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Motivated by the prospect of chiral-mode control in compact photonic systems, we analyze discrete coupled
single-mode resonators. Using the minimal three-resonator model, we show that an infinitesimal complex on-site
perturbation near a Hermitian diabolic point (DP) induces chiral-mode selection, governed by what we term an
asymptotic exceptional point (AEP). Here, an AEP denotes a Hermitian DP equipped with a non-Hermitian
perturbation that induces an asymptotically defective effective Hamiltonian. The eigenvectors coalesce in the
asymptotic limit toward the DP, although the Hamiltonian at the point itself remains diagonalizable. Opera-
tionally, this AEP response realizes chirality switching from an achiral state to a chiral state. The associated
eigenvalue response exhibits the anomalous fractional-power scaling AA o £¥/2, distinct from the square-root
response of an ordinary exceptional point (EP). We further show that, in a broader two-parameter perturbation
space, ordinary EPs lie on exceptional-line branches that meet at the AEP. A finite-bias control sweep crosses
these branches at an EP pair, enabling chirality reversal between opposite chiral states. The central message
is therefore that the AEP organizes two related routes for chirality switching: direct switching from an achiral
state to a chiral state via the AEP and switching between opposite chiral states via an EP2 pair in the vicinity
of the AEP. Within a finite-resolution averaging model, these two operating points exhibit different practical
performance characteristics, and under sufficiently high control resolution, the AEP operating point can become
more favorable than the EP-pair operating point, suggesting a route toward compact and low-energy chiral

photonic devices.

DOI: 10.1103/mmg9-5hg2

I. INTRODUCTION

Physical systems with gain and loss are naturally described
by non-Hermitian Hamiltonians across a wide range of plat-
forms, from optics to acoustics [1-5]. In contrast to Hermitian
systems, whose eigenvalues and eigenvectors are real and
orthogonal, respectively, non-Hermitian systems generally
exhibit complex eigenvalues and nonorthogonal eigenvec-
tors, giving rise to counterintuitive spectral and dynamical
phenomena. Among these, the exceptional point (EP) is a
non-Hermitian degeneracy at which both the eigenvalues and
the corresponding eigenvectors coalesce. EPs have therefore
attracted particular attention as a genuinely non-Hermitian
singularity with no Hermitian counterpart [6—8].

One topic of growing interest in non-Hermitian physics
is the control of chirality [9]. Although chirality can be
defined in several ways, for example, through spin angular
momentum, in this work we focus on chirality associated
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with orbital angular momentum (OAM) [10,11]. OAM-chiral
modes carry clockwise (CW) or counterclockwise (CCW)
phase circulation. In traveling-wave resonators, such as ring
resonators, these circulating modes are commonly referred to
as whispering-gallery modes (WGMs) [12]. They provide a
basis for multiplexed optical-vortex communication [13,14].
In rotationally symmetric resonators, CW and CCW modes
are degenerate due to time-reversal symmetry, making their
selective excitation or isolation a nontrivial task. Recently,
non-Hermitian perturbations have emerged as a powerful tool
in WGM systems to enable the selective control of these
circulating components [15-17]. Selective control of these
modes offers a promising route to manipulating optical flow at
the micro- and nanoscale and to applications in photonic and
quantum information processing [18,19].

A central mechanism for chiral-mode control in non-
Hermitian systems is the EP. At an EP, the effective CW/CCW
Hamiltonian becomes defective and cannot be diagonalized,
reflecting the emergence of a Jordan-block structure in the
Hamiltonian [6,20]. In waveguides with complex periodic
perturbations formed by coupled index and gain-loss grat-
ings, asymmetric propagation near an EP originates from
directional asymmetry in Bragg backscattering, producing
one-sided reflection suppression [21,22]. The same directional
asymmetry mechanism for traveling waves carries over to
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microring resonators, where the forward/backward scatter-
ing channels are mapped onto the CW and CCW cavity
modes, enabling chiral-mode formation near the correspond-
ing EP [23]. In addition, chiral-mode lasing and switchable
directional emission have also been demonstrated through
EP-induced asymmetric scattering engineered by controlling
nanoscale scatterers [24-27].

In parallel with these developments, the exploration of
chiral modes has begun to extend beyond large-footprint
WGM resonators toward more compact and lumped systems
[28,29]. We also found that chiral modes can emerge abruptly
from originally achiral modes in waveguide structures when
complex perturbations, involving both refractive-index and
loss modulations, are introduced perturbatively [30]. While
chiral-mode control has been extensively investigated in
traveling-wave WGM systems [25,31-33], a systematic un-
derstanding of such control in discrete, coupled single-mode
resonators remains elusive. These coupled-resonator systems,
composed of discrete controllable elements and interactions,
are ideal for clarifying the fundamental physics of chirality
emergence. They are also well suited for the ultimate minia-
turization of chiral photonic devices and provide a versatile
route toward more complex large-scale systems [18,19].

Motivated by this perspective, we study discrete coupled
single-mode resonators as a minimal localized-mode platform
for chirality switching of OAM modes. We begin with a
three-resonator system, which is the smallest discrete model
supporting a degenerate pair of opposite-circulation modes.
Throughout this work, we quantify the OAM chirality of a
localized eigenmode by the imbalance between its projections
onto the two opposite-circulation components of this degen-
erate pair. In this setting, each resonator is represented by
a lumped single-mode degree of freedom, allowing chirality
emergence to be analyzed within a minimal finite-dimensional
model.

To address this problem, we use temporal coupled-mode
theory [34,35] to analyze how complex on-site perturbations
modify the degenerate OAM subspace of the three-resonator
system. We first examine the singular eigenvector response
near the Hermitian diabolic point (DP) and characterize it
in terms of an asymptotically defective effective Hamilto-
nian, which we refer to as an asymptotic exceptional point
(AEP). This analysis also reveals an anomalous eigenvalue
splitting AA oc £3/2. We then extend the perturbation to a
two-parameter space and examine how ordinary EPs emerge
on exceptional-line branches connected to the AEP, providing
a second route for chirality reversal between opposite chiral
states. Thus, the following analysis focuses on the relation be-
tween these two AEP-organized mechanisms of chiral-mode
control.

The remainder of this paper is organized as follows.
Section II introduces the minimal three-resonator model and
establishes the first switching principle, switching from an
achiral state to a chiral state via an AEP. Section III then
considers an extended perturbation setting and establishes the
second switching principle, switching between opposite chiral
states via an EP pair in the vicinity of the AEP. Section IV
discusses these two operating principles from the viewpoint
of chiral-mode control, compares their operating points un-
der finite-resolution operation, and summarizes their practical
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FIG. 1. Schematic of coupled-resonator systems and mode chi-
rality. (a) In a two-resonator system, the fundamental modes consist
of a symmetric mode (in phase) and an antisymmetric mode (phase
difference of 7), neither of which possesses chirality. (b) The min-
imal configuration for supporting chiral modes is a three-resonator
system. (c) For coupled systems where N > 3, discrete resonators
exhibit rotational modes. (d) The CW and CCW whispering-gallery
modes in a continuous ring resonator.

implications and limitations. Section V concludes, and the
Appendixes provide the effective-Hamiltonian derivations,
the N-site generalization, and the finite-resolution analysis.

II. MINIMAL THREE-RESONATOR MODEL
AND CHIRALITY GENERATION VIA AN AEP

A. Hermitian three-resonator model and degenerate subspace

To clarify the first AEP-based principle of chirality switch-
ing considered in this work, we begin with the minimal
discrete model that supports chiral eigenmodes: a ring of
three coupled single-mode resonators as shown in Fig. 1. In
a two-resonator system, the eigenmodes consist only of an
in-phase symmetric mode and an out-of-phase antisymmetric
mode, neither of which represents a rotating state. In contrast,
for N > 3, the discrete rotational symmetry gives rise to a
pair of degenerate eigenmodes associated with opposite cir-
culation. The three-resonator system is therefore the minimal
discrete platform in which OAM-chiral modes can be defined
and analyzed analytically. These rotating modes are discrete
counterparts of the CW and CCW modes of conventional
WGM resonators, in the sense that their phases wind across
the resonators. In the case of N = 3, the corresponding rotat-
ing modes are given by phase increments of ¢*/3 around the
three resonators.

Within the framework of temporal coupled-mode theory
[34,35], we denote the complex field amplitudes of the three
resonators by

la(t)) = (a1(1), ax(1), a3 (1)), ey
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where all resonators are assumed to share the same resonance
frequency wy, the coupling rate between adjacent resonators
is denoted by «, and the superscript T denotes matrix transpo-
sition.
The dynamics is then governed by

d wy K K
i—la@) =k« wy «

" la(t))
K K o

la(t)), @

where we denote the Hamiltonian on the right-hand side by
H,. Its eigenvalues and normalized eigenvectors are

1)7/4/3,
|Ly) = (1 éx e"%ﬂ)T/ﬁ,
L)=(1 & %) N3 )

Since |L.) and |L_) are degenerate, the basis within this two-
dimensional eigenspace is not unique. The point A = Ay =
wo — k is therefore a Hermitian degeneracy, corresponding
to a DP. Accordingly, the association of the labels 2 and 3
with |L;) and |L_) in Eq. (3) is only a convenient choice of
basis for representing the degenerate subspace. At this exact
DP, Modes 2 and 3 therefore do not correspond to uniquely
defined individual eigenvectors; only their two-dimensional
degenerate eigenspace is uniquely defined. Hereafter, we use
the term chirality specifically in the sense of OAM chirality
for localized modes: whether a perturbed eigenmode is biased
toward one or the other member of the degenerate opposite-
circulation pair, |L) or |[L_). In this discrete resonator setting,
these two states play the role of the CW/CCW OAM doublet
familiar from traveling-wave systems, but are realized here
as localized coupled-resonator modes with opposite phase
winding. The problem addressed in this work is therefore to
determine how non-Hermitian perturbations control these two
components of the degenerate OAM pair.

Although |L, ) and |L_) themselves have chiralities 41 and
—1, respectively, the basis within this two-dimensional degen-
erate eigenspace is not unique at the DP. Consequently, the
chirality of an individual eigenvector at ¢ = 0 is not uniquely
determined by Hj; the Hamiltonian itself does not select a
handedness.

A chiral state may of course be prepared at the DP by
externally selecting either |L,) or |L_). In that case, however,
the handedness is imposed by the excitation or state prepa-
ration rather than selected intrinsically by the Hamiltonian.
We therefore refer to the unperturbed DP as operationally
achiral, in the sense that it does not provide a deterministic
chiral eigenmode without an additional symmetry-breaking
preparation. Our objective is instead to obtain a definite chiral
eigenmode through the non-Hermitian perturbation itself.

Throughout this work, we measure frequencies in units
of ¥ and use dimensionless Hamiltonians and eigenvalues.
Specifically, under the rescalings (Hy — wo)/k — Hy and
(Aj — wp)/x — Aj, we obtain

M=wo+2, L) =(1 1

Ay =wp — K,

)\320)0—/(,

11
0 1], @)
10

Az = —1. 5)

Unless otherwise stated, we use this dimensionless represen-
tation hereafter.

B. Complex phase-circulating on-site perturbation

We now introduce a non-Hermitian perturbation to ask
whether the DP state, whose chirality is not uniquely defined,
can be driven into a chiral state by an infinitesimal complex
on-site modulation. In other words, our goal in this section is
to establish switching from an achiral state to a chiral state
through the response analyzed below. Motivated by gain-loss
grating structures used to control chiral modes in previous
studies [23], as well as phase-gradient modulation strategies in
discrete resonator arrays, we seek to extend these concepts to
our three-resonator system. In particular, drawing inspiration
from 27 /3 phase-staggered spatiotemporal modulations [28]
that demonstrate that a cyclic phase pattern across resonators
can endow the degenerate subspace with opposite handedness,
we capture this mechanism here in a static non-Hermitian
form. Specifically, we introduce the complex on-site
perturbation:

H=Hy+V =Hy+ &V, (6)

where ¢ is the perturbation strength normalized by the
coupling rate. The perturbation matrices V; and V_ are
defined as

1 0 0
Ve=[0 723 o |. (7
0 0 e:Fz'4rr/3

The real parts of the diagonal elements represent resonance-
frequency modulation at each resonator, while the imaginary
parts represent gain and loss. The perturbation therefore real-
izes a site-dependent complex on-site modulation with cyclic
phase winding. Importantly, the perturbation acts only on on-
site terms and does not require nonreciprocal couplings.

For clarity, we work in the eigenbasis of Eq. (3). We denote
their representation in the site basis by [Alse and [|¥ )]s for
an arbitrary matrix A and a state vector |i). Let

U = (ILo}IL+)IL-)), (3
and define the transformed state and Hamiltonian as
la@)]e = U'lla@)sie. [Hl = U'[HlueU, (9

where § denotes the Hermitian conjugate. Then, the basis
vectors and the Hamiltonian in the eigenbasis take the form

1 0 0
o) le= (0], [L)le=1{1], [L)=1]0],
0 0 1
2 0 0
[Hol.=10 -1 0|,
o 0 -1
0 1 0 0 0 1
vi.=lo o 1], wu=[1 o o]. «o
1 0 O 0O 1 0

To quantify the OAM chirality of the right eigenstates |a;)
of the Hamiltonian H, we project each perturbed eigenstate
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FIG. 2. Results for H = H, + ¢V, with real e. The label AEP (DP) denotes the Hermitian DP, which is operationally achiral in the sense
that the unperturbed Hamiltonian at ¢ = 0 does not select a unique handedness. (a) Real parts (solid curves) and imaginary parts (dashed
curves) of the eigenvalues A; as functions of &, showing both the DP at & = 0 and the EP2 at &¢ = —+/4. (b) Chirality x; as a function of &.
Although the eigenvalues vary continuously, the eigenstates exhibit singular chiral-mode selection in the limit ¢ — 0. (c) Phase rigidities as
functions of &, showing that the singularity becomes increasingly pronounced as ¢ — 0. At ¢ = 0, Modes 2 and 3 form the twofold-degenerate
eigenspace corresponding to the DP, whereas Mode 1 is the nondegenerate state |Ly) with x; = 0. The individual chiralities of Modes 2 and 3
are not uniquely defined at the exact DP because the basis within the degenerate subspace is arbitrary. Thus, the plotted x = 0 values for Modes
2 and 3 at the DP in panel (b) denote the operationally chirality-neutral reference, where the Hamiltonian selects no definite handedness. The
red arrows in panels (b) and (c) emphasize the singular response of the DP-derived Modes 2 and 3 in the infinitesimal nonzero-¢ limit, namely,
strong chiral-mode selection and reduced phase rigidity, respectively.

onto the unperturbed degenerate OAM basis {|L,), |L—)} and
define

%= WLelapl = (L-laj)l. j=1.2,3. (1)
This quantity measures the imbalance between the two op-
posite phase-winding components of the degenerate OAM
doublet. The right eigenvectors are normalized as (a;|a;) =1
before evaluating x;. Thus, x; = +1 (—1) corresponds to a
mode purely aligned with |L,) (|L-)), while x; = 0 indicates
equal participation of the two opposite-circulation compo-
nents and hence no net OAM chirality. In this sense, x; is
the localized-mode analog of a CW/CCW modal imbalance,
specialized here to the degenerate OAM pair of the coupled-
resonator system.

Figures 2(a)-2(c) show the eigenvalues A;, the chirality
Xj» and the phase rigidity r; := [{@;la;)|//(@;la;){(a;la;),
as functions of ¢. Here, |a;) and (@;| denote the right and
left eigenstates, respectively. The phase rigidity quantifies
the nonorthogonality of left and right eigenstates in a non-
Hermitian system. In non-Hermitian optics, the closely related
Petermann factor K; is often used as a measure of the
mode nonorthogonality [36]; with the present definition, they
are related by K; = r;z. In a Hermitian system, left and
right eigenstates are Hermitian conjugates of each other, so
that r; = 1 (equivalently, K; = 1). In contrast, non-Hermitian
systems generally satisfy 0 < r; < 1. At an EP, one has self-
orthogonality, {(@;|a;) = 0, and therefore r; = 0; equivalently,
the Petermann factor diverges. The decrease of r; thus serves
as a standard indicator that the system is approaching an EP
[37-39].

As shown in Fig. 2(a), Modes 2 and 3 are degenerate at
& = 0, forming the Hermitian DP at A = —1, while Mode 1
remains nondegenerate at A = 2. The spectrum also contains
an ordinary EP2 at the finite negative value & = —~/4. This
EP2 involves the branch originating from |Lj) and therefore
differs from the AEP-induced coalescence within the degen-
erate OAM pair.

The most striking feature appears in Modes 2 and 3, which
form the degenerate OAM pair at the DP. Figure 2(b) shows
that, although their individual chiralities are not uniquely
defined at exactly ¢ = 0, an arbitrarily small nonzero pertur-
bation selects a definite handedness, and the two DP-derived
branches approach nearly maximal chirality as ¢ — 0. Oper-
ationally, this corresponds to switching from an achiral state
to a chiral state enabled by chiral-mode selection within the
degenerate subspace.

Mode 1, in contrast, originates from the nondegenerate
achiral state |Ly). Although it acquires a small finite chirality
for nonzero ¢ through perturbative mode mixing, its response
remains weak and regular near ¢ = 0. This behavior is distinct
from the singular AEP response of the DP-derived Modes 2
and 3.

For the DP-derived Modes 2 and 3, while the eigenvalues
evolve continuously from the DP, the eigenvectors undergo an
abrupt selection in the limit ¢ — 0. As shown in Fig. 2(c), this
discontinuity is fundamentally linked to the vanishing phase
rigidity, reflecting an EP-like self-orthogonality.

These observations imply that the DP under the complex
perturbation V. acquires an asymptotically EP-like character:
The pair of states associated with |L,) and |L_) effectively
coalesces into a single chiral mode as ¢ — 0. In other words,
the perturbation V. triggers an abrupt coalescence of the
eigenstates

{la1), laz), laz)} = {|Lo), |L+), |L+)},

for any infinitesimal ¢ # 0. At exactly ¢ =0, the two-
dimensional degenerate eigenspace at A = —1 can be rep-
resented by arbitrary orthogonal linear combinations of
ILy) and |L_). Consequently, the chirality of individual
eigenstates is not uniquely defined. However, a finite non-
Hermitian perturbation resolves this arbitrariness by selecting
an asymptotically chiral direction in the degenerate sub-
space. Hereafter, we call this Hermitian DP, together with
the non-Hermitian perturbation structure that produces the
asymptotic coalescence, an AEP. The AEP itself remains a

12)
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FIG. 3. Scaling of the eigenvalue splitting |AA| as a function
of the parameter deviation |Ae| near the DP and the EP2. Here,
Ae = ¢ — &y, where gy = 0 for the DP and gy = —J/4 for the EP2.
The numerical data (symbols) are in agreement with the predicted
scaling laws |AA| oc |Ae|¥? for the DP and |A)| o< |Ag|'/? for the
EP2. Dashed lines represent the numerical fits: |Alpp| = 0.5723 x
|Ae|"4% and |AAgpy| = 1.401 x |Ag|044%,

diagonalizable Hermitian DP at ¢ = 0, but its eigenvectors ex-
hibit EP-like coalescence in the limit of infinitesimally small
but nonzero ¢.

Furthermore, the response near the DP is qualitatively
different from that near an ordinary EP: Instead of the square-
root law |A — Agp| ox Ag!/?, the present perturbation instead
yields the anomalous scaling |, — App| o< Ae/2, as shown in
Fig. 3. This behavior is distinct from both the square-root EP
response and the linear lifting of a Hermitian degeneracy un-
der a Hermitian perturbation. This anomalous scaling and the
associated chiral-mode selection will be derived analytically
in the next subsection.

C. Analytical derivation and physical origin of the ¢3/* law

To clarify the physical mechanism underlying the AEP, we
now examine the system analytically. The perturbative eigen-
value response is governed by the characteristic polynomial

fOse)y=det —H)= A+ 1’1 —=2)—¢>.  (13)

The characteristic equation f(1; &) = 0 is identical for both
cases,V =¢eV,oandV = ¢V_.

The finite degeneracy in Fig. 2 follows directly from
this characteristic polynomial. A repeated eigenvalue satisfies
f =0,f =0.Since 9, f = 3(A + 1)(A — 1), the nontrivial re-
peated rootis A = 1, and f(1;&) = —4 — & = 0 gives

eepy = —V/4. (14)

At this point, f(A) = (A — 1)>(A + 2), and the eigenspace of
the double root is one dimensional; hence, the finite degener-
acy is an ordinary EP2.

For the two DP-derived modes, Modes 2 and 3, associated
with the degenerate subspace, solving f(A;e) = 0 perturba-
tively near A = —1 gives

haz(e) =—1=+ g + 0(&®). (15)

V3

Equation (15) confirms that the perturbation gives rise neither
to the square-root splitting of EPs nor to the linear lifting
expected for an ordinary Hermitian DP, but instead to the
anomalous fractional-power scaling &%/2.

For V = ¢V, the corresponding eigenvectors behave as

[s@ll ~ (—3e 5562 1),

. T
lazs@l~ (<5 1 £56) a6
whereas for V = ¢V_ they become
(@@~ (—3e 1 +7562),
: T
lazs@)le ~ (—e £ 1) am

Thus, in the limit ¢ — 0, the right eigenvectors |a,(¢)) and
las(e)) satisfy

lig(l) laz3(8)) = |Ly) (V =¢&Vy), (18)

demonstrating explicit coalescence onto one of the two chiral
modes.

At exactly ¢ = 0, however, the characteristic equation re-
duces to (A + 1)2(A — 2) = 0, and the eigenspace at A = —1
is spanned by |L) and |L_). The unperturbed Hamiltonian H,
is therefore diagonalizable, because one may freely choose or-
thogonal linear combinations within the degenerate subspace
so as to satisfy (azlasz) = 0. In contrast, for infinitesimally
small but nonzero ¢ # 0, the eigenstates approach a maxi-
mally nonorthogonal configuration through coalescence onto
a single chiral mode. This is the essential EP-like feature of
the mechanism. Indeed, the phase rigidity obeys the leading-
order scaling r; o ¢'/?, identical to the standard exponent at
an ordinary EP, and vanishes in the limit ¢ — 0, indicating
self-orthogonality.

The origin of this unusual behavior becomes transparent
upon constructing an effective 2 x 2 Hamiltonian in the de-
generate subspace

P = L) (Ly| + L) (L] (19)
Letting Q = I — P denote the complementary subspace, the

Feshbach projection formalism gives [40]

Hu(\) = PHP + PVQ QVP. (20)

1
A—QHQ
For V = ¢V, , expanding H.g in powers of ¢ and retaining
the lowest nontrivial orders, we obtain

-1
[HG L = (_82 e

where the derivation is given in Appendix A. Likewise, for
V = eV_ we similarly find

_’31> +0(), 1)

_ _ o2
[HG L = ( 81 fl/ 3) +0(&). (22)

Equations (21) and (22) show that one coupling appears al-
ready at O(e), while the reverse coupling is suppressed to
O(g?). Thus, for V = eV the effective coupling from the [Ls)
component to the |[L.) component appears at O(e), whereas
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the reverse process from |L.) to |Ly) arises only at O(e?) via
the intermediate state |L).

Accordingly, in the limit ¢ — 0, the leading part of the
effective Hamiltonian approaches a Jordan form only asymp-
totically:

-1 ¢ - -1 0

[H 1L ~ ( 0 _1>, [H 1L ~ ( . _1>. (23)
This explains why both eigenvectors asymptotically coalesce
onto |Ly) for V =¢V, and onto |L_) for V = ¢V_. At the
same time, because the two off-diagonal terms scale as O(¢)
and O(e?), the eigenvalue splitting is AA ~ /g - £2 = &3/2,
reproducing Eq. (15). The exponent 3/2 therefore originates
from the coexistence of a first-order direct coupling and a
second-order indirect coupling mediated by the nondegener-
ate mode |Ly).

For comparison, we consider the standard 2 x 2 represen-
tation of an ordinary EP [20,41]:

Hyp = (AEP % ) 24)

&g AEp

In that case, the eigenvalue splitting scales as AA ~ ,/ea€p,
and at the EP itself one of the two effective couplings vanishes
at a finite operating point, so that the Hamiltonian becomes ex-
actly Jordan-block defective. The usual square-root response
A o /2 is a direct consequence of this Jordan-block struc-
ture.

This observation motivates a more general characterization
of the AEP. We may summarize the AEP response by the
effective two-mode form

)\,Dp C18p
HAEP <C2€q )\-DP ) ) (25)

where ¢y, c; # 0 and p, g are positive integers. The essen-
tial feature of the AEP is the perturbative asymmetry p #
g. Under this condition, the eigenvalue splitting follows the
power law AX ~ ¢*+9/2 while the eigenvectors approach
a Jordan-type defective structure only asymptotically in the
limit ¢ — 0. This effective-Hamiltonian form makes explicit
the asymmetric perturbative coupling structure responsible for
the AEP response. The same asymmetric coupling mechanism
is not restricted to the minimal three-resonator model. When
the phase-circulating perturbation V. introduced in Eq. (7)
is extended to a cyclic N-site system, the same perturbative
asymmetry generally persists in the effective Hamiltonian for
each degenerate OAM pair and can therefore induce chiral-
mode selection also for higher-order OAM doublets. This
generalization is discussed in Appendix C.

We have thus established the first switching principle orga-
nized by the AEP: switching from an achiral state to a chiral
state through chiral-mode selection induced by an infinitesi-
mal complex perturbation.

III. CHIRALITY REVERSAL VIA AN EP PAIR
IN THE VICINITY OF THE AEP

In Sec. II, we established the first switching principle:
switching from an achiral state to a chiral state via the direct
AEP response. We now turn to the second principle and ask
whether the chirality generated by this AEP response can

be reversed. To address this question, we introduce a two-
parameter non-Hermitian perturbation. As shown below, this
enlarged parameter space contains exceptional-line branches
of ordinary EPs that meet at the AEP. Chirality reversal is
realized by a one-dimensional control sweep performed at a
finite bias away from the AEP, which crosses the two branches
at an EP2 pair associated with opposite chiralities.

This geometric relation also has an operational conse-
quence. If one intends to reduce the perturbation strength
required for EP-based chirality reversal, the two EPs should
be placed as close as possible to the AEP. Therefore, the
small-perturbation limit of EP-pair switching is asymptoti-
cally connected to the direct AEP response.

A. Two-parameter non-Hermitian perturbation

We introduce a model Hamiltonian based on two non-
Hermitian perturbations, V() and V®(0). These pertur-
bations extend the single-channel perturbations V, and V_
introduced in Sec. II. They are defined as

H(0) = Hy +a@)V"(©) + BOVD), (26)
V(@) =cosOV, —sinfV_, 27

V(@) =sin6V, +cosO V_. (28)

Here, a(9) and B(0) denote the perturbation amplitudes of
V) and V@, normalized by the coupling rate. For brevity,
we denote the perturbation amplitudes at 6 = 0 by («, f) :=
(«(0), B(0)). The chirality of the eigenstates |a;) (j = 1, 2, 3)
of this Hamiltonian is evaluated using Eq. (11). At 6 =0,
the two coordinate axes in the («, 8) plane coincide with
the single-channel perturbation directions studied in Sec. II:
The B =0 axis corresponds to the V, direction and the
a =0 axis to the V_ direction. These two axes therefore
represent the AEP perturbation directions in the present
two-parameter space.

To visualize the dependence of the eigenstate properties on
the two perturbation parameters, we map the phase rigidity
and chirality in the (o, ) plane. In the vicinity of the AEP,
the branch originating from |Ly) remains separated, while
Figs. 4(b) and 4(c) reveal one-dimensional loci along which
the phase rigidity vanishes and the modes emerging from the
degenerate OAM subspace coalesce. Except at the origin and
at the higher-order degeneracies discussed below, these loci
consist of ordinary EP2s, which we refer to as exceptional
lines.

Figure 4 also makes explicit the connection between the
two-parameter exceptional-line structure and the finite EP2
found in Sec. II. Along the 8 = 0 axis, the Hamiltonian re-
duces to H = Hy + oV, so that « = ¢. Hence, the EP2 at
& = —/4 in Fig. 2 corresponds to the intersection of the
B = 0 axis with the exceptional line at («, ) = (—\3/1, 0).
By the a <> B symmetry, the corresponding intersection on
the @ = 0 axis occurs at (0, —\B/Z). Thus, the finite EP2
identified in the one-parameter sweep of Fig. 2 is simply
a one-dimensional cut through the exceptional-line structure
formed by ordinary EP2s in Fig. 4.

The same two-parameter structure also contains two EP3s,
at which all three eigenvalue branches coalesce. These EP3s
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FIG. 4. Results for & = 0. (a)-(c) Phase rigidity r; and (d)—(f) chirality x; as functions of & and § for modes j = 1, 2, 3. White dashed
arrows in panel (b) on the § =0 and o = 0 axes indicate the V.- and V_-induced AEP perturbation directions identified in Sec. II. For
j = 2,3 inpanels (b), (c), (e), and (f), EP2s appear along specific parameter curves (bright and dark lines) where eigenvectors coalesce and the
chirality exhibits extrema of opposite signs. The origin («, 8) = (0, 0) corresponds to the AEP, where these curves intersect. Similar arrows in
panel (d) indicate the o’ and 8’ axes for the perturbation in Eq. (26) at & = 37 /4, while those in panels (e) and (f) mark the o’ axes at 8/ = 0.2.
The white stars indicate the EP3s at which all three eigenvalue branches coalesce. The gray solid lines denote the branch cuts used to define

the eigenvalue branches across the EP3 branch points.

form higher-order branch points of the three-sheeted eigen-
value structure. The gray solid lines in Fig. 4 indicate the
branch cuts adopted to define the mode branches in the pres-
ence of these branch points. The exact degeneracy condition
and the analytical classification of the DP, EP2s, and EP3s are
given in Appendix B.

Importantly, the strongest chiral response associated with
the AEP is obtained along the coordinate axes, specifically
the V. and V_ directions. As seen in Fig. 4(b), ordinary EP2s
lie on exceptional-line branches that meet at the AEP. The
V4 and V_ AEP perturbation directions coincide with the
tangent directions of these branches at the AEP. Thus, within
the same parameter space, the two switching principles are
geometrically connected.

This geometric relation clarifies that the chirality switching
discussed here has two distinct but related operating princi-
ples. One is the AEP-based principle established in Sec. II,
where the system is switched from an achiral state to a chiral
state along the V. AEP perturbation directions. The other
is the EP-based principle, in which the system is switched
between opposite chiral states by crossing the exceptional
lines.

B. Separated real and imaginary control axes

We next identify a practically useful set of control axes
for implementing the second switching principle revealed
above, namely, chirality reversal by crossing the exceptional
lines in parameter space. The key point is that this operation
can be realized by moving the system between two ordinary
EP2s associated with opposite chiralities. We therefore seek

a parametrization in which this motion can be implemented
by independently controlled real and imaginary perturbation
components.

Changing 6 rotates the parameter-space structure shown
in Fig. 4, thereby allowing different choices of control axes
associated with V1 and V. In particular, when 6 = (2n —
Dr/4 (n=1,2,3,4), VY and V@ can be chosen so that
one corresponds to a purely real perturbation and the other
to a purely imaginary perturbation. This separation is advan-
tageous in realistic implementations, because independently
tuning real or imaginary perturbations is generally much
easier than controlling both components simultaneously. In
particular, for & = 37 /4, the perturbation takes the form

3o -1 0 0
[V(—)] =v2[ 0 1 0
4 site () 0 1
2
3 (0 0 ©
+4zB810 —i 0}, (29)
2 \0 o

where (o, 8') = (@ (37 /4), B(37 /4)). The corresponding o’
and B’ axes are shown by the white dashed lines in Fig. 4(d).

This perturbation matrix provides a decomposition of the
perturbation into real and imaginary on-site components.
For the discussion below, we adopt a representative control
scenario in which the real perturbation o’ is used as the dy-
namically tuned parameter, while the imaginary perturbation
B’ provides a fixed loss bias. While this assignment is cho-
sen for concreteness, we note that both components may be
tunable depending on the platform. In this way, the system

043022-7



YAGI, UEMURA, MORITAKE, MOCK, AND NOTOMI

PHYSICAL REVIEW RESEARCH 8, 043022 (2026)

(a) (c) 0.10 (e) 1.0
2 Mode 1
B =0 Mod B8 =0 —— Mode 2
= 1 = O
' s 0.05 0.5 —— Mode 3
~< —— Mode 3 ~<
—————————————————————— , = 0.
2 0 = 0.00 £ 0.0
1 4 ~0.05 0.5
_2 _ _
210 =05 00 05 10010 LOro—=o5 00 05 1.0
OLI Oé/
(d) (f) 1.0
/ 0.2 , <« EP2 Mode 1
/B =0.2 o~ Mode 1 ﬁ =0.2 —— Mode 2
1 /N — Mode2 0.1 0.5 — Mode 3

‘I —— Mode 3

“LOrg =05 00 05 L0

FIG. 5. Eigenvalue structure at & = 37 /4. (a), (b) Eigenvalues A; as functions of o’ and B’ (gray: j = 1, red: j = 2, blue: j = 3). The black
curves indicate the exceptional lines, along which the eigenvalue surfaces of A, and A3 coalesce. (c), (d) Eigenvalue variation as a function of
o' for fixed B’ = 0 and B’ = 0.2, respectively. For 8’ # 0, the o scan crosses the two exceptional-line branches. (e), (f) Chirality as a function
of o’ for fixed B/ = 0 and B’ = 0.2, respectively. For 8/ = 0, no chirality appears, whereas a nonzero imaginary bias 8’ enables switching
between opposite-chirality states associated with the two EP2s by tuning the real perturbation o’ alone.

can be moved between the positive- and negative-chirality
exceptional lines in Figs. 4(e) and 4(f). This separation of
the control axes is also advantageous from the viewpoint of
implementation. In practice, the imaginary component may
be provided by spatially selective gain or loss engineering
[42-44], while the real component may be controlled through
resonance-frequency tuning mechanisms such as thermo-optic
[45,46], carrier-injection [47,48], or postfabrication local tun-
ing and nonvolatile phase-change loading of photonic-crystal
nanocavities [49-51]. In this sense, the separated-control
formulation provides a realistic route to EP-based chirality
switching without requiring direct tuning of a fully complex
perturbation.

Figure 5 summarizes how this switching appears in the
eigenvalue structure and chirality response. Figures 5(a) and
5(b) show the two-parameter eigenvalue structure, where
the black curves indicate the exceptional lines along which
the eigenvalue surfaces of A, and A; coalesce. The one-
dimensional cuts in Figs. 5(c) and 5(d) show that, for 8’ = 0,
the degeneracy at the DP is lifted continuously as &’ is varied.
In this case, the system does not cross any exceptional line,
and no chirality emerges. In contrast, for 8’ # 0, the o’ scan
crosses the exceptional lines. The corresponding chirality re-
sponse is shown in Figs. 5(e) and 5(f): For 8’ = 0, the chirality
remains zero, while for 8’ # 0, the chirality reverses sign
through the opposite-chirality extrema associated with the
two EP2s.

In this representation, the second switching principle,
namely, chirality reversal between opposite chiral states, is

realized not by following the V. AEP perturbation directions
themselves, but by crossing the exceptional lines between
opposite-chirality regions through separated real and imagi-
nary controls.

C. Effective Hamiltonian and switching condition
in the degenerate chiral subspace

To quantify the EP-based chirality-reversal condition near
the AEP, we now derive the effective Hamiltonian in the
degenerate chiral subspace for H (3w /4). This reduced de-
scription makes it possible to extract a simple relation between
the imaginary bias B’ and the real control amplitude Ao’
required for chirality switching. It also clarifies how the EP-
based switching condition is connected to the local geometry
of the exceptional-line branches near the AEP, even though
the switching points themselves are ordinary EPs located
at nonzero parameter values on these branches. The effec-
tive Hamiltonian in the degenerate chiral-mode subspace for

H(3m /4) is given by
1+ B2—a” B _ (B+a)
[Heff]L = ( B+o (;’—a’)z V2 ﬂrz_z/z . (30)
T2 0 6 —1+ =
Defining
p—o (B+a)
A= 7 c 31
1 l I N2
g Bt (p-a) )

2 6
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Unlike the AEP effective Hamiltonian in Eq. (25), whose
essential feature is a perturbative asymmetry between the
two directional couplings, the present effective Hamiltonian
describes ordinary EPs located at nonzero parameter values
on the exceptional-line branches. These EP conditions are
given by the vanishing of one of the two effective couplings,
A = 0 or B = 0. The switching points found here are therefore
ordinary EPs rather than asymptotic ones, and the conditions
A =0 and B = 0 trace the exceptional lines. In the weak-
perturbation regime (|o’| < 1, |8’| < 1), the real perturbation
required to move between the two opposite-chirality EP2s is
therefore

Ad =28 + o). (33)

This relation shows that, if one intends to reduce the pertur-
bation strength required for EP-based chirality reversal, the
two EPs should be placed as close as possible to the AEP. In
the ideal perturbative limit, this corresponds to taking |8’| as
small as possible, so that the two EPs approach the AEP while
the required real control amplitude is simultaneously reduced.
This limit is precisely the regime in which the exceptional
lines are locally described by their tangent directions at the
AEP, namely, the V; and V_ AEP perturbation directions
identified in Fig. 4. Thus, in the low-perturbation limit, the
EP-pair route becomes asymptotically connected to the direct
AEP route through the same local exceptional-line geometry.
In practice, this limiting procedure is constrained by the finite
resolution of parameter control. We return to this point in
the next section, where the direct AEP and EP-pair operat-
ing points are compared under a finite-resolution model. As
discussed in Appendix C, this EP-based structure also persists
in cyclic N-site systems.

IV. DISCUSSION

A. Two distinct chirality-switching principles
organized by the AEP

The central conclusion of the preceding sections is that
the AEP organizes two related operating principles of chi-
rality switching. One is the direct AEP response, in which
an infinitesimal complex perturbation induces chiral-mode
selection and thereby switches the system from an achiral state
to a chiral state. The other is the EP-based principle in the
vicinity of the AEP, in which ordinary EPs located at nonzero
parameter values on exceptional-line branches enable chirality
reversal between opposite chiral states.

Importantly, this EP pair is not an independent singular
structure separated from the AEP. As shown in Fig. 4, ordinary
EPs lie on exceptional-line branches that meet at the AEP,
and the tangent directions of these branches at that point
coincide with the AEP perturbation directions. Therefore, to
achieve EP-based chirality reversal with smaller perturbation
amplitudes, the relevant EPs move closer to the AEP along
these exceptional-line branches. In this sense, the EP-pair
route is asymptotically connected to the direct AEP-based
switching route in the low-perturbation limit. The purpose
of the following discussion is therefore to compare these
two AEP-organized operating routes under finite-resolution
control and to clarify their different practical implications for
chiral-mode control.

B. Resolution-averaged chirality near the AEP

The comparison above suggests that the key practical issue
is not merely the existence of two AEP-related singular re-
sponses, but how they should be interpreted as experimentally
accessible operating points. The chiral response associated
with the AEP, discussed in Sec. II, is defined theoretically
in the infinitesimal-perturbation limit ¢ — 0. To interpret
this response as a realistic device operating point, one must
therefore reconsider how the AEP can be accessed in an
experimentally controlled parameter space. In the present
(x(8), B(0)) parametrization, the AEP is an isolated point in
a two-dimensional control space. Although it is well defined
within the idealized theoretical model, reaching it exactly
cannot be guaranteed in practice because of finite control
resolution, drift, noise, and calibration errors.

From this perspective, experimentally observed quantities
should be interpreted not as values at a single ideal point, but
as responses averaged over a finite region in control-parameter
space. We therefore model the finite control resolution in
the perturbation parameters (o, 8) at 6 = 0, by a uniform
distribution over a disk of radius p, and define the observable
chirality as

sk (@, B) = f/ (@ + Aa, B+ AB) pas(Ba, AB)

X dAadApB,

1
paisk(Aa, AB) = n—pzl(m2 + ABE < p?h). (34)

Such averaging provides a natural way to reinterpret the re-
sponse near the AEP in terms of experimentally accessible
observables. Here, we adopt the disk average as the minimal
isotropic model of finite control resolution in the («, 8) plane.
As shown in Appendix F, however, the qualitative comparison
between the two operating points remains unchanged if one
instead assumes one-dimensional averaging only along the
imaginary (loss) direction.

Under this averaging, the AEP-based operating point ap-
pears fundamentally different from its idealized limit. In
principle, an infinitesimal perturbation along the V. direction
yields a maximally chiral response. Once a finite resolution
p is introduced, however, the exact AEP at ¢ = 0 is averaged
over the crossing of positive- and negative-chirality regions
and therefore appears effectively as a neutral point with y =
0. As a consequence, the idealized achiral-to-chiral switching
response, in which y approaches x = —1 or 1 for arbitrarily
small perturbations, is smoothed into a finite-width operating
region. To quantify this averaged AEP-based response, we
use Fig. 6(b). There, we define A(x)agp as the change in the
resolution-averaged chirality from the chirality-neutral point
to the maximum value reached along the V; AEP direction.
We also define Aaagp as the corresponding control excursion
required to reach that maximum averaged chirality, as indi-
cated by the red arrows in Fig. 6(b).

A similar limitation arises for EP-based chirality switch-
ing. In Sec. III, we showed that sweeping o’ at B’ #0
allows chirality switching via EP2s. When 8’ < p, however,
the averaging strongly mixes the neighboring positive- and
negative-chirality regions, making it difficult to retain a large
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FIG. 6. Finite-resolution comparison of the direct AEP operating point and the EP-pair operating point. (a) Chirality map in the control-
parameter plane for p = 0.1. (b) Disk-averaged chirality (x )4 as a function of o for the AEP-based switching scheme, shown for p = 0.05,
0.1, and 0.2. The gray dashed curve shows the reference result obtained without resolution averaging. The red arrows indicate the chirality
change A(x)arp and the corresponding control excursion Aaagp. (¢) Disk-averaged chirality (x )4« as a function of o’ for the EP-based
switching scheme at 8’ = 0.1, shown for p = 0.05, 0.1, and 0.2. The gray dashed curve shows the reference result obtained without resolution
averaging. The red arrows indicate the total chirality change A(x)gp and the corresponding real control excursion Acpp. (d) Perturbation
amplitude required to realize chirality switching. (e) Normalized chirality-change ratio as a function of p, with Cagp = A(x)agp and Cgp =
A(x)ep/2. The red arrows in panels (b) and (c) define protocol-specific quantities and their apparent graphical lengths should not be interpreted
as implying equality between the AEP- and EP-based responses. Their quantitative values are compared explicitly in panel (d) for Axagp and
Acagp, and in panel (e) for Cagp and Cep. (f) Engineering figure of merit defined in Eq. (36) for operating from a chirality-neutral state. In the
sufficiently high-resolution regime for p < 1073, the direct AEP operating point can outperform the EP-pair operating point within the present

averaging model. A complementary single-branch achiral-to-chiral figure of merit (FoM) for the EP branch is presented in Appendix F 2.

chirality contrast. Thus, although EP switching remains oper-
able under finite resolution, operation with an arbitrarily small
loss bias 8/ — 0 is not realistic in the presence of uncertainty;
instead, an effective lower bound of order 8’ 2 p emerges. To
quantify the averaged EP-based response, we use Fig. 6(c).
For a fixed loss bias 8/, we define A{y)gp as the total change
in the resolution-averaged chirality between the two opposite-
chirality extrema along the o’ sweep. We also define Aoy as
the corresponding control excursion required to connect these
extrema, again as indicated by the red arrows in Fig. 6(c).
These qualitative differences are illustrated in Figs. 6(a)-6(c).
Figure 6(a) shows the chirality map in the («, B) plane to-
gether with the representative parameter-sweep directions,
while Figs. 6(b) and 6 (c) compare the direct AEP and EP-pair
operating points under finite resolution.

In this way, the two AEP-organized switching principles
are both degraded by finite control resolution, but in differ-
ent ways. To quantify these differences, we now introduce a
figure of merit.

C. Comparison via a finite-resolution figure of merit

As the above discussion makes clear, the comparison be-
tween AEP- and EP-based operating points cannot be assessed
solely from the raw resolution-averaged chirality change,
because the two switching processes have different ideal

chirality changes. The AEP-based process switches from a
chirality-neutral state to a chiral state, whose ideal chirality
change is unity, whereas the EP-based process switches be-
tween two opposite chiral states, whose ideal chirality change
is 2. We therefore introduce the normalized chirality-change
ratio

Cep(p) = A{)X)gp/2. (35)

With this normalization, C = 1 represents the ideal chirality
change for each switching process, and the reduction of C
from unity directly quantifies the degradation caused by finite
control resolution.

Beyond the difference in the ideal chirality changes dis-
cussed above, the two switching processes also differ in the
structure of the perturbations required for their implemen-
tation. In the AEP-based case, the control excursion Aaagp
is associated with a complex phase-circulating perturbation
along the V. AEP direction. Thus, the chirality change is pro-
duced by controlling a complex on-site modulation itself. In
contrast, in the EP-based case, the switching excursion Aogp
can be implemented by a real on-site perturbation, but only in
the presence of a nonzero imaginary bias 8’ that is applied in
advance. Therefore, a fair device-oriented comparison should
evaluate not only the normalized chirality-change ratio C, but
also the real-control excursion required for switching and the
gain/loss component required to set the operating condition.

Caep(p) = A{X) aEp:
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We therefore introduce the performance metric

C(p)
(1+ A +T(p))

Here, A(p) and I'(p) should be understood as the real-
control cost and the gain/loss cost, respectively, evaluated
at the operating point that realizes chirality switching under
resolution-averaged conditions; the explicit operational def-
initions used for the AEP- and EP-based cases are given in
Appendix F 1. This quantity is an engineering metric designed
to compare response amplitude, control cost, and loss cost on
equal footing.

Within this metric, the direct AEP operating point and
the EP-pair operating point exhibit different finite-resolution
performance. The quantitative comparison is summarized in
Figs. 6(d)-6(f). Figure 6(d) shows the perturbation ampli-
tude required to realize the corresponding chirality switching
Aaagp, Aagp, while Fig. 6(e) shows the normalized chirality-
change ratio C as a function of the control resolution p.
Figure 6(f) combines these factors through the figure of merit.

An important point is that the high-resolution regime is
precisely the regime in which the EP-pair operating point lies
close to the AEP. In this limit, the EP-based operation uses or-
dinary EPs on exceptional lines whose local tangent directions
at the AEP coincide with the V. AEP perturbation directions.
Nevertheless, even in this limit where the operating EPs lie
close to the AEP, the direct AEP operating point can exhibit
a higher figure of merit within the present averaging model.
Because this comparison depends on the assumed averaging
model and cost function, the present FoM analysis should be
understood as a design guideline rather than a universal claim.

In the main text, we evaluate the EP-based operating
point in its natural role as a full chirality-reversal process
between opposite chiral states. For completeness, however,
Appendix F2 also considers a complementary single-branch
perturbation-sweep interpretation of the same EP branch,
in which the response is evaluated from a chirality-neutral
reference point to one EP-associated chiral extremum. This
alternative comparison is not used for the main-text FoM,
but it provides a task-matched reference to the AEP-based
achiral-to-chiral switching and leads to the same qualitative
conclusion in the sufficiently high-resolution regime.

FoM(p) = (36)

D. Potential applications and practical realization

The anomalous eigenvalue scaling of the AEP also clar-
ifies its potential application regime. Since A o &¥/2, its
spectral responsivity scales as dAL/de o< £!/2 and therefore
vanishes, rather than diverges, as ¢ — 0. Thus, unlike an or-
dinary EP with AA oc £!/2, the present AEP does not provide
the enhanced spectral responsivity conventionally exploited in
EP-based sensing.

In contrast, the eigenstate response remains singular.
As seen from Eqs. (16) and (17), the admixture of the
opposite-chirality component scales as O(g'/?), so that the
eigenvectors approach the asymptotically selected chiral
mode with the same leading-order correction. The phase
rigidity also vanishes with square-root scaling, reflecting the
singular eigenstate geometry near the AEP. This singular
eigenstate response suggests that the AEP may be relevant

to sensing schemes that exploit changes in eigenstates or
modal composition rather than eigenvalue splitting. Related
approaches have been explored in non-Hermitian sensing us-
ing state populations and other eigenstate-based observables
[52,53].

The proposed switching can be implemented using three
coupled microring or whispering-gallery resonators because
only the on-site terms need to be controlled, while the
inter-resonator couplings may remain reciprocal and fixed.
Individual resonance tuning has already been demonstrated
in photonic molecules composed of three coupled rings [54].
Coupled photonic-crystal nanocavities provide a more com-
pact alternative, for which independent electrical gain/loss
control and EP operation have also been experimentally
demonstrated [55].

E. Scope and limitations

Our treatment is based on temporal coupled-mode the-
ory and effective Hamiltonians, and is intended primarily to
clarify the conditions under which the two chirality switch-
ing principles arise, together with the basic response laws
that characterize them. Accordingly, several important ef-
fects lie beyond the scope of the present study, including
validation by full-wave electromagnetic simulations, statisti-
cal effects of fabrication disorder, gain saturation, nonlinear
response, and time-dependent noise. In addition, while the
chirality employed here is defined through projection onto
an OAM basis and possible state-domain readout strategies
have been discussed above, a quantitative correspondence be-
tween the intracavity eigenstates and experimentally detected
input-output signals remains to be established for a specific
physical implementation. These limitations do not alter the
main conceptual result: AEP-based achiral-to-chiral switch-
ing and EP-pair-based chiral-to-chiral switching define two
distinct operating principles organized by the same AEP.

V. CONCLUSION

In this work, we developed a theoretical framework for
chiral-mode control in discrete coupled single-mode res-
onators. Using the minimal three-resonator model, we showed
that a phase-circulating complex on-site perturbation de-
fines an AEP: a Hermitian DP whose effective two-mode
Hamiltonian acquires asymmetric perturbative coupling or-
ders and whose eigenvectors coalesce asymptotically as the
perturbation strength tends to zero. We then showed that,
when the perturbation space is enlarged, ordinary EPs lie on
exceptional-line branches that meet at the AEP. A finite-bias
control sweep crosses these branches at an EP pair, enabling
chirality reversal between opposite chiral states.

From the viewpoint of chiral-mode control, the main con-
clusion is therefore that the AEP organizes two related routes
for chirality switching. The first is the direct AEP route, in
which an infinitesimal phase-circulating perturbation switches
the system from an achiral state to a chiral state through
asymptotic chiral-mode selection. The second is the EP-pair
route in the vicinity of the AEP, in which ordinary EPs enable
switching between opposite chiral states. These two routes are
distinct in operation, but they are geometrically connected: As
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the perturbation amplitude required for the EP-pair route is
reduced, the operating EPs approach the AEP along the excep-
tional lines, and the EP-pair route asymptotically approaches
the same local exceptional-line geometry as the direct AEP
route.

Within the present finite-resolution model, these two
operating points exhibit different practical performance char-
acteristics. In particular, under sufficiently high control
resolution, the direct AEP operating point may provide a
promising way for chirality generation with smaller pertur-
bation amplitudes, and hence lower operating energy, than the
EP-pair route. These results identify the AEP, rather than a
generic DP or an ordinary EP, as the organizing structure from
which multiple non-Hermitian routes to chiral-mode control
can be designed.
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APPENDIX A: EFFECTIVE HAMILTONIAN
FOR THE THREE-RESONATOR MODEL

Here, we derive the effective Hamiltonian used to analyze
the chiral eigenmodes. We focus on the case V = eV, ; the
case V = eV_ is treated analogously.

H(e) = Hy + &V, (A1)

(A2)

oo =
S = O

0
[Hol, = diag(2, —1,—-1), [Vi]o.=]0
1

For the degenerate subspace P = L, )(L4| + |L-)(L_| and its
complementary subspace Q = I — P, the corresponding 2 X
2 effective Hamiltonian is given by the Feshbach projection
formalism as

Hes(M)=PHP 4+ PVQ QVP. (A3)

1
A—QHQ
Here, A denotes an eigenvalue of the effective Hamiltonian.

The resolvent factor can be expanded perturbatively as a
Neumann series,

Her(1) = PHP + PVOR Y "(QVQRY'QVP,
n=0

(A4)

where R := (., — QHQ) . Retaining only the lowest nontriv-
ial order in the perturbation, we approximate the resolvent
by its unperturbed value, R ~ Ry := (A+(0) — QHyQ)™' =
—1/3, so that the effective Hamiltonian becomes

[Herl. ~ (_;1/3 _81). (A5)

At leading order, the eigenvalues are therefore

Ai(e) = —1 &+ ——¥2 4 0(e?),

V3

which agrees with the result obtained directly from Eq. (15).
Thus, the two degenerate eigenvalues split according to
the characteristic power law AA oc £3/2. The corresponding
eigenvectors |4 ) are, to leading order,

(A6)

[yre) o (1 :Fﬁs”z)T, (A7)

which shows explicitly that they asymptotically coalesce in
the limit & — O.

APPENDIX B: DEGENERACY CONDITIONS IN THE
TWO-PARAMETER THREE-RESONATOR MODEL

In this Appendix, we derive the exact degeneracy condition
underlying the extended parameter-space structure shown in
Fig. 4 and classify the DP, EP2, and EP3 degeneracies.

1. Characteristic polynomial and degeneracy condition

At 6 = 0, the Hamiltonian is H = Hy + oV, + BV_.In the
basis {|Lo), |L+), |L_)}, it takes the form

2« B
H.,=1[8 -1 o] (B1)
a B -1

Using the same characteristic-polynomial convention as in
Eq. (13), we obtain

fua,B) =1 =30 +af)r — 2+a>+B%). (B2
The discriminant of Eq. (B2) is
A =27[4(1 +aB)’ — 2+ + B (B3)
Therefore, the exact degeneracy condition is
41+ap)y =2 +a + B (B4)

This equation gives the degeneracy curves shown in Fig. 4.

2. DP and finite EP2s

Along the B = 0 axis, Eq. (B4) reduces to (24 o?)> =
4, which gives o =0, —f/Z. At @ = B8 = 0, the characteris-
tic polynomial becomes f(1) = (A + 1)?>(A — 2). The double
eigenvalue A = —1 has the two-dimensional eigenspace
spanned by |L;) and |L_). The origin is therefore a diago-
nalizable Hermitian DP.

The second solution,

(a, B) = (—/4,0), (BS)

is the finite EP2 identified in Fig. 2, since @ = ¢ along the 8 =
0 axis. At this point, f(1) = (A — 1)>(A + 2), and the double
eigenvalue A = 1 has a one-dimensional eigenspace, confirm-
ing that the degeneracy is an ordinary EP2. By the o < 8
symmetry, an equivalent EP2 occurs at (¢, 8) = (0, —\3/4_1).
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3. EP3s and branch-point structure

A triple eigenvalue requires
f=0f=8f=0. (B6)
From Eq. (B2),
0.f =322 = 3(1 +ap), 32 f = 6. (B7)

Thus, the triple root is A = 0, and the remaining conditions

become
l+af=0, 2+4+a°+p=0. (B8)

The two real solutions are

(mﬂ)=(7—htJiJL1¢v§) (B9)

Numerically, (o, 8) 2 (0.75, —1.34), (—1.34,0.75). At ei-
ther point, f(A) = A3. Moreover, since a8 = —1, the upper-
left 2 x 2 minor of [H];, is

(m<é fJ:rQ—aﬂz—l#Q (B10)
Hence, rank(H) > 2. On the other hand, det H =0 be-
cause A =0 is an eigenvalue, so rank(H) < 2. Therefore,
rank(H ) = 2, and the rank-nullity theorem gives

dimker H =3 —rank(H) = 1. (B11)

Thus, the triple eigenvalue has only one linearly independent
eigenvector. The corresponding Jordan form therefore con-
sists of a single third-order Jordan block, confirming that the
degeneracy is an EP3.

APPENDIX C: N-SITE GENERALIZATION
AND MAIN RESULTS

In this Appendix, we summarize the N-site extension and
state the main results; the perturbative effective-Hamiltonian
derivation is deferred to Appendix D.

1. N-site cyclic resonator system and degenerate OAM pairs

We now generalize the preceding discussion to an N-
dimensional tight-binding model with periodic boundary
conditions. We consider a cyclic resonator array with sym-
metric couplings, where the coupling between resonators
separated by j sites is denoted by «;. In the site basis, the
coupling matrix is

0 k¥ -+ K K
K1 0 K1 K2
[Klsie = K1 0 . B (ChH
K) . Tl K
K1 K2 K1 0

Let the complex on-site frequencies be w; € C (j=
0,...,N — 1) and define

[Qlsiee = diag(wo, @1, ..., ©N—1).
The model Hamiltonian is then given by

Hy=Q+K.

When all on-site frequencies are identical, w; = w (j =

0,...,N — 1), the Hamiltonian H, becomes circulant and can
therefore be diagonalized by the discrete Fourier transform,
U = (lko) k1) lkn-1)), (C2)

N-1
1 , .
k) = —= Y _whlj),  wy = >N, (©3)
VN S

Here, |j) denotes the mode localized at site j. Because of pe-
riodicity, |k,,) = |knmn). The corresponding eigenvalues are

N-1
=0+ Kkjwh, m=0,....N—1 (C4
j=0

For a Hermitian cyclic array with symmetric couplings,
kj = kn—j, the eigenvalues in Eq. (C4) satisfy

AN—m = Am,

J oy — N L
where we used wy,_,, = w,’ = w;,; ’ and the symmetry «; =

kn—j. Thus, the generic degeneracy structure is exhausted
by the symmetry-related pair (m, N — m). Any higher-order
degeneracy, involving additional indices beyond this pair, can
occur only at special parameter values satisfying extra alge-
braic constraints among the couplings « ;. In the following, we
restrict attention to the generic case in which each OAM dou-
blet (m, N —m) is spectrally isolated from all other modes.
Accordingly, for even N, there are two nondegenerate eigen-
values at m = 0 and m = N/2, whereas all others are doubly
degenerate. For odd N, there is one nondegenerate eigenvalue
at m = 0, and all the others are doubly degenerate. These
doubly degenerate mode pairs, |k;) and |ky—;), correspond to
opposite OAM modes. We therefore define

\Ly) = lki), \L—1) := lkn—1), (€5

withl =1, ..., Inax, Imax = L(N — 1)/2]. The chirality asso-
ciated with the /th OAM pair is then defined as

%) = Lila)| = {L-ilay)l, (C6)

where |a;) denotes an eigenstate of the perturbed Hamilto-
nian. As in the previous sections, we measure all frequencies
in units of an arbitrary positive reference coupling scale xpef >
0. Specifically, we define
- Hy — ol Kj - A — @
Hy=2"% =22 3,=""

_] 9
Kref Kref Kref

In what follows, we omit the bars and use the same symbols
for the dimensionless quantities.

2. AEP-based chirality generation in N-site systems

The perturbations V4 generalize to the N-site system as

N—1 N—-1
Ve= e N =) ko kgl
j=0 j=0
N—1 N—1
Vo= eI =) Tk (Kl (C8)
Jj=0 j=0
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Thus, in the angular-momentum (k-) space, Vi act as unidi-
rectional shift operators. The full Hamiltonian including both
perturbations is

H=Hy+¢eV,+e_V_

N—-1

=Y Olk) (k] + e k) (k;| 4+ e LK) (kD). (C9)
Jj=0

where ¢4 are dimensionless small parameters of the same
order, measured in units of the reference coupling scale.

For the degenerate /th OAM pair, we define the projected
subspace and its complement by

P =|L)(Li| + |L){L~|, Q=I-=P (C10)

Using the effective-Hamiltonian construction summarized in
Appendix D, we analyze the perturbative response of the
Hermitian degeneracy to a unidirectional non-Hermitian per-
turbation. The effective Hamiltonian projected onto the /th
OAM subspace is, to the lowest nontrivial order in &,

N-=-2I-1

A 8N—21 l_[

Dy~ =1
[Heff]L — 21—1 1 *
21

g% _
o M A
(C11)

Accordingly, the eigenvalue splitting and eigenvectors take
the asymptotic forms

AE = = VOGP 4 o), (C12)
_ T
(V)] ~ (VCiel* $4Cel) (C13)
where
N-=2]—1 1 21—1 1
Ci = — =] —
l_[ Al = Algs 1_[ A=A

s=1 s=1

Here, it is assumed that the /th OAM doublet is spectrally
isolated, sothat A; # Ajpsfors=1,...,N — 2] — land A; #
Ai_g for s =1,...,2] — 1, except for the symmetry-related
equality A; = Ay_;. Under this nonresonance condition, the
coefficients C; and C, are finite and the two-dimensional ef-
fective Hamiltonian is well defined. If additional degeneracies
are present, the above reduced description breaks down and
one must instead perform degenerate perturbation theory in
an enlarged subspace.

Equation (C12) shows that the eigenvalue response follows
the fractional-power scaling AL ~ 81/ %, As N increases, the
eigenvalue splitting becomes progressively higher order in the
perturbation. For explicit numerical illustrations and fitting
results, we now specialize to the nearest-neighbor model. The
fitted curves in Fig. 7 are of the form y = ax”, and the fit
parameters are summarized in Table L.

The asymptotic form of the eigenvectors immediately
yields the chiral-mode selection rule for the generic case [ #
N/4. IfN — 2] > 2l,i.e.,] < N/4, then the lower component
dominates and

Jim [[w )], = ©. DT, (C14)

1071

1073

[AA]

-7
10 1072 1071

le]

FIG. 7. Power-law dependence of the eigenvalue splitting on
the perturbation strength for the nearest-neighbor model with N =
3,4,5,6,7,8.

so the state asymptotically selects the negative-OAM mode. If
N —2l <2l,ie., I > N/4, then the upper component domi-
nates and

Jim [[v )], = .07, (C15)
so the state asymptotically selects the positive-OAM mode.
Thus, for [ # N/4, the sign of the selected chirality is de-
termined solely by which of the two transition path lengths,
N — 21 or 21, is shorter.

In contrast, when N — 2] =2I, i.e., [ = N/4, the two
off-diagonal couplings in Eq. (C11) appear at the same per-
turbative order 0(81/ 2). In this borderline case, the order
asymmetry responsible for the AEP chiral-mode selection
disappears, and the leading-order eigenvectors do not asymp-
totically coalesce onto a single OAM eigenstate, but instead
remain generic mixtures of the positive- and negative-OAM
modes,

[lv)], ~ VT £VT)". (C16)

Therefore, for | = N/4, the AEP mechanism does not yield
chiral-mode selection in general. For nearest-neighbor N =
4M rings, this borderline case is further special: An addi-
tional sublattice symmetry fixes the natural basis to achiral
standing-wave combinations, so that X(N/4) =0 holds ex-
actly. A symmetry-based explanation of this exact achirality,
together with its breakdown under symmetric beyond-nearest-
neighbor couplings such as k», is given in Appendix E.
Figure 8 compares the nearest-neighbor responses for N =
4 and N =5 under the perturbation V.. Figures 8(a)-8(c)

TABLE 1. Fitting parameters for the nearest-neighbor results
shown in Fig. 7, using AL = Ag”. The results confirm AL ~ &V/2,
The slight deviations for small N arise from higher-order corrections
of order ¢V, which are relatively more pronounced in that regime.

N A p N A P

3 6.24 x107! 1.54 6 2.92 x107! 3.00
4 5.19 x107! 2.02 7 2.79 x107! 3.50
5 3.85 x107! 2.51 8 2.50 x107! 4.00
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FIG. 8. Comparison between the N = 4 borderline case and the generic N = 5 case under the perturbation V... (a) Eigenvalues for N = 4.
The degenerate pair |k;), |ks;) corresponds to the special case [ = N/4 = 1. (b) Chirality of the nearest-neighbor N = 4 modes as a function
of ¢,. The degenerate pair remains achiral in the limit ¢, — 0, showing the absence of asymptotic chiral-mode selection. (c) Real-space
interpretation for the nearest-neighbor N = 4 case: Because the two conversion paths between |k;) = |L.;) and |k3) = |L_;) have the same
length, the order asymmetry disappears; combined with the sublattice symmetry of the ring, this yields achiral standing-wave combinations
rather than a single chiral OAM mode. (d) Eigenvalues for N = 5, showing two degenerate OAM pairs, |k;), |ks) (I = %£1) and |k,), |k3)
(I = £2). (e) Chirality xV for the I = %1 pair in the N = 5 case. (f) Chirality x® for the I = 42 pair in the N = 5 case. For N = 5, strong
chirality emerges under an infinitesimal perturbation, and the selected chirality changes sign between the / = £1 and / = 32 pairs, consistent

with the general rule for [ # N/4.

correspond to the N = 4 case, while Figs. 8(d)-8(f) corre-
spond to the N =5 case. For N =4, Fig. 8(a) shows the
unperturbed spectrum, in which the degenerate pair |k;), |k3)
correspond to the borderline case [ = N/4 = 1. Figure 8(b)
shows that the chirality of this pair remains zero as ¢, — 0,
indicating the absence of asymptotic chiral-mode selection.
This exact achirality is a special feature of the nearest-
neighbor N =4 ring. As illustrated in Fig. 8(c), the two
conversion paths between |k;) and |k3) have the same length,
2l =N — 2] =2, so the order asymmetry disappears, and
the natural real-space basis is given by achiral standing-wave
combinations.

In contrast, for N =5, Fig. 8(d) shows the unperturbed
eigenvalues with two degenerate OAM pairs, / = =1 and
| = £2. Figures 8(e) and 8(f) show the corresponding chiral-
ities ¥V and x®, respectively. In this generic case | # N/4,
strong chirality emerges under an infinitesimal perturbation,
and the sign of the selected chirality is reversed between the
two pairs, in agreement with the general selection rule: The
asymptotically selected chirality changes sign depending on
whether / < N/4orl > N/4.

3. EP-based chirality reversal in N-site systems

As discussed for the three-resonator system in Sec. III,
combining two perturbations enables chirality reversal. The
N-site analog of Eq. (26) is obtained by parametrizing the

perturbations in Eq. (C9) as
er) _ [ cosO sinf \ [«
e_ ) \—sin® cos@)\B)
In particular, for & = 37 /4, one has
ﬂ/ _ a/ ﬂ/ + a/
V2

so that the on-site perturbation becomes

(C17)

&4 =

2 j 27 j
(VG /4)j) = —2( o cos L + i sin =L )5,
N N
(C18)
which explicitly separates the real and imaginary on-site mod-
ulations.

Using Eq. (C11), the off-diagonal matrix elements of the

effective Hamiltonian in the {|L;), |L_;)} basis are written as
A = (L|He|L_y) ~ 1) + Cre?,
B = (L_|He|L)) ~ Cie" ™ + G, (C19)

Let m = min(2/, N — 2[). In the weak-perturbation regime, if
2l < N — 21, then the leading-order contributions are

/ N\ 21 A 21
chz(ﬂj;), chrz(ﬂﬁ“), (C20)
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QV_QR,

n—I+1 )

FIG. 9. Transition processes between the target subspace P and
the complementary subspace Q induced by the perturbations V... The
minimum number of allowed steps required to connect |Ly;) and
|L+;) through the QO space determines the perturbative order of the
off-diagonal terms in the effective Hamiltonian.

whereas if 2] > N — 21, they become

IB/ _ Ol/)NZI (,3/ +a/>N21
A~C , B~C . (c21
1( V2 NG
Therefore, to leading order, the EP conditions reduce to
o =g or o' =—p, corresponding to A =0 or B =0, re-

spectively. The chirality associated with each EP follows the
(N, I)-dependent chiral-selection rule derived above. More-
over, the real control amplitude required to move between
EPs with opposite chirality is Aa’ = 28’. Thus, the chirality
reversal induced by sweeping a purely real control parameter,
found for N = 3, persists in higher-dimensional systems.

Thus, in the weak-perturbation regime, the N-site system
retains the same chirality-switching mechanism via ordinary
EPs as in the three-resonator model, while the chirality se-
lected at each EP is now governed by the (N, [)-dependent
rule derived above.

APPENDIX D: DERIVATION OF THE EFFECTIVE
HAMILTONIAN IN CYCLIC N-site SYSTEMS

This Appendix derives Eqs. (C11)-(C13). The key point is
that V; and V_ act as unidirectional shift operators in angular-
momentum space, so the leading off-diagonal matrix elements
are determined by the shortest allowed transition paths con-
necting |L;) and |L_;) through the complementary subspace.
As illustrated in Fig. 9, the two directions generally require
different path lengths, which produces different perturbative
orders for the two effective couplings. Starting from Eq. (C9),

N—1

H = Z[Kjlkj)(kjl + eqlkjo1) (kjl + e—1k;)(kj-1]].  (D1)
j=0

For the degenerate subspace associated with the OAM pair of
order [, we define P = |L;)(L;| + |L—;){L—;|, Q =1 — P. The
effective Hamiltonian is again constructed using Eq. (A4).
The first-order projected perturbation is

PVP = Z

o,0'e{+,—-}

|Lo1)(Lo1lV |Lg1){Lo]- (D2)

Evaluating the matrix elements, one finds
(Li|VIL) = (L|VIL-) =0,
(LiV L) = e (k| Vi lkn—i) + e (ki [V_lkn—s)
=648 Ni—1 + €SI N_141-

For the second-order correction, because Hy is diagonal in
the |k;) basis, the unperturbed resolvent is

)]
Ry = ( — QHyQ) ' = . D3
0 := (M — QHyQ) gx,» (D3)
j#l,N—I
Projecting onto the complementary subspace, we obtain
PVQ= Y Z (Lot |V 1k}) (k; |
oe{+,—}
4, N
= eq |Li){Lig1| + e L) (L]
+ e |Lop) (L] + e |L_){L_j—1]. (D4)
This term describes transitions from neighboring sectors back
into the target OAM pair.
Similarly,
QVP = Z Z ) ks 1V |Lo1) (Lo
+-1 j=0
J#LN=1

= ey |Li—1){Li| + e—|Lig1){Ly]
+ e L) Loy| + e | L) (L. (D5)

This term describes transitions from the target OAM pair to
neighboring sectors.

Next, defining Sy ={/, N—-I[,[£1, N-I1+1}, we
have
N-1
Ik] 1) (k| kji 1) (kjl
QVQR() =&y E Y + e Z T)\,j (D6)

J#Sy Y jés_

The structure of these terms admits a simple interpretation,
illustrated in Fig. 9. The operator QV P corresponds to the
first step, taking the system from |k;) or |ky_;) to neighboring
states such as |k;+1) or |ky—_;+1), with one power of the per-
turbation. The factor (QV QRy)? then describes p additional
allowed steps within the Q subspace, each accompanied by
both a perturbation factor and an energy denominator. Fi-
nally, PV Q returns the system from |k;+;) or |ky_;+1) to the
target subspace P. Therefore, the leading perturbative order
contributing to an off-diagonal element of the effective Hamil-
tonian is determined by the minimum number of allowed steps
required to connect |L4;) and |L;) through the Q subspace.

Since V, and V_ generate distinct transition processes and
do not mix at the lowest order, we first consider them sepa-
rately. With only V present, the transition

L) = |ki) — |L_;) = lkn—1)

proceeds along the path / -/ —1— - > N—-I+1—
N —[. The number of intermediate transitions within Q is
therefore N — 21 — 2, so the total perturbative orderis N — 2.
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Conversely, the reverse transition
[L_;) = lkn—1) — |L;) = lk;)

proceeds along N—[—->N—-I[I—-1— - ---—=>1+1—1,
which contains 2/ — 2 intermediate Q-space steps and hence
appears at order 2/.
Therefore, using only V., the relevant off-diagonal ele-
ments of the effective Hamiltonian are
N-21-1

1
(Li|He|L—;) = &7 —_—
‘ " 1} A= his
2[—1 1
(L-i|HetILi) = 67 | | ——— (D7)
M= A
Similarly, using only V_, one obtains
21—1
Li|Heie|L_;) = &
(Li|Hesr| ]'[ P M -
N-21-1 1
(Li|Heir|Ls) = ¥~ — (DY)
‘ [1 M= hi

s=1
Accordingly, when both V, and V_ are present, the leading

perturbative order is governed by min(2/, N — 2/), and the
off-diagonal elements behave as

e, (2l <N =2I),
(Li|Hegg|L—y) ~ { €Y7, (21 > N —=2I),

VP4V @i =N-20),

e, 2l < N =2D),
(L_|Hee|Ly) ~ 1€V, 21 >N-20), (DY)

VP42 @i =N -2,

The diagonal terms first appear at second order. Using
Egs. (D3)—(D5), one finds

(L |Hefr| L) — M
1

1
=¢ere_ +
- ()»1 — A1 A= A

Thus, the diagonal correction appears only at second order.
Physically, this corresponds to a process in which the state
leaves the target subspace P, enters Q, and immediately re-
turns. Such a process requires both V. and V_: One lowers
the angular-momentum label and the other raises it. Hence,
no diagonal correction appears at any order if only one of the
two perturbations is present.

The eigenvalues of the effective Hamiltonian are therefore
given, at the lowest order, by

2 = (L Hexr|Ly) £ /{Li | Hew| L) (L
Accordingly, the splitting behaves as
VD = /{Li|Hett|L—1)(L

(8+8—)N/2",
~ {(ere), (I > N/4),
N/Z
+eV2 = N/4).
Finally, let us return to the case e_ = 0 in order to examine
the perturbative response of higher-order chiral modes. The

) + o(ere-). (DI10)

—i|Heie|Ly).  (D11)

—Z|Heff|Ll>

(I < N/4),
(D12)

effective Hamiltonian projected onto the degenerate OAM
subspace of order / then becomes, to the lowest nontrivial
orderin &,

N-2I—-1

N-21
A e ]

s=1

1

[ (l)] )"l - )"1+S

eff IL — 20—1
21

£ Fe— A

MV VA :

(D13)

APPENDIX E: SYMMETRY-PROTECTED ACHIRALITY
OF THE NEAREST-NEIGHBOR N = 4M CASE

For the borderline pair [ = N/4, Eq. (C11) already shows
that the two opposite conversion processes appear at the same
perturbative order O(s"/?). Therefore, the order asymmetry
responsible for asymptotic chiral selection disappears, and the
limiting states remain noncoalesced mixtures in general.

The nearest-neighbor N = 4M ring is a further special
case. For

N-1

Ho—w1=K1Z(Ij>(j+1|+|j+1)(j|), (ED)
Jj=0

the unperturbed eigenvalues are A,, = 2« cos(2nm/N). At
the borderline index [ = N/4, one has Ay/4 = 0, and for s =
LN/2 -1,

N ) T " 21s i 27s (E2)
s=2Kk1co8| —+ — )| = F2k;sin | — .
N/4+ 1 3 N F2K1 N

Hence, Anja+s = —Anja—s. Substituting this into the coeffi-
cients in Eq. (C11), one finds
N/2—1 |

=[] 7. (E3)

o1 AN/ T AN
1
AN/4 — ANjd—s

N/2—1

G=]]
s=1
Since N = 4M implies N/2 — 1 =2M — 1 is odd, this re-
duces to C; = —Cy, |[C1| = |G|
Therefore, the leading-order eigenvectors in the
{ILny4), IL_n/4)} basis have equal-weight components,

[[v&)], ~ VT £ VO, (ES)

and can always be written, after an appropriate phase choice
within the degenerate doublet, as equal-weight superpositions
of |Lyy4) and |L_y/4). Thus, in the nearest-neighbor N = 4M
case, the borderline pair is asymptotically achiral in the limit
e — 0.

This result admits a simple real-space interpretation. De-
fine the sublattice operator

=(=DV*"'c. (B

N—
D= (1Y)l (E6)

For the nearest-neighbor ring, it satisfies

r’=1, (I, Hy—owl}=0. (E7)
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Moreover, in the angular-momentum basis one has I'|k,,) =
|km+n/2), so that, for [ = N/4,
['|Lya) = |L_ny4),

CIL_ns4) = |Lysa). (E8)

The associated standing-wave combinations are

|Lnya) — |L_nya)
V2 ’ iv2
which satisfy I'|C) = +|C), I'|S) = —|S). On the other hand,

the lowest-order process that returns the state to the [ = N/4
subspace is generated after N/2 applications of V., giving

VY2 = Ze"”u )il = Z(—l)fu =T.

Thus, the lowest-order perturbation returning to the borderline
doublet is compatible with the standing-wave basis selected
by I, rather than with a single chiral OAM mode.

Once a symmetric beyond-nearest-neighbor coupling con-
necting the same sublattice is introduced, this special structure
is generally lost. For example, a next-nearest-neighbor cou-
pling «, breaks the anticommutation relation {I", Hy — wl} =
0 and, more importantly, destroys the spectral antisymmetry

ANJ44+s = —Anj4—s Tesponsible for |C| = |C,|. Then, the two
N/2

[Lysa) + |L_nya)

IC) = IS) = (E9)

(E10)

opposite processes still appear at the same order O(&['”), so
asymptotic chiral-mode selection does not reappear, but the
limiting states need no longer be equal-weight superpositions.
Accordingly, the borderline pair remains noncoalesced, while
its chirality is generically nonzero.

APPENDIX F: FINITE-RESOLUTION AVERAGING
AND EXPLICIT FoM DEFINITIONS

In the main text, we discussed the operating points associ-
ated with the two chirality-switching principles organized by
the AEP under finite control resolution. Since the ideal AEP-
based achiral-to-chiral switching response is defined in the
infinitesimal-perturbation limit, it is important to clarify how
the observed chirality depends on the averaging scheme and
how the FoM should be defined explicitly for the direct AEP
and EP-pair operating points. In this Appendix, we introduce
several representative averaging schemes and show that the
qualitative conclusions presented in the main text are robust
with respect to these choices.

1. Explicit definitions of FoMgp and FoMgp

To compare the direct AEP and EP-pair operating points
as chirality switching, we introduced in the main text the
engineering figure of merit

FoM = o) . (F1)

(I 4+ AN +T(p))
Here, C(p) denotes the normalized chirality-change ratio de-
fined in Eq. (35), A(p) is the required sweep amplitude along
the real-part control direction, and I'(p) represents the cor-
responding cost in the imaginary-part direction, namely, the
required gain/loss component.

For the AEP operating point, the perturbation Vagp can be
decomposed into its real and imaginary parts as

— Vg +i— (F2)

«/_ f

Vagp(a) = aVy = —

where Vg and V] are defined as

[Vilsite := diag(—v/2, 1/4/2, 1/+/2), (F3)
[Vilsite := diag(0, —/3/2, /3/2). (F4)

This decomposition shows that, at the AEP operating point,
the real and imaginary perturbation components vary simulta-
neously along the V. direction.

In contrast, in the EP-based switching protocol,

Vep(a', ) =V (@B /4) =o' Vg + Vi (F5)

so that the real and imaginary control parameters can be tuned
independently.

Using the quantities Cagp(p), Cgp(p), Aaagp(p), and
Aagp(p) extracted from Figs. 6(b) and 6(c) and Eq. (35), we
define

Cagp
(14 Aaagp/vV2)(1 + Adarp/V2)

Cep

FoMer(6) = (3 2 T T ) (F6)
The first factor in the denominator reflects the required control
amplitude along the real direction, while the second factor
accounts for the cost of implementing gain/loss together with
the effect of finite uncertainty width. Under this definition,
the FoM of the direct AEP operating point can exceed that
of the EP-pair operating point in the high-resolution limit,
whereas the EP operating point becomes more favorable when
the available control precision is insufficient. This comparison
supports the view that the AEP-based operating principle can
outperform EP-based control under highly accurate parameter
tuning. The EP-based FoM defined above corresponds to the
full chirality-reversal process used in the main text. In the
following subsection, we introduce a complementary single-
branch perturbation-sweep definition, in which the same EP
branch is evaluated as an achiral-to-chiral operation.

FoMagp(p) =

2. Complementary achiral-to-chiral FoM for the EP branch

For the main-text comparison, the EP-based operating
point is treated in its natural role as a full chirality-
reversal process between two opposite-chirality states. As
a direct comparison with the achiral-to-chiral operation via
the AEP, we also consider a complementary single-branch
perturbation-sweep interpretation of the same EP branch. In
this interpretation, the EP response is evaluated as a chirality-
generation process from a chirality-neutral reference point to
one EP-associated chiral state.

For a fixed loss bias p’, let o, denote the chirality-
neutral reference point of the resolution-averaged response,
defined by

<X>disk(a(/)1 B)=0. (F7)

This point is used as the reference state for the EP-based
achiral-to-chiral operation.
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FIG. 10. Complementary single-branch achiral-to-chiral FoM
for the EP branch. (a) Disk-averaged chirality (x)as« as a function
of o’ for a fixed . The red arrows indicate the chirality-generation
contrast A(x)5s and the corresponding real-control excursion
Aaps™, measured from the chirality-neutral reference point o, to
the negative-chirality EP-associated extremum o, _. (b) Figure of
merit for the achiral-to-chiral comparison. The AEP-based result
is compared with the single-branch EP-based result defined in
Egs. (F9)-(F11). Within the present averaging and cost model, the
AEP-based route can become favorable in the sufficiently high-
resolution regime.

We then define «;. _ as the EP-associated extremum on the
negative-chirality branch,

(X)aisk (e, _, B) < 0. (F8)

In the numerical evaluation shown in Fig. 10, we use this
negative-chirality branch because, in the finite parameter
range considered here, it gives a slightly more favorable
single-branch response from the chirality-neutral reference
point. This choice does not affect the high-resolution conclu-
sion: As p becomes small and the optimal 8’ approaches zero,
the positive- and negative-chirality branches become nearly
symmetric.
The single-branch chirality change is defined as

AOEr = 100ask (@ _, B) — (X)aisk (g, B, (F9)
and the corresponding real-control excursion is defined as

Aags™ = la) _ — o). (F10)

Since this single-branch process represents switching
from a chirality-neutral state to a chiral state, its ideal

therefore define the
gen
EP *

chirality change 1is unity. We
normalized chirality-change ratio as Cip (p) = A(x)
The corresponding figure of merit is then

Cer'(p)
(14 Aags™ () (1 + B

Here, the first factor in the denominator represents the real-
part control excursion required to reach one EP-associated
chiral state from the chirality-neutral point, while the second
factor accounts for the finite imaginary bias.

This chirality-generation metric differs from the full re-
versal metric used in the main text only in the definition of
the EP operating range. When the averaged chirality curve is
approximately antisymmetric about the midpoint between the
two EP-associated extrema, one has

FoME™ (p) = (F11)

AGORY ~ 200050, Aagp’ ~ 2Aags™, (F12)
where the superscript rev denotes the full chirality-reversal
quantities used in the main text.

Figure 10(a) illustrates the geometric definitions of
A(x)Ep and Aags™ on the resolution-averaged chirality
curve. Figure 10(b) shows the corresponding figure of merit.
Although this single-branch definition changes the quantita-
tive balance between the AEP and EP operating points, it
does not alter the qualitative conclusion of the present work:
Within the present averaging and cost model, the AEP-based
achiral-to-chiral route can become favorable in the sufficiently
high-resolution regime.

3. One-dimensional averaging along the loss direction

We next examine the robustness of the above definitions
with respect to the averaging scheme by considering one-
dimensional broadening only along the imaginary-direction
control axis.

As the simplest model for the case in which gain/loss un-
certainty is the dominant source of control error, we consider
averaging only along the imaginary-direction control param-
eter. Let (o, ') denote the real and imaginary perturbation

1.0 | — g—10p
3= —— f'=13p
0.8 —— ['=106p
¥ B'=2.0p
% 0.6 p'=25p
= B'=32p
0.4 =40
—— B'=50p
=== Direct AEP

1071 1073 1072 10!

p

FIG. 11. Dependence of the figure of merit (FoM) on p, where
the broadening is applied along the loss direction. The result is qual-
itatively consistent with that in the main text (Fig. 6), demonstrating
that the distinction between the direct AEP and EP-pair operating
points is robust against the specific choice of broadening scheme.
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amplitudes defined in Eq. (29). The averaged chirality is then
defined by

1 14
himste ) = 5 f x(@ B+ AB)YAAE.  (FI3)
—p

Here, p is the half-width of the uncertainty along the loss
direction and is normalized by the coupling rate.

This one-dimensional averaging describes a situation in
which the real-part control is sufficiently well calibrated,
whereas the dominant uncertainty arises from the implemen-
tation of loss or gain. Even under this averaging scheme,
the qualitative behavior discussed in the main text remains

unchanged. Specifically, the AEP operating point is smoothed
into an effectively chirality-neutral point because the positive-
and negative-chirality regions are mixed by the averaging.

In this case as well, the same device-oriented metric can
be applied to the present one-dimensional averaging scheme.
What changes is not the structure of the FoM, but the
resolution-averaged chirality profile from which the quantities
entering it are extracted. In particular, the values of A(x)agp,
A{x)Ep, Aaagp, and Aagp are evaluated using (X )imag instead
of (X ) disk-

As a result, even when only the uncertainty in the imagi-
nary direction is taken into account, the main conclusions of
this work remain essentially unchanged. Results of an analysis
analogous to that in Fig. 6 are shown in Fig. 11.
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