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Unconventional criticality in O(D)-invariant loop-constrained Landau theory
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We study an unconventional phase transition in ferroelectrics where the polarization field is constrained to
be divergence-free, allowing only looplike configurations. This local constraint fundamentally alters the critical
behavior, driving the system beyond the Landau-Ginzburg-Wilson paradigm. A renormalization group analysis
shows that the polarization acquires an unusually large anomalous dimension, 7 =~ 0.239 in three dimensions,
far exceeding the typical values in O(3)-invariant systems. We attribute this effect to a naturally induced gauge
symmetry originating from the zero-divergence constraint. Such constraint-induced gauge-field behavior is
reminiscent of fractionalized phases, revealing a fundamental connection between constrained ferroelectrics and

emergent gauge phenomena in correlated matter.
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I. INTRODUCTION

The Landau-Ginzburg-Wilson (LGW) paradigm of phase
transitions, built upon the concept of spontaneous symmetry
breaking and local order parameters, has been a cornerstone
of condensed matter physics. However, numerous systems
have revealed the limitations of this framework, trigger-
ing the exploration of critical phenomena that go beyond
conventional symmetry-breaking descriptions. These include
transitions driven by topological order, quantum entangle-
ment, and fractionalized excitations, as seen in quantum spin
liquids and deconfined quantum criticality (DQC) [1-4]. Such
transitions challenge our understanding of universality and
scaling, offering insights into complex phases of matter with
potential applications in quantum computation, quantum in-
formation, and quantum sensing, as well as in materials
science.

In particular, systems subjected to local constraints offer
a promising platform for unconventional criticality. A promi-
nent example involves divergence-free conditions on vector
fields, which manifest across various physical systems. For
instance, in frustrated antiferromagnets on pyrochlore and
kagome lattices [5], divergence-free constraints on staggered
magnetization or local flux variables emerge from local con-
straints imposed by competing interactions. Such a constraint
also arises in theories of three-dimensional (3D) quantum
dimer models [6,7].
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In continuum systems, magnetostatics offers a classical
example, where the solenoidal constraint on magnetic field,
V -B =0, governs flux conservation and enforces looplike
field configurations [8]. This imposes topological restrictions
on magnetic fluids, leading to conserved magnetic helicity and
the formation of coherent, filamentary magnetic structures [9].
In the context of incompressible fluids, the velocity field v
satisfies V - v = 0, leading to nonlocal interactions through
pressure mediation. According to Arnold’s theorem for in-
compressible liquids [10], the stationary fluid flow in this case
is composed of two types of elementary topological excita-
tions: either vortexlike or knotted hopfionlike ones. Similarly,
in nanoscale ferroelectrics, e.g., in SrTiO3/PbTiO; superlat-
tices or PbTiO3; and PbZr ¢Tip 403 nanoparticles [11-14], a
zero-divergence constraint on the polarization field V- P =0
plays a central role in the formation of vortex- and hopfion-
like textures, in which the polarization field streamlines wind
around nested cylinders or tori. This prevents the formation
of polarization bound charges, p, = —V - P, which arise due
to the nonuniform distribution of polarization dipoles, and
minimizes the huge electrostatic energy associated with depo-
larization effects. Such constraint-driven structuring of field
lines gives rise to rich topological phenomena [14-17], with
analogies to hydrodynamics and emergent gauge theories.
Similarly, in a superfluid, the constraint V - vy =0 on the
superfluid velocity v, ultimately leads to vortex loop excita-
tions [18-20], which determine its phase structure [21,22]. In
particular, in two dimensions, where vortices are points, this
point of view leads to the celebrated Berezinskii-Kosterlitz-
Thouless (BKT) phase transition [23,24].

These are just a few examples of the diverse classical
and quantum systems where divergence-free conditions gov-
ern the low-energy physics, generating gauge structures and
long-range correlations. When supplemented with continuous
symmetries such as the orthogonal group O(D), where D
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is the spatial dimension, these systems can exhibit LGW-
incompatible critical behavior, which is the focus of this
work. Crucially, we address the role of the functional measure
of the partition function as a significant factor altering the
universality class of the system. This means that the phase
structure of the system is not only determined by the action
and its symmetries. As an exemplary system revealing such a
behavior, we analyze ferroelectric materials where the polar-
ization is constrained to be divergence-free, V - P = 0, giving
rise to topological configurations that influence the system’s
critical properties. We refer to such materials as topological
ferroelectrics. This constraint is precisely accounted for in the
integration measure of the partition function.

A natural question emerging from the above considerations
concerns the role played by the zero-divergence constraint in
determining the phase structure of the physical system. How
much does such a constraint affect the LGW theory of a ferro-
electric system? Remarkably, we find that the critical behavior
of correlation functions is affected significantly, reflecting a
scenario that is usually encountered in physical systems ex-
hibiting fractionalization. The latter is a property underlying
the decay of an order parameter into emergent building blocks,
similarly to the physics of quark deconfinement as studied
in high-energy physics. In condensed matter physics, this is
generally associated with an emergent gauge symmetry, with
realizations in quantum antiferromagnets featuring competing
orders. This leads to a phase structure incompatible with the
LGW paradigm [1,4]. One of the most salient features un-
derlying this scenario is that it leads to an unusually large
anomalous dimension, 1, on the order parameter O(x) [1]. Re-
call that LGW-compatible systems have considerably smaller
values of n compared to those of thermodynamic critical ex-
ponents, namely, exponents obtained from the scaling of the
free energy density [25,26].

The route toward non-LGW behavior in this work differs
substantially from the DQC mechanism, as it does not involve
fractionalization and keeps the LGW action intact. However,
in spite of this, the partition function is changed in an essential
way due to a constrained integral measure on the fluctuations.
This in turn considerably affects the critical behavior of the
order parameter correlation functions, leading to an unusually
large anomalous dimension, similar to DQC. Specifically, we
show that accounting for the constraint V - P = 0 for the elec-
tric polarization indeed implies a large anomalous dimension
without apparent fractionalized excitations. In fact, we find
at two-loop order in perturbation theory that n = 0.239 in
three dimensions. In contrast, in an LGW theory with O(N)
symmetry one finds a value of n that is typically one order
of magnitude smaller than the value found here. Indeed, in an
O(3) symmetric theory, which is the natural case to compare
with in the present context, the result is n & 0.034. Crucially,
the constraint V - P = 0 naturally imposes that N = D, i.e.,
the number of components of the order parameter coincides
with spatial dimensionality.

II. CONSTRAINT-GENERATED LOOPS

The zero-divergence constraint in topological ferroelectrics
can be viewed from a statistical field theory perspective as
representing the collective behavior of objects that we call

here polarization loops, or P loops, which have many as-
pects in common with vortex loops in three-dimensional
superfluids. At this point, it is worth mentioning the
well-known dielectric approach to understand phase tran-
sitions in two-dimensional (2D) superfluids [27]. While
three-dimensional superfluids feature vortex loop excitations
[18-20], in two dimensions vortices are pointlike objects
that arise in pairs having opposite vorticities (+ or —) [24].
This is more easily seen by observing that a vortex loop
pierces a plane at two points. The point where the loop
flows to corresponds to (say) positive vorticity, the one where
it outflows yields a negative vorticity. Hence, an ensem-
ble of point vortices in a two-dimensional superfluid can
be viewed as a Coulomb gas [28], where the vortices rep-
resent electric charges. Neutrality of the Coulomb gas is
guaranteed by the fact that point vortices arise only in pairs
of opposite vorticities [27]. A two-dimensional Coulomb
gas undergoes a phase transition from a dielectric phase
where vortex pairs are bound into dipoles to a plasma phase
where the dipoles unbind. This is the physical picture be-
hind the BKT phase transition. In the context of this work,
such a Coulomb gas is actually a dual representation of
the two-dimensional O(2) nonlinear ¢ model (N = D = 2).
As a model for a two-dimensional superfluid, the latter is
also subject to a zero-divergence constraint, namely, the su-
perfluid velocity v satisfies the incompressibility condition
V.-v,=0.

An attempt to implement the same point of view in the case
of a three-dimensional Coulomb gas faces a major challenge.
In fact, unlike its two-dimensional counterpart, the latter does
not undergo any phase transition, remaining permanently in
the plasma phase. This occurs because dipoles in three di-
mensions do not screen [28,29]. A nontrivial way to have
a Coulomb system with spontaneous symmetry breaking is
constraining the polarization charge density p, to vanish,
meaning p, = —V - P =0, realized either through the de-
scribed streamline winding or through surface compensation
mechanisms [30].

To extend this dielectric point of view to higher dimen-
sions, we represent the electric polarization as

Pr)=) q. | day“s°a -y, 1
r) Xajquﬂy r—y) (1)

where g, are electric charges and L, is a path associated with
a given charge. If V - P = 0, all the paths form loops, akin to
vortex loops in three-dimensional superfluids. Interestingly,
a rotational looplike dipole arrangement leads to a so-called
ferroaxial behavior [31-33]. The experimental evidence of a
ferroaxial density wave has been recently reported in connec-
tion with an axial Higgs mode in rare-earth tritellurides ErTes
and HoTes [34]. In this sense, in addition to the polar ordering
under the constraint V - P = 0, a secondary ferroaxial order is
present, enforced by the same constraint and characterized by
an electric toroidal (ferroaxial) moment % rxP.

Using a parameter s € [0, 1] such that p@(s=0) =
y@(s = 1), we obtain that the total dipole moment associated
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with loops,

1 dy(”)
= d =0, 2
P ;qa /0 = )

vanishes in this representation, while the ferroaxial, angular-
momentum-like vector

1 ! d
LFAZ_E;‘M/(; dsy @ (s) x Y

does not vanish in general. We should note that the vanishing
of the total dipole moment does not occur when thermal
fluctuations are accounted for, as we demonstrate further in
this work.

Remarkably, the P-loop representation allows for an ele-
gant proof (see Appendix A) of the equivalence between the
average linking of the polarization field lines, .%Zp, and the
helicity (or Hopf invariant) of the field, 7, known as Arnold’s
helicity theorem [10] in application to ferroelectrics [14]. It
highlights the topological nature of the polarization under the
zero-divergence constraint.

To study the critical properties of the presented P loops, we
employ an LGW type of theory where the constraint V - P =
0 is enforced, in a situation characteristic of topological ferro-
electrics. Importantly, although our model is LGW-based, the
divergence-free constraint removes the standard assumption
that the order parameter components fluctuate independently
and subjected only to the internal symmetries of the action. In
the case considered here, the constraint must be incorporated
in the integral measure of the partition function. This places
the description beyond the LGW paradigm, because in the
study of critical fluctuations it is the partition function rather
than the action that matters. The latter still has an LGW form
though, but integrating over the fields in the partition function
requires changing the integral measure to accommodate the
local constraint V - P = 0.

(@)

3

III. RENORMALIZATION GROUP ANALYSIS

In the absence of anisotropies, the action of a topological
ferroelectric is given in D dimensions by [35]

_ D l 2, 45 é 212
S_/d r[z(VP) +2P +8(P ) ] 4

where P is a D-dimensional polarization vector, see Eq. (1),
and the constraint V- P =0 holds, arising from the ab-
sence of depolarization charges in the low-energy states. This
implies that only closed-loop configurations of polarization
corresponding to bound dipole textures are energetically fa-
vored and contribute to the partition function. Recall that
in dielectrics the polarization couples linearly to the electric
field, which implies that the “mass” coefficient a appearing
in the action corresponds to the inverse susceptibility. Ferro-
electric order, on the other hand, causes the electric field to
depend nonlinearly on the polarization, so higher powers of
P arise in the expression of the electric field, and ferroelec-
tricity is induced by the sign change in a as the temperature
is reduced below the transition temperature, thus driving the
onset of a spontaneous polarization. The coefficient b > 0

physically controls the stability of the energy in the sponta-
neous symmetry-breaking process [35].

In order to study the critical fluctuations of the system (4),
we consider the partition function

Z = / DPS(V - P)e™3, ®)

where the constraint is incorporated into the path integral mea-
sure. Using a functional integral representation of the delta
function, a modified action is obtained featuring a Lagrange
multiplier field A enforcing the constraint

s = /dDrB(VP)2 + gpz + g(Pz)z —iVa ~P] (6)

The next step is to approximately integrate out the polarization
field and subsequently the Lagrange multiplier field. We do
this by performing a shift in one of the directions by a uniform
background field P, assuming the fluctuations around the
background field are small enough such that only Gaussian
fluctuations are kept. This procedure is equivalent in Feynman
diagram language to performing a one-loop calculation of the
partition function. Thus, we write P = Py + P;, where P, is a
Gaussian fluctuation, treating all D — 1 remaining transverse
fluctuations as Gaussian ones as well. This leads to the ap-
proximate Lagrangian

D

a b 1 ~ 1 3 ~

L=3SR+ P +5Y (V)R + §<a + EbPOz)P]Z
Jj=1

D

1 bP? ~ ~
0 2 o
+_<a+_> E F _’?131)‘})1" )

j=2

We have omitted terms linear in the fluctuations, since the
latter may be absorbed into an external source (like an electric
field) and then either set to vanish or be used for a Legen-
dre transformation leading to the same Lagrangian as above.
Alternatively, in a symmetry-broken regime where a < 0, the
linear terms vanish due to the minimization condition leading
to PO2 = —2a/b.

By integrating out the polarization fluctuations and then the
auxiliary field A (see Appendix B for calculations), we arrive
at the effective action s per unit volume, expanded up to
quadratic order in b:

N a b 4
Sett % S0 + S8y + 2
ND 2 2/A qul
—(D—-=+1)|bP d
* 4( D+ ) *Jo qq2+a
Np[D+7 3D+1 A D-1
2 8 2D(D +2) o (¢ +a)

®)

where sy is an unimportant term not depending on P, and
we have defined Np = 2!=P7=P/2/T'(D/2). Note that the in-
tegrals in momentum space ¢ contain a UV cutoff A. The
renormalization group (RG) equations for both @ and b are
obtained by demanding that s.; is an RG invariant, i.e.,
Adserr /d A = 0. After applying this RG invariance condition
for each power of Py and defining the dimensionless coupling
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constants, & = A~2a and b = Np AP~*b, we obtain the RG S
functions,

da 1 2 b
A—=-2a—-(D-=+1 =
dA 2 D l1+a

|:D+7 B 6(D+1)} b?
2 DD +2)](1+a)?
9

Note that the obtained RG functions (9) already reveal a
significant difference compared to those for unconstrained
systems with N # D (Appendix C). One direct consequence is
that for D = 1 the RG equations become linear, reflecting the
fact that there are no transverse directions in this case, which
means that no fluctuations exist in the system. This highlights
the nontrivial impact of the divergence-free condition on the
critical behavior.

For small a the theory features an infrared stable fixed
point, but the universality class is clearly not the O(D) one.
Indeed, linearizing the RG equations (9) near the fixed point
leads to the following thermal eigenvalue, i.e., the RG eigen-
value associated with the relevant direction that tunes the
system to criticality, governing the behavior of the correlation
length,

~

db R
A— = —(4—D)b
I ( )b +

8 + D(D* +2D + 8)
D2+ 10D+ 12

Ar = , (10)
which determines the corresponding critical exponent, v =
—1/XAr. Since the number of components of the field P is the
same as the dimensionality, D, of the system, the € expansion
is not suitable for calculating the critical properties. Instead,
we have to rely on a fixed dimension approach. For D = 3,
we find v &~ 0.662. This is to be compared to the one-loop
calculation result for the O(3) universality class in three di-
mensions, v &~ 0.647 [36]. Hence, at this order the constraint
V . P = 0 causes only a small departure from the usual O(3)
universality class for the correlation length scaling.

IV. TRANSVERSE CORRELATION FUNCTION

The zero-divergence constraint of the polarization im-
plies that the correlation function A;;(r) = (P;(r)P;(0)) is
transverse, 9;A;;(r) = 0, or, equivalently, q,-Ai i(g) = 01in mo-
mentum space. To calculate it, we introduce a quadratic term
ai?/2 for the auxiliary field A in Eq. (6). Integrating out
A generates the term (V - P)? /(2a) in the effective action.
Hence, by inverting the kernel (¢*> + a)é; j +qiq;/a and set-
ting the tuning parameter « — 0 (see Appendix C), the free
propagator becomes

% 1 qiqj
0) L 7 )
Aij (q) q2 a(8lj qz > (11)

The corresponding free propagator in real space, Ag.))(r), is
given in Appendix D. The calculation of the tadpole correc-
tion to the propagator (11), see Appendix E, shows that any
fluctuation correction to the mass term is transverse. It also
recovers the same RG equation for a in Eq. (9) as obtained
using the effective action approach.

At the next step, we calculate the two-loop correction re-
quired to estimate the anomalous dimension 1 of a system
under divergence-free conditions.

V. TWO-LOOP CALCULATION OF p

To derive the value of the anomalous dimension of the
polarization at the two-loop order, we represent the interaction
term in Eq. (4) as

‘Cin[ = %bkminkPmPanv (12)
where, for an isotropic system,
b
bkmnp = 5(8km8np + 8kn8mp + Skp(smn)- (13)

Performing the calculations for the two-point function to
order b? (see Appendix F) yields for the two-loop propagator
inD =3,

A= (8"'7 B %)%),

L[, 8 Gineya) +GE +oq)
q*+a 472 q?+a ’

A(g) =

(14)

where C; = 11/6, C; = 0.04, and ¢ contains the UV cutoff of
the real-space integrals, i.e., ¢ — 0.
Next, we rewrite the propagator (14) in the form

- b Cialn(c/a) + Cg?\
Ag) ~ <q2+a+— 1¢1n( “/_2) 24 ) . 15)
a 4r

Using this expression, we derive the anomalous dimension
n following the approach in Ref. [26] as

0 C, b?

n= AaAan, Z(a,b)_l—l—4n_2 e (16)
where Z is the field renormalization constant and »n is cal-
culated at the fixed point. More precisely, the process of
renormalization involves the replacement of bare quantities
by renormalized ones, which are overall independent of A
and are given as a perturbative expansion in terms of the
bare parameters of the theory. The requirement that all renor-
malized correlation functions are A-independent yields the
RG functions [26]. In the case of 1, we have explicitly (see

Appendix G)
AN
—=|1+Cr*=] -1 (17)

N3

Ay

Substituting the fixed point values, a, = —25/77 and B* =
5/17, calculated from Eq. (9) for D = 3, we obtain n &~ 0.239.
This value is significantly larger than the ones typically ob-
tained from the LGW theory, thus highlighting the impact of
the constraint V - P = 0.

The value of the exponent 5 can be experimentally veri-
fied in nanoscale ferroelectrics via finite-size scaling of the
dielectric susceptibility x near the critical temperature, where
x(r) o« [dPr(P(0)P(r)) = A;j(g = 0) decays as ~r>~D77.
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In confined geometries of the linear size L, this leads to the
finite-size scaling form x (L) ~ L?>~" [37], allowing extraction
of n from the size dependence of dielectric response (e.g.,
on film thickness or nanoparticle diameter) near the Curie
point. This approach has been validated in magnetic systems
[38—40].

VI. CONCLUSIONS AND FINAL REMARKS

We have shown that imposing a local divergence-free con-
straint on the polarization field drives a ferroelectric system
into a universality class that lies beyond the conventional
LGW framework. This profoundly modifies the configura-
tion space, restricting it to looplike polarization structures
and thereby altering the critical behavior. The RG analysis
demonstrates that the polarization correlation function fea-
tures a large anomalous dimension in three dimensions, n =
0.239, which significantly exceeds that of ordinary O(3) LGW
models.

This unconventional scaling originates from a naturally
induced U(1) gauge symmetry, which becomes explicit when
the constraint is resolved as P =V x A, rendering the ef-
fective theory manifestly gauge invariant. In this sense, the
zero-divergence constraint is understood as a local conser-
vation law corresponding to a local gauge symmetry. This
leads to the emergence of a gauge field and therefore to a
large value of 5. Usually, the argument runs the opposite way,
with a gauge symmetry yielding a local conservation law,
one example being current conservation in electrodynamics.
From a field theoretic perspective, at the critical point current
conservation implies that currents do not have an anomalous
dimension [41]. This fact is a consequence of the scale in-
variance of the critical point. The opposite is true here: The
order parameter, viewed as a conserved quantity, has a large
anomalous dimension.

Looking ahead, ferroelectric systems that naturally enforce
local polarization constraints [14] open a route for explor-
ing gauge-symmetry-mediated universality and constraint-
induced critical behavior in classical systems.
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APPENDIX A: ARNOLD’S HELICITY THEOREM

The helicity, or Hopf invariant, of a divergence-free field
P defined in a volume V can be expressed through its di-
vergenceless vector potential A, i.e., P=V x A, V-A =0,

as [10]

%:/d3rP~A. (A1)
14

The P-loop representation of polarization vector (1) assumes
the vector potential A (r),

4 _/ d3r’V/ x P(r') _ /‘ e (r—r)xP@)
v d|r —r'| v dzlr—r'3
r—r)x§ dy@9s3w —y)

| (
- d3/
4”;%L ’ =T

_ Ly %dﬂwx@—ﬂ%
=T a D T yep

Then, the helicity (18) becomes

1
H=—— | & dyP83 @ — y®
i ), qubyg yO8 e —y®)
b b
Ay x (r — y@)
X;%i =P

1 Z % [dy(b) X dy(“)] X (y(b) _ ),(a))
= 9aqb .
- ¢ L. JL, ly® — y@]3

(A2)

(A3)

Hence, the helicity is expressed in terms of the Gauss linking
integral. It represents the linking number of the curves L, and
Ly, and corresponds to the average linking of the polarization
field streamlines [14], £p = 7.

APPENDIX B: RENORMALIZATION GROUP
CALCULATIONS

__ Integrating out the Gaussian fluctuations of the polarization
P; in Eq. (7) yields the following effective action:

a b 1 3
Seff = V(EP“% + gPé) + ETI']I] (—Vz +a+ Eng)

D—1 ) bP?
+ Trin( -V +a+ —
2 2
1 D D _/ /\Na/ /
+§ dr | d7r"| 1IA@)GL(r —r)oA[r)

D
+ ) 01)Grr — ) | (B1)

J=2

where V is the (infinite) volume, and G (r — r’) and G (r —
r’) have Fourier transforms

1
e
¢ +a+ S
Next, we integrate out the Lagrangian multiplier field, which
gives the following effective action s.g per unit volume (which
in this case corresponds to the free energy density) written in
terms of momentum space variables,

a b D bP?
Seff=§P02+§ é—i—(E—l)/qln(qz—}-a—i—TO)

GLiq) = e Grg) = (B2)

P +a+ =
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1 2o 2 bPy 2 & 2
+§ In|g”| ¢q +a+7 +bP, qu , (B3
q j=2

where fq =/ (gjfu. The above form of the effective action
reveals a different pattern of would-be Goldstone modes.
Typically, without the constraint V - P = 0, the minimum of
the effective potential in the spontaneous symmetry-breaking
regime would yield D — 1 gapless transverse modes and one
longitudinal gapped mode, as required by the O(D) symmetry.
At one loop, the minimum is given by the tree-level contribu-
tion, PO2 = —2a/b, requiring a < 0. From Eq. (23), all modes
are gapless as ¢ — 0, a direct consequence of the constraint,
which imposes transversality of P. A gapped mode and the
usual Goldstone counting appear only if g; — O faster than
the other ¢ components, reminiscent of early studies of the
critical behavior in systems with dipolar interaction [42].

In order to obtain the one-loop RG equations, we expand
Seft up to the second order in b, which results in the expression
(8) for the effective action.

APPENDIX C: RG FUNCTIONS WITH NO CONSTRAINT

In the absence of the V - P = 0 constraint, the one-loop RG
equation (9) would acquire the usual O(N) form,

ada_ o, N+2 b

dA 2 1+a

db . N+8 §B?

AL — _a—_phpy 7 Cl
an = Pt Aty O

It is clearly seen that imposing N = D directly does not lead
to Eq. (9), which highlights the nontrivial impact of the con-
straint on the critical properties of the system.

To illustrate the effect of the constraint, one may keep the
tuning parameter « in the free propagator (11) as

1 qiq;
8ij — , C2
q2+a<” (1+oz)q2+ota) (€2)

AD(g:e) =

thus setting o« — 0 results in the considered constrained case,
while o« — oo corresponds to the absence of the constraint.
The a-dependent RG B functions read

da 1 2 b D+2 b
A = 2a-—(D-Z+1 _ ,
dA 2 D I+a 2D

Aﬁz_(4_D)é+[D+7_6(D+l)} bZA
dA 2 DD +2) [ (1 +a)3
a 4D-1) »?
l+aDD+2)(1+a)(1+ %)
+l“—2[1+i+ 12 ] Ui
2(1+a)? D DD +?2) (1+1;Laa)2’

(C3)

and reduce to Egs. (9) and (24) with N = D in two limit cases
o — 0and o — oo, respectively.

APPENDIX D: FREE POLARIZATION PROPARATOR
IN REAL SPACE

The constraint V - P = 0 imposes that in the absence of
interactions the polarization propagator is given in momentum
space by Eq. (11). To obtain the corresponding propagator in
real space, we rewrite the propagator as

X 8ij qiq; 1 1
Ai‘ = ! + == - 5 ) D1
(@) Zt+a P <q2+a q2> (DD
and introduce the function
qu eiq~r
Qr)P g2 +a

1 <£> TK¥ (Var),  (D2)

B AN

C(r;a) =

where K, (x) is the modified Bessel function of the second
kind. At large distances,

o] Ja\ @2 e
(ra)~ —\ 5= eV,
2/a\2nr

which for D = 3 holds exactly. Then, in real space,

(D3)

Af‘?)(r) = C(r;a)s;; — éa,-aj[C(r; a)—C(r;0)]

D-3

1 (1T
" drarP \ 27

x {(Sij [eﬁ"(«/c_lr)b? ((«/Er)2 +Var + D_2— 1)

(2 X reL
_2G) +x,_)2c, p2e) — eV (Jar)'T
21 r 21
D—1)(D+3
o (W + o+ RN
(D4)
For D = 3, this expression simplifies to
(0) — —ar (.2 — .
AO(r) = 4mr3{[e (ar® + ar + 1) 1]5,,
— [e_ﬁ’(ar2 + 34 /ar + 3) — S]XI—? , (D5
r

allowing us to calculate the two-loop propagator (14).

APPENDIX E: TADPOLE CORRECTION
TO THE PROPAGATOR

The one-loop propagator is given by

~ ~ 3~ ~ ~
Bl = 3@ - 355 @S @bun [ B
k
_ <5A _ ﬂ) [;
m q2 q2 + a
b D 2 41 1 / 1
" b @ rar hera

1 qiqn
SFra\" T g
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[1_—b D—2+1/ ! }
8 2(q2+a)< D )kk2+a

1 qiqn
= —— (8, - 2"), El
F<2>(q)< 7 ) (D
where [, = [ % and
=g +ati(b-2+1) [ @
2 D k2 +a

The above result shows explicitly what we should expect,
that any fluctuation correction to the mass term should be
transverse. No renormalizations in the longitudinal direction
take place. We can thus define the renormalized quantity ag =
I'®(0) and obtain the P? operator insertion leading to the crit-
ical exponent v as dag/da. Introducing the dimensionless bare
coupling & = A~2a and demanding that ag is independent of
the cutoff A recovers the RG equation for & in Eq. (9), which
was obtained using the effective action approach.

APPENDIX F: TWO-LOOP PROPAGATOR

The two-point function to the order »*> in momentum space,

Aij(g) = A0 (g) + 3APAD Au(g), (F1)
& k l Ji

includes the contribution from the sunrise diagram above,
0 —ig-
At (q) = bkmnpblstu / A,(,?S) AE")AE,?‘)G K rdDr. (F2)

Here, AE?)(r) is the free polarization propagator in real space
(see Appendix D). Note that in the massless theory (a = 0)
the diagram (35) is logarithmically divergent for D = 3. This
issue does not arise in massive theory.

Although the diagram Ay, (35) representing the amputated
correlation function is not transverse, the full second-order

propagator (34) is transverse as required by the constraint.
Performing the integral in Eq. (35) and substituting into Eq.
(34) yields for D = 3 the expression (14) with C; = 11/6,
C, =(792In2 —3151n3 — 181)/540.

APPENDIX G: EXPLICIT DERIVATION
OF THE ANOMALOUS DIMENSION

The first nonvanishing contribution to the field renormal-
ization constant, Z, is given by the coefficient of the ¢ term
in the renormalized two-point vertex function corresponding
to the two-loop propagator [Eqgs. (14) and (15)] as

Z(a, b) L oA 14 & (G1)
ab)=———| =1+-—"—.
A29q%| 2 472 a
The RG function 7n(a, b) is given by [26]
d 1 G 20
b)) = —A— InZ~——-—227 G2
n(a, b) DA |y, s 717 g (G2)

Note that the differentiation with respect to A is performed
keeping the (renormalized) coupling constant, but not the
mass, fixed. Specifically, we replace the bare quantities a, b
by A-independent renormalized ones ag, bg, which are then
given as a perturbative expansion in terms of the bare
parameters of the theory. Next, recalling the dimension-
less coupling constants, & = A~2a and b = Ny AP~*b, gives
bV /a = N52A2(3’D)52/&, or, in three dimensions, b*/a =
N;2b*/a = 4*b*/a. The values of the dimensionless cou-
pling constants at the fixed point, &, and 13*, are obtained from
the RG equation (9). We solve AdB/dA =0 to get b, and
then tune the mass parameter & to criticality using the RG 8
function for a. This yields

_(D—-4HD+2
T D3 2(D+2)7

_ 2D(4-D)D+2)
(D —1)(D?+10D + 12)°
(G3)

A

(2

*

resulting in a, = —25/77 and b, =5/17 for D = 3. Substi-
tuting the fixed point values to the RG function (37) leads
to the expression (16) and, eventually, to the numerical value
n ~ 0.239.
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