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Intermediate physical interactions induce spatiotemporal dynamics in Turing patterns
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Turing patterns are a central paradigm for describing spatial patterns in nature. The corresponding theory of
reaction-diffusion dynamics combines ideal diffusion with nonlinear reactions, resulting in patterns when species
diffuse at different rates and reactions are sufficiently nonlinear. However, real systems are more complex and
particularly involve physical interactions between constituents. While such interactions can promote patterns, we
here show that they can also induce persistent spatiotemporal patterns. These patterns exhibit well-defined length
and timescales, which result from cycles of droplet coarsening and fission. The dynamical patterns combine
properties of traditional Turing patterns and chemically active droplets, which emerge for strong physical
interactions. Our analysis thus reveals three qualitatively different regimes that emerge when two components
interact physically and undergo nonlinear reactions.

DOI: 10.1103/mnpt-c563

I. INTRODUCTION

Reaction-diffusion systems have been a cornerstone of
theoretical modeling of natural patterns since Alan Turing
introduced them to explain patterns of morphogens [1]. These
Turing patterns (TPs) form when a locally self-enhancing
activator is counterbalanced by a faster-diffusing inhibitor that
suppresses production globally [2,3]. Linear stability analysis
reveals that patterns emerge only if (1) the inhibitor diffuses
much faster than the activator and (2) the underlying reaction
kinetics are strongly nonlinear. If these conditions are met,
the framework explains various natural patterns ranging from
nanocrystals [4] and complex tissues [5] to geophysical phe-
nomena [6].

Reaction-diffusion systems provide a mathematically el-
egant description of pattern formation, but the underlying
assumptions are often questionable in real systems. In particu-
lar, to exhibit the necessary nonlinearities in the reactions, the
involved components typically interact physically, but these
interactions would also affect spatial transport [7]. Strong
physical interactions can even give rise to phase separation,
which has been shown to be relevant in the spatial organi-
zation of biological cells [8–12]. The resulting droplets can
then be influenced by reactions, resulting in regular pattern
reminiscent of Turing patterns [12–17]. However, even weak
interactions can broaden the parameter regime where Turing
patterns emerge [7] and lower the energetic costs required to
maintain them [18]. These earlier investigations of the role of
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physical interactions in pattern formation focused on regular,
stationary patterns, but more complex, dynamical states are
possible [19]. However, it is currently unclear how the in-
terplay of nonlinear reactions and physical interactions might
lead to both regular patterns and dynamic states.

We here present a systematic parameter study of a
reaction-diffusion system of two components with physical
interactions. Our simulations reveal three qualitatively dif-
ferent patterns, which resemble classical Turing patterns at
weak interactions (TP regime), chemically active droplets at
strong interactions (AD regime), and an intermediate dynamic
regime exhibiting spatiotemporal dynamics (DP regime).
Using stability analysis and numerical simulations, we ratio-
nalize how parameters affect the emerging length scale and
we show that the dynamical regime emerges from a perpetual
cycle of coarsening and fission of droplets.

II. MODEL

To study Turing patterns with physical interactions, we
consider an isothermal mixture of an activator A and an in-
hibitor I , which are embedded in a solvent S. We consider
an incompressible system, whose composition is described by
the respective volume fractions φA and φI , while the solvent
fraction is given by φS = 1 − φA − φI . The dynamics of the
system are governed by two coupled partial differential equa-
tions for the concentration fields [7],

∂tφi = ∇ (Diφi∇μ̄i ) + si, i = A, I, (1)

where the first term on the right accounts for diffusive fluxes
proportional to diffusivities Di and the source term si cap-
tures reactions. The diffusive fluxes scale with the fraction
φi, and we neglect explicit cross-diffusion, essentially assum-
ing fast solvent dynamics [12,20]. The diffusive fluxes are
driven by gradients in nondimensional exchange chemical
potentials μ̄i derived from the free energy F of the system,
μ̄i = (ν/kBT )δF/δφi, where kBT is the relevant energy scale
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FIG. 1. A dynamical regime separates stationary Turing patterns from active droplets. (a)–(c) Activator volume fraction φA as a function of
the one spatial coordinate x and time t for the TP regime (χ = 0), the DP regime (χ = 6), and the AD regime (χ = 8). (e)–(g) Activator fraction
φA (blue) and inhibitor fraction φI (orange) as a function of x at t = 107k−1

0 corresponding to panels (a)–(lc). State diagrams indicating the three
regimes as a function of interaction strength χ and reaction nonlinearity h [panel (d)] and diffusivity ratio DI/DA [panel (h)]. Homogeneous
states are stable in the white region. (a)–(h) Model parameters are h = 5, DI/DA = 10, k/k0 = 10−3, k0 = DA/w2, φ0 = 0.2, and system size
L = 2000w. Numerical details are described in Appendix A.

and ν denotes the molecular volume, which we take to be the
same for all components. For simplicity, we choose the free
energy [21–23]

F [φA, φI ] = kBT

ν

∫ [
φA ln φA + φI ln φI + φS ln φS

+ χφAφI + w2

2
(|∇φA|2 + |∇φI |2)

]
dV, (2)

which originates from Flory-Huggins theory [24,25]. It ac-
counts for translational entropies of all components (first line)
and interactions that can lead to phase separation (second
line). In particular, the term proportional to the Flory parame-
ter χ accounts for physical interactions between activator and
inhibitor, and the last term penalizes interfaces, which will
then exhibit a typical width w. The free energy F leads to seg-
regation of A from I for positive χ , whereas negative χ leads
to attraction. Absence of interactions (χ = 0) corresponds
to ideal diffusion commonly used for Turing patterns [7],
where spatial fluxes tend to homogenize the system. In this
ideal-diffusion case, patterns only form when the reactions
described by si in Eq. (1) destabilize the system. We capture
the necessary nonlinear reactions by the reaction law

si = k

[
2φ0

1 + (φI/φA)h
− φi

]
, (3)

which provides separate control over the reaction rate k, the
fraction φ0 in the homogeneous steady state, and the strength
of the activator-inhibitor feedback through the parameter h.
This reaction scheme corresponds to the system we studied in
Ref. [7], which produces patterns in the absence of interac-
tions (χ = 0).

We have previously shown that the system described by
Eqs. (1)–(3) exhibits patterns above threshold values of h and

the diffusivity ratio DI/DA [7]. Moreover, these thresholds
decrease for larger repulsion χ between activator A and in-
hibitor I . However, the emerging length scale � of the resulting
patterns remained difficult to interpret and seemed to exhibit
a transition in qualitative behavior when χ crossed the value
required for phase separation without reactions [7].

III. RESULTS

To analyze the influence of the interaction parameter χ on
the resulting patterns, we performed numerical simulations
in one-dimensional systems. We visualize the dynamics in
space-time plots, which confirm that regular patterns form for
weak interactions [χ = 0; Fig. 1(a)] and strong interactions
[χ = 8; Fig. 1(c)]. However, we also discovered an addi-
tional dynamical regime for intermediate interactions [χ = 6;
Fig. 1(b)], which is not characterized by steady-state patterns.
The fact that this dynamical regime occurs for intermediate
interaction strengths suggests that the two stationary pat-
terns might also be qualitatively different. Indeed, for low
interactions, only the activator A exhibits strong variations,
whereas the inhibitor I is distributed almost homogeneously
[Fig. 1(e)]. This behavior is consistent with the paradigm
of local activation and global inhibition that explains Tur-
ing patterns, suggesting these patterns are in the classical
Turing pattern regime (TP) [1,26]. In contrast, strong inter-
actions lead to segregation of A and I [Fig. 1(g)], which is
reminiscent of phase separation. This regime corresponds to
active droplets (AD), where patterns form by phase separa-
tion, but their coarsening is suppressed by chemical reactions
[12–15,27]. These two stationary regimes are separated by
the dynamical pattern regime (DP) at intermediate interaction
strengths χ .
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FIG. 2. Dynamical regime exhibits cycles of growth and fission. Snapshots of the activator fraction φA of a two-dimensional system for the
indicated times t . Model parameters are χ = 6, h = 5, DI/DA = 3, k = 0.01k0, k0 = DA/w2, and φ0 = 0.2.

The three qualitatively different patterns are clearly re-
vealed when additional parameters, like the nonlinearity h
or the diffusivity contrast DI/DA, are varied. Figures 1(d)
and 1(h) show that the dynamical regime only emerges for
intermediate χ in systems where pattern formation is suffi-
ciently strong. The relevant interaction strength lies in the
vicinity of the critical interaction strength χc, which is re-
quired to induce phase separation when reactions are absent.
Linear stability predicts χc = φ−1

0 [7], which implies χc = 5
for the data in Fig. 1. This already suggests that the dynamical
regime emerges from an interplay of weak phase separation
and strong reactions. To understand the different regimes in
detail, we next investigate the extreme cases of weak and
strong interactions, before we study the dynamical regime.

A. Weak physical interactions lead to Turing patterns (TP)

Weak interactions (χ � χc) cannot induce phase separa-
tion in systems without reactions. Consequently, we expect
that the system with reactions effectively behaves as a
reaction-diffusion system with ideal diffusion. In this case,
interactions captured by χ lead to ideal cross-diffusion
[7,18], which enhances pattern formation and thus broadens
the parameter range where stationary patterns emerge. In
this weak-interaction regime, the activator forms a periodic
steady-state profile of a well-defined wavelength �, whereas
the inhibitor profile remains nearly flat, exhibiting only small
variations [Fig. 1(e)]. In particular, these patterns can be
studied by linear stability analysis, which predicts stationary
patterns above threshold values for h and DI/DA [7], consis-
tent with our numerical data [Figs. 1(d) and 1(h)]. Moreover,
the most unstable mode provides a prediction for the pattern
length scale �. In the limit of a large diffusivity contrast
(DI � DA), we find �TP ≈ 4π

√
DA/(kh) [7], suggesting that

the length scale �TP in the Turing regime is governed by the
reaction-diffusion length

√
DA/k associated with the activator.

Taken together, the limit of weak interactions is consistent
with traditional reaction-diffusion systems, where interactions
merely introduce some cross-diffusivity.

B. Strong physical interactions lead to active droplets (AD)

In the limit of strong interactions (χ � χc), diffusive
fluxes dominate the behavior and enforce phase separa-
tion, which is characterized by coexistence of activator-rich
droplets with inhibitor-rich surrounding regions [Fig. 1(g)].
Without reactions, the dynamics of such a system would be

determined by the gradient term proportional to w2 in Eq. (2),
which describes interface-penalizing surface tension. Conse-
quently, such a system exhibits a coarsening process known
as Ostwald ripening [28,29], which in one dimension implies
that the pattern length scale � grows logarithmically in time.
Chemical reactions can suppress this coarsening by providing
fluxes that counteract the effect of surface tension [15]. In
the simplest case of such chemically active droplets, � scales
with the interfacial width w and a reaction-diffusion length
l . In particular, binary models with just one diffusivity re-
sult in � ∼ w1/3l2/3, which implies � ∼ k−1/3 [12–15]. In our
more complex model, we have two distinct reaction-diffusion
lengths, associated with the activator, lA = √

DA/k, and the in-
hibitor, lI = √

DI/k, respectively. Numerical evidence shown
in Appendix B and Fig. 6 suggests that the length scale �AD

in the active droplet regime scales as �AD ∼ (wlAlI )1/3, so that
both reaction-diffusion lengths contribute equally. Moreover,
this form maintains the scaling � ∼ k−1/3 observed in simpler
systems [13–15]. These observations suggest that the strong
interactions in the active droplet regime lead to chemically ac-
tive droplets, which are qualitatively different from the Turing
patterns at weak interactions. Between these two regimes, we
found the dynamical regime, which might inherit properties
from both adjacent regimes.

C. Intermediate physical interactions lead to dynamical
patterns (DP) involving cycles of droplet growth and fission

For intermediate interactions (χ ∼ χc), our numerical sim-
ulations suggest that the system does not reach a stationary
pattern and instead develops spatiotemporal dynamics with a
dominant length and timescale [Fig. 1(b)]. The nature of the
dynamics becomes even more clear in two-dimensional sim-
ulations: Figure 2 shows snapshots of the key events, where
activator-rich droplets (yellow region) develop an activator-
poor bubble (small blue region), which then grows and
induces fission of the activator-rich droplet. Evidently, these
cycles of growth and fission give rise to the dynamic pat-
terns. Here, droplet growth could be a natural consequence of
Ostwald ripening [28,29] if reactions are not strong enough
to suppress it. Alternatively, droplet growth might also be
driven by chemical reactions [12]. In contrast, the spontaneous
fission is qualitatively different from previously observed
droplet division [30]. Instead, fission is preceded by the for-
mation of a bubble, which is reminiscent of vacuole formation
observed in chemically active droplets [31,32], although spon-
taneous fission was not observed in these systems.
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FIG. 3. Growth of a single droplet reveals fission mechanism. (a)–(d) Volume fractions of activator (φA, blue lines) and inhibitor (φI , orange
lines) at four indicated times t . Red dashed lines mark the instability boundary that is crossed in panel (c). (e) Phase diagram of system without
reactions (k = 0) as a function of φA and φI . Homogeneous states are unstable in the red region (Appendix C). Blue line shows the trajectory
of φA(t ) and φI (t ) at the droplet center at x = 100w with points marking states shown in panels (a)–(d). (a)–(e) Model parameters are χ = 4.5,
k = 0.01k0, DI/DA = 10, h = 5, φ0 = 0.2, and k0 = DA/w2.

To understand fission in detail, we consider the dynamics
of a single, isolated droplet in one dimension by initializing
a system with a narrow peak of activator A [Fig. 3(a)]. The
dynamics given by Eq. (1) then lead to production of A and
I [Fig. 3(b)], implying that the droplet grows. Because the
inhibitor diffuses faster than the activator (DI � DA), the
inhibitor profiles are broader (orange lines) while the activator
profiles exhibit larger peaks (blue lines). Growth continues un-
til the inhibitor fraction reaches the instability line [red dashed
line in Fig. 3(c)], which indicates the composition at which a
homogeneous state becomes linearly unstable (Appendix C).
The instability induces rapid dynamics, where particularly
the activator profile dips [Fig. 3(d)], while the inhibitor rises,
thus explaining how the bubble forms. Consequently, fission
completes and the two resulting activator droplets can start a
new cycle of growth and fission.

The fission dynamics can also be visualized in the gen-
eral phase space of the two components [Fig. 3(e)]. A linear
stability analysis shows that homogeneous states are unstable
in the red region (Appendix C). Tracing the droplet midpoint
(blue line) then reveals that the droplet initially remains in the
stable region until the particular time points corresponding to
Fig. 3(c). Further growth then triggers the instability, which
is visible by the short excursion into the unstable region.
Once splitting took place [Fig. 3(d)], the midpoint leaves the
unstable region, evolving toward a new configuration. Further
growth will then trigger another instability, driving a perpetual
cycle of growth and fission.

An important feature of the dynamics is that right prior to
hitting the instability, the activator profile exhibits a dip in the
center of the droplet [Fig. 3(c)]. This is surprising since both
the activator and the inhibitor are produced in the activator-
rich droplet, so one could naively expect that they both exhibit
a peak inside the droplet. However, the actual profiles are also
affected by diffusive fluxes, and particularly cross-diffusion,
which is induced by physical interactions [7,18]. For in-
termediate interactions relevant to the DP regime, we can
approximate the diffusive flux by expanding the term Diφi∇μ̄i

in Eq. (1) in the volume fractions. We show in Appendix D
that this leads to cross-diffusion since μi depends on φI . In
particular, we find a term DAφAχ∇φI , which indicates that
this cross-diffusion effectively pushes the activator out of its
dense phase, leading to the observed depletion in the center
[Fig. 3(c)]. Furthermore, the central depletion of A induces a
cross-diffusion flux for the inhibitor I , which thus accumu-
lates in the center, amplifying the total effect. This picture

is consistent with the observation that the dynamic pattern
only emerges when the diffusivity of I is sufficiently large
compared to A [Fig. 1(h)]. Taken together, we conclude that
cross-diffusivity induced by the interactions triggers the insta-
bility in isolated droplets, and we hypothesize that this effect
also explains droplet splitting when there are many droplets.
Indeed, we show in Appendix E that the qualitative features of
this analysis for an isolated droplet are reproduced in the full
dynamics containing many droplets.

We identified a scenario where droplet growth leads to
an instability, which induces fission. The resulting smaller
droplets can then grow again, and the cycle continues. In
a dense system of many droplets, droplet growth might be
hindered by surrounding droplets, so that droplet growth
must happen at the expense of shrinkage of other droplets,
which is similar to the coarsening process of Ostwald ripening
[28,29]. In the long-term limit depicted in Fig. 1(b), we thus
see competition of neighboring droplets, and only the large
droplets split spontaneously (Fig. 7). Small disturbances af-
fect which droplets win the competition, which explains the
treelike patterns observed in Fig. 1(b). Note that the onset
of the dynamical regime can be quite delayed (Appendix F),
suggesting that a regular periodic state (similar to what we
observed in the active droplet regime) can be long-lived.

D. Interactions and reaction rates control
pattern length scale

We showed that the DP regime lies between the TP regime
and the AD regime. The two stationary regimes (TP and AD)
exhibit very different dependencies of the observed pattern
wavelength � on the parameters, most notably the reaction rate
k. We showed above that �TP ∼ k−1/2, whereas �AD ∼ k−1/3,
which raises the question of how � behaves in the intermediate
DP regime. To answer this question, we performed numerical
simulations for different values of k and measured the pattern
length scale � from the first moment of the activator structure
factor (Appendix A). Figure 4(a) shows that � generally de-
creases with larger k and larger interaction strength χ .

To understand how the pattern length scale � changes with
χ , and particularly between the three regimes we identified,
we next consider the fixed rate k = 2 × 10−3k0. Figure 4(b)
shows that � slightly decreases with increasing χ in the TP
regime. This decrease becomes much stronger in the DP
regime, presumably reflecting the stronger influence of the
interactions, which now drive phase separation. The length
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FIG. 4. Interactions and reaction rates control pattern length scale. (a) Pattern length scale � (measured from time-averaged structure factor;
see Appendix A) as a function of interaction strength χ and reaction rate k, determined from simulations with slightly perturbed homogeneous
states. White dotted line corresponds to panel (b). (b) � as a function of χ for k = 2 × 10−3k0. States are either stationary (green) or dynamic
(red). To reveal the bistable regime in the vicinity of χ = 7, we ran simulations initialized with the final states from simulations at χ = 6.5
and χ = 8 from panel (a). (c) Scaling exponent α extracted by fitting � ∼ k−α on a log-log scale to data in panel (a) as a function of χ (inset
shows data for χ = 5.5). (a)–(c) Model parameters are DI/DA = 10, h = 6, φ0 = 0.2, k0 = DA/w2, and tk0 = 107.

scale � decreases further when we transition to the AD regime.
In particular, we observed a jump in � as a function of χ

when we simulated systems initialized with slightly perturbed
homogeneous states [Fig. 4(a)]. Since such jumps are typi-
cally associated with first-order transitions, we ran additional
simulations in the vicinity of the transition region to test for
hysteresis: In particular, for χ ∈ [6, 8], simulations initial-
ized from the final state of a previous simulation at χ = 6.5
remained clearly in the DP regime. In contrast, simulations
initialized from the final state of a simulation at χ = 8 were
clearly in the AD regime over a similar range of χ . Taken
together, this multistability uncovered by sweeping χ in both
directions reveals clear hysteresis, which strongly suggests a
first-order transition between the DP and AD regimes. Such
multistability might also explain the long transients that we
observed in the DP regime (Appendix F).

To investigate the influence of the reaction rate k on the
pattern length scale �, we next analyze the full data presented
in Fig. 4(a). In particular, we assume that the k dependence
can be captured by a power law, � ∼ k−α , and determine the
exponent α by fitting to the data on a log-log scale [inset of
Fig. 4(c)]. Figure 4(c) shows that α assumes the expected val-
ues in the stationary TP (α ≈ 1

2 ) and AD (α ≈ 1
3 ) regimes. The

exponent smoothly interpolates between these values in the
intermediate DP regime, which suggests that the dynamical
regime indeed mixes aspects from Turing patterns and active
droplets. Taken together, this analysis demonstrates that reac-
tions largely control the pattern length scale, but the details
depend on the respective dynamical regime.

IV. DISCUSSION

We showed that physical interactions fundamentally al-
ter pattern formation in reaction-diffusion systems. Beyond
stationary Turing patterns at weak interactions and active
droplets at strong interactions, we identified an interme-
diate regime with intrinsically dynamical patterns. In this
regime, domains undergo repeated cycles of growth, instabil-
ity, and fission, leading to persistent spatiotemporal dynamics

rather than convergence to a steady state. The observed
growth-fission cycles resemble spatiotemporal patterns re-
ported in other nonequilibrium systems, including chemotaxis
models where transport processes destabilize large domains
and prevent steady-state patterning [33–37]. Although the
microscopic mechanisms differ, these systems share the fea-
ture that instabilities limit coarsening and promote dynamic
reorganization.

The three regimes we identified exhibit qualitatively dif-
ferent behaviors of the pattern length scale �. In the Turing
regime, we found � ∼ k−1/2, which is consistent with the
idea that � is controlled by a reaction-diffusion length scale.
We also recover the scaling � ∼ k−1/3 known for chemi-
cally active droplets [13–15], although we do not observe the
scaling � ∼ k−1/4 predicted for weak phase separation [14].
Interestingly, we observe intermediate scaling relations in the
dynamical patterns, suggesting a gradual shift in the dominant
physical mechanism from a Turing instability to chemically
active droplets as the physical interactions χ are increased.

Our results demonstrate that components that interact
physically and undergo nonlinear reactions can exhibit a
wealth of dynamical behaviors. The qualitative results are
likely generic and do not depend on the particular choice of
the diffusive fluxes or reaction kinetics since the three dynam-
ical regimes we observe result from a competition between
the generic reaction-diffusion mechanism and the physical in-
teractions between the involved components. We thus expect
very similar dynamics even if the molecular volumes of the
components differ or components A and I have additional
interactions with the solvent S. In contrast, more complex
behaviors are expected when other complexity present in nat-
ural systems is added. In particular, natural systems typically
comprise more components [38], are spatially structured [37],
may exhibit higher-order interactions [39], and are affected by
stochastic fluctuations [40], all of which could influence the
observed behavior. Indeed, in similar systems droplets have
already been shown to exhibit spontaneous splitting [30], the
formation of liquid shells [31,32], and self-propulsion [41,42].
It will thus be paramount to study such systems in detail to

033156-5



CATHELIJNE TER BURG AND DAVID ZWICKER PHYSICAL REVIEW RESEARCH 8, 033156 (2026)

FIG. 5. Length scale determination in dynamic pattern regime re-
quires time averaging. (a) Activator volume fraction φA as a function
of the single spatial coordinate x and time t . (b) Pattern length scale �

(defined as mean structure factor) of data in panel (a) as a function of
t . Model parameters are k = 10−3k0, χ = 5.5, DI/DA = 10, h = 5,
φ0 = 0.2, and k0 = DA/w2.

understand the nonequilibrium spatiotemporal organization of
soft and biological matter.
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APPENDIX A: NUMERICAL METHODS

We perform numerical simulations of Eq. (1) on a one-
dimensional, equidistantly discretized grid with periodic
boundary conditions using second-order finite differences to
approximate differential operators [44]. We evaluate ∇μi on
a staggered grid to ensure material conservation, and we use
an explicit Euler scheme with adaptive time stepping for the
time evolution. We typically use a spatial discretization of two
grid points per unit length w and increased it to four when
necessary.

Length scales reported in the main text are measured using
the mean of the structure factor. To compute this quantity, we
determine the structure factor

S(q, t ) = |φ̂A(q, t )|2, (A1)

at each time point, where φ̂A(q, t ) denotes the spatial Fourier
transform of the activator fraction φA(x, t ). The average of the
structure factor defines an instantaneous length scale �(t ),

�(t ) = 2π

〈q〉t
, with 〈q〉t =

∫
q S(q, t ) dq∫
S(q, t ) dq

. (A2)

Figure 5(b) shows that �(t ) initially grows during a tran-
sient phase before it fluctuates around a well-defined mean
value. We thus define the pattern length scale � as the time
average of �(t ) taken over the stationary regime, excluding
the initial transient. This procedure yields a robust and re-
producible length scale that captures the dominant spatial

FIG. 6. Scaling of the pattern length scale in active droplet
regime. Length scale � (measured from time-averaged structure fac-
tor; see Appendix A) as a function of the diffusivity DI of the
inhibitor [panel (a); DA = 1] and diffusivity DA of the activator
[panel (b); DI = 0.1]. Blue dashed lines show the power-law scaling
� ∼ D1/6

A/I . Model parameters are χ = 8, h = 5, k = 0.1k0, φ0 = 0.2,
and k0 = DA/w2.

organization of the system despite the absence of a stationary
pattern.

APPENDIX B: SCALING LAW OF LENGTH SCALE
IN ACTIVE DROPLET REGIME

The scaling of the length scale �AD of stationary patterns in
the active droplet regime is not entirely understood. To make
progress, we use dimensional analysis (i.e., the Buckingham-
π theorem) to express �AD as an implicit equation,

F (�AD/w, DA/DI , DA/(w2k), χ, h) = 0. (B1)

Since χ and h are dimensionless, the length scale reads

�AD = w × f (lA/w, lI/w), (B2)

where li = √
Di/k are reaction-diffusion lengths and f is a

nondimensional scaling function, which may depend on χ

and h. Numerical evidence suggests � ∝ D1/6
A and � ∝ D1/6

I
(Fig. 6), which implies the power law f (x, y) ∝ (xy)1/3 that
we propose in Sec. III B.

APPENDIX C: LINEAR STABILITY ANALYSIS

We here analyze the linear stability of the dynamical
equations (1) for the activator and inhibitor volume frac-
tions φA(r, t ) and φI (r, t ) around their homogeneous steady
state φA = φI = φ0. To study stability, we linearize the
equations around this uniform state and consider small pertur-
bations in Fourier space, characterized by the wave vector q.
The temporal evolution of these perturbations is governed by
the eigenvalues of the Jacobian matrix J (q), which determine
whether the homogeneous state is stable or unstable,

J (q) = −
(

q2DAψd − (h−2)k
2 q2DAψod + hk

2

q2DIψod − hk
2 q2DIψd + (h+2)k

2

)
, (C1)

where ψd = 1 + ψ + w2q2 and ψod = ψ + φ0χ . The eigen-
values of the Jacobian matrix J (q) are given by

σ±(q) = tr J (q)

2
± 1

2

√
(tr J (q))2 − 4 det J (q), (C2)
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FIG. 7. Midpoint trajectory analysis for full model. (a)–(d) Volume fraction profiles at four times t . Red dashed lines mark the instability
boundary that is crossed in panel (b). (e) Phase diagram of system without reactions (k = 0) as a function of composition (φA, φI ) obtained from
Eq. (C1). Homogeneous states are unstable inside the red region. Blue line shows the trajectory at droplet center at x = 530w corresponding
to panels (a)–(d). (a)–(e) Model parameters are χ = 6, k = 10−3, DI/DA = 10, h = 5, and φ0 = 0.2.

and an instability occurs when the real part of one of these
eigenvalues becomes positive. Since the trace is negative,

tr J (q) = −[q2(DA + DI )(1 + ψ ) + 2k] < 0, (C3)

the eigenvalue σ−(q) always has a negative real part. Con-
sequently, stability is governed by σ+(q) and thus the sign
of det J (q). Without reactions (k = 0), the system behaves
as a passive mixture and σ±(q) reduce to purely diffusive
eigenmodes, so the condition det J (q) = 0 defines the phase
boundary separating stable and unstable homogeneous states.
To obtain the stability regions shown in Figs. 3(e) and 7(e), we
solve the condition det J (q) = 0 to leading order in q, where it
becomes independent of |q|. We then determine the instability
threshold in composition space by solving for (φI , φA) at fixed
values of the interaction strength χ .

APPENDIX D: EXPANSION OF THE DIFFUSIVE FLUX

The diffusive flux ji of species i reads ji = −Diφi∇μ̄i.
Focusing on species A, the relevant exchange potential reads

μA = ln φA − ln(φS ) + χφI − w2∇2φA, (D1)

using the free energy given by Eq. (2). Hence,

jA = −DAφA

[∇φA

φA
+ ∇φA + ∇φI

φS
+ χ∇φI − w2∇∇2φA

]
,

(D2)

where the second and third terms in the brackets correspond
to cross-diffusion, where the flux of A is driven by gradients
of the inhibitor I . For our case, the third, χ -dependent term is
most interesting.

APPENDIX E: MIDPOINT TRAJECTORY ANALYSIS
FOR FULL DYNAMICS

Section III C showed that tracing the midpoint of an iso-
lated droplet in phase space predicts the instability that leads
to fission. Figure 7 shows the same analysis for the fully de-
veloped case of the dynamic pattern, providing evidence that

the qualitative features of the analysis for the single droplet
model are reproduced in the full model.

APPENDIX F: DYNAMICAL PATTERNS CAN BE
PRECEDED BY LONG TRANSIENTS

Figure 8 displays additional space-time plots for the dy-
namical regime [panel (a); χ = 6.8] and the active droplet
regime [panel (b); χ = 6.9]. In particular, the data for χ = 6.8
reveal that the onset of the growth-fission cycle characteristic
for the dynamical regime can be preceded by a long transient.
Such transients might originate from the multistability in that
parameter region [Fig. 4(b)]; small fluctuations, e.g., due to
numerical discretization or finite precision, might then cause
transitions between the metastable states. While it is diffi-
cult to predict the timescale associated with the transition,
we found early time signatures in all such transient datasets
in Fig. 8(a) are visible around x/w = 250 and x/w = 750.
Namely, the larger spacing between the temporal concentra-
tion lines that are notably absent in datasets deemed stable
[Fig. 8(b)]. We therefore consider this an early signature to the
spatiotemporal dynamics and used this fact for classification
in Figs. 1(d)—1(h) in case of long transients.

FIG. 8. Dynamical pattern regime can exhibit long transients.
Volume fraction of activator φA as a function of the one spatial coor-
dinate x and time t for χ = 6.8 [panel (a)] and χ = 6.9 [panel (b)].
Model parameters are h = 5, DI/DA = 10, k = 0.01k0, φ0 = 0.2,
and k0 = DA/w2.

033156-7



CATHELIJNE TER BURG AND DAVID ZWICKER PHYSICAL REVIEW RESEARCH 8, 033156 (2026)

[1] A. M. Turing, The chemical basis of morphogenesis,
Philos. Trans. R. Soc. London Ser. B, Biol. Sci. 237, 37
(1952).

[2] S. T. Vittadello, T. Leyshon, D. Schnoerr, and M. P. H. Stumpf,
Turing pattern design principles and their robustness, Philos.
Trans. R. Soc. A 379, 20200272 (2021).

[3] S. Kondo and T. Miura, Reaction-diffusion model as a frame-
work for understanding biological pattern formation, Science
329, 1616 (2010).

[4] F. Yuki, K. Hiroyasu, B. Kamran, and K. Aharon, Nanoscale
Turing patterns in a bismuth monolayer, Nat. Phys. 17, 1031
(2021).

[5] P. Recho, A. Hallou, and E. Hannezo, Theory of mechanochem-
ical patterning in biphasic biological tissues, Proc. Natl. Acad.
Sci. USA 116, 5344 (2019).

[6] L. Goehring, Pattern formation in the geosciences, Philos.
Trans. R. Soc. A 371, 20120352 (2013).

[7] L. Menou, C. Luo, and D. Zwicker, Physical interactions in non-
ideal fluids promote Turing patterns, J. R. Soc. Interface 20,
20230244 (2023).

[8] S. Banani, H. Lee, A. Hyman, and M. K. Rosen, Biomolecu-
lar condensates: Organizers of cellular biochemistry, Nat. Rev.
Mol. Cell Biol. 18, 285 (2017).

[9] T. Y.-C. Tsai, R. M. Garner, and S. G. Megason, Adhesion-
based self-organization in tissue patterning, Annu. Rev. Cell
Dev. Biol. 38, 349 (2022).

[10] Q. Liu, A. Doelman, V. Rottschäfer, M. de Jager, P. Herman,
M. Rietkerk, and J. van de Koppel, Phase separation ex-
plains a new class of self-organized spatial patterns in
ecological systems, Proc. Natl. Acad. Sci. USA 110, 11905
(2013).

[11] G. L. Dignon, R. B. Best, and J. Mittal, Biomolecu-
lar phase separation: From molecular driving forces to
macroscopic properties, Annu. Rev. Phys. Chem. 71, 53
(2020).

[12] D. Zwicker, O. W. Paulin, and C. ter Burg, Physics of droplet
regulation in biological cells, Rep. Prog. Phys. 88, 116601
(2025).

[13] S. C. Glotzer, D. Stauffer, and N. Jan, Monte Carlo simulations
of phase separation in chemically reactive binary mixtures,
Phys. Rev. Lett. 72, 4109 (1994).

[14] J. J. Christensen, K. Elder, and H. C. Fogedby, Phase segrega-
tion dynamics of a chemically reactive binary mixture, Phys.
Rev. E 54, R2212 (1996).

[15] D. Zwicker, A. A. Hyman, and F. Julicher, Suppression of
Ostwald ripening in active emulsions, Phys. Rev. E 92, 012317
(2015).

[16] D. Carati and R. Lefever, Chemical freezing of phase sepa-
ration in immiscible binary mixtures, Phys. Rev. E 56, 3127
(1997).

[17] D. Zwicker, The intertwined physics of active chemical reac-
tions and phase separation, Curr. Opin. Colloid Interface Sci.
61, 101606 (2022).

[18] C. ter Burg and D. Zwicker, Physical interactions enable
energy-efficient Turing patterns, Phys. Rev. Res. 7, L042070
(2025).
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