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Quantum spin van der Pol oscillator: Spin-based limit-cycle oscillator exhibiting
quantum synchronization
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We introduce a quantum spin van der Pol (vdP) oscillator as a prototypical model of quantum spin-based limit-
cycle oscillators, which coincides with the quantum optical vdP oscillator in the high-spin limit. The system is
described as a noisy limit-cycle oscillator in the semiclassical regime at large spin numbers, exhibiting frequency
entrainment to a periodic drive. Even in the smallest spin-1 case, mutual synchronization, Arnold tongues, and
entanglement tongues in two dissipatively coupled oscillators, and collective synchronization in all-to-all coupled
oscillators are clearly observed. The proposed quantum spin vdP oscillator will provide a useful platform for
analyzing quantum spin synchronization.
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I. INTRODUCTION

Rhythmic oscillations and synchronization are ubiquitous
in real-world systems, including laser oscillations, spiking
neurons, flashing fireflies, and mechanical vibrations [1–6].
With recent advances in quantum technology, quantum syn-
chronization in spin-1 atoms [7], in nuclear spin systems
[8], and on the IBM Q system [9] has been experimentally
realized, and numerous theoretical studies on quantum syn-
chronization have been conducted [10–40].

The classical van der Pol (vdP) oscillator, originally pro-
posed for analyzing nonlinear oscillations in triode circuits
[41], stands as a paradigmatic model of limit-cycle oscil-
lators. Recently, the quantum van der Pol oscillator [10],
which we call the quantum optical vdP oscillator hereafter,
was proposed as a prototypical model of quantum limit-cycle
oscillators in optical systems; it describes a harmonic oscilla-
tor coupled with two types of dissipation, i.e., single-photon
gain and two-photon loss, which are quantum analogs of
the negative damping and nonlinear damping in the classical
vdP oscillator, respectively. Using the quantum optical vdP
oscillator, features of quantum synchronization have been in-
vestigated theoretically, e.g., entrainment by a harmonic drive
[10,11] and by squeezing [12], multiple phase locking in the
strong quantum regime [13], mutual synchronization [14,15],
and effects of quantum measurements [16].

Since small spin systems are suitable for analyzing
many-body quantum synchronization [37] and experimental
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realization [7,9], quantum synchronization in spin-1 systems
has also attracted considerable attention recently [20,21].
Roulet and Bruder highlighted the spin-1 (three-level) sys-
tem as the smallest model suitable for formulating quantum
synchronization [20], while several studies have indicated
that spin-1/2 (two-level) systems can also exhibit quantum
synchronization [38,42,43]. Such discrepancy seems to arise
because (1) stable limit-cycle oscillations, (2) frequency en-
trainment to a periodic external drive, (3) mutual frequency
synchronization between two oscillators, and (4) collective
synchronization in globally (all-to-all) coupled oscillators,
which are essentially important features in the analysis of
classical synchronization [4], have not been studied sys-
tematically for a single, specific model of quantum spin
systems.

In quantum optical systems, the quantum optical vdP oscil-
lator plays a pivotal role in the theoretical analysis of quantum
synchronization. Limit-cycle oscillations under the effect of
quantum noise in the semiclassical regime have been ana-
lyzed using the quasiprobability distribution in the phase-state
representation [10]. Frequency entrainment of the oscillator
to a periodic external drive [11] and mutual frequency syn-
chronization between two oscillators [15] have been observed
through the alignment of the peak frequency of the oscillator’s
power spectrum to the periodic drive or to each other [11,15].
Also, collective synchronization in a population of oscillators
with global coupling has been studied using the mean-field
analysis [14]. Such systematic analysis of the essential fea-
tures of quantum synchronization is enabled by the quantum
optical vdP oscillator, which, in the classical limit, reproduces
the Stuart-Landau oscillator (normal form of the supercritical
Hopf bifurcation), the most fundamental and simplest model
of a classical limit-cycle oscillator. Owing to this correspon-
dence with the simplest normal form of a classical limit-cycle
oscillator, we can directly compare synchronization behavior
between quantum optical systems and classical systems. For
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quantum spin systems, however, no such universal model as
the quantum optical vdP oscillator exists.

In this study, we propose a quantum spin vdP oscilla-
tor as a fundamental model of self-sustained oscillators in
quantum spin systems. We prove that it coincides with the
quantum optical vdP oscillator in the high-spin limit and
yields the Stuart-Landau oscillator. Through a systematic
numerical analysis, we reveal that the quantum spin vdP
oscillators exhibit all essential features of quantum synchro-
nization, i.e., frequency entrainment, mutual synchronization,
and collective synchronization, and we compare the synchro-
nization behavior among quantum spin systems, quantum
optical systems, and classical systems. In particular, we report
the first explicit observation of mutual frequency synchroniza-
tion between a pair of single quantum spin-based limit-cycle
oscillators with the smallest spin-1 systems.

II. SPIN COHERENT STATE

In this section, we give an overview of the spin coherent
state. Following Arecchi et al. [44], we consider a spin-J
system consisting of an assembly of N spin-1/2 atoms under
a constant magnetic field in the z direction and introduce the
(collective) angular momentum operators

Jμ = 1

2

N∑
n=1

σ n
μ (μ = x, y, z),

J± =
N∑

n=1

σ n
±, J2 = J2

x + J2
y + J2

z , (1)

satisfying

J2|J, m〉 = J (J + 1)|J, m〉,
J±|J, m〉 =

√
J (J + 1) − m(m ± 1)|J, m ± 1〉,

Jz|J, m〉 = m|J, m〉,
Jx = (J+ + J−)/2, Jy = −i(J+ − J−)/2, (2)

where σ n
μ=x,y,z are the Pauli matrices for the nth atom.

This spin-J system (J = 1/2, 1, 3/2, . . .) is described by a
(2J + 1)-dimensional subspace spanned by the degenerate
eigenstates of J2 associated with the eigenvalue J (J + 1), i.e.,
|J, J〉, |J, J − 1〉, . . . , |J,−(J − 1)〉, |J,−J〉.

The spin coherent state [44,45], which is an analog of the
standard coherent state in quantum optical systems [46,47], is
defined as

|θ, φ〉 = Rθ,φ |J,−J〉, Rθ,φ = e−iθ (Jx sin φ−Jy cos φ), (3)

where the spin coherent state is specified by a point (θ, φ)
(0 � θ < π , 0 � φ � 2π ) on the unit sphere. This point
(θ, φ) can be mapped to a point (u, u∗) on the complex plane,
as shown in Fig. 1 by introducing u = tan(θ/2)e−iφ , and the
spin coherent state can be rewritten as

|u〉 = |θ, φ〉 =
J∑

m=−J

(
2J

J + m

)1/2 um+J

(1 + |u|2)J
|J, m〉. (4)

FIG. 1. Mapping of the point (θ, φ) on the unit sphere character-
izing a spin coherent state to the point (u, u∗) on the complex plane.

The spin coherent states satisfy the following completeness
relation:

(2J + 1)

4π

∫
dθdφ sin θ |θ, φ〉〈θ, φ|

= (2J + 1)

π

∫
d2u

(1 + |u|2)2
|u〉〈u| = 1, (5)

where 1 is the (2J + 1) × (2J + 1) identity matrix.
We can also introduce the Hushimi Q functions on the unit

sphere [48] and on the complex plane as

Q(θ, φ) = 2J + 1

4π
〈θ, φ|ρ|θ, φ〉,

Q(u, u∗) = 2J + 1

π
〈u|ρ|u〉, (6)

respectively, which satisfy∫
dθdφ sin θQ(θ, φ) =

∫
d2uQ̄(u, u∗) = 1,

Q̄(u, u∗) = Q(u, u∗)

(1 + |u|2)2
, (7)

where we introduced Q̄(u, u∗) that includes the coefficient
arising from the coordinate transformation.

III. QUANTUM SPIN VDP OSCILLATORS

Our main proposal in this study is the quantum spin vdP
oscillator described by the following quantum master equa-
tion for the density matrix ρ:

ρ̇ = −i[H, ρ] + γ1D[J ′
+]ρ + γ2D[(J ′

−)2]ρ,

H = ωJz, D[L]ρ = LρL† − 1
2 (ρL†L + L†Lρ), (8)

where H is the Hamiltonian, ω gives the natural frequency
of the oscillator determined by the spin magnetic moment
and the intensity of the magnetic field, γ1 and γ2 are the
intensities of the negative damping and nonlinear damping,
respectively, and D[L] represents the Lindblad form. Here,
we have introduced the rescaled operators J ′

+ = J+/
√

2J and
J ′
− = J−/

√
2J . Note that we need to assume J � 1, because

the nonlinear damping term in Eq. (8) vanishes when J = 1/2
since (J−)2 = 0, where 0 is the zero matrix. Therefore, the
quantum spin-1 vdP oscillator (J = 1) is the smallest possible
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FIG. 2. Limit-cycle oscillations of the quantum spin vdP oscillators with different spin numbers J . (a)–(c) Q̄(u, u∗) functions on the
complex plane with the corresponding classical limit cycles of Eq. (9) (red thin lines). (d)–(f) Q(θ, φ) functions on the unit sphere. (g)–(i)
Elements of the steady-state density matrices ρss. The spin numbers and other parameters are (a), (d), (g) J = 40 and (ω, γ2)/γ1 = (−0.1, 0.05),
(b), (e), (h) J = 20 and (ω, γ2)/γ1 = (−0.1, 0.5), and (c), (f), (i) J = 1 and (ω, γ2)/γ1 = (−0.1, 100), where γ1 = 1.

model of the general quantum spin vdP oscillator defined by
Eq. (8).

When the spin number is large (J � 1), the deterministic
dynamics in the classical limit of Eq. (8), described by the
drift term of the approximate semiclassical Fokker-Planck
equation (FPE) derived from Eq. (8) valid for γ2 � γ1, is
given by

u̇ =
(γ1

2
− iω

)
u − 2Jγ2u|u|2. (9)

This is a normal form of a supercritical Hopf bifurcation (the
Stuart-Landau oscillator), which can be derived from general
oscillator models including the classical vdP oscillator with a
weak nonlinearity (see Appendix A) and has a stable circular
limit cycle on the complex plane [2].

We can show that, in the high-spin limit J → ∞, this
model becomes equivalent to the quantum optical vdP oscil-
lator [10] (see Appendix B for the derivation).

IV. STABLE LIMIT-CYCLE OSCILLATIONS
IN THE PHASE SPACE

First, we illustrate the limit-cycle oscillations of the
quantum spin vdP oscillator without external perturbations.
Figure 2 shows the steady state ρss of Eq. (8) for three dif-
ferent values of the spin number J and other parameter sets;
Figs. 2(a)–2(c) depict the functions Q̄(u, u∗) on the complex
plane, Figs. 2(d)–2(f) depict the functions Q(θ, φ) on the unit
sphere, and Figs. 2(g)–2(i) show the elements of the steady-
state density matrices ρss. In Figs. 2(a)–2(c), we also show the
stable limit-cycle solutions of Eq. (9) in the classical limit (see
also Appendix A).

We can observe that the function Q̄(u, u∗) is localized
around the classical limit cycle of Eq. (9) in all cases. Note
that the quantum limit-cycle oscillation is more clearly ob-
served in Fig. 2(a) with a high spin number J and a small
nonlinear damping parameter γ2, where the system is in the
semiclassical regime. The limit-cycle oscillation is also ap-
parent in the (θ, φ) representation as shown in Figs. 2(d)–2(f),
where Q(θ, φ) is localized around a certain value of θ , while
uniformly distributed without any preference for the phase φ

[20].
The steady-state density matrices in Figs. 2(g)–2(i) take

nonzero values only on the diagonal elements, reflecting that
the system has no preference for specific phase values. Ad-
ditionally, the diagonal elements of each density matrix are
concentrated around the elements |J, m〉〈J, m| with relatively
small secondary spin quantum numbers m, and the element
|J, J〉〈J, J| with the largest secondary spin quantum number,
m = J , takes tiny values close to zero. This indicates that the
system rarely reaches the highest spin state (see Appendix C
for more details on the dependence on the spin number J).

V. FREQUENCY ENTRAINMENT
TO AN EXTERNAL DRIVE

Next, we consider the frequency entrainment of a single
quantum spin vdP oscillator to a periodic external drive. We
introduce the external drive by adding the following Hamilto-
nian to the original Hamiltonian H in Eq. (8):

Hex = i
E

2
(eiωd t J ′

− − e−iωd t J ′
+), (10)

where E and ωd represent the intensity and frequency of the
external drive, respectively [20]. This external drive becomes
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FIG. 3. Frequency entrainment of a quantum spin vdP oscillator to a periodic external drive. (a)–(c) Observed frequencies ωobs. The inset
at top left in each figure displays the power spectrum when 	 = 0.1. The inset at bottom right in each figure highlights the area with a small
detuning parameter 	. (d)–(f) Order parameters |S1| on the 	–E plane. (g)–(i) Q̄(u, u∗) functions on the complex plane with stable limit-cycle
solutions of Eq. (9) (red thin lines). The parameters are (a), (d), (g) J = 40 and γ2/γ1 = 0.05, (b), (e), (h) J = 20 and γ2/γ1 = 0.5, (c), (f), (i)
J = 1 and γ2/γ1 = 100, (a)–(c) E/γ1 = 1, and (g)–(i) (E ,	)/γ1 = (1, 0.1), where γ1 = 1.

equivalent to the harmonic drive for the quantum optical vdP
oscillator in the high-spin limit [44]. In the rotating frame of
the external drive frequency ωd , the master equation for the
oscillator under the harmonic drive can be derived as [20]

ρ̇ = −i[−	Jz + EJ ′
y, ρ] + γ1D[J ′

+]ρ + γ2D[(J ′
−)2]ρ, (11)

where 	 = ωd − ω represents the frequency detuning of the
external drive from the oscillator and the rescaled operator
J ′

y = Jy/
√

2J was introduced.
To characterize the frequency entrainment, we use the ob-

served frequency defined as the peak frequency of the power
spectrum in the steady state,

ωobs = arg max
ω

S(ω),

S(ω) =
∫ ∞

−∞
dτeiωτ (〈J ′

+(τ )J ′
−(0)〉 − 〈J ′

+(τ )〉〈J ′
−(0)〉), (12)

where 〈A〉 = Tr [Aρss] represents the expectation value of
A with respect to the steady state ρss of Eq. (11) and
〈J ′

+(τ )J ′
−(0)〉 is the correlation function of J ′

+(τ ) and J ′
−(0).

Here, 〈J ′
+(τ )〉 represents the expectation value of the operator

J ′
+ at time τ in the Heisenberg picture, where the expectation

value is calculated using quantum regression theorem [47].
In the high-spin limit, this power spectrum analysis becomes
identical to that of quantum optical systems [11,18]. We also

introduce the following one-body order parameter to evaluate
the phase coherence of the oscillator: S1 = |S1|eiφ1 = 〈J ′

−〉√〈Jz+J〉 .
The absolute value |S1| represents the degree of the phase
coherence and φ1 characterizes the mean phase of the sys-
tem. This quantity becomes equivalent to the order parameter
Sa

1 = 〈a〉√
〈a†a〉 used for the quantum optical systems [13,49] in

the high-spin limit [50].
Figure 3 shows the frequency entrainment of the quantum

spin vdP oscillator for the same three parameter sets as in
Figs. 2(a), 2(d), 2(g), 2(b), 2(e), 2(h), and 2(c), 2(f), 2(i);
Figs. 3(a)–3(c) plot the observed frequencies ωobs with respect
to the detuning parameter 	, Figs. 3(d)–3(f) show the order
parameters |S1| on the 	–E parameter plane, and Figs. 3(g)–
3(i) show the Q̄ distributions Q̄(u, u∗) on the complex plane
with the classical limit cycle of Eq. (9).

For the cases with large spin numbers, J = 40 in Figs. 3(a),
3(d), and 3(g) and J = 20 in Figs. 3(b), 3(e), and 3(h), we can
clearly observe the frequency entrainment from the decrease
in the observed frequency ωobs in Figs. 3(a) and 3(b), Arnold
tongues in Figs. 3(d) and 3(e), and the steady-state Q̄ distribu-
tions localized around the phase-locking point in the classical
limit in Figs. 3(g) and 3(h). The case with the larger spin
number J = 40 shows a stronger tendency toward frequency
entrainment than the case with J = 20, as can be observed
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from the sharper decrease in the frequency difference between
the oscillator and the external drive in Fig. 3(a) and narrower
Arnold tongue in Fig. 3(d).

In contrast, the frequency entrainment is much weaker for
the smallest spin-1 vdP oscillator (J = 1); we cannot observe
the Arnold tongue in Fig. 3(f) nor phase-locked Q̄ distribution
in Fig. 3(i) clearly due to the strong quantum noise. We can
only see a small tendency to frequency entrainment from the
slight decrease in the observed frequency ωobs for a small
detuning parameter 	 in Fig. 3(c). However, ωobs increases
for larger 	, which never occurs in the quantum optical
vdP oscillator. This is because, unlike the quantum optical
vdP oscillator, the quantum spin vdP oscillator can reach the
highest spin state by the energy pumping from the external
drive, which has a particularly strong effect on the dynamics
of the smallest spin-1 vdP oscillator. In Appendix D, we also
present a perturbative analysis of the weak external drive that
highlights the differences in the synchronization properties
between the quantum spin vdP system and the quantum op-
tical vdP system in the deep quantum limit.

VI. FREQUENCY SYNCHRONIZATION
OF TWO DISSIPATIVELY COUPLED OSCILLATORS

Next, we consider a pair of dissipatively coupled quantum
spin vdP oscillators. The quantum master equation for the
density matrix ρ of this coupled system is generally given by

ρ̇ =
∑

k=1,2

(−i
[
ωkJk

z , ρ
] + γ1D[J ′k

+ ]ρ + γ2D[(J ′k
− )2]ρ

)
+ VD[J ′1

− − J ′2
− ], (13)

where Jk
z , J ′k

+ , and J ′k
− represent the (rescaled) angular momen-

tum operators Jz, J ′
+, and J ′

− for the kth oscillator (k = 1, 2),
ωk represents the natural frequency of the kth oscillator, and
V represents the strength of the dissipative coupling. We can
show that, in the high-spin limit, this system becomes equiv-
alent to a pair of dissipatively coupled quantum optical vdP
oscillators [14,15].

We define the observed frequency of each oscillator as the
peak frequency of the power spectrum,

ωk
obs = arg max

ω

Sk (ω),

Sk (ω) =
∫ ∞

−∞
dτeiωτ (〈J ′k

+ (τ )J ′k
− (0)〉 − 〈J ′k

+ (τ )〉〈J ′k
− (0)〉),

(14)

and use the observed detuning 	obs = ω2
obs − ω1

obs to evaluate
the frequency synchronization of the two oscillators. We also
introduce a two-body order parameter for evaluating the phase
coherence between the two oscillators,

S12 = |S12|eiφ12 = 〈J ′1
+ J ′2

− 〉√〈
J1

z + J
〉〈

J2
z + J

〉 , (15)

which is, in the high-spin limit, equivalent to the quantum ana-

log of the order parameter Sa
12 = 〈a†

1a2〉√
〈a†

1a1〉
√

〈a†
2a2〉

for quantum

optical systems [49]. Here, the absolute value |S12| represents

the intensity of the phase coherence and φ12 characterizes the
mean-phase difference between the two oscillators.

To quantify the entanglement between the two oscillators,
we use the negativity

N = ‖ρ�1‖1 − 1

2
, (16)

where ρ�1 represents the partial transpose of ρ with respect
to the subsystem of the oscillator 1 and ‖X‖1 = Tr |X | =
Tr

√
X †X . The two oscillators are entangled when the nega-

tivity takes nonzero values [51,52].
Figure 4 shows the results for the two dissipatively coupled

spin-1 vdP oscillators with the smallest possible spin number;
Fig. 4(a) shows the dependence of 	obs on the frequency de-
tuning 	12 = ω1 − ω2, and Figs. 4(b) and 4(c) show the order
parameter |S12| and negativity N , respectively, with respect
to the detuning 	12 and coupling strength V . Here, we set
ω1 = 	12/2 and ω2 = −	12/2 in the numerical simulations.
In Fig. 4(a), the frequency synchronization can be observed
from the decrease in the observed detuning 	obs, showing a
stronger tendency toward frequency synchronization when the
dissipative coupling strength V is larger.

In remarkable contrast to the previous case for a single
oscillator, we can clearly observe frequency synchroniza-
tion, the Arnold tongue, and also the entanglement tongue
[14] between the two oscillators even for the smallest spin-1
case, similar to those observed for two dissipatively coupled
quantum optical vdP oscillators [14,15]. This is because the
dissipative coupling tends to bring the two systems to lower
energy levels and prevents both systems from reaching the
highest spin states, making the system dynamics unaffected
by the finite dimensionality even in the case of the smallest
spin-1 vdP oscillator. We also note that the above result is,
to our knowledge, the first explicit observation of mutual
frequency synchronization between a pair of single quan-
tum spin-based limit-cycle oscillators, although macroscopic
effects of quantum frequency synchronization between two
networks of globally coupled quantum limit-cycle oscillators
have been discussed in Ref. [40].

VII. COLLECTIVE SYNCHRONIZATION TRANSITION IN
A NETWORK OF GLOBALLY COUPLED OSCILLATORS

Finally, we analyze collective synchronization in a popula-
tion of globally coupled quantum spin-1 vdP oscillators. We
employ a mean-field approach similar to Ref. [40] for globally
coupled quantum spin-based oscillators.

We consider a large network of globally coupled N quan-
tum spin-1 vdP oscillators with identical properties. As in
Ref. [14] for the quantum optical system, we introduce an
ansatz that the density matrix of the whole system can be
described as a product of the subsystems as ρ = ⊗N

n=1ρn in
the N → ∞ limit, where ρn represents the density matrix of
the nth oscillator. Because all oscillators are identical, the
density matrix of the coupled system obeys an equation with
a mean-field coupling (see Appendix E for the derivation),

ρ̇ = −i[ωJz, ρ] + γ1D[J ′
+]ρ + γ2D[(J ′

−)2]ρ

+ KD[J ′
−]ρ + K

2
(A∗[ρ, J ′

−] + A[J ′
+, ρ]), (17)

043133-5



YUZURU KATO AND HIROYA NAKAO PHYSICAL REVIEW RESEARCH 7, 043133 (2025)

FIG. 4. Frequency synchronization of two dissipatively coupled quantum spin vdP oscillators. (a) Dependence of the observed detuning
	obs on the parameter 	12. The inset displays the power spectra with 	12 = 20,V = 30. Dependence of (b) the order parameter |S12| and
(c) the negativity N on the parameters V and 	12. The other parameters are J = 1 and γ2/γ1 = 100. We set γ1 = 1.

where ω determines the frequency and K denotes the strength
of the global coupling, and A = Tr [J ′

−ρ] and A∗ = Tr [J ′
+ρ]

represent the mean fields of J ′
+ and J ′

−, respectively.
Figure 5 illustrates the dependence of the phase coher-

ence |S1| on the coupling strength K for several values of
the nonlinear damping parameter γ2. These values of γ2 are
sufficiently large that the finite dimensionality of the smallest
spin-1 vdP oscillator does not significantly affect the system
dynamics. We can clearly observe collective synchronization
transitions from incoherent to coherent dynamics, i.e., sudden
increase in |S1|, around K = 20, 40, 75, 110, 145, and 180 for
γ2/γ1 = 10, 20, 40, 60, 80, and 100, respectively. The critical
coupling strength K at which the synchronization transition
occurs increases with γ2. Thus, the quantum analog of the Ku-
ramoto transition [2] can also be observed clearly in globally
coupled quantum spin-1 vdP oscillators.

VIII. POSSIBILITY OF EXPERIMENTAL
IMPLEMENTATION

We consider that the quantum spin vdP oscillator proposed
in this study can be experimentally implemented with the cur-
rently available physical setups. Experimental realization of
phase synchronization in spin-1 systems was recently reported
in an ensemble of Rb atoms [7] and on the IBM Q system [9].
Similarly, quantum synchronization of spin-J systems would

FIG. 5. Collective synchronization of globally coupled quantum
spin vdP oscillators. Dependence of the phase coherence |S1| on the
coupling strength K . The parameters are J = 1 and ω = −20. We set
γ1 = 1.

also be achievable in collective ensembles of qubits using
such systems. The assumed dissipative negative damping and
nonlinear damping could be experimentally engineered using
the multilevel structures of atomic ensemble systems [53,54],
as originally discussed in Ref. [20]. The ion trap system,
considered as a candidate system for the potential realization
of the quantum optical vdP oscillator [10], which has been
recently realized in experiment Ref. [55], could also be used
for the experimental realization of the present quantum spin
vdP oscillator.

IX. CONCLUSION

We proposed the quantum spin vdP oscillator as a pro-
totypical model of limit-cycle oscillators in quantum spin
systems. We demonstrated that it exhibits all representative
features, i.e., stable limit-cycle oscillations, frequency entrain-
ment, mutual synchronization, and collective synchronization,
which are essentially important in the analysis of classical
synchronization. We believe that the quantum spin vdP oscil-
lator will provide valuable insights into features of quantum
synchronization in many-body spin systems and future appli-
cations of quantum synchronization in the advancing fields of
quantum technologies.
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APPENDIX A: SEMICLASSICAL APPROXIMATION
AND THE CLASSICAL LIMIT

In this Appendix, we derive Eq. (9), which describes the
deterministic dynamics in the classical limit of the quantum
master equation (8). Defining p = m + J and |p〉 = |J, p − J〉
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in Eq. (4), we obtain

|u〉 =
2J∑

p=0

(
2J

p

)1/2 up

(1 + |u|2)J
|p〉, (A1)

where

J+|p〉 =
√

(2J − p)(p + 1)|p + 1〉,
J−|p〉 =

√
(2J − p + 1)p|p − 1〉,

Jz|p〉 = (p − J )|p〉. (A2)

We define a projector � to the spin coherent state and a
weighted operator �′ as

� = |u〉〈u| =
2J∑

p,q=0

�p,q, �′ =
2J∑

p,q=0

p�p,q, (A3)

where

�p,q =
(

2J

p

)1/2(2J

q

)1/2 up(u∗)q

(1 + |u|2)2J
|p〉〈q|. (A4)

With straightforward calculations, we obtain

J+� = u−1�′, J−� = u(2J� − �′), Jz� = �′ − J�,

∂

∂u
� = −2u∗J

1 + |u|2 � + u−1�′, (A5)

which lead to

J+|u〉〈u| =
[

∂

∂u
+ 2u∗J

1 + |u|2
]
|u〉〈u|,

J−|u〉〈u| =
[
−u2 ∂

∂u
+ 2uJ

1 + |u|2
]
|u〉〈u|,

Jz|u〉〈u| =
[

u
∂

∂u
+ J (|u|2 − 1)

1 + |u|2
]
|u〉〈u|. (A6)

We introduce the P quasiprobability functions [44] on the
unit sphere and on the complex plane as

ρ =
∫

dθdφ sin θP(θ, φ)|θ, φ〉〈θ, φ|

=
∫

d2uP̄(u, u∗)|u〉〈u|,

P̄(u, u∗) = 4
P(u, u∗)

(1 + |u|2)2
, (A7)

which satisfy∫
dθdφ sin θP(θ, φ) =

∫
d2uP̄(u, u∗) = 1. (A8)

Here, we introduced the quasiprobability distribution function
P̄(u, u∗), which includes the coefficient arising from the coor-
dinate transformation, in addition to P(u, u∗).

From Eq. (A6), we obtain the following correspondence
between the actions of the angular momentum operators on
the density matrix ρ and the actions of the differential opera-
tors on the quasiprobability distribution P̄(u, u∗):

J+ρ ↔
[
− ∂

∂u
+ 2u∗J

1 + |u|2
]

P̄(u, u∗),

J−ρ ↔
[

∂

∂u
u2 + 2uJ

1 + |u|2
]

P̄(u, u∗),

Jzρ ↔
[
− ∂

∂u
u + J (|u|2 − 1)

1 + |u|2
]

P̄(u, u∗). (A9)

The above correspondence, expressing the actions of angular
momentum operators in the P representation, was obtained
in Ref. [58] for the function P(θ, φ) in the (θ, φ)-coordinate
representation.

Using Eq. (A9), the time evolution of the quasiprobability
distribution P̄(u, u∗) is obtained in the following form:

∂P̄(u, u∗, t )

∂t
=

[
−

2∑
j=1

∂u
j A j (u, u∗) + 1

2

2∑
j=1

2∑
k=1

∂u
j ∂

u
k Djk (u, u∗) + · · ·

]
P̄(u, u∗, t ), (A10)

where Aj (u, u∗) represents the jth component ( j = 1, 2) of a complex vector A(u, u∗) = (A1(u, u∗), A2(u, u∗)) ∈ C2×1 with
A2(u, u∗) = A∗

1(u, u∗), Djk (u, u∗) represents the ( j, k)th component ( j, k = 1, 2) of the symmetric diffusion matrix D(u, u∗) ∈
C2×2 with D12(u, u∗) = D21(u, u∗), ∂u

1 = ∂/∂u, and ∂u
2 = ∂/∂u∗ are the complex partial derivatives with respect to the first and

second arguments, i.e., u and u∗, respectively, and [· · · ] represents the complex partial derivative terms higher than the second
order.

By explicitly calculating each term in Eq. (A10), the time evolution of P̄(u, u∗, t ) for the quantum spin vdP oscillator, Eq. (8),
is obtained as

∂P̄(u, u∗, t )

∂t
=

[
−

2∑
j=1

∂u
j A j (u, u∗) + 1

2

2∑
j=1

2∑
k=1

∂u
j ∂

u
k Djk (u, u∗)

− γ2

(2J )2

(
∂3

∂u2∂u∗
2u|u|6

1 + |u|2 (|u|2 − 2J + 1) − ∂3

∂u3

u3

1 + |u|2 ((2J + 1)|u|2 − 2J + 1) + H.c.

)

+ γ2

(2J )2

1

2

(
− ∂4

∂u4
u4 + ∂4

∂u2∂u∗2
|u|8 + H.c.

)]
P̄(u, u∗, t ), (A11)
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where

A(u, u∗) =
( (

γ1

2J (J + 1) − iω
)
u − γ2

(2J )2
1

(1+|u|2 )3 2J (2J − 1)u|u|2(|u|4 + (2J + 1)|u|2 + 2J )(
γ1

2J (J + 1) + iω
)
u∗ − γ2

(2J )2
1

(1+|u|2 )3 2J (2J − 1)u∗|u|2(|u|4 + (2J + 1)|u|2 + 2J )

)
(A12)

and

D(u, u∗)

=
⎛
⎝ γ1

2J u2 + γ2

(2J )2
1

(1+|u|2 )2 2J (2J − 1)u2(|u|4 + 4|u|2 − 1) γ1

2J + γ2

(2J )2
4|u|6

(1+|u|2 )2 (|u|4 + 2(−J + 1)|u|2 + (−2J + 1)2)

γ1

2J + γ2

(2J )2
4|u|6

(1+|u|2 )2 (|u|4 + 2(−J + 1)|u|2 + (−2J + 1)2) γ1

2J u∗2 + γ2

(2J )2
1

(1+|u|2 )2 2J (2J − 1)u∗2(|u|4 + 4|u|2 − 1)

⎞
⎠.

(A13)

Rescaling the complex variable as u = u′√
2J

, we obtain the evolution equation for the quasiprobability distribution in the P̄

representation of the rescaled complex variables u′ and u′∗ as

∂P̄(u′, u′∗, t )

∂t
=

[
−

2∑
j=1

∂u′
j A j (u

′, u′∗) + 1

2

2∑
j=1

2∑
k=1

∂u′
j ∂u′

k Djk (u′, u′∗)

− γ2

(2J )2

⎛
⎝ ∂3

∂u′2∂u′∗
2u′ |u′|6

(2J )2(
1 + |u′|2

2J

)
( |u′|2

2J
− 2J + 1

)
− ∂3

∂u′3
u′3

1 + |u′|2
2J

(
(2J + 1)

|u′|2
2J

− 2J + 1

)
+ H.c.

⎞
⎠

+ γ2

(2J )2

1

2

(
− ∂4

∂u′4 u′4 + ∂4

∂u′2∂u′∗2

|u′|8
(2J )2

+ H.c.

)]
P̄(u′, u′∗, t ), (A14)

with

A(u′, u′∗) =

⎛
⎜⎜⎝

(
γ1

2J (J + 1) − iω
)
u′ − γ2

(2J )2
1(

1+ |u′ |2
2J

)3 (2J − 1)u′|u′|2( |u′|4
(2J )2 + (2J + 1) |u′|2

2J + 2J
)

(
γ1

2J (J + 1) + iω
)
u′∗ − γ2

(2J )2
1(

1+ |u′ |2
2J

)3 (2J − 1)u′∗|u′|2( |u′|4
(2J )2 + (2J + 1) |u′|2

2J + 2J
)
⎞
⎟⎟⎠ (A15)

and

D(u′, u′∗)

=

⎛
⎜⎜⎜⎜⎝

γ1

2J u′2 + γ2

(2J )2
1(

1+ |u′ |2
2J

)2 2J (2J − 1)u′2( |u′|4
(2J )2 + 4 |u′|2

2J − 1
)

γ1 + γ2

(2J )2

4 |u′ |6
(2J )2(

1+ |u′ |2
2J

)2

( |u′|4
(2J )2 + 2(−J + 1) |u′|2

2J + (−2J + 1)2
)

γ1 + γ2

(2J )2

4 |u′ |6
(2J )2(

1+ |u′ |2
2J

)2

( |u′|4
(2J )2 + 2(−J + 1) |u′|2

2J + (−2J + 1)2
)

γ1

2J u′∗2 + γ2

(2J )2
1(

1+ |u′ |2
2J

)2 2J (2J − 1)u′∗2
( |u′|4

(2J )2 + 4 |u′|2
2J − 1

)

⎞
⎟⎟⎟⎟⎠,

(A16)

where the complex partial derivatives with respect to u′ and u′∗ are defined as ∂u′
1 = ∂/∂u′ and ∂u′

2 = ∂/∂u′∗, respectively.
Assuming that the spin number J is sufficiently large and neglecting the terms of order O(1/J ) in Eq. (A14), we obtain the

approximate semiclassical FPE representing the time evolution of the P̄ function as

∂P̄(u′, u′∗, t )

∂t
=

⎡
⎣−

2∑
j=1

∂u′
j A j (u

′, u′∗) + 1

2

2∑
j=1

2∑
k=1

∂u′
j ∂u′

k Djk (u′, u′∗)

⎤
⎦P̄(u′, u′∗, t ), (A17)

with

A(u′, u′∗) =
( (

γ1

2 − iω
)
u′ − γ2u′|u′|2(

γ1

2 + iω
)
u′∗ − γ2u′∗|u′|2

)
(A18)

and

D(u′, u′∗) =
(−γ2u′2 γ1

γ1 −γ2u′∗2

)
, (A19)

which has the same form as the semiclassical FPE for the
quantum optical vdP oscillator obtained in Ref. [18].

Now, further assuming γ2 � γ1 and neglecting the effect
of quantum noise, we obtain the deterministic dynamics in the
classical limit as

u̇′ =
(γ1

2
− iω

)
u′ − γ2u′|u′|2, (A20)

which is equivalent to the deterministic dynamics in the clas-
sical limit of the quantum optical vdP oscillator in Eq. (B2)

043133-8



QUANTUM SPIN VAN DER POL OSCILLATOR: SPIN-BASED … PHYSICAL REVIEW RESEARCH 7, 043133 (2025)

described in the next Appendix. Using the original complex
variable u′ = √

2Ju, we obtain

u̇ =
(γ1

2
− iω

)
u − 2Jγ2u|u|2, (A21)

which gives the deterministic dynamics, Eq. (9).
We note that, although the limit-cycle solution in the clas-

sical limit is derived via the P̄ function, which is similar to but
slightly different from the Q̄ function, the function Q̄(u, u∗)
localizes near the stable limit-cycle solution in the classical
limit as shown in Figs. 2(a)–2(c) and Figs. 3(g)–3(i). Note
also that the phase-space representation is singular at the point
θ = π (i.e., the north pole, where φ is undefined) on the
sphere in Eq. (3), and we excluded this point in the above
derivation [44].

We also note that in Ref. [59], a different semiclassical
approach has been employed to introduce limit-cycle oscil-
lations in the classical limit of quantum spin systems.

APPENDIX B: CORRESPONDENCE TO THE QUANTUM
OPTICAL VDP OSCILLATOR IN THE HIGH-SPIN LIMIT

In this Appendix, we show that the quantum spin vdP oscil-
lator becomes equivalent to the quantum optical vdP oscillator
in the high-spin limit (J → ∞). In this limit, through the
process known as the group contraction [60,61], the operators
for the spin systems can be related to those for the quantum
optical systems as [44]

u ↔ α/
√

2J, J− ↔
√

2Ja, J+ ↔
√

2Ja†,

Jz ↔ a†a − J, (B1)

where a and a† represent the annihilation and creation oper-
ators for the harmonic oscillator, respectively, and α is the
complex-value parameter of the quantum optical coherent
state. By this correspondence, the spin coherent state in the
high-spin limit becomes equivalent to the quantum optical
coherent state in the harmonic oscillator systems [46,47]. Note
that, though not used in this paper, we can also consider
the correspondence in the high-spin limit of the Holstein-
Primakoff transformation [62], in which the lowering operator
corresponds to the creation operator.

Using Eq. (B1), the quantum master equation (8) can be
transformed to

ρ̇ = −i[ωa†a, ρ] + γ1D[a†]ρ + γ2D[a2]ρ (B2)

in the high-spin limit, which is the quantum master equation of
a quantum optical vdP oscillator [10]. The time evolution of
P̄(u, u∗, t ) in Eq. (A11) can also be transformed to the time
evolution of the P distribution P̄(α, α∗, t ) in the quantum
optical coherent-state representation,

∂P(α, α∗, t )

∂t
=

[
−

2∑
j=1

∂α
j {Aj (α, α∗), t )}

+ 1

2

2∑
j=1

2∑
k=1

∂α
j ∂

α
k {Djk (α, α∗)}

]
P(α, α∗, t ),

(B3)

with

A(α, α∗) =
( (

γ1

2 − iω
)
α − γ2α|α|2(

γ1

2 + iω
)
α∗ − γ2α

∗|α|2
)

(B4)

and

D(α, α∗) =
(−γ2α

2 γ1

γ1 −γ2α
∗2

)
, (B5)

where the complex partial derivatives are defined as ∂α
1 =

∂/∂α and ∂α
2 = ∂/∂α∗. This FPE is equivalent to the FPE for

a quantum optical vdP oscillator [18].
The deterministic dynamics in the classical limit, i.e., the

dynamics described by the drift vector field in Eq. (B3), is
given by

α̇ =
(γ1

2
− iω

)
α − γ2α

∗α2, (B6)

which is equivalent to the deterministic equation obtained
in the classical limit of the quantum optical vdP oscillator
described by Eq. (B2) [10,11,14]. This equation represents
the normal form of the supercritical Hopf bifurcation, which
can be derived from the classical vdP oscillator with a weak
nonlinearity [41] near the Hopf bifurcation point.

Finally, we note that the nonlinear oscillator in Eq. (B6)
is known as the Stuart-Landau oscillator [2] in the literature,
and the quantum optical vdP oscillator in Eq. (B2) has also
been referred to as the quantum Stuart-Landau oscillator re-
cently [19,29,63]. Therefore, the quantum spin vdP oscillator
proposed in this study may also be called the quantum spin
Stuart-Landau oscillator.

APPENDIX C: DEPENDENCE OF PURITY
ON THE SPIN NUMBER

In this Appendix, to investigate the dependence of the
system dynamics on the spin number J , we examine the
purity P = Tr [ρ2

ss] in the steady state, which characterizes
qualitative changes in the properties of the steady-state density
matrix ρss.

Figure 6(a) plots the purity P as a function of the spin num-
ber J for various values of the nonlinear damping parameter
γ2. When the nonlinear damping parameter γ2 is relatively
small, the purity P undergoes a transition from a large value
to a small value as J increases. For example, such transitions
are observed in Fig. 6(a) around J = J0 = 28 and J0 = 2 for
the cases with γ2/γ1 = 0.05 and 0.5, respectively. For a large
nonlinear damping parameter γ2, such as γ2/γ1 = 100, such a
transition cannot be observed. We also illustrate density ma-
trices near the transition points in Figs. 6(b)–6(d) for γ2/γ1 =
0.05, where the values of J are (b) J = 20, (c) J = 28, and (d)
J = 30, respectively.

The reasons for the transitions in the purity P are as fol-
lows. Before the transitions, the effect of negative damping is
relatively stronger than the effect of nonlinear damping; i.e.,
the energy pumping is relatively stronger than the energy dis-
sipation, causing the diagonal elements of the density matrix
to concentrate on the state |J, J〉〈J, J|. After the transitions,
the effect of negative damping is relatively weaker than the
effect of nonlinear damping; i.e., the energy pumping is rela-
tively weaker than the energy dissipation, causing the diagonal
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FIG. 6. (a) Dependence of the purity P on the spin number J . γ2/γ1 = 0.05 (green thin line), γ2/γ1 = 0.5 (blue thin line), γ2/γ1 = 100
(red thin line), and γ2/γ1 = (0.03, 0.07, 0.1, 1, 5, 10, 50, 500) (black dotted lines), from the bottom to top at J = 50. Elements of the density
matrices ρss for the parameters (ω, γ2)/γ1 = (−0.1, 0.05) with (b) J = 20, (c) J = 28, and (d) J = 30. We set γ1 = 1.

elements of the density matrix to concentrate on the states
|J, m〉〈J, m| with relatively small spin numbers m.

In Fig. 2, we can observe the limit-cycle oscillation when
the system’s spin number J is larger than the spin number J0

at which the purity P shows a transition in Fig. 6(a), whereas
the limit-cycle oscillation cannot be observed clearly when
the system’s spin number J is smaller than J0. Thus, the spin
number J0 characterizes whether clear limit-cycle oscillations
can be observed or not in the quantum spin vdP oscillator.

APPENDIX D: COMPARISON TO THE QUANTUM
OPTICAL VAN DER POL OSCILLATOR IN THE DEEP

QUANTUM LIMIT

In the deep quantum limit γ2/γ1 → ∞, the quantum opti-
cal vdP oscillator can also be regarded as a three-level system
[10,14,19]. In this section, we consider this deep quantum
limit and discuss the differences between the spin-1 vdP os-
cillator and the three-level quantum optical vdP oscillator.

The steady state of the quantum spin-1 vdP oscillator in
Eq. (8) with J = 1 is given by

ρss = γ1

2γ2 + γ1
|1〉〈1| + γ2

2γ2 + γ1
|0〉〈0|

+ γ2

2γ2 + γ1
|−1〉〈−1|. (D1)

In the deep quantum limit γ2/γ1 → ∞, the steady state con-
verges to a two-level system,

ρss = 1
2 |0〉〈0| + 1

2 |−1〉〈−1|. (D2)

Let us also consider the quantum spin-1 vdP oscillator
subjected to a harmonic external drive described by Eq. (11),

i.e.,

ρ̇ = −i[−	Jz + EJ ′
y, ρ] + γ1D[J ′

+]ρ + γ2D[(J ′
−)2]ρ. (D3)

We assume that the intensity of the external drive E is suf-
ficiently small and apply a perturbative approach [10,14].
Specifically, we consider a small variation δρ around the
steady state ρss, i.e., ρ = ρss + δρ, where δρ is assumed to be
of the order O(E ). We discuss the phase coherence, charac-
terized by the off-diagonal elements of the density matrix. For
simplicity, we assume that the frequency of the external drive
matches the natural frequency of the system, i.e., 	 = 0. In
the following discussion, this assumption can be made without
loss of generality since the detuning only induces a rotation
of the symmetric system and does not affect phase coherence
under a small perturbation.

Substituting ρ = ρss + δρ into Eq. (D3) and considering
the steady state δρss under small perturbations, i.e., assum-
ing ˙δρss = 0 and neglecting small terms of order O(E2),
we can explicitly obtain the off-diagonal elements of the
steady state δρss,1,0(= δρss,0,1), δρss,0,−1(= δρss,−1,0), and
δρss,1,−1(= δρss,−1,1) as

δρss, 1, 0 = −
(

E (γ2 − γ1)

(γ2 + γ1)(2γ2 + γ1)

)
, (D4)

δρss,0,−1 = 0, (D5)

δρss,1,−1 = 0. (D6)

In the deep quantum limit, γ2/γ1 → ∞, we obtain

δρss,1.0 → 0, δρss,0,−1 → 0, δρss,1,−1 → 0, (D7)

which indicates that phase coherence S1 vanishes at the first-
order perturbation in this case.
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Next, we consider the quantum optical vdP systems. Given
that we will take the deep quantum limit γ2/γ1 → ∞, we re-
strict the system to the three levels |0〉, |1〉, and |2〉, and regard
the annihilation operator as a = |0〉〈1| + √

2|1〉〈2|. We note
that, in this case, the energy levels |0〉, |1〉, and |2〉 correspond
to the energy levels |−1〉, |0〉, and |1〉 for a spin-1 system.

The steady state of the quantum three-level optical vdP
system is given by

ρss = γ1

3γ2 + γ1
|2〉〈2| + γ2

3γ2 + γ1
|1〉〈1| + 2γ2

3γ2 + γ1
|0〉〈0|.

(D8)

In the deep quantum limit γ2/γ1 → ∞, the steady state con-
verges to a two-level system

ρss = 1
3 |1〉〈1| + 2

3 |0〉〈0|. (D9)

Therefore, the steady state of the quantum spin vdP system
converges to the unweighted two-level system described by
Eq. (D2), whereas the quantum optical vdP system converges
to the weighted two-level system in Eq. (D9). This discrep-
ancy arises from the fundamental differences between the
spin ladder operators and the optical annihilation and creation
operators.

Let us also consider the quantum optical vdP system sub-
jected to a harmonic external drive with frequency ωd . We
consider the system corresponding to Eq. (11), which, in the
rotating frame of the external drive, is described by

ρ̇ = −i

[
−	a†a − iE

2
(a† − a), ρ

]
+ γ1D[a†]ρ + γ2D[a2]ρ,

(D10)

where 	 = ωd − ω represents the frequency detuning of the
external drive from the oscillator. We assume that the intensity
E of the harmonic drive is sufficiently small and apply a
perturbative approach [10,14]. We consider a small variation
δρ around the steady state ρss, i.e., ρ = ρss + δρ, where δρ

is assumed to be of the order O(E ). As in the spin vdP
case, we focus on the phase coherence characterized by the
off-diagonal elements of the density matrix and assume the
frequency detuning 	 = 0.

Substituting ρ = ρss + δρ into Eq. (D10) and considering
the steady state δρss under small perturbations, i.e., assuming
˙δρss = 0 and neglecting small terms of order O(E2), we can

explicitly obtain the off-diagonal elements of the steady state,
δρss,2,1(= δρss,1,2), δρss,1,0(= δρss,0,1), and δρss,2,0(= δρss,0,2)
as

δρss,2,1 = − E (5γ2 − 3γ1)

3
√

2(γ2 + γ1)(3γ2 + γ1)
, (D11)

δρss,1,0 = − Eγ2

3γ1(3γ2 + γ1)
, (D12)

δρss,2,0 = 0. (D13)

In the high-spin limit γ2/γ1 → ∞, we obtain

δρss,2,1 → 0, δρss,1,0 → − E

9γ1
, δρss,2,0 → 0. (D14)

This indicates that the phase coherence |S1| retains a nonzero
value at the first-order perturbation in this quantum optical
vdP case, in contrast to the quantum spin vdP case. This differ-
ence in the phase coherence between the quantum spin system
and the quantum optical system is caused by the difference
in their respective stationary density matrices, especially the
difference between weighted and unweighted mixed states.

APPENDIX E: DERIVATION OF THE MEAN-FIELD
EQUATION FOR GLOBALLY COUPLED OSCILLATORS

In this appendix, we derive the mean-field equation (17).
Our starting point is the following quantum master equa-
tion for the network of globally coupled N quantum spin vdP
oscillators:

ρ̇ =
N∑

k=1

(−i
[
ωJk

z , ρ
] + γ1D[J ′k

+ ]ρ + γ2D[(J ′k
− )2]ρ

)

+ K

N

N∑
k=1

N∑
k′=1,k′<k

D[(J ′k′
− − J ′k

− )]ρ, (E1)

where Jk
z , J ′k

+ , and J ′k
− represent the (rescaled) angular mo-

mentum operators for the kth (k = 1, 2, . . . , N ) oscillator, ωk

represents the natural frequency of the kth oscillator, and K
represents the strength of the dissipative coupling. Note that
D[L] = D[−L] for a given operator L.

We introduce the ansatz that the density matrix of the
whole system is described as the product of the density ma-
trices of the subsystems ρ = ⊗N

n=1 [14]. Then, by taking the
partial trace over all ρ ′

k other than ρk (k′ �= k), the time evolu-
tion of the kth subsystem ρk is described as

ρ̇k = (−i
[
ωJk

z , ρk
] + γ1D[J ′k

+ ]ρk + γ2D[(J ′k
− )2]ρk

)
+ K (N − 1)

N
D[J ′k

− ]ρk

+ K

2
(A∗

N [ρk, J ′k
− ] + AN [J ′k

+ , ρk]), (E2)

where

AN = 1

N

N∑
k′=1,k′ �=k

Tr [Jk′
−ρk′ ], A∗

N = 1

N

N∑
k′=1,k′ �=k

Tr [Jk′
+ρk′ ]

(E3)

are the averages of the expectation values of J ′k
+ and J ′k

− taken
over all oscillators.

In the limit N → ∞ [64], we obtain the mean-field equa-
tion in the form

ρ̇ = −i[ωJz, ρ] + γ1D[J ′
+]ρ + γ2D[(J ′

−)2]ρ

+ KD[J ′
−]ρ + K

2
(A∗[ρ, J ′

−] + A[J ′
+, ρ]), (E4)

where A = Tr [J ′
−ρ] and A∗ = Tr [J ′

+ρ], and the oscillator
index k was dropped because all oscillators are statistically
equivalent. Therefore, the globally coupled N oscillators in
Eq. (E1) can be regarded as a single quantum system with
a mean-field coupling representing the averaged interaction
with the other systems, as in Eq. (E4) or in Eq. (17).
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