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Fixation probabilities are essential for characterizing stochastic evolutionary dynamics, but analytical results
remain limited mainly to systems with two competing types. We develop a perturbative framework to compute
fixation probabilities in multiallele Moran processes under weak selection. Exploiting the general structure of
the backward Fokker-Planck operator in this regime, we show that fixation probabilities admit a systematic
expansion around their neutral solution. We first introduce the framework for M competing alleles with multi-
variate polynomial fitness functions. We then apply it to three biologically motivated examples: a constant-fitness
model, which we solve for an arbitrary number of alleles; a three-allele coordination game in which allele fitness

increases with its frequency in the population; and a three-allele model of clonal interference between mutualistic
alleles. These results extend the analytical understanding of fixation probabilities beyond pairwise interactions,
establishing a framework for investigating multistrategy stochastic evolutionary dynamics.
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I. INTRODUCTION

Evolution is a stochastic process driven by the probabilistic
extinction and fixation of traits. Consequently, deterministic
models, such as the replicator equation [1], provide only a
limited description of evolutionary dynamics [2,3]. Even in
the simple case of two neutral alleles competing within a
population, deterministic and stochastic descriptions lead to
contradictory results. Deterministic models predict indefinite
coexistence, whereas stochastic approaches predict eventual
dominance of one allele and the extinction of the other [4].
This fluctuation-driven dominance underlies neutral theory
[5], which explains seemingly counterintuitive phenomena,
such as the atrophy of functional organs (e.g., blindness in
cave fish [6]), or the loss of flight in island parrots [7].

A minimal framework for studying such stochastic effects
in finite populations is the Moran process, which describes
how allele frequencies change in a population due to the joint
influence of random genetic drift and selection arising from
fitness differences [8,9]. In this model, the long-term fate of
competing alleles is determined by whether a trait eventually
goes extinct or takes over the population, which can be mea-
sured through fixation probabilities and fixation times [10].
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For simple cases with only two competing alleles,
closed-form expressions for fixation probabilities are well
known under general fitness functions [11,12] and for a
wide range of evolutionary scenarios in both well-mixed
and structured populations [13-16]. These include strong-
selection limits [17], fluctuating environments [18], and
frequency-dependent fitness functions arising in evolution-
ary game theory [2,4,10,19]. However, for more than two
alleles, the dimension of the state space increases, and
computing fixation probabilities becomes more challeng-
ing. For three competing alleles, for example, the state
space is two dimensional, and calculating fixation prob-
abilities requires solving a boundary-value problem on a
two-dimensional discrete lattice. More generally, for M alle-
les, the boundary problem is posed in an (M — 1)-dimensional
discrete lattice.

The difficulty of obtaining analytical results in these high-
dimensional problems has motivated the development of
various approximate and perturbative approaches. These ap-
proaches have yielded bounds and inequalities on fixation
probabilities [20], as well as perturbative solutions for the
related Wright-Fisher model [21]. Nevertheless, general ana-
lytical expressions for fixation probabilities in the multiallele
Moran process remain lacking, even in the weak-selection
regime.

A useful way to overcome the technical difficulties posed
by the discrete problem is to use a continuum approximation,
replacing the discrete (M — 1)-dimensional lattice boundary-
value problem with a continuous formulation in terms of a
Fokker-Planck equation on the (M — 1)-dimensional simplex
[22-24]. This approximation maps fixation probabilities to the
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stationary solutions of the corresponding backward Fokker-
Planck equation, with absorbing boundary conditions at the
vertices of the simplex.

For two alleles and large population sizes, this con-
tinuum description reproduces the exact solutions of the
discrete problem, providing a rigorous link between micro-
scopic transition rates and the deterministic and stochastic
components of the allele-frequency dynamics [22]. How-
ever, for M > 3, the backward Fokker-Planck equation is
a rarely analytically tractable high-dimensional partial dif-
ferential equation defined in an (M — 1)-dimensional space
[23,24]. Hence, generalizing the analytical results of the two-
allele case to higher dimensions requires new approximations.

To fill this gap, we develop a perturbative approach to
analytically compute fixation probabilities in weak-selection
multiallele Moran processes with frequency-dependent fitness
functions. Our method relies on a systematic expansion of the
fixation probability about its neutral solution and is valid, to
first order in selection strength, when the fitness deviations are
multivariate polynomial functions of the allele frequencies. To
illustrate the generality of this approach, we apply it to three
Moran processes with both constant and frequency-dependent
fitness functions. For the latter, we study a three-species
coordination game motivated by microbial cooperation and
collective animal behavior [25-27], and a model of mutu-
alistic clonal interference inspired by interacting beneficial
mutations in microbial evolution [28,29]. In all cases, we
validate the analytical predictions with Monte Carlo simula-
tions, confirming the accuracy of our method across broad
parameter ranges.

II. FIXATION PROBABILITIES IN A MULTIALLELE
MORAN PROCESS

We consider a Moran process in a population of fixed
size N. Each individual carries one of M possible alleles
1,2,...,M and n; is the number of individuals of type i,
Zf‘i i = N. Under these assumptions, the composition of
the population is entirely described by the state vector n =
(n1, ..., ny—1) and the condition nyy = N — ngl n;

This state vector changes in time according to the following
update rule. In a short time interval dt, one individual of type
i is chosen to reproduce with probability F;(n) and produces a
sibling that is also of type i. To ensure that the total population
size remains constant, a second individual is sampled with
probability D;(n) and is replaced by the new individual. We
define f; as the fitness of type i in the current population state,
understood broadly as a model-dependent measure of relative
selective advantage and implemented here as a dimensionless
reproductive weight. We assume that the reproduction proba-
bility is proportional to this weight, while all organisms have
the same death probability,

By = <™

Zk Sk

Assuming the birth and death events are independent, this
update rule can be expressed in terms of replacement rates for
the components of the state vector. We define these rates as
Ti—. j(n) = AF;(n) D;(n), where A =1 sets the characteristic
timescale. The subscript i — j in the left side indicates a

nj

transition from a state n to a new state n’ in which a copy
of an individual of type i replaces one individual of type j.
The resulting state is thus n’ = n+ §; — 8;, where §; with
k=1,...,M — 1 denotes the unit vector with components
(O )e = Sxe-

Considering this updating rule, the probability that the sys-
tem is in a state n at time ¢, P(n, t), changes in time according
to a master equation

P, 1) oL
i

where we have introduced the step operators [30],
EF[fm)] = fm+$),

and &y = 0 to simplify the notation while accounting for the
fact that updates in the state vector n involving the Mth allele
only change one component of n.

In the limit where the population is sufficiently large,
we can define continuous allele frequencies x; = n;/N and
perform a standard Kramers-Moyal expansion of the master
equation (1) to obtain its corresponding Fokker-Planck diffu-
sive approximation [24] (see Appendix B for details),

i=1,....M 2)

dp(x,1) N 0
= ; a—xk(Ak<x>p(x,t>)
1 M—1
+3 > T (Bke(x)mx 1), 3
k=1

where the drift coefficients are given by

Z [Tri(x) —

and the elements of the diffusion matrix are

Ar(x) = Ties 1 (%)) “

M

1
Bue = 15 2 Misi() + Tk ()], )
i=1
i#k

Bu = e+ Toa)] fork %L (6)

After deriving the Fokker-Planck equation for the mul-
tiallele Moran process, we can obtain each allele’s fixation
probability using the corresponding backward Fokker-Planck
equation [24]. At long times, the probability mass eventually
flows toward one of the M absorbing states, each corre-
sponding to the fixation of one of the M competing alleles.
Mathematically, these states correspond to configurations of
x where one component is equal to 1 and all the others are
equal to 0 and (xy, ..., xy—1) = (0, ..., 0), corresponding to
fixation of allele M.

We are interested in the allele-specific fixation probabilities
given an initial condition for the population composition X,

$i(x)

Interpreting Eq. (3) as a continuity equation for the probabil-
ity density, fixation probabilities are given by the stationary

= Pr(fixation of allele i | x), i=1,...,M.
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backward Fokker-Planck equation [24]
Lgi(x) =0, 7

where L is a backward Fokker-Planck operator

M—1 P 1 M—1 52
L= A _ 4 = B , 8
k:Zl (00 5+ zk;] (0 5o (8)

with boundary conditions set by the absorbing structure of the
Moran process,

o= {0 DX ©)
i(X) = .

0, ifx=4;, j#i.
Thus, obtaining the fixation probabilities for each allele is
equivalent to solving a stationary multidimensional advection-
diffusion equation in an (M — 1)-dimensional simplex.

III. PERTURBATIVE APPROACH TO FIXATION
PROBABILITIES UNDER WEAK SELECTION

In the weak-selection regime, the drift coefficients in
Eq. (7) are linear in the selection intensity, and the diffusion
matrix reduces to its neutral form. More specifically, writing
the fitness functions as

fix) =1+ smi(x),

and the mean contribution to fitness due to selection as

si(x) < ON, (10)

M
(X)) =Y xmi(x), an
j=1

the elements of the drift vector and the diffusion matrix are,
respectively,

s
Ap(x) ~ ka[”k(x) — 7 (x)] 12)
and
2 xk(l —Xk), k= e,
Bi(x) ~ ﬁ{—xm, b (13)
where k, £ =1,..., M — 1 (see Appendix C for a full deriva-
tion).

This structure of the drift vector and the diffusion matrix in
the weak-selection regime enables a systematic perturbative
solution for the fixation probabilities in Eq. (7). To obtain
these solutions, we first decompose the Fokker-Planck back-
ward operator

L~LO4 O (14)

where
M-1

1
£ = 3 Z By (x)

k. t=1

82
0x;0xy

15)

and
M—1 a
L9 =" A (x) —. 16
; () 5 (16)

Based on the structure of the operator £, we propose a
similar decomposition for the first-order approximation of the

fixation probabilities,
$i(x) ~ ¢ (x) + ¢ (x). (17)

Substituting Egs. (14)—(17) into Eq. (7) and neglecting
terms of order O(s?) yields a recursive set of equations for
each of the s-order contributions in which we have decom-
posed the fixation probability,

£(0)¢§0) =0, (18)

‘C(O)(ﬁ,'(s) — _L(s)(bi(O). (19)

Neutral solution and perturbative correction. In the neutral
Moran process, all alleles are equivalent, and fixation proba-
bilities are given by their initial frequencies [4],

qbi(o)(x) =x, i=1,...,M. (20)

These solutions satisfy Eq. (18) together with the absorbing
boundary conditions (note that £®x; = 0 because £© only
contains second-order derivatives). At the same time, this
neutral fixation probabilities provide the explicit form of the
inhomogeneity in Eq. (19):

() 4(0) IS 9
—L99 = = 3 A0 i = —A), 2D
k=1

fori=1,...,M — 1. For i = M, the normalization of the
frequency imposes ¢y = 1 — 3 1 o

Replacing these results in Eq. (19), we obtain a linear
elliptic problem for the first-order corrections to the fixation
probabilities ¢*:

1 M—1 82
7 > Bux)

00X 0X
k=1 kOte

oV (x) = _Iiv xlm(x) — 7(®)]. (22)

Additionally, because the zeroth-order solution qbl.(o)(x) =
x; already satisfies the absorbing boundary conditions in
Eq. (9), the first-order perturbative correction must vanish
at every absorbing vertex. Therefore, we impose ¢[.(s)(x) =0
at all absorbing vertices. This condition ensures that the full
solution

$i(x) =x; + O(s) (23)

remains consistent with certain fixation when x = §; and im-
possible fixation when the initial condition is such that x; = 0.

Multivariate polynomial ansatz and general solution.
Equation (22) makes the structure of the fixation probability
in the weak-selection limit explicit. The backward neutral op-
erator £© acts on the unknown perturbative correction, c/)i(s),
while the right-hand side is an explicit polynomial forcing
term generated by the selection-induced drift acting on the
neutral solution ¢>l.(0) = x;.

This structural property of Eq. (22) allows us to propose an
ansatz for the first-order perturbative contribution to the fix-
ation probability. First, we assume that the fitness deviations
on the right side, ;(x), are polynomial functions of the M — 1
independent allele frequencies, with each variable appearing

with degree at most d. In this case, they can be written as

d

d
TX)= D Y Chapeana XX (24)

Ot|=0 O(M,|=0

043021-3



BRAGA, WARDIL, AND MARTINEZ-GARCIA

PHYSICAL REVIEW RESEARCH 8, 043021 (2026)

Under this assumption, the forcing term
s
 Nilmi(x) = (] (25)

is also a polynomial in the same variables. On the left
side, because £© only contains second-order derivatives with
polynomial coefficients in xi, ..., x)—1, this operator maps
polynomials in these variables into polynomials with different
coefficients. Therefore, consistency of Eq. (22) requires that
¢l.(‘?) must be within the same polynomial class.

Under these assumptions, the difference m;(x) — 77 (X) is
a polynomial in x, ..., xy—_;, with each variable appearing
with power at most d 4+ 1. Moreover, the right-hand side of
Eq. (22) contains an overall factor x;. Since the correction
must vanish when the focal allele is absent, we construct the
ansatz

d+1 d+1
OV =N D o Y G X xi ol (26)
A1=0 By—1=

The factor x; ensures that ¢>l.(s) = 0 whenever x; = 0, while
the prefactor N accounts for the population-size scaling of
the solution. Specifically, the neutral backward operator is of
order O(N~2), whereas the forcing term is of order O(s/N).
Therefore, the perturbative correction scales as O(Ns), and
the coefficients C; g, . g, , are of first order in the selection
strength.

Substituting the ansatz (26) into Eq. (22) yields a polyno-
mial identity on the (M — 1)-dimensional simplex. Matching
equal monomials produces a finite linear system for the un-
known coefficients, while the absorbing boundary conditions
fix the remaining degrees of freedom. Hence, whenever the
fitness functions are polynomial in the independent allele
frequencies with bounded degree in each variable, the weak-
selection fixation probability admits an explicit polynomial
construction obtained by coefficient matching.

The size of this linear system can also be determined ex-
plicitly. As shown in Appendix A, each exponent B; can take
d + 2 possible values, from O to d + 1. The ansatz therefore
contains at most

.....

KM, d) = (d +2)"! 27

unknown coefficients for each focal allele. Since only M — 1
fixation probabilities are independent, the complete construc-
tion contains at most (M — 1)K (M, d) coefficients, separated
into M — 1 independent systems. Importantly, this number
does not depend on the population size N. For low-degree
fitness functions and moderate numbers of alleles, the method
remains numerically accessible and provides the complete
fixation-probability field.

IV. APPLICATIONS TO SPECIFIC FITNESS FUNCTIONS

After developing a general method to calculate fixation
probabilities in multiallele Moran processes under weak se-
lection, we apply it to three biologically relevant variants.
We first consider the simplest case with constant fitness
but allele-specific selective advantage. Then, we study two
frequency-dependent fitness scenarios: a coordination game,

where fitness increases with allele frequency, and a model of
clonal interference between mutualistic alleles.

A. Constant fitness

We start with the simplest case of allele-specific constant
fitness m;(x) = p; and M = 3. Defining s; = sp;, the fitness
functions are

fi=1l+s, =145, f3=1+4s:;, (28)

with s5; < O(N~!). After eliminating x3 using the fixed pop-
ulation size condition, x3 = 1 — x; — x, the dynamics is
defined in the (x;, x») simplex.

Using the general weak-selection expressions derived in
Egs. (12) and (13), the drift components are

Xi _ .
Ai=—(si—75), i=1,2, 29
N(S 5), i (29)
where
3
5= insi, x3=1—x —x5. 30)
i=1
The diffusion matrix takes the neutral Moran form
2 . .
Sxi(l—x), i=],
B, = |t =) Poii=12 6D
J 2 . .
—mx,’xj‘, 1 # Js

Next, we apply the general perturbative approach derived in
Sec. III to obtain the fixation probability of allele 1, ¢; (x1, x7).
To this end, we first write the decomposition of the Fokker-
Planck backward operator for this particular choice of fitness
functions,

LO = 3(Bu 3} +2B12 3,8y, + B2 dy),
LY =A 8, +Ar0,,. (32)

Next, we replace the fitness functions and expressions for
the coefficients By, into the general expression for qbl.(s) in
Eq. (22). This substitution yields an equation for the first-order
perturbative correction to the neutral fixation probability,

0= Nxi (51— s1x1 — $2x0 — 53(1 —x1 — x2))
+xi(1 —x1) 281" — 2x1x, By, 01,00\
+x0(1 —x) 328, 33)

with ¢fs) =0 on the absorbing boundaries, as discussed
above.

For this particular choice of constant fitness functions, the
right-hand side of Eq. (33) is at most quadratic in the allele
frequencies. Because the neutral backward Fokker-Planck op-
erator only involves second-order derivatives with coefficients
that are at most quadratic in x;, it is sufficient to look for a first-
order perturbative correction that is also at most quadratic.
The polynomial ansatz can thus be written as

OV (x1,x0) = Ax) + Bx? 4 Cx1xz, (34)

where the absence of pure x, terms follows from the absorb-
ing condition along x; = 0. Note also that we have denoted
the coefficients by A, B, and C instead of using the general
notation introduced in Sec. III for clarity.

043021-4



FIXATION PROBABILITIES FOR MULTIALLELE ...

PHYSICAL REVIEW RESEARCH 8, 043021 (2026)

To obtain the coefficients A, B, and C, we compute the
derivatives of this polynomial ansatz with respect to each
allele frequency and substitute them into Eq. (33). This yields
the polynomial identity

0 =Nuxi (s1 — s1x1 — s2x2 — s3(1 — x1 — x2))
+ 2B x;(1 —x1) — 2C x1x3. 35)

Imposing that each term in the multivariate polynomial on the
right-hand side of Eq. (35) vanishes, we obtain

B—N C_N 36
= 3(53 —51), = 5(53 — 52). (36)

The remaining coefficient A follows from the boundary con-
dition ¢ (1, 0) = 0,

N
A= E(sl — 53). 37
Substituting these coefficients into Eq. (34) and combin-

ing the resulting expression for d)is) with the neutral fixation
probability, we obtain

Nx
i, ;) =2+ (51 =), (38)
This solution is valid to first order in s; = O(N ™).
Although Eq. (38) was obtained explicitly for three alleles,

its form remains unchanged for an arbitrary number M of
competing alleles. To show this, we consider

M
fi=l+4s;, 5=) xs;, (39)
j=1

with xyy =1 — Zii_ll xi. Eliminating x),, the mean selection
coefficient becomes

M—1
S=su+ Y xlsc — su). (40)
k=1
For any focal allelei = 1, ..., M — 1, the general perturbative
equation (22) then reduces to
X
E(O) fS) =2 s;i—S). 41
é; N( ) 41
Motivated by the three-allele result, we propose
Nx;
9 = S5 = 5). 42)

We can verify this expression directly. Using Eq. (40), the
polynomial inside the correction can be written as

M-1
xi(si — ) = x;(s — su) — Y Xixi(s — S). (43)

k=1
The first term on the right-hand side is linear in the allele fre-
quencies and is therefore annihilated by £©, which contains

only second derivatives. For the quadratic terms, the neutral
operator gives

wx(l—x), k=i,

L(O)(xixk) = { 2 k ;é i

- mxi-xk )

(44)

Applying these two results to Eq. (43), we obtain

L0 — 5] = — o

N—é(sz- —si)(1 —x)

oy M
+ N_zl Zxk(sk — Sy)
P

= — 25 —5). (45)

Multiplying this result by N/2 gives exactly the right-hand
side of Eq. (41). Therefore, Eq. (42) solves the perturbative
equation for any number of alleles. It also satisfies the required
boundary conditions: The correction vanishes when x; = 0
and when allele i is fixed, since 5 = s; at x; = 1.

Combining the perturbative correction with the neutral so-

lution gives
N)Cl‘ _ .
¢i(x)=x,-+7(si—s), i=1,...,M. (46)
The general solution also gives a simple condition for when
selection favors a focal allele. Because an allele’s neutral
fixation probability is x;, ¢;(x) > x; if and only if 5; > 5. Using
the fact that the population mean fitness is f = 1 4+ 5 and
fi =1+ s;, imposing s; > 5 is equivalent to imposing f; > f.
Thus, for any number of competing alleles, an allele has a
fixation probability greater than its neutral value whenever its
fitness is greater than the mean fitness of the initial popula-
tion. Within the weak-selection regime, this criterion does not
depend explicitly on the population size or on the number of
competing alleles. This simple rule illustrates how the analyt-
ical solution turns a high-dimensional stochastic problem into
a direct biological statement.

The general result in Eq. (46) is compared with Monte
Carlo simulations of a four-allele discrete Moran process in
Fig. 1. The analytical solution accurately describes the fixa-
tion probabilities of all four alleles as the fitness of allele 1 is
varied, providing an explicit validation of the method beyond
the three-allele case.

B. Frequency-dependent fitness: coordination game

We next analyze an example with frequency-dependent
fitness, typical of evolutionary game theory. We will focus on
a three-allele coordination game and obtain the fixation proba-
bility for allele 1. Our approach is, however, straightforwardly
generalizable to any multivariate polynomial fitness function,
as shown in Sec. III.

In the coordination game, each species’ fitness increases
linearly with its frequency in the population. Hence, ;(x) =
pix;, and the fitness functions can be written as

fi=1+six, fi=1l4+sx, fr=14+sx, @7)

where s; = sp; < O(N™1).

Coordination games arise in natural scenarios in which a
phenotype becomes more advantageous as more individuals
adopt the same strategy, and are common in microbial sys-
tems. For example, invertase production in Saccharomyces
cerevisiae confers fitness benefits only when producers ex-
ceed a critical frequency, leading to bistable dynamics
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FIG. 1. Fixation probabilities in a four-allele Moran process with
constant fitness. Symbols correspond to Monte Carlo simulations of
the discrete process (10° realizations per value of s;) and lines to the
general weak-selection solution in Eq. (46). The agreement remains
excellent even for s; above the formal weak-selection scale O(1/N).
Parameters: N = 100, s, = 0.005, s3 = —0.005, s, = —0.010, and
X =Xp =X3 =Xy = 1/4

characteristic of coordination [25]. Similar frequency-
dependent benefits occur in Pseudomonas aeruginosa,
where quorum-sensing-controlled elastase production en-
hances growth above a signaler density threshold [26]. Finally,
coordinationlike dynamics can also appear in animal systems,
such as fish schools exhibiting collective escape responses,
where the fitness benefit of reacting early depends strongly on
the number of neighbors adopting the same strategy [27].

Following the general steps introduced in Sec. III and repli-
cated for the constant-fitness case in Sec. IV A, we first obtain
a partial differential equation for the first-order perturbative
contribution to the fixation probability qbfs),

0=Nx (slxl — slx% — szxg —s53(1 — x; _x2)2)
+x1(1—x1) 861" — 2x1%5 0y, 0,6,
+x0(1 —x) 8} ¢1, (48)

with boundary conditions ¢§s) (0, x,) =0 and qbf‘v)(l, 0)=0.
This equation suggests a multivariate polynomial ansatz of the
form

¢\ =N(Ax; + Bx} +Cx}
+ Dx1x, +Ex%x2 +Fx1x§), (49)

where, again, the absence of pure x; terms follows from the
absorbing condition along x; = 0. Computing the relevant
derivatives of this ansatz with respect to allele frequencies,
and substituting them in Eq. (48), we obtain

0 = (2B — s3)x1 + (6C — 2B + 51 + 253)x7
— (6C + 51 + 53)x; + (2E + 2F — 2D + 253)x1 X2
— (6E + 253)x3x3 — (6F + 55 + 53)x1%3. (50)

0.025 - . r :

0.02 ]
0.015F i
- Q

0.01r _

0.005

-0.005

Fixation probability perturbation

-0.01

-0.015 : :
0 0.2 0.4 0.6 0.8 1

Initial frequency x;

FIG. 2. Deviation of allele 1 fixation probability from neutrality,
f” = ¢ — x1, in a three-allele Moran process with coordination-
game fitness. Symbols show Monte Carlo simulations (10° realiza-
tions), and solid curves show the weak-selection analytical predic-
tion [Eq. (51)]. Initial conditions are (xi, x5, x3) = (x1, 1;’”, 1?‘ ),
with x; € [0, 1] sampled in steps of 0.1. Selection coefficients
are (s1,s2,53) = 1073(6, 4, 2) (yellow), 1073(4, 6,2) (blue), and
1073(2, 6, 4) (green).

Finally, by making each order in the multivariate polynomial
vanish, we obtain the coefficients B, C, D, E, and F, while
A follows from imposing the boundary condition qbi”(l, 0) =
0. These steps lead to a final form for the allele 1 fixation
probability

N
¢ =3+~ [s1(1 =) = 522 +3)]

N)C] > >
et (2=3x; +x7 =30+ 200 +x3), (5D
which is, again, in excellent agreement with Monte Carlo

simulations in the weak-selection regime (Fig. 2).

C. Frequency-dependent fitness: clonal interference
between mutualistic alleles

A different frequency-dependent scenario arises when two
alleles are each selectively inferior to a third in pairwise com-
petition, but can jointly overcome this disadvantage through
mutualistic fitness feedback. In such situations, the fixation
outcomes depend not only on the intrinsic selective advantage
of a new mutation, but also on whether another beneficial
lineage is rising at the same time, a phenomenon known as
clonal interference [28,29]. In microbial evolution, mutations
that would fix in isolation may be blocked by the emergence
of a competing lineage, while otherwise deleterious mutations
can be rescued by the appearance of another type that interacts
positively with it. Thus, mutualistic feedback can change the
evolutionary trajectories and allow cooperative alleles to chal-
lenge an otherwise dominant competitor.

For a realization of this mutualistic setup, we consider a
positive fitness feedback between alleles 1 and 2 and constant
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FIG. 3. Fixation-probability perturbation d)}‘) = ¢ — x; for allele 1 in the three-allele Moran process under frequency-dependent selection.
The color map represents the analytical solution over the simplex, while streamlines indicate the direction of maximal increase of the
perturbation. (a) In the one-sided interaction regime, s; = 0, gradient flows largely follow directions in which both x; and x, increase. (b) With
mutualistic feedback, s; = 0.01, the geometry of the perturbation changes qualitatively and the gradient flow bends into regions where the
fixation advantage of allele 1 increases as x; decreases, reflecting effective competition between alleles 1 and 2 once allele 3 becomes rare.
Other parameter values: s, = 0.01, s3 = 0.001, and N = 100 in both panels.

selection for allele 3. In this case, the fitness functions can be
written as

fi=14+sx, fHi=1+sx, fr=1+s3, (52)

with s; = sp;.
For the fitness functions in Eq. (52), the equation for ¢
becomes

(s)
1

0 = Nxi [(1 — x1)(s2x2 — 53) + x2(53 — 51X1)]
+x1(1 —x1) 32 ¢\ — 2x1x, 8y, 0,,\”

+x(1—x) 3501, (53)

with boundary conditions ¢”(0, x,) = 0 and ¢”(1, 0) = 0.
The multivariate polynomial ansatz has the same structure
we used for the coordination game [Eq. (49)]. Computing
its derivatives and plugging them in Eq. (53), we obtain the
identity
0 = (2B — s3)x; + (6C — 2B + s53)x7
— 6fo + QE + 2F — 2D + 5, + 53)x1X2
— (6E + 51 + sz)x%xz — 6Fx1x§, (54)

from which we can obtain the coefficients B, C, D, E, and F
by making each order in the multivariate polynomial vanish.
As in previous examples, A follows from the boundary condi-
tion ¢§‘Y) (1,0) = 0. These steps lead to a final expression for
the fixation probability

Nx
¢ =x1 + T][_Sl(xz + x1x2) 4+ 52(2x2 — x1x2)]

N)Cl
+ 753()61 +x3 — 1) (55)

The perturbative correction in Eq. (55), ¢ — x1, quantifies
the deviation of the fixation probability from neutrality caused

by the mutualistic interaction between alleles 1 and 2. When
the mutualism is asymmetric (i.e., s; = 0), the deviation
from neutrality increases monotonically with both x; and x;
[Fig. 3(a)]. In this case, a higher frequency of allele 2 enhances
the fitness of allele 1, and this effect is amplified when allele
1 is already at a higher frequency, leading to progressively
larger positive deviations from neutrality.

On the other hand, when s; > 0 and alleles 1 and
2 mutually enhance each other’s fitness, the structure
of the fixation-probability correction changes qualitatively
[Fig. 3(b)]. The largest fixation benefits for allele 1 no longer
occur just at large x;. They are instead observed along di-
rections in the simplex where alleles 1 and 2 coexist at
intermediate frequencies. This shift occurs because increasing
the frequency of allele 1 also strengthens allele 2, which in
turn competes with allele 1 for fixation. As a result, the se-
lective flow bends away from purely increasing x; directions.
This interplay generates a nontrivial geometric structure in
the simplex and illustrates how mutualistic clonal interference
reshapes fixation probabilities.

The dependence of d)is) on the initial composition also
suggests how the mutualistic feedback could be detected in a
competition experiment that measures changes in the fixation
probability of one allele due to the presence of its partner.
A simple setup to measure this effect would require two
populations started from the same composition (xj, x,, x3). In
one of them, alleles 1 and 2 interact through the mutualistic
feedback of Eq. (52). In the other, allele 2 is replaced by
a strain that does not interact with allele 1, so fj = f, =1
and f3 = 1 + s3. Allele 1’s fixation probability in this second,
control, population is given by the constant-fitness solution in
Eq. (46),

ctrl __

Nx
1 x| — Tl 53 (1 —x1 —x2), (56)
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which we can subtract from Eq. (55) to obtain

NX])CQ
Ay =

[52(2 —x1) — s1(1 +x1)]. (57)

The neutral value x; and every term in s3 cancel. For
symmetric feedback, s; = s, = s, the difference reduces to
Nsx1x2(1 — 2x;)/6 and changes sign at x; = 1/2. The partner
raises the fixation probability of allele 1 when it starts below
half of the population and lowers it above, which is the mutu-
alistic contribution to ¢fs) in Fig. 3(b).

V. DISCUSSION

We introduced a perturbative method to obtain fixation
probabilities in general multiallele Moran processes under
weak selection. The method exploits the general structure
of the backward Fokker-Planck operator in this limit to ob-
tain fixation probabilities following a systematic expansion of
these quantities around their neutral solution. When fitness
functions are multivariate polynomials in allele frequencies,
this expansion reduces the high-dimensional boundary-value
problem that defines fixation probabilities to a finite linear
algebraic system that can be solved for an arbitrary number
of alleles [24].

Additionally, because the backward Fokker-Planck oper-
ator in the weak-selection regime always has a multivariate
polynomial structure, it should be straightforward to extend
this approach to evolutionary dynamics in which fitness func-
tions are multivariate polynomials in allele frequencies. These
include classical linear payoff matrices from evolutionary
game theory [4] and nonlinear interactions arising in ecolog-
ical and genetic models, such as higher-order interactions or
context-dependent fitness landscapes [31]. Smooth nonpoly-
nomial fitness functions may still be treated by approximating
them through a truncated multivariate Taylor expansion over
the relevant region of the allele-frequency simplex. When
this truncation provides a good approximation to the original
fitness functions, the resulting polynomial can be used directly
in our framework. This introduces an additional truncation
error and may require a larger number of coefficient-matching
equations as higher-order terms are retained.

Although the number of coefficients to be obtained in-
creases with the number of alleles and the degree of the
polynomial fitness function, it does not depend on the pop-
ulation size, and the underlying perturbative construction of
the solution remains unchanged. These two dependencies set
a key difference from previous approaches. The exact discrete
formulation holds for any selection intensity, but it has one
unknown per state, (N — 1)(N — 2)/2 of them for three alleles
[20], while ours carries only the (d + 2)”~! coefficients of the
ansatz. Both numbers of unknowns scale exponentially with
the number of alleles, but the base is d + 2 instead of N. The
perturbative solution for the Wright-Fisher model requires
expected products of allele frequencies under neutrality, with
more frequencies entering these products as the degree of
the fitness function increases [21]. Our coefficient-matching
method does not change with the degree. Our method is there-
fore limited to weak selection, and within that regime it gives
closed expressions for the fixation probability over the whole
simplex.

Beyond providing explicit expressions, our framework en-
ables a geometric interpretation of fixation in multiallele
systems. In the diffusion approximation, fixation proba-
bilities define scalar fields over the (M — 1)-dimensional
simplex, whose gradients quantify how weak selection biases
stochastic evolutionary outcomes. Perturbative corrections
thus determine not only the magnitude of deviations from
neutrality, but also the structure of selection-induced direc-
tional biases across the allele-frequency space. In particular,
the nontrivial dependence of these gradients on population
composition, as observed in our examples, shows how se-
lection reshapes fixation tendencies in the allele-frequency
simplex and induces nontrivial directional biases in stochastic
evolutionary dynamics.

This geometric interpretation of fixation probabilities pro-
vides a natural way to understand multiallele effects in the
underlying evolutionary dynamics. Across various applica-
tions to three-allele Moran processes, we showed that fixation
dynamics in these high-dimensional systems cannot, in gen-
eral, be reduced to a pairwise scenario. Even in the simplest
case with constant fitness, the fixation probability of a focal
allele depends on the full population composition through
the mean fitness, leading to situations in which an allele can
benefit from the presence of a third, less-fit competitor. When
fitness functions are frequency dependent, interactions among
multiple strains have a richer effect on fixation probabilities
[20,21]. For example, in the mutualistic clonal interference
scenario, the interplay between cooperation and competition
generates fixation patterns that are qualitatively different from
any two-allele analog. In the mutualistic model, this differ-
ence between two-allele and three-allele dynamics can be
measured experimentally. Two assays started from the same
composition, one with the mutualistic partner and one with a
noninteracting strain replacing one of the mutualistic partners,
share the same neutral fixation probability, so the difference
between them isolates the feedback. The effect is of order
N, so resolving it requires many independent populations per
condition.

In addition to providing an analytical understanding of
fixation outcomes in multiallele Moran processes, our results
open several directions for future research. The most immedi-
ate extension is to relax the weak-selection assumption. Using
asymptotic approaches, such as WKB methods for solving the
master equation [32], or accounting for higher-order correc-
tions in our perturbative expansion of the fixation probability
could help close the gap between analytically tractable weak-
selection dynamics and stronger-selection regimes. A second
important direction is the extension of this formalism to struc-
tured populations [15], in which the diffusion approximation
generally yields effective drift and diffusion terms that depend
on network topology or spatial correlations [13]. Our pertur-
bative approach could be adapted to these spatially structured
systems, provided that the weak-selection drift retains a mul-
tivariate polynomial structure that allows the order-matching
solving strategy to be applied.

In summary, we developed a perturbative framework to
compute fixation probabilities in multiallele Moran processes
and applied it to three biological scenarios drawn from
evolutionary game theory, microbial ecology [33], and ani-
mal behavior [34]. More broadly, this method contributes to
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current efforts to develop analytical tools for understanding
stochastic evolutionary models [35], where high-dimensional
problems have been studied mainly through numerical simula-
tions [36]. Our results thus extend analytical access to fixation
probabilities beyond pairwise interactions, enabling a deeper
mathematical understanding of multistrategy stochastic evo-
lutionary dynamics.
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APPENDIX A: NUMBER OF EQUATIONS
IN THE POLYNOMIAL SOLUTION

Here, we quantify the number of equations that must be
solved in the polynomial construction introduced in Sec. III.
Following the convention used in the main text, we assume
that the fitness deviations 7;(x) are multivariate polynomials
in which each of the M — 1 independent allele frequencies
appears with degree at most d.

Since the mean fitness deviation is 7(x) = Y ; x;mj(x),
each variable can appear in 7 (x) with degree at most d + 1.
The same is therefore true for m;(x) — 7 (x). The right-hand
side of Eq. (22) contains an additional factor x;, which also
ensures that the selective contribution vanishes when the focal
allele is absent.

The neutral backward operator contains second derivatives
multiplied by coefficients that are at most quadratic in the
allele frequencies. Consequently, it maps polynomials into
polynomials without increasing the maximum degree required
in each variable. We can therefore write

d+1 d+1
9 (x) = N, Z Z Cipyoopu X0 XDl (AT
p1=0 By-1=0

where the coefficients C; g,
selection strength.

Each exponent f; can independently take the values
0,1,...,d+ 1, giving d + 2 possibilities for each of the
M — 1 independent allele frequencies. The maximum number
of unknown coefficients for one focal allele is therefore

KM, d)=(d+2)"".

gy, are of first order in the

(A2)

This is an upper bound because, for a particular fitness
function, some monomials may not be generated and their
coefficients are simply zero. For example, in the three-allele
constant-fitness case, M = 3 and d = 0, and the general con-
struction allows the four terms x;, x7, x1x2, and x7x,. The last
term is not generated by the perturbative equation, leaving
precisely the three-term ansatz used in the main text.

Substituting Eq. (A1) into Eq. (22) and matching equal
monomials produces a finite linear system for the unknown
coefficients. The absorbing boundary conditions fix the re-
maining degrees of freedom. Since only M — 1 fixation
probabilities are independent, the complete problem contains
at most

KoM, d) = (M —1)(d + 2" (A3)

unknown coefficients, separated into M — 1 independent sys-
tems.

For a fixed polynomial degree, the number of coefficients
grows as (d +2)Y~! with the number of alleles, whereas,
for fixed M, it grows polynomially with d. Importantly, this
number does not depend on the population size N. Once the
coefficients are determined, the resulting expression gives the
fixation probability for every initial population composition.
In contrast, Monte Carlo estimates require many complete
stochastic realizations for each initial condition. For low-
degree fitness functions and moderate numbers of alleles,
solving the polynomial system can therefore be orders of mag-
nitude faster than estimating the complete fixation-probability
field through simulations.

APPENDIX B: FOKKER-PLANCK EQUATION
IN A MULTIALLELE MORAN PROCESS

We consider a Moran process with M alleles in a pop-
ulation of size N. The state of the system is given by the
vector n = (ny,...,ny_1) and the abundance of the Mth
allele follows from the conservation of the total population
size, nyy = N — Zf;l ng. Using the unit vectors introduced
in the main text, §; with components (§;); = 8x; (Where &; is
Kronecker delta), the master equation for the probability of
observing the system in state n is

M

ad
5mmn=2;nﬂm—&+@wm—&+@ﬁ
i#]
M
— Y T j@)P(n, 1), (B1)
i,j=1
i#]

which can be written in the form of Eq. (1) using the step
operators in Eq. (2).
To obtain the Fokker-Planck approximation to Eq. (B1), we
define the allele frequencies,
Mg
X = —,
TN
for which conservation of the total population becomes x; =
1 — Y ¥ x. In these new variables, we define a rescaled
probability density function of observing the system in a

k=1,....M—1,
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state x:
o(x,1) = N¥='P(n, 1).

Defining the family of vectors A%/’ with components

(@i,)) 1
(A" )kzﬁ(ak,j_Sk,i)» k=1,...,M—1,

the master equation (B 1) for p(x, t) becomes

—,O(X 1) = Z[TH/(X + A p(x + A 1)
zl;éjl
— T j(x)p(x, 1)].

In the limit of large N, the vectors A"/ represent small
increments, and we can Taylor expand the replacement rates
Ti—. j(x) and the probability density function p(x, t) around
x. Retaining only terms up to order O(N~?) and introducing
implicit summation over k, £ = 1,...M — 1 to simplify the
notation, we obtain

3 M
i lCDEDY [A,i””ak(m J(X)p(xX, 1))

ij=1
i

Lo i
+ S AL A BT ()P (x, ;))]

Finally, we simplify the double sum over i and j using the
Kronecker-delta structure of the components of the vectors
AU After operating with A“/) and collecting terms of equal
order in N, we obtain a contribution of order O(N~!),

A(x) = Z[%(x) Tk (X)]. (B2)
l#k
For the terms of order O(N~2), we obtain

| M
Bu() = 13 D Tk X) + T (%)) (B3)

2

and
1

Bre(x) = _W[Tk—ﬂi(x) + Tk (X)), k# L. (B4)

These expressions in Egs. (B2)-(B4) correspond to the
drift and diffusion elements in Eqgs. (4)—(6) and can be ar-
ranged in a multidimensional Fokker-Planck equation for an
M -allele Moran process,

M—1

Ipx.1) N~ 0
e ; (Ar(x)p(x, 1))
1 M—1
+ 3 ™ (Bke(X)P(X»f))~
k=1

APPENDIX C: WEAK-SELECTION APPROXIMATION
IN A MULTIALLELE MORAN PROCESS

In this Appendix, we provide the calculations to obtain
the weak-selection approximation of the Fokker-Planck

equation (3). After time rescaling, the i — j replacement
rates are given by

T j(x) = Fi(x)D;(x),

with fitness-dependent reproduction and constant death,

fixi
F(x) = —,
YT

Dj (X) = xj7
where f = 224:1 fexe is the population average fitness. With
these definitions, the replacement rates become

Jfixi

Ty = 220k 1

Drift vector. Replacing Eq. (C1) in Eq. (4) for the kth
component of the drift vector Ax(x), we obtain

Ax) = —[@a— )= % kak>]

NL f f
:l[fk_)f"_x}_ (ﬁ—l). (€2)
NL f N\ f

To consider the weak-selection limit, we assume that the fit-
ness of the kth allele can be written as

Je(x) =1 + s (x),

where i (x) is the fitness of allele k in a population compo-
sition X, and s is sufficiently small to ensure that the product
sp(x) is of order O(N~"). Under this assumption, defining
7(x) = Y, x;7;(x), the mean fitness can be written as f x) =
1+ s (x).

Replacing these definitions in the ratio between the fitness
of the kth allele and the mean fitness that appears in Eq. (C2)
and expanding this ratio to first order in s leads to

Jex) 14 sm(x)
f(x) - 1+ s7(x)

+ s[m(x) — T (x)] + O(s?).

~[1 +sm(x)][1 —sa(x)] >~ 1

Substituting this expansion into the drift term finally gives

Ap(x) ~ %s[m(x) — 2.

Diffusion matrix. We next compute the diagonal and off-
diagonal elements of the diffusion matrix B. We obtain the
diagonal terms first. Replacing the expression of the replace-
ment rates [Eq. (C1)] in Eq. (B3), we get

1
i 2R -+ 2 s

11 Sixe _2ka;%]

By (x) =

SN T T

—_xk+%xk(l —2xk)i|. (C3)

For the terms with k # ¢, plugging Eq. (C1) into Eq. (B4)
and performing a Taylor expansion up to first order in s leads
to

XX St fe
N2 f
k€. (&)
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Finally, to obtain the weak-selection approximation for the
diffusion terms, we replace the diffusion coefficients with
their neutral Moran-process values. In the weak-selection

regime, this corresponds to setting f; = 1 and hence f = 1,
under which Egs. (C3) and (C4) reduce to

2 2
B (x) = mxk(l —x;),  Bre(x) = e (k #0).
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