaussian energy spectrum (mean
2 GeV, standard deviation 100 MeV) and charge distribution
(radius 3.0 µm and length 6.0 µm), and a laser pulse that
has focal spot size w0 = 3.0 µm, peak a0 = 10, wavelength
0.8 µm, and duration 30 fs. The energy spectrum of the
electrons postcollision, and that of the photons they emit, is
shown in Figs. 3(a) and 3(b). The relative uncertainties, both
systematic and statistical, are shown below in panels (c) and
(d). A typical value of the theory uncertainty in the electron
spectrum is 8%; the average value, spectrally weighted, is 4%
(both at the 2σ level).

These can exceed the uncertainty induced by a fluctuation
in a0 of 5% (equivalent to 10% in intensity), which is calcu-
lated by repeating the simulation with different values of the
peak a0. The theory uncertainty in the electron spectrum is
larger for εe � 1700 MeV, whereas in the photon spectrum, it
is larger by a significant degree for photon energies εγ < 100
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MeV; the latter region represents 80% of all emitted photons
and 32% of the total radiated energy. This arises because,
unlike the results shown in Fig. 2, there are contributions from
electrons that have hit the fringes of the laser pulse, where
the local peak a0 is smaller and the LCFA less reliable. Use
of simulated data to assist reconstruction of photon spectra
in the few MeV range should be avoided, as there are sig-
nificant theory uncertainties here. The theory uncertainties in
the electron spectrum are also smaller than the differences be-
tween the electron spectra predicted by classical or modified
classical models of radiation reaction [1,2,4]. Thus, violation
of the LCFA would not, by itself, prevent an experiment dis-
criminating between these models. Indeed, recent all-optical
experiments have raised the question of whether fluctuations
in laser intensity and electron-beam energy, or theory uncer-
tainties, better explain mismatches against simulation results
[2]. This work shows that there are uncertainties at the few
percent level, purely due to the LCFA; as this represents a
lower bound on the true theory uncertainty, further work is
needed in order to answer this question definitively.

VI. SUMMARY AND OUTLOOK

In conclusion, this work takes a first step toward the im-
portant goal of placing a quantitative uncertainty bound on
the simulation predictions of strong-field QED interactions
[11]. Note that these theory uncertainties are distinct from
uncertainties that arise from fluctuations in initial conditions
(e.g., laser intensity, particle energies, or beam alignment).
The latter are not inherent to the operation of a numerical sim-
ulation and they are readily estimated by the use of existing
codes [1–3]. Using the post-LCFA result from Ilderton et al.
[19] enables us to establish a meaningful value for the error
induced by the LCFA, which is verified by benchmarking

against results for single nonlinear Compton scattering. Ex-
tending this to the case of quantum radiation reaction, we
find that the theory uncertainty in the electron final energy
spectrum is several percent for the parameters of upcoming
experiments. The uncertainty shrinks with a0, but grows with
electron energy and the number of strong-field QED interac-
tions per particle. We have also seen that it is possible for the
theory uncertainties to exceed the experimental uncertainties
for the parameters of near-term experiments that prioritize
stability [26].

Future work will include the LCFA-induced uncertainty
in the electron-positron pair creation rate [28], in order to
study the theory uncertainty in simulations of pair showers
[29–31] and avalanches [7,32–35]. Furthermore, the method
used here could also be applied to determine the uncertainty
associated with the cascade approximation, which is assumed
in order for high-order processes to be modeled as the in-
coherent product of first-order processes [6]: For example,
trident pair production (e → e−e+e) is treated as nonlinear
Compton scattering (e → eγ ) followed by Breit-Wheeler pair
creation (γ → e+e−). In this case, the neglected (NLO) terms
in an expansion of the probability of a higher-order process
would encompass “one-step” contributions [36–39] and radia-
tive corrections [6].
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