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The isomorphic property of strongly coupled three-dimensional (3D) Yukawa liquidlike fluids under steady
shear is systematically investigated using nonequilibrium molecular dynamical simulations. It is discovered that,
as the shear rate increases substantially, the shear viscosity 1 and the radial distribution function g(r) both

exhibit excellent isomorphic scaling properties. The isomorphic scaling of shear viscosity is attributed to the
dominant role of neighboring particles, whose averaged local configuration of g(r) is invariant, even though
3D Yukawa fluids are continuously deformed and rearranged by the applied shear. Furthermore, it is found that
the Stokes-Einstein relation is violated at higher shear rates because the diffusion coefficient D is directional

dependent and sensitive to the applied shear, i.e., not an isomorph invariant anymore.

DOI: 10.1103/md4x-9k3g

I. INTRODUCTION

The isomorph theory reveals invariance of various phys-
ical quantities expressed in properly reduced units in some
liquids [1-3]. These liquids are termed the Roskilde-simple
or R-simple liquids [3,4], which include atomic/molecular
model liquids [5-7], generalized Lennard-Jones liquids [8,9],
and Yukawa systems [10,11]. These R-simple liquids ex-
hibit strong correlations between configurational virial and
potential-energy fluctuations [12—14], resulting in isomorphs
or isomorphic curves, along which reduced structure, dynam-
ics, excess entropy, and selected thermodynamic quantities are
approximately invariant [15,16]. The previous investigations
demonstrate that various physical procedures under differ-
ent conditions exhibit typical features of isomorphs, such
as melting [17,18], freezing [17], transports [19-22], and
relaxations [23].

Although the isomorph theory was originally developed
for equilibrium systems [1-3], it has been demonstrated to
be powerful to characterize not only equilibrium [10-14]
and near-equilibrium systems [23,24], but also those far
from thermal equilibrium [25-28], such as nonlinear steady
flows [25,26] and active matter [27,28]. To study the momen-
tum transport in liquids, it is a common practice to apply
a steady shear from boundaries, so that the studied liquid
is driven far from equilibrium, resulting in a flow velocity
gradient y [29-31]. Due to the applied steady shear, the
time scale of externally imposed shear y~! competes with
the intrinsic relaxation time of the sheared liquid [32]. The
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applied shear consequently distorts and even destroys local
cages formed by neighboring particles, probably leading to
anisotropic transports [33-37]. In this nonlinear regime, some
widely used conclusions derived from equilibrium, such as the
Green-Kubo and Stokes-Einstein (SE) relations, cannot sim-
ply be assumed without careful justifications anymore [38,39].
From our literature search, we have not found any previous
investigations of isomorphic properties of 3D Yukawa fluids
under steady shear, as we will study here.

Dusty plasma, also termed complex plasma, typically
refers to partially ionized gas containing micron-sized dust
particles [40-52]. In the typical laboratory conditions, these
dust particles are charged to thousands or tens of thousands of
elementary charges negatively within microseconds in steady
state [40,41], interacting with each other through the Yukawa
repulsion [42,53]. Due to the high charge on each dust parti-
cle, the potential energy between neighboring dust particles is
much larger than the kinetic energy, leading to strong coupling
between dust particles [54,55], so that dust particles exhibit
typical properties of solids and liquids [56—69]. In dusty
plasma experiments performed on the space station, dust par-
ticles occupy three-dimensional (3D) space, forming 3D dusty
plasma [70-72]. During experiments, the motion of individual
particles can be directly recorded using video imaging, and
then analyzed using particle tracking velocimetry [73,74].
As a result, dusty plasma can be used as an experimental
model system [41,45], in which various fundamental pro-
cedures can be investigated at the kinetic level. From the
previous investigations of dusty plasmas, it is found that 3D
dusty plasma liquids, or equivalently 3D Yukawa liquidlike
fluids, exhibit isomorph invariance in the structure [75], trans-
port [76], thermodynamic phase diagram [10], and transverse
sound speed [76].

In this paper, we investigate isomorphic properties of
sheared 3D Yukawa liquidlike fluids using computer simu-
lations. In Sec. II, we provide the isomorph reduced units
for various physical quantities. In Sec. III, we describe our
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simulation methods for sheared 3D Yukawa fluids and provide
the calculation method of the configurational temperature. In
Sec. IV, we report our discovery of the isomorphic scaling
properties of shear viscosity and radial distribution function
(RDF) of sheared 3D Yukawa liquidlike fluids. We also cal-
culate the diffusion coefficient in this system and find that the
Stokes-Einstein relation is violated at higher shear rates. In
Sec. V, we provide a summary of our findings.

II. FORMULATIONS IN ISOMORPH THEORY

For R-simple liquids [1-3], the isomorph theory predicts
that various structural and dynamical quantities expressed
in properly reduced units are approximately invariant along
isomorph curves in the phase diagram. According to the iso-
morph theory [1,3], the units of length, time, and energy for
3D systems are n~'/3, n=3./m/kgT, and kgT, respectively.
Here, n, m, and T are the number density, the mass of each
particle, and the kinetic temperature of the studied system,
respectively.

Using this normalization method from the isomorph the-
ory, physical quantities at different states can be compared
on the same basis. For the sheared 3D Yukawa fluids studied
here, we follow the isomorph theory to normalize the shear
viscosity 7, shear rate y, and diffusion coefficient D as

n
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respectively. To quantify the coupling between shear viscosity
and diffusion, we also calculate the dimensionless SE coeffi-
cient as
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As derived in Ref. [39], for dense 3D liquids close to equi-
librium, this SE coefficient is expected to be approximately
constant, since viscosity and diffusion are controlled by
the closely related local relaxation processes. More specifi-
cally, the Zwanzig approximation can be expressed as asg =~
0.132[1 + sz / (2612)], where ¢; and ¢; are the transverse and
longitudinal high-frequency sound speeds, respectively [77].
For the soft and long-ranged interactions, like the 3D Yukawa
repulsion studied here, ¢; is typically much larger than ¢;, so
that the term of ¢?/ (2612) is negligible, leading to asg =~ 0.132
for near-equilibrium 3D Yukawa fluids. Note that the phys-
ical dependence of asg on the properties of various liquid
systems with different particle interactions has been investi-
gated [78,79].

We also quantify the correlation between the virial and po-
tential energy using the Pearson correlation coefficient [1,2],
which is defined as
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FIG. 1. Schematic illustration of our simulated 3D Yukawa fluid
under steady shear. The flow, velocity-gradient, and vorticity di-
rections are chosen along the x, y, and z axes, respectively. The
imposed streaming velocity varies linearly with the y coordinate as
u,(y) = yy, producing a homogeneous shear flow throughout the 3D
simulation box.

Here, U is the potential energy, W is the configurational virial,
and AA = A — (A) denotes the instantaneous fluctuation of
quantity A around its steady-state average (A). A value of
R close to unity indicates the strong correlation between
the instantaneous virial and potential-energy fluctuations,
which is the typical thermodynamic signature of the R-simple
behavior [2].

1. METHODS
A. Nonequilibrium MD simulation using SLLOD

To investigate physical properties of sheared 3D Yukawa
fluids, we perform nonequilibrium molecular dynamical
(NEMD) simulations using the SLLOD (the reversed spelling
of DOLLS [80]) equations of motion [29,30] with the Lees-
Edwards periodic boundary conditions [31]. The shear flow
direction is chosen along the x axis, so that the velocity-
gradient and vorticity directions are along the y and z axes,
respectively, as shown in Fig. 1. Following the SLLOD algo-
rithm [30], the imposed streaming velocity is expressed as

u(r) = yyé,, (6)

where y is the applied shear rate. As a result, the velocity
of each individual particle can be separated into two por-
tions [30] of the streaming and peculiar parts as

W=W@+E, (7
m

where p; is the peculiar momentum of particle i. The SLLOD

equations of motion for each particle are [30]

=2 e, ®)
m
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and
pi =F; —ypyé —ap:. )

Here, F; is the total conservative force acting on the particle
i, which is just —V Z]};i ¢}, i.€., the sum of the interparticle
Yukawa repulsive forces for our studied 3D Yukawa fluids. On
the right-hand side of Eq. (9), « is the Nosé-Hoover thermostat
variable applied only to the peculiar momenta, so that the
heat generated by viscous heating is removed without directly
damping the imposed streaming motion [30].

The SLLOD method plays an important role in our cur-
rent investigation of sheared 3D Yukawa fluids. For the
boundary-driven Couette flow systems, the shear flow is
usually generated by moving walls or localized external
forces [30], leading to the location-dependent physical quan-
tities, such as the shear rate, temperature, and density. As
a result, only one portion of the studied system, where the
resulting flow is nearly linear, can be easily used for the data
analysis [30]. However, the SLLOD method introduces the
uniform velocity gradient directly into the equations of motion
for all individual particles. Combined with the Lees-Edwards
boundary condition, the SLLOD method generates a homoge-
neous bulk shear flow, so that various nonideal features in flow
systems, such as the wall-induced layering, slip, boundary
heating, and density inhomogeneity, are all eliminated.

Based on the SLLOD method described above, we per-
form NEMD simulations of 3D sheared Yukawa fluids
using LAMMPS [81]. Each simulation run contains N = 8192
particles in a 3D box, as shown in Fig. 1. Particles inter-
act with each other through the Yukawa repulsion ¢(r) =
Q% exp(—r/Ap)/(4meor) [40,53], reasonably truncated at
15a [82], where a = (3/4mn)'/? is the Wigner-Seitz ra-
dius [53], while Q and XAp are the dust charge and the
Debye length, respectively. The studied 3D Yukawa fluids
are characterized by two dimensionless parameters, i.e., the
screening parameter k = a/Ap and the coupling parameter
I' = Q%/(4mwepakpT) [53].

The conditions of our studied 3D sheared Yukawa fluids
are listed below. We specify x =1, 2, and 3, which span
the typical screening-parameter range in dusty plasma exper-
iments [40,41]. For each value of «, the coupling parameter
is set to I'/T", = 0.5, corresponding to the typical liquidlike
state [53] at the same reduced distance from the melting point
of I'y, [10,18]. In fact, to confirm our reported conclusions
here are general as I' /T, varies, besides I' /T, = 0.5, we also
perform quite a few test runs for different values of I' /T, in
the liquidlike regime [69] of 3D Yukawa fluids, while these
detailed results are not presented. The reduced shear rate
y/(Vp/a) is varied from 0.09 to 0.9, where v, = +/2kgT /m.
Note that here we follow the tradition [34,35] to normalize the
shear rate using y /(v,/a), which is equivalent to Eq. (2) with
a constant ratio as 77 = ﬁ(4n/3)1/37/(17p/a).

Here are details of our simulations. The time step for the
equation of motion is chosen as the well-justified value of
0.00Sw;d] for the liquidlike conditions of 3D Yukawa flu-
ids [82], where w,q = (3Q?/4megma®)'/? is the 3D dusty
plasma frequency [53,82]. For each simulation run, after the
values of k and I' are specified, we first integrate the equa-
tion of motion for each particle for at least 10° steps to reach

equilibrium. Next, after applying shear to the simulated 3D
system, we integrate the next 10 steps using the Nosé-Hoover
thermostat to reach the steady sheared state. We then integrate
the last 10° steps to collect particle positions, velocities, po-
tential energy, and virial for the data analysis reported here.
Other simulation details are similar to those in Ref. [76].

Using the simulation data, we calculate the shear viscosity
from its definition [22,83,84] of the ratio of the average off-
diagonal stress to the imposed shear rate [30],

g =) (10)
Y

Here, Py = [Y; (pixpiy/m) + ij rijxFijy1/V, where the
two terms on the right-hand side are the kinetic and virial con-
tributions, respectively. Note that only the peculiar momenta
are used in the kinetic part, while the streaming motion has
been prescribed by Eq. (6). The use of the stress-to-shear-rate
ratio in Eq. (10) agrees with the previous investigation of
shear-induced melting of two-dimensional (2D) dusty plas-
mas, where the drift motion is also removed to determine
the shear viscosity using the generalized Green-Kubo rela-
tion [37].

B. Configurational temperature

For systems far from thermodynamic equilibrium, temper-
atures defined from different microscopic degrees of freedom
are not necessarily identical [85,86]. For a system under a
steady shear, the kinetic temperature obtained from the pecu-
liar velocity may differ from the temperature associated with
the particle configuration [87]. Furthermore, due to applied
shear flow in one direction, the system has three different
Cartesian directions, which are the flow, velocity-gradient,
and vorticity [30], so that the configurational response may
become anisotropic [87]. To characterize this response, we
calculate the configurational temperature separately along the
three Cartesian directions.

The configurational temperature provides a measure of
temperature using only particle positions and conservative
forces [85,86]. The calculation method of the configurational
temperature follows the general statistical-mechanical for-
mulation of temperature introduced by Rugh [85]. For one
studied system with the total interaction potential energy of
UR)=),_ j @(r;j), its configurational probability p in equi-
librium can be expressed as p(R) = exp[—U(R)/(kgT)]/Z,
where Z is the partition function [22]. Following the deriva-
tion provided in detail in Refs. [85,86], one may obtain
the expression of (32U/dq?) = (kgT)~'((dU/dq)?) for any
configurational coordinate g. This relation shows that tem-
perature can be determined from the gradient and curvature
of the potential-energy landscape, without using the velocity
data [86].

Following the relation described above separately along
various directions, we calculate different components of the
configurational temperature [87] for our studied 3D Yukawa
fluids using

(X Fj)

kTeont,p = ———57—

—, B=xy2z (11
(- XL 52
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Here, Fig = —0U/0dr;g is the B component of the total con-
servative Yukawa force on the particle i, while (- - - ) denotes
the ensemble average in the steady state. The denominator
of Eq. (11) measures the corresponding curvature summation
of the potential-energy landscape [85], while the numerator
seems to be the summation of the square of the component of
the Yukawa force along the studied direction. From Ref. [85],
the configurational temperature can be regarded as the config-
urational energy scale sampled by the particles.

In the SLLOD simulations used in our current study, the
applied Nosé-Hoover thermostat regulates the kinetic tem-
perature calculated from the peculiar velocities only. As a
result, Eq. (11) depends only on the instantaneous particle
configuration and conservative Yukawa forces [87]. From
Refs. [85,86], in thermal equilibrium, both the configurational
and kinetic temperatures are the same as the thermody-
namic temperature, i.€., Teonf.x = Teonf,y = Tconf,z = Tiin. For
the SLLOD simulation results, the departure of Tionf,g/Tkin
from unity therefore indicates a nonequilibrium separation
between the configurational and kinetic degrees of freedom.
Furthermore, the difference between the three directional
components of the configurational temperature further re-
veals an anisotropic deformation of the local cages formed
by neighboring particles [87]. In fact, the directional config-
urational temperatures can be used as structural diagnostics
of sheared substances [87], rather than as three independent
thermodynamic temperatures.

IV. RESULTS AND DISCUSSION

A. Thermodynamic quantities

To test whether the isomorph theory is still applicable for
our studied systems, we first calculate the Pearson correlation
coefficient R of sheared 3D Yukawa liquidlike fluids using
Eq. (5), as presented in Fig. 2. Interestingly, for all of the
studied conditions here, our calculated R values are all very
close to unity. From the inset of Fig. 2, for the conditions of
y/(Wp/a) = 0.9 and « = 1, the time series of fluctuations of
the normalized potential energy AU and virial AW almost
completely overlap together. Clearly, the synchronized fluc-
tuations AU and AW reasonably lead to the nearly unity
Pearson correlation coefficient R in Fig. 2, suggesting that
the isomorph theory may still be applicable for sheared 3D
Yukawa fluids.

From our understanding, the strong correlation between U
and W in sheared 3D Yukawa liquidlike fluids in Fig. 2 proba-
bly originates from the same near-neighboring configurations
governing both quantities. For equilibrium R-simple liquids,
the hidden scale invariance implies that the same changes
in interparticle separations generate proportional fluctuations
of the potential energy and virial [3,13,14]. In the present
nonequilibrium systems, shear-induced rearrangements of the
cages formed by neighboring particles modify the local in-
terparticle separations, so that the potential energy and virial
are also changed simultaneously. This interpretation agrees
with the isomorph invariance of Couette shear flows generated
by the SLLOD equations under the fixed reduced shear rate,
as demonstrated in Ref. [25]. Since 3D Yukawa liquidlike
fluids are typical R-simple systems [75,76], the applied shear
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FIG. 2. Calculated Pearson correlation coefficient R between the
instantaneous potential-energy fluctuation AU and virial fluctuation
AW for sheared 3D Yukawa fluids of ¥ = 1, 2, and 3, as a function
of the reduced shear rate y /(v,/a). The inset shows the normalized
fluctuations of AU /oy and AW /oy for the conditions of k = 1 and
y/(@,/a) = 0.9, where oy and oy are the standard deviations of U
and W, respectively. Clearly, the R value is always very close to unity
for all studied conditions, indicating the strong correlation between
AU and AW for 3D Yukawa fluids under steady shear.

does not destroy the strong U-W correlation. As a result, the
sheared 3D Yukawa fluids are also R-simple liquids, i.e., the
isomorph theory is still applicable for the systems studied
here.

To study the anisotropic configurational response of our
studied sheared 3D Yukawa fluids, we calculate Tionr,g using
Eq. (11), with the results presented in Fig. 3. From Fig. 3, as
the shear rate increases, besides the general decline trend of
the configurational temperature, we also observe that more
significant separation of different components of the con-
figurational temperature for sheared 3D Yukawa liquidlike
fluids. At the lowest shear rate of y /(v,/a) = 0.09, for the
three components of the configurational temperature, the ra-
tio of Tione/Tkin is always close to unity, no matter how «
varies. In Figs. 3(a)-3(c), as the shear rate y /(v,/a) increases,
the three ratios of Teonf,xy:/Tkin decrease gradually and also
separate more significantly. For each « value, the x compo-
nent of the configurational temperature Toone , is always the
highest, while its z component T,y . is generally the lowest.
This ordering of the three components of the configurational
temperature demonstrates that the shear-induced distortion is
not a uniform reduction of the configurational temperature,
but a genuinely anisotropic force-field response.

Besides the general trend of the configurational tempera-
ture described above, we also observe that the configurational
temperature at higher shear rates exhibits the dependence on
the screening parameter . For k = 1 in Fig. 3(a), as the shear
rate increases, Teonf x/ Tkin decays substantially and approaches
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FIG. 3. Calculated ratio of the directional configurational tem-
perature to the kinetic temperature Tiont g/ Tiin under various shears
for 3D Yukawa fluids of x = 1 [panel (a)], x = 2 [panel (b)], and
k = 3 [panel (c)] from our simulation data. Here, the configurational
temperature Toonr g is calculated using Eq. (11) from the local conser-
vative force field, while 7y;, is determined from the peculiar thermal
motion. Clearly, as the shear rate y increases, the ratio of Teonr, s/ Tkin
decreases slightly from unity to ~0.8 at most, while the anisotropy
of Teont,p becomes more significant gradually.

0.88 gradually, while Tionry/Tiin and Teonr o /Tiin decrease
much more significantly to ~0.78. For x =2 in Fig. 3(b),
when the shear rate increases, Teonf,x/Tkin» Tconf,y/Tkin, and
Teonf -/ Txin decay and then approach approximately 0.94, 0.88,
and 0.85, respectively. For k = 3 in Fig. 3(c), as the shear
rate gradually increases, Teonf.x/Tkin first decreases and then
surprisingly increases back to nearly unity, while Teont,y/7kin
and Tonf.;/ Txin only decay to about 0.95 and 0.9, respectively.
Thus, for our studied configurational temperature of sheared
3D Yukawa fluids, the magnitude of the overall departure
from the kinetic temperature decreases with the screening
parameter k.

The variation trends of different components of the config-
urational temperature for sheared 3D Yukawa fluids presented
in Fig. 3 can be explained from the shear-deformed cages
formed by neighboring particles described next. For our stud-
ied sheared 3D systems illustrated in Fig. 1, the shear flow
u, = yy along the x direction directly deforms the local par-
ticle cages within the x—y plane. From the principal stress
theorem [30,88-91], due to the applied shear along the x
direction, our studied 3D Yukawa fluids are stretched in the

direction of 45° with respect to the flow direction, and also
compressed along the other perpendicular direction, which
has been experimentally verified in a 2D complex plasma [92].
The stretching and compressing effects in two perpendicular
directions definitely lead to the deformation of cages formed
by neighboring particles, or equivalently the anisotropic re-
arrangement of neighboring particles, thereby modifying the
numerator and denominator of the right-hand side of Eq. (11),
or the x and y components of the configurational temperature.
Although the applied shear does not lead to the direct affine
stretching or compression in the z direction [30], the particle
motions in three directions are definitely coupled together
due to the 3D interparticle force network, so that the cage
rearrangements within the shear plane can also modify the
configurational response along the z direction. The overall
decline trend of Tionf,p/Tkin With the shear rate indicates
that the force fluctuations and potential-energy curvatures no
longer retain their equilibrium balance, while the separation
of these three components reflects the direction-dependent
reorganization of the local force network. Furthermore, as
k increases, the effective distance of the Yukawa repulsion
becomes shorter, so that the configurational response becomes
more strongly localized around near neighbors. As a result, the
local force-curvature balance is less sensitive to the imposed
shear, reasonably resulting in the values of Toonf g/ Tkin closer
to unity for larger « values, as shown in Fig. 3.

B. Isomorphic property of structure under shear

We calculate the RDF g(r) of sheared 3D Yukawa fluids
under various conditions, as presented in Fig. 4. The RDFs
in these three panels of Fig. 4 correspond to the three rep-
resentative reduced shear rates of y/(v,/a) = 0.1, 0.5, and
0.8, while the value of I'/T"}, is kept unchanged as 0.5 for
the easy comparison. Note that, for the typical shear-induced
melting dusty plasma experiment [93] of y = 0.0789 w4, the
value of y/(v,/a) ~ 0.1, so that the largest reduced shear
rate y/(v,/a) = 0.8 studied here corresponds to about one
order of magnitude more powerful shear flow than that for
the typical dusty plasma experiments [93].

From Fig. 4, for each studied shear rate, our obtained g(r)
results of k = 1, 2, and 3 almost completely collapse together.
For the lowest shear rate of y /(v,/a) = 0.1, from Fig. 4(a),
the first peak, the first minimum, and the subsequent oscilla-
tions of the three g(r) curves are almost completely identical.
The same agreement is also clearly observed for the three g(r)
results at the intermediate shear rate of y /(v,/a) = 0.5 in
Fig. 4(b). For the g(r) results of y /(v,/a) = 0.8 in Fig. 4(c),
their agreement is also undoubted, although the height of the
first peak varies very slightly ~0.012 for different « values.
Our observed collapse of the g(r) results under various condi-
tions in Fig. 4 definitely indicates that the angle-averaged local
structure is invariant for various « values at the same reduced
shear rate, clearly demonstrating the isomorphic property of
the structure of our studied sheared 3D Yukawa fluids.

Besides the collapse of the g(r) results for different «
values described above, we also observe the slight difference
of g(r) as the shear rate increases in Fig. 4. From Figs. 4(a)—
4(c), as the reduced shear rate y /(v,/a) increases from 0.1
to 0.8, the height of the first peak decreases slightly from
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FIG. 4. Calculated radial distribution functions g(r) of 3D
Yukawa fluids for varying « values at the same reduced coupling
strength I /Ty, = 0.5, under three representative reduced shear rates
of y/(vp/a) = 0.1 [panel (a)], 0.5 [panel (b)], and 0.8 [panel (c)],
respectively. Clearly, as the shear rate varies, the obtained g(r) results
of 3D Yukawa fluids for different « values almost collapse to one uni-
versal curve in reduced units, indicating that the radial local structure
is approximately invariant. Note that, when y increases, the height
of the first peak of g(r) varies very slightly ~0.012 for different
k values, as shown in panel (c), probably due to the significant
configurational distortion in Fig. 3 modifying the averaged isotropic
structure measure of g(r).

~2.09 to ~1.87. Furthermore, the subsequent oscillations of
g(r) become moderately weaker for higher shear rates. The
decrease of the first peak height and the weaker subsequent
oscillations both indicate that the angle-averaged translational
order of our studied sheared 3D Yukawa fluids is reduced
when the shear rate is higher. Note that the collapse of the g(r)
results and their variation trends for all other studied shear
rates not reported here are quite similar to those in Fig. 4. Note
that, besides the global angle-averaged g(r) results reported
above, to better characterize the shear-distorted structure, we
also perform quite a few tests using the structural diagnostic of
the angle-resolved pair correlation function [94] in the shear
plane, which also indicate the isomorphic property of the
distorted structure of our studied sheared 3D Yukawa fluids.
From our understanding, the collapse of the g(r) results
in Fig. 4 indicates nearly the same particle arrangement in
the reduced units for the studied 3D Yukawa fluids while
the relative coupling parameter I' /T, and the reduced shear
rate are unchanged. Although the directional configurational

temperatures in Fig. 3 exhibit the pronounced anisotropic re-
sponse, the calculated RDF averages the pair distribution over
all directions; i.e., this directional distortion cannot be easily
reflected by the g(r) results. As a result, the applied shear
redistributes the configurational correlations among different
directions while leaving their radial average nearly unchanged
for different « values. In fact, the results in Figs. 3 and 4
therefore describe two complementary aspects of the same
local structure due to the applied shear.

C. Isomorphic property of viscosity under shear

Based on our SLLOD simulation data at different shear
rates, we calculate the shear viscosity  of 3D Yukawa fluids
with the relative coupling parameter of I' /T",, = 0.5 using the
constitutive relation of Eq. (10), as plotted in Fig. 5(a). From
Fig. 5(a), the obtained viscosity data exhibit a pronounced
dependence on the screening parameter «. For the same shear
rate, as k increases from 1 to 3, the viscosity of the sheared
3D Yukawa fluids decreases substantially. For example, when
y/(¥p/a) = 0.5, our obtained values of n/ (nmaza)pd) are ap-
proximately 0.120, 0.086, and 0.054 for « =1, 2, and 3,
respectively. We attribute this decreasing trend of shear vis-
cosity with the screening parameter to the more screened
interparticle interaction of our studied sheared Yukawa fluids
for larger « values, or particle interaction is more localized,
so that the momentum transport is less efficient, reasonably
leading to a lower value of shear viscosity.

From Fig. 5(a), for each value of «, the viscosity al-
ways decreases monotonically with the shear rate, just
corresponding to the typical non-Newtonian shear-thinning
behavior [33-35]. For example, when « =2, the calcu-
lated n/ (nmaza)pd) decreases monotonically from ~0.108 at
y/(0p/a) =0.1t0~0.071 aty /(v,/a) = 0.9. The decreasing
trend of the shear viscosity with the shear rate is general for
other screening parameters, as those for « = 1 and 3 presented
in Fig. 5(a). We attribute the decreasing of shear viscosity with
the shear rate to the fact that cages formed by neighboring
particles are significantly deformed and rearranged at higher
shear rates, reducing the ability to sustain shear and transfer
momentum, corresponding to lower values of shear viscosity.

As the major result of this paper, we discover that, when
the viscosity is normalized using the isomorph reduced units
as in Eq. (1), all viscosity data points almost collapse onto
a universal curve, completely independent of the screening
parameter «, as presented in Fig. 5(b). This scaling collapse
demonstrates that the shear viscosity of 3D Yukawa fluids
remains approximately isomorph invariant even though the
studied fluids are driven away from equilibrium by steady
shears. It also indicates that the pronounced x dependence
of viscosity observed in Fig. 5(a) mainly originates from
the conventional constant units used in dusty plasmas, rather
than from an intrinsic difference in the reduced rheological
response. Therefore, the hidden scale invariance governing
the equilibrium transport properties of 3D Yukawa liquidlike
fluids [95] continues to control their nonlinear shear-thinning
behavior under nonequilibrium conditions.

We attribute the observed collapse of the viscosity data in
Fig. 5(b) to the dominant role of neighboring particles in the
momentum transport of shear viscosity. From the previous
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FIG. 5. Obtained shear viscosity n of 3D Yukawa fluids with the fixed relative coupling parameter I"/T",, = 0.5 under steady shears for
x =1, 2, and 3 from our simulations, plotted in the reduced units of nma®w,, [panel (a)] and the isomorph reduced units of n*>(mkgT)'/?
[panel (b)], respectively. From panel (a), clearly, as y increases, the 3D Yukawa fluids for each « value always exhibit the typical non-Newtonian
shear-thinning behavior. While we normalize the viscosity using the isomorph reduced units as in panel (b), remarkably, all data points of
n/n?*/*(mkgT)"/? of 3D Yukawa fluids for various « values nearly collapse into one for each shear rate value. This collapse of data points in
panel (b) clearly indicates that the viscosity of sheared 3D Yukawa liquidlike fluids remains approximately isomorph invariant. In the inset in
panel (b), the calculated reduced viscosity results of 7 are replotted as the function of y*!/2 = (7 /(9,/a))"/? using the same data. Clearly, the
exhibited linear decrease of the reduced viscosity 7 with y*1/2 leads to the linear fitting result, obtained by fitting all data for ¥ = 1, 2, and 3
with y*1/2 > 0.6, as the dashed line shown there.

investigation of 2D simple liquidlike fluids, shear viscosity describe the remaining viscosity data of y* > 0.09; however,
is determined completely by rearrangement of neighboring we do not expect this fitting can be extrapolated further to
particles [95,96]. We speculate that the viscosity mechanism  lower shear rates, where the viscosity is nearly unchanged
of our studied 3D Yukawa liquidlike fluids is probably sim- from [35]. Thus, the viscosity of our studied 3D Yukawa
ilar to that for 2D liquidlike fluids, i.e., the viscosity of 3D liquidlike fluids without shear can be estimated as the reduced
Yukawa liquidlike fluid is probably also mainly determined viscosity of 7 & 1.8 when y* = 0.09, very close to the equi-
by neighboring particles. With the same relative coupling librium estimation of 77 2~ 0.126 exp[3.64./T/T",,] >~ 1.7 for
parameter and the same reduced shear rate, even though the « I'/T,, = 0.5 obtained from the practical formula proposed in
value varies, the studied 3D Yukawa liquidlike fluids exhibit Ref. [97]. Note that our normalized shear rate y* =y /(v,/a)
the same local structure in the isomorph reduced units, as is equivalent to the isomorph-reduced shear rate of Eq. (2)
the g(r) results shown in Fig. 4. When these same struc- with a constant factor, i.e., ¥ = /2(47 /3)'Py* ~ 2.28y*.
tures in Fig. 4 are subjected to the same reduced shear rate, Our use of p*!/2 for the horizontal axis of the inset of
our studied 3D Yukawa fluids therefore undergo the similar Fig. 5(b) is motivated by the previous theoretical studies
deformation of cages formed by neighboring particles and connecting nonlinear viscosity with long-time hydrodynamic
then the rearrangement during the same reduced time interval, correlations [98—100]. In equilibrium 3D systems, the long-
reasonably leading to the same reduced viscosity expressed wavelength hydrodynamic fluctuations decay slowly, allowing
in the isomorphic units, no matter how « varies, as shown in the fluid to retain a memory of the shear stress and producing a
Fig. 5(b). t=3/2 long-time tail [99]. Under steady shear, the flow continu-
To further investigate the shear dependence of viscosity ously stretches and tilts these large-scale fluctuation patterns,
for our studied 3D Yukawa liquidlike fluids, in the inset so that they lose memory of their initial states once the ac-
of Fig. 5(b), we present the same isomorph-reduced vis- cumulated strain becomes of order unity as |y|t ~ 1 [101].
cosity data 7 = n/[n*3(mkgT)"/?] as a function of y*1/? = The corresponding shear-advection time ¢, ~ |y|~! therefore
(y/(vp /a))'/? instead. Clearly, over the entire studied range limits the duration over which these slow fluctuations con-
of shear rate, 7 decreases approximately linearly with y*!/2, tribute to the viscosity [101]. The mode-coupling [98] and
as indicated by the dashed line there. This dashed line is ob- ring-kinetic theories [99,100] show that this suppression of
tained from the simultaneous linear fit using all 18 data points the 3D long-time tail gives rise to a nonanalytic viscosity cor-
for k = 1, 2, and 3 with y*!/2 > 0.6, leading to 57 = 2.13 —  rection o |y|'/? [98,99]. Although this result is not a rigorous
0.956y*1/2. This fitting expression is also able to accurately constitutive law for our present studied 3D Yukawa liquidlike
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FIG. 6. Calculated diffusion coefficients D, normalized by the
isomorph units of n~'/3(kzT /m)'/?, for 3D Yukawa fluids under
steady shear in the flow direction [panel (a)], the velocity-gradient
direction [panel (b)], and the vorticity direction [panel (c)], fork = 1,
2, and 3, respectively. Clearly, for the lower shear rates, the normal-
ized diffusion coefficients in all three directions converge to ~0.078
for different x values, demonstrating that the diffusion coefficient
obeys the isomorphic scaling in the near-equilibrium state. However,
as the shear rate increases, the normalized diffusion coefficients
explicitly exhibit both the directional and k dependence, suggesting
that strong shear leads to the anisotropy of the studied system, and
the diffusion coefficient is not an isomorphic invariant anymore.

fluids, it provides an empirical fitting 5 = 7o — Ay *!/? to the
observed shear-thinning behavior, as also observed in our
studied sheared 3D Yukawa liquidlike fluids from the inset
of Fig. 5(b).

D. Diffusion under shear and breakdown
of Stokes-Einstein relation

We also calculate the diffusion coefficient of our studied
sheared 3D Yukawa fluids using the SLLOD simulation data,
as presented in Fig. 6. In fact, the diffusion property character-
ized by the mean-squared displacement (MSD) in equilibrium
3D Yukawa fluids has been demonstrated to be isomorph
invariant in reduced units [76]. However, whether the applied
shear is able to destroy the invariance of the diffusion property
in 3D Yukawa fluids is still an open problem, as we study
here. To characterize the diffusion property, based on the
SLLOD simulation data, we calculate the directional diffusion

coefficients from the long-time MSD using
Arg()]?
Dy = tim LABOE) (12)

t—00 2t

Here, () denotes the ensemble average. In the velocity-
gradient and vorticity directions, Arg is just the displacement
of particles in the y and z directions. However, in the flow
direction, to calculate Ar,, the flow motion generated by
the imposed shear should be removed, i.e., Ar,(t) = x(t) —
x(0) —y f(; y(')dt’ [30]. We also normalize the calculated
diffusion coefficients using the isomorphic units as in Eq. (3).

From Fig. 6, our obtained diffusion coefficients of sheared
3D Yukawa fluids for all three directions in the reduced units
generally increase with the shear rate. At the lowest shear rate,
the nine data points of the dimensionless diffusion coefficient
are all very close to 0.078, which is just the reduced diffu-
sion coefficient of equilibrium 3D Yukawa fluid at the same
relative coupling parameter I'/T";, = 0.5 from the previous
investigation of Ref. [76]. As the shear rate increases, D;,
Dy, and D, all increase gradually from ~0.078 to higher
values. It seems that the applied shear significantly enhances
the diffusion of our studied 3D Yukawa fluids, as discussed in
detail later.

Besides the general increase trend in Fig. 6, we also ob-
serve the directional anisotropy and the screening-parameter
dependence of the diffusion coefficient for our studied sys-
tems. In the flow direction, from Fig. 6(a), D, exhibits the
most significant enhancement with the shear rate, reaching
~0.11 at the highest shear rate of y/(7,/a) = 0.9. However,
in the vorticity direction, 5z exhibits the least increase with
the shear rate, reaching only ~0.098 when y /(v,/a) = 0.9,
as shown in Fig. 6(c). In the velocity-gradient direction, the
increase of D, is in the intermediate level. Clearly, the result-
ing order of D, > 5y > D, demonstrates that the diffusion of
sheared 3D Yukawa fluids exhibits the prominent anisotropic
feature. At the same time, the diffusion coefficient for dif-
ferent screening parameters also varies. From Fig. 6, while
other conditions are the same, the diffusion coefficient for
k = 1 is generally larger than that for k = 2, while diffusion
coefficient for k = 3 is the lowest. Probably this screening-
parameter dependence of the diffusion coefficient can also
be attributed to the more localized effect of the Yukawa in-
teraction for larger « values, as we discuss for the viscosity
results above. Thus, although the diffusion coefficient is a
widely accepted invariant from the isomorph theory [3], our
results in Fig. 6 clearly indicate that the applied shear sub-
stantially destroys the invariance of the diffusion coefficient
for 3D Yukawa fluids, which exhibits both the directional and
k dependence.

Our observed variation trend of diffusion coefficient and
its anisotropy in Fig. 6 can be explained by the cumulative
shear-assisted decaging motion in 3D Yukawa fluids. The
imposed shear flow u, = yy directly deforms cages formed
by neighboring particles mainly in the x direction and also
enhances the particle velocity in the x direction. Even though
the flow displacement due to the applied shear is removed in
our calculations, the diffusion along the shear direction is still
greatly enhanced at higher shear rates, probably suggesting
that the flow and peculiar velocities in the x direction are
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somewhat linked together. The diffusion of particles along the
y direction is also substantially modified at higher shear rates,
which we attribute to the coupling of particle motion in the
x—y plane with the significant shear flow velocity gradient.
In principle, the particle motion along the z direction should
not be affected by the applied shear, since all parameters
are uniform along this direction. However, for 3D Yukawa
fluids, the particle motions in all three directions are definitely
coupled together, so that it is probably reasonable that the
enhanced diffusion in the x and y directions is able to improve
the diffusion in the z direction, leading to the least increase of
D, with the shear rate, as presented in Fig. 6(c).

Since the viscosity and diffusion coefficient of sheared 3D
Yukawa fluids are obtained in Figs. 5 and 6 above, we also
easily calculate the corresponding SE coefficient, as presented
in Fig. 7. In fact, for equilibrium systems, the famous SE
relation of D = kgT /(crno) [22,102,103] provides the bal-
ance between the thermal fluctuations driving the Brownian
motion and the viscous resistance exerted by the surrounding
liquid, where o is the hydrodynamic diameter [22,102], and
c is a constant that depends on the boundary condition at the
particle surface [22,102]. As a result, the SE relation estab-
lishes a direct connection between the microscopic diffusion
and the macroscopic viscosity [22,103]. For dense liquids, it
has been demonstrated that the velocity- and stress-correlation
functions lead to an analogous relation between diffusion and
viscosity, which is asg = Dyn~'/3/kzT = const [39,104].
For our studied nonequilibrium 3D sheared Yukawa fluids, the
product of shear viscosity 1 and the diffusion coefficient D
exhibits different features, as plotted in Fig. 7.

From Fig. 7, as the shear rate increases, the SE-coefficient
results exhibit the pronounced anisotropic behavior. In the
flow direction, the corresponding SE coefficient asg , does not
change substantially with the shear rate, only varying slightly
between ~0.156 and ~0.135, as shown in Fig. 7(a). However,
from Fig. 7(c), the SE coefficient asg , in the vorticity direc-
tion drops almost monotonically from ~0.142 to ~0.108 as
the shear rate increases to y /(v,/a) = 0.9. The variation trend
of the SE coefficient asg , in Fig. 7(b) is in the intermediate
level, i.e., dropping with the shear rate less than osg ;. In short,
the different variation trends of osg ., ¢sg,y, and asg ; clearly
indicate that, for our studied sheared 3D Yukawa liquidlike
fluids, the SE relation is not obeyed anymore, or the SE
relation is violated.

Another interesting point in Fig. 7 is that, at lower shear
rates, the SE coefficients in the three directions all converge
to ~0.14. In fact, for dense liquids in equilibrium, by substi-
tuting the hydrodynamic diameter o in the SE relation using
2n~1/3, it has been derived that the SE coefficient should
be ~0.132 [77]. For our studied Yukawa fluids with lower
shear rates, which should be close to equilibrium, our obtained
value of asg & 0.14, pretty agreeing with the derived value of
~0.132 [77]. Note that, using the estimated viscosity with-
out shear 7 :~1.8 above, together with D ~ 0.078 there, we
obtain asg = D7y = 0.14, further confirming the consistency
among the viscosity, diffusion, and SE-coefficient results un-
der the near-equilibrium condition.

We attribute the breakdown of the SE relation in sheared
3D Yukawa liquidlike fluids to the different variation trends of
viscosity and diffusion due to the applied shear. In principle,
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FIG. 7. Obtained reduced directional SE coefficients asg g for
3D Yukawa fluids under steady shear in the flow direction [panel
(a)], the velocity-gradient direction [panel (b)], and the vorticity
direction [panel (c)], for k = 1, 2, and 3, respectively. Here, the data
of shear viscosity  and diffusion coefficient D are from Figs. 5 and 6,
respectively. Clearly, under the lower shear rates, the calculated csg g
values for all directions and « values are always ~0.14, agreeing
with the derived value of ~0.132 for dense liquids in equilibrium.
As the reduced shear rate y /(9,/a) increases, the osg g value in the
velocity-gradient and vorticity directions decreases continuously, as
shown in panels (b) and (c). However, the asg , value does not change
substantially with the shear rate, as shown in panel (a). Furthermore,
under higher shear rates, the asg g results exhibit both directional
and « dependence mainly due to the same property of the diffusion
coefficient, indicating the breakdown of the SE relation at higher
shear rates.

the SE relation is intended for equilibrium systems [39,103],
which is also valid for those near equilibrium [77], so that
we do not expect that it is always obeyed for our studied
sheared 3D Yukawa fluids far from equilibrium. The macro-
scopic shear viscosity is governed by the off-diagonal stress
tensor P,,, which characterizes the transport of the x-directed
momentum across adjacent fluid layers separated along the
y direction. Although the shear-thinning effect reduces the
viscosity as shown in Fig. 5, the structural rearrangements
strongly promote nonaffine particle migration along the flow
direction, leading to a substantial enhancement of diffusion
coefficient in the 110w direction, as shown in Fig. 6. This
drastic increase in D, in Fig. 6(a) effectively compensates for
the drop in 7 in Fig. 5, leading to the nearly unchanged SE
coefficient asg x, as shown in Fig. 7(a). In contrast, the particle
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dynamics along the vorticity z direction, orthogonal to the x—y
shear plane, does not directly participate in the macroscopic
momentum transport. Consequently, the relatively weak en-
hancement of D, in Fig. 6(c) fails to offset the global reduction
of viscosity in Fig. 5, resulting in the most significant drop
of the SE coefficient asg .. The velocity-gradient direction,
which participates in the shear plane but measures transverse
displacement rather than flow-directed momentum, exhibits
an intermediate degree of compensation. In short, for our stud-
ied sheared 3D Yukawa liquidlike fluids, as a global measure,
viscosity exhibits the isomorphic invariant; however, the diffu-
sion exhibits different properties along three directions. Only
along the shear direction, the SE relation is roughly obeyed,
because viscosity and the diffusion along the x direction are
both driven by the applied shear, probably suggesting that
their mechanisms are coupled together. However, the diffusion
along either the y or z direction is completely different from
that along the x direction, so that the SE relation is violated.

V. SUMMARY

In summary, we perform NEMD simulations to study dy-
namics of 3D Yukawa liquidlike fluids under steady shears.
Using simulation data, we calculate various physical quanti-
ties, such as the virial-potential-energy correlation, directional
configurational temperature, RDF, shear viscosity, directional
diffusion coefficient, and SE coefficient over a wide range of
parameters. Our calculated Pearson correlation coefficient R
value for sheared 3D Yukawa liquidlike fluids is always very
close to unity, indicating possible isomorphic properties there.

We discover that, for our studied sheared 3D Yukawa lig-
uidlike fluids, both the shear viscosity n and RDF g(r) exhibit
excellent isomorphic scaling properties, clearly indicated by
the collapse of our calculated data points of either the n
or g(r) data points expressed in the isomorph reduced units
for all studied « values. The invariance of g(r) means the
averaged local configuration formed by neighboring particles
is unchanged, although our studied 3D Yukawa fluids are
continuously deformed and rearranged by the applied shear.

We attribute the isomorphic scaling of shear viscosity to the
dominant role of neighboring particles, whose configuration
is unchanged as mentioned above. The isomorphic scaling
of viscosity of sheared 3D Yukawa fluids exhibits the pro-
nounced shear-thinning effect, which can be expressed as
% = 2.13 — 0.956y*!/2 based on our data fitting.

We also calculate the diffusion coefficient of sheared 3D
Yukawa fluids along different directions, where the contri-
bution of the imposed shear is removed. We find that the
diffusion is generally enhanced in all directions, while the
directional anisotropy is also prominent. Along the flow di-
rection, the enhancement of diffusion is the most significant,
suggesting that the flow and peculiar velocities are somewhat
linked together. The diffusion in the other two directions is
less enhanced by the applied shear through the coupling of
particle motion in 3D, from our understanding. Finally, we
calculate the SE coefficient using the obtained viscosity and
diffusion coefficient data. We find that the SE relation is
roughly obeyed only along the flow direction; however, in the
other two directions, the SE relation is violated. We attribute
the breakdown of the SE relation to the increase of diffusion
coefficient due to shear is not able to compensate for the
substantial drop of shear viscosity from the shear-thinning
effect.
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