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Non-Markovian delay-assisted sensing with waveguide-coupled quantum emitters
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We show that in a minimal setup of two waveguide-coupled quantum emitters, separated by long distances and
subject to an external field, time-delayed feedback can be a resource for sensing field gradients. While the field
gradient induces a detuning between the emitters, the large interatomic separations render the system dynamics
non-Markovian. We show that the quantum Fisher information for estimating the detuning parameter, and thereby
the field gradient, is enhanced in the presence of non-Markovian delay. Such an enhancement can be attributed
to the formation of atom-photon quasibound states that enable the field to interact with the emitters for longer
times, thereby gaining more information about their relative detunings. Additionally, in the presence of delay,
the interaction between the emitters is mediated via multiple spectral modes of the field, further enhancing the
sensing capabilities of the system. Our results establish non-Markovian time-delayed feedback and multimode
reservoirs as a resource for distributed quantum sensing with waveguide-coupled quantum emitters.

DOI: 10.1103/m9nn-cgww

I. INTRODUCTION

Collections of quantum emitters coupled to waveguides are
integral to physical implementations of distributed quantum
information protocols [1–10]. In such waveguide quantum
electrodynamics (QED) systems, as the characteristic delay
between quantum emitters becomes comparable to the coher-
ence length of a spontaneously emitted photon (d ∼ v/γ ),
the memory effects of the field environment predominate the
system dynamics (see Fig. 1). Waveguide-coupled emitters
in presence of delay exhibit rich non-Markovian collective
dynamics with instantaneous collective spontaneous emis-
sion rates exceeding those of regular superradiance [11–13],
formation of atom-photon bound states in the continuum
(BICs) [14–20], and multimode spectral effects [21–25].
In quantum information protocols with significant delays
between emitters, time-delayed feedback is not only an es-
sential element of consideration, but it can act as a resource,
e.g., for generation of entangled atomic and photonic states
[26–30], single-photon sources with improved coherence and
indistinguishability [31], and quantum control via coherent
time-delayed feedback [32].
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Given that a structured, non-Markovian environment can
enhance coherence by enabling information backflow, one can
ask [33,34]: Can the memory effects of a non-Markovian field
environment serve as a resource for sensing in waveguide
QED systems? Furthermore, from a metrological perspective,
for emitter separations comparable to or larger than the co-
herence length (d � v/γ ), the photonic environment acts as a
multimode reservoir with an effective number of modes that
scales as ∼γ d/v [21,24]. This further motivates the question:
Is it possible to leverage the multiple field environment modes
as probes to enhance the sensitivity of parameter estimation?

In this work, we show that non-Markovian time-delayed
interactions between waveguide-coupled emitters can assist in
distributed quantum sensing of field gradients. We consider
a minimal setup of two quantum emitters coupled to a one-
dimensional waveguide, subject to an external field gradient,
which induces a detuning between the emitters. We show
that in such a system, non-Markovian delay is instrumental
in enhancing the quantum Fisher information (QFI) [35] for
estimating the field detuning, thereby improving measurement
sensitivity. The resulting QFI, in general, is several orders
of magnitude higher than that achieved by noninteracting
emitters.

We further show that the enhancement in sensitivity, which
occurs for specific values of detunings and delays, coincides
with the formation of quasibound states of the atoms and pho-
tons in the “cavity” formed by the emitters. Such quasibound
states in the continuum (qBICs) increase the effective memory
of the field environment, or equivalently, the number of field
modes participating in the collective system dynamics, which
translates to the aforementioned sensitivity enhancements.
The sensing advantages afforded by our approach are distinct
from, and supplementary to the collective enhancements to
sensitivity, using an ensemble of quantum systems [36–44].
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FIG. 1. (a) Two resonant two-level atoms coupled to a waveg-
uide, with their mutual separation d comparable to the coherence
length of a spontaneously emitted photon d ∼ v/γ , where v is the
speed of the electromagnetic field in the waveguide and γ is the spon-
taneous emission rate of an individual atom into the waveguide. (b) A
spatially varying external field gradient creates a detuning between
the emitters, with resulting resonant frequencies ω1 = ω0 + �ω

2 and
ω2 = ω0 − �ω

2 for the emitters located at positions x1 = −d/2 and
x2 = d/2 along the waveguide, respectively.

Our results provide the first example of environment-assisted
sensing in waveguide QED systems, which form the basis for
long-distance quantum information protocols.

The rest of the paper is organized as follows. In Sec. II, we
present the model of two spatially separated emitters coupled
via a waveguide and subject to an external field gradient
that induces a detuning between the atomic resonances. We
solve for the atomic dynamics, parametrized by the prop-
agation delay and atomic detuning in Sec. III. In Sec. IV,
we analyze the spectrum of the radiated field, identifying
the specific parameter values (e.g., propagation delay and
detuning) that correspond to an alignment. In Sec. V, we
study the QFI associated with estimating the relative atomic
detuning, identifying specific parameters for which there is an
enhancement in sensing. We connect the QFI to the formation
of atom-photon quasibound states in Sec. V B and provide a
benchmark case with noninteracting atoms in Sec. V C. We
present our conclusions and outlook in Sec. VI.

II. MODEL

The centerpiece of our analysis is a system comprising
a pair of two-level emitters coupled via a one-dimensional
waveguide and interacting with an external field whose gradi-
ent we aim to sense (see Fig. 1). The interaction between the
external field and the individual emitters shifts their individual
resonance frequencies ω0 → ω1,2, such that ω1 − ω2 = �ω.
The total Hamiltonian for the joint system may be expressed
as Ĥ = ĤE + ĤF + Ĥint . Here,

ĤE =
∑

m=1,2

h̄ωmσ̂
(m)
+ σ̂

(m)
− (1)

is the free Hamiltonian for the emitters with ωm as the reso-
nance frequency and σ̂

(m)
+ = |em〉〈gm| = (σ̂ (m)

− )† as the atomic

raising operator of the mth emitter. The free Hamiltonian for
the waveguide modes is

ĤF =
∫ ∞

0
dk h̄ω[â†

R(k)âR(k) + â†
L(k)âL(k)], (2)

where â†
R(k) and â†

L(k) are the bosonic creation (annihilation)
operators for the right- and left-propagating field modes of
the waveguide, respectively, and satisfy the canonical commu-
tation relations [âR(k), â†

R(k′)] = [âL(k), â†
L(k′)] = δ(k − k′).

We assume the waveguide to have a linear dispersion such
that k = ω/v. The interaction between the emitters and the
waveguide modes is described by Ĥint, which, upon making
the electric-dipole and rotating-wave approximations, can be
expressed in the interaction picture as

Ĥint = h̄
∑

m=1,2

∫ ∞

0
dω g(ω)σ̂ (m)

+ [âR(ω)eiωxm/v

+ âL(ω)e−iωxm/v]e−i(ω−ωm )t + H.c. (3)

Here, g(ω) is the atom-field coupling strength; we assume a
flat-spectral density around the resonant frequencies of the
emitters such that g(ω) ≈ g(ω0). The two emitters are located
at x1 = −d/2 and x2 = d/2 along the waveguide axis, such
that the interatomic separation d can be large and comparable
to the coherence length ∼v/γ associated with a spontaneously
emitted photon. The detuning between the atoms (�ω) could
arise from a multitude of external factors, including but not
limited to magnetic, electric, thermal, and strain fields. The
generic form of the interaction is Ĥext = μ · �F σ̂

(m)
+ σ̂

(m)
− ,

where μ is a generic susceptibility and �F is the vector-
valued field gradient.

We assume that the initial state of the total system is
|e1, g2〉|{0}〉, wherein emitter 1 is prepared in an excited state
while emitter 2 is in the ground state; |{0}〉 denotes the vacuum
state for the waveguide modes. We remark that the system is
initialized in an unentangled state, wherein we are not lever-
aging entanglement as a metrological resource to start with
[45]. Since the total Hamiltonian preserves the total number
of excitations in the atomic + field Hilbert spaces, the system
remains in a single-excitation manifold at all times. The joint
emitters-field state at any time t � 0 is thus

|�η,δ (t )〉 =
∑

m=1,2

cm(t )σ̂ (m)
+ |g1, g2, {0}〉 +

∫ ∞

0
dω

× [cR(ω, t )â†
R(ω) + cL(ω, t )b†(ω)]|g1, g2, {0}〉,

(4)

where cm(t) represents the excitation amplitude for the mth
emitter, and cR(ω, t ), cL(ω, t ) are the field excitation am-
plitudes for the right- and left-going waveguide modes,
respectively. Here, we have parametrized the quantum state of
the total system with dimensionless distance η ≡ γ d/v and
detuning δ ≡ �ω/γ . We now consider the dynamics of the
total detuned emitters + field system under the Hamiltonian
[Eq. (3)] in the single-excitation subspace.

III. COLLECTIVE DYNAMICS OF DETUNED EMITTERS

We first trace over the field modes, including the self-
consistent backaction of the field on the emitters, to determine
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the coupled dynamics of the two detuned atoms as follows
(see Appendix A for details):

ċ1(t ) = − γ

2

[
c1(t ) + βc2

(
t − d

v

)



(
t − d

v

)
eiω2d/v+i�ωt

]
,

(5)

ċ2(t ) = − γ

2

[
c2(t ) + βc1

(
t − d

v

)



(
t − d

v

)
eiω1d/v−i�ωt

]
,

(6)

where γ = 2π |g(ω0)|2 and β represents the coupling effi-
ciency of the emitters to the waveguide, which we will assume
to be β = 1, unless stated otherwise. The first term in the
above equations corresponds to spontaneous decay of each
emitter; the second term represents the waveguide-mediated
time-delayed feedback of one emitter on the other while ac-
counting for the appropriate propagation phase (eiωmd/v ) and
the detuning between the emitters (ei�ωt ). The solution to
the coupled atomic dynamics in Eqs. (5) and (6) involves
inversion of the Laplace-transformed coefficients, Cm(s) =∫∞

0 dt cm(t )e−st :

γC1(s) = (s̃ − iδ + 1/2)

(s̃ + 1/2)(s̃ − iδ + 1/2) − β2(eiφ1 e−ηs̃/2)2
, (7)

γC2(s) = −βeiφ2 e−ηs̃/2

(s̃ + 1/2)(s̃ + iδ + 1/2) − β2(eiφ2 e−ηs̃/2)2
, (8)

where we use the normalized variable, s̃ ≡ s/γ , and the prop-
agation phase associated with each frequency is φm = ωmd/v.
We note that the propagation phases φ{1,2} must satisfy the
self-consistent relation

φ1 − φ2 = (ω1 − ω2)d

v
= δη. (9)

We now analyze the emitter dynamics resulting from the
inverse Laplace transform of Eqs. (7) and (8) that can be
expressed in two different forms: (1) a series solution [46,47]
that illustrates the time-delayed feedback on the atomic dy-
namics from the field environment; or (2) a multiexponential
decay [11] that illustrates the multimode nature of the field
environment in the presence of retardation, as we will discuss
further below.

A. Series solution

The atomic dynamics can be written in terms of a series
solution as follows (see Appendix A 1 for details):

c1(t ) = e−γ t/2 + eiδγ t/2
∞∑

n=1


(1)
n (t )β2nein(φ1+φ2 )

× e−(γ t−2nη)/2
(γ t − 2nη), (10)

c2(t ) = e−iδγ t/2
∞∑

n=0


(2)
n (t )β2n+1ei(2n+1)(φ1+φ2 )/2

× e−(γ t−(2n+1)η)/2
[γ t − (2n + 1)η]. (11)

Each term in the above series corresponds to the modification
of atomic dynamics after a round trip of the field between
the emitters, as seen from the Heaviside theta functions

FIG. 2. Emitter dynamics in the presence of detuning for the
initial state |e〉1|g〉2|{0}〉. Emitter excitation probabilities (log-scaled)
for emitters 1 [panel (a)] and 2 [panel (b)] as a function of time
(γ t) and interatomic separation η = 2 for detuning values δ =
{0, π

2η
, π

η
, 3π

2η
}. The vertical gray dotted lines represent the time in-

tervals for the field excitation round trip between the two emitters
(t = nd/v or γ t = nη).

{
(γ t − 2nη), 
(γ t − (2n + 1)η)}, which make the non-
Markovian time-delayed feedback manifest (as shown in
Fig. 2). The first term in the atom 1 dynamics c1(t ) cor-
responds to its independent decay and the second term
to the time-delayed feedback from atom 2 at every t =
2nd/v that incorporates the waveguide coupling efficiency
(∼β2n) and the round-trip propagation phase ein(φ1+φ2 ).
Similarly, the excitation dynamics of atom 2 results ex-
clusively due to the time-delayed feedback from atom
1 at every t = (2n + 1)d/v. The dynamics of atom 1
(2), as “driven” by atom 2 (1), exhibits oscillations with
frequencies �ω/2 = δγ /2 (−�ω/2 = −δγ /2) [48]. The
terms 
(m)

n (t ) correspond to the nonexponential part of the
atomic dynamics; their explicit expressions are given in
Appendix A 1.

B. Multiexponential decay

We invert Ci(s) based on Cauchy’s residue theorem to
obtain the atomic dynamics expressed as a multiexponential
decay (see Appendix A 2 for details):

cm(t ) ≡
∑

j

R(m)
j es̃(m)

j γ t , (12)

where s̃(m)
j and R(m)

j are the poles and residues correspond-
ing to the inverse Laplace transform of Cm(s), evaluated
semianalytically. For practical purposes, one may truncate
the pole index summation to a finite cutoff value | j| � jcut;
higher order poles capture larger frequencies with progres-
sively smaller contributions [11].

The multiexponential decay form of the emitter dynamics
alludes to a multimode field environment that mediates the
interatomic interactions. Physically, this can be understood as
follows: The “cavity” formed by the two emitters has a free
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spectral range (FSR)

�FSR ≡ πv

d
; (13)

thus, as η ∼ γ /�FSR � 1, the atomic linewidth encompasses
multiple such cavity modes [23–25]. As we will show, such
multimode dynamics, mathematically equivalent to the non-
Markovian time-delayed feedback, is crucial to enhancing
the detuning sensitivity highlighted in Sec. V. In essence,
we demonstrate that increasing the number of environment
degrees of freedom participating in the system dynamics, or
equivalently, extending the environment’s memory time, can
enhance the sensitivity for estimating system parameters.

C. Detuned emitter dynamics

The introduction of detuning modifies the collective emit-
ter dynamics, as noted previously in Eqs. (10) and (11). We
highlight this in Fig. 6, where we plot excitation probability
dynamics [|c1(t )|2, |c2(t )|2] for the two emitters as a function
of time (γ t ) with a fixed separation η = 2, and different
values of the detuning δ chosen as δ = nπ/(2η) (n ∈ Z+). We
choose the propagation phase

φ2 = 2pπ, p ∈ Z+, (14)

for the resonantly emitted field from emitter 2, such that
ω2 = 2p�FSR, which coincides with one of the geomet-
ric resonances of the cavity formed by the emitters. The
corresponding propagation phase for the resonantly emitted
field from atom 1 becomes

φ1 = 2pπ + δη ⇒ ω1 =
(

2p + n

2

)
�FSR. (15)

Thus, for even values of n we have the resonance of atom 1
coincide with one of the atomic cavity resonances, while for
odd values of n there is an offset between the resonance of
emitter 1 and that of the atomic cavity. Figures 6(a) and 6(b)
show that the dynamics of emitter 1 (2) is influenced by the
time-delayed feedback from emitter 2 (1) every γ t that is an
even (odd) multiple of η, in agreement with Eqs. (10) and (11)
(time intervals marked by gray vertical lines). For resonant
emitters (δ = 0, red solid line), the emitters have a finite
excitation probability in the steady state. This can be under-
stood as follows: The initial state of the emitters |e1, g2〉 is an
equal superposition of a superradiant ( 1√

2
(|e1, g2〉 + |g1, e2〉))

and subradiant ( 1√
2
(|e1, g2〉 − |g1, e2〉)) state; while the sym-

metric superradiant part radiates into the field modes, the
antisymmetric dark state forms an atom-photon bound state
[11,14,16]. Detuning between emitters prevents the formation
of a bound steady state. As a notable feature, the rate of
change in atom 1 excitation probability as it “sees” a retarded
backaction from atom 2, determined by the slope of |c1(t )|2 at
γ t = 2η, is positive (negative) when the detuning δ is an even
(odd) multiple of π/(2η). Thus, for a fixed separation, the
choice of detuning determines the revival of atomic excitation,
and concomitantly the emission from the atoms into the field.
We will see that detunings, δ, that are odd integer multiples of
π/(2η), lead to the formation of a quasibound state of emitters
and the field in the “atomic cavity” region. In subsequent
section, we examine the field spectrum, which supports this

observation and, as we will show later in Sec. V, assists in
field gradient sensing.

IV. FIELD SPECTRUM

We now analyze the spectrum of the field radiated by the
atoms. Given the non-Markovian nature of the dynamics, the
field environment plays a critical role in the collective dy-
namics of the atoms, and consequently in sensing the relative
atomic detuning.

The field excitation amplitudes in the steady state (t → ∞)
can be written as (see Appendix A)

cR(ω̃,∞) = −i

√
γ

2π
[eiω̃η/2F1(ω̃) + e−iω̃η/2F2(ω̃)], (16)

cL(ω̃,∞) = −i

√
γ

2π
[e−iω̃η/2F1(ω̃) + eiω̃η/2F2(ω̃)], (17)

where ω̃ = ω/γ . The atomic frequency response functions,
F1(ω̃) and F2(ω̃), are defined as the Fourier transforms of
the atomic coefficients Fm(ω̃) = ∫∞

0 dt cm(t )ei(ω̃−ω̃m )γ t , which
describe the frequencies present in the atomic dynamics.
We note from Eqs. (16) and (17) that the field excita-
tion amplitudes (ca,b(ω̃,∞)) result from the interference of
the fields radiated by the two emitters, incorporating the
propagation phase (e±iω̃η/2) between the emitters. The re-
sponse functions Fm(ω̃) are given by (see Appendix B for
details)

γ F1(ω̃) = −i[(ω̃ − ω̃0) + δ/2] + 1/2

D(ω̃)
, (18)

γ F2(ω̃) = −eiηω̃/2

D(ω̃)
, (19)

with the denominator D(ω̃):

D(ω̃) =
[
−i(ω̃ − ω̃0) + 1

2

]2

+ δ2

4
− e2iηω̃

4
. (20)

The roots of D(ω̃) capture the characteristic frequencies
present in the dynamics of the emitters. Appendix B shows
that the peak frequencies in the dynamics of atom 1 are cen-
tered at ω̃1, and those for atom 2 are located symmetrically at
ω̃1 and ω̃2 (see Fig. 7).

The steady-state spectrum of the emitted field can be de-
fined as

G(ω̃) ≡ |cR(ω̃,∞)|2 + |cL(ω̃,∞)|2, (21)

which represents the probability of excitation of a field mode
with frequency ω̃. This can be expressed in terms of the atomic
frequency responses as

G(ω̃) = γ

π
[|F1(ω̃)|2 + |F2(ω̃)|2

+ 2 cos(ω̃η)Re[F ∗
1 (ω̃)F2(ω̃)]]. (22)

Figure 3 shows the emitted field spectrum G(ω̃) as a func-
tion of frequency ω̃ and the interatomic separation η, for three
separate values of the detuning δ. We highlight the salient
features of the field spectrum as follows:

(1) For resonant emitters (δ = 0), the spectrum peaks are
obtained via the zeros of the denominator of Eqs. (B3) and

043138-4



NON-MARKOVIAN DELAY-ASSISTED SENSING WITH … PHYSICAL REVIEW RESEARCH 8, 043138 (2026)

FIG. 3. Field spectrum G(ω̃) as a function of the frequency ω̃ − ω̃0 and the interatomic separation η for different values of detuning:
(a) δ = 0, (b) δ = 0.1, and (c) δ = 1. The vertical dashed lines marked as ω̃1,2 indicate the resonances of the two emitters. The peaks of the
spectrum obtained from Eq. (24) are denoted by the black dash-dotted (ω̃+

nδ − ω̃0) and black dashed (ω̃−
nδ − ω̃0) curves. The horizontal white

dotted and dashed lines in panels (b) and (c) represent specific values of ηn = nπ/δ and ηn+1/2 = (n + 1/2)π/δ, respectively. The blue (red)
squares and circles indicate the intersections of the horizontal η = ηn and η = ηn+1/2 lines with the atomic resonances ω̃1 − ω̃0 (ω̃2 − ω̃0),
respectively. The highlighted inset region in panel (b) shows that the separation between the adjacent horizontal white ηn lines is π/δ for a
fixed ω̃ [Eq. (25)], while for a fixed (large) separation η the free spectral range between two adjacent spectral peaks is ≈π/η [Eq. (27)], akin
to a Fabry-Pérot cavity.

(B4) (D(ω̃±
n0) = 0) as follows [21]:

ω̃±
n0 = ω̃0 + 1

η
Im
[
Wn

(
±η

2
eη/2
)]

, n ∈ Z, (23)

where Wn(·) is the nth branch of the Lambert W function. We
have assumed a propagation phase of φ0 = φ1 = φ2 = 2pπ
(p ∈ Z+) for resonant emitters. Figure 3(a) shows the spec-
trum of the field emitted from two resonant emitters, where
we note that the peaks of the emission coincide with the
black dash-dotted and dashed curves representing ω̃+

n0 − ω̃0

and ω̃−
n0 − ω̃0, respectively.

(2) For detuned emitters, we observe from Fig. 3(b) (δ =
0.1) and Fig. 3(c) (δ = 1) that, as expected, the field emission
from initially excited atom 1 is peaked at its resonance fre-
quency ω̃1. For large η, the peaks of the emission spectrum
can be approximated by

ω̃±
nδ = ω̃0 − δ

2
+ 1

η
Im
[
Wn

(
±η

2
eη/2
)]

, n ∈ Z, (24)

as seen from the black dash-dotted and dashed curves in
Figs. 3(b) and 3(c). The above expression reduces to Eq. (23)
for δ = 0.

(3) When the emitter 1 resonance (ω̃1) is coincident with
the resonances of the atomic “cavity,” such that ω̃1 = ω̃±

nδ ,
we observe a stronger overall emission, as indicated by the
blue squares and circles in Figs. 3(b) and 3(c), respectively.
This occurs for specific values of the atomic separation
{ηn+1/2, ηn}, depending on the relative atomic detuning δ (see
Appendix B 2 for details):

ηn+1/2δ ≈ (n + 1
2

)
π, for δ � 1, (25)

ηnδ ≈ nπ, for δ � 1. (26)

(4) The difference between the subsequent resonances of
the emitted field spectrum, |ω̃+

nδ − ω̃−
nδ|, converges to (see

Appendix B 2)

|ω̃+
nδ − ω̃−

nδ| → π

η
= �FSR

γ
(27)

in the large η limit, recovering the FSR of a Fabry-Pérot cavity
of length d [49].

We will see in the next section that the conditions
ηn+1/2δ ≈ (n + 1/2)π (for δ � 1) and ηnδ ≈ nπ (for δ � 1),
where there is an alignment of the atom 1 resonance with that
of the “cavity” region between the atoms, there is a formation
of atom-photon quasibound states. Thus, the excitation is kept
for longer times in the form of field buildup inside the two-
atom “cavity.” We hypothesize that such quasibound states,
which are quintessentially non-Markovian, can potentially en-
hance sensing, as we will now demonstrate.

V. SENSING EXTERNAL FIELDS

Having developed a framework to evaluate the quantum
state of the emitters and the field environment, we now
evaluate the QFI associated with sensing the relative atomic
detuning δ. The QFI bounds the highest precision in esti-
mating δ attainable by any measurement as per the quantum
Cramér-Rao bound [50].

A. Quantum Fisher information

Throughout our analysis, we assume perfect emitter-
waveguide coupling (β = 1), which implies that the state of
the total atom + field system remains pure at a general time
t > 0:

ρδ,η(t ) ≡ |�δ,η(t )〉〈�δ,η(t )|. (28)

For a pure state, the QFI, H (δ), can be simplified as [51]

H (δ; t ) = 4Trρδ,η(t )

(
∂ρδ,η(t )

∂δ

)2

= 4[Re〈∂δ�δ,η(t ) | ∂δ�δ,η(t )〉
+ 〈�δ,η(t ) | ∂δ�δ,η(t )〉2], (29)
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FIG. 4. Quantum Fisher information [H (δ; t )] and quasibound-state decay rate derivative [∂δ�qBIC(t )] for initial state |e, g〉 for varying
atomic detuning (δ) and separation (η). (a) QFI of the system with respect to δ evaluated at four times γ t = 100, 500, 1000, 5000, where steady
state has been reached in the bottom right panel. (b) Derivative of the quasibound-state excitation decay with respect to δ, at a separation-
dependent time γ t → η+, right after the field from emitter 1 reaches emitter 2. For each quantity, we note that the hyperbolae of constant
propagation phase δη = (n + 1/2)π ; n ∈ Z+ (black dot-dashed lines) are local maxima.

where |∂δ�δ,η(t )〉 is the covariant derivative of |�δ,η(t )〉 with
respect to δ on the manifold of pure states [52]. A detailed
derivation of the QFI is provided in Appendix C.

Figure 4(a) shows the QFI H (δ; t ) as a function of inter-
atomic separations (η) and detunings (δ) at various points
in time (marked by the inset label), which is the central
result of this work. We highlight below the key features of
Fig. 4(a), which can be broadly understood from the buildup
of field excitations inside the “cavity” formed by the two
atoms, resulting in a longer interaction time over which the
field interacts with the atoms before leaking out:

(1) We note that the QFI generally increases with time,
attaining a steady-state value as t → ∞. This can be attributed
to the longer time of interaction between the emitters and the
field that probes their relative detuning.

(2) At a fixed time snapshot and for a fixed atomic sep-
aration η, the QFI generally decreases with increasing the
detuning δ. The relative atomic detuning δ affects the “cavity
loss rate.” Thus, for small δ the intracavity field decays slowly,
allowing for longer interaction time between the field and
the emitters, and consequently, improved sensitivity of their
relative detuning.

(3) For a fixed δ, we identify two distinct trends for the
QFI with varying atomic separation η. First, for small detun-
ings (e.g., δ � 0.2 region), we observe that the QFI generally
decreases with the separation η. This can be understood as
follows: For small detunings and small distances, the two
emitters form a near-perfect bound state, which generally
enhances the QFI. However, with increasing the interatomic
separation, some field leaks out of the “atomic cavity” before
a quasibound state is formed.

(4) For larger detuning values (δ � 1), e.g., when the
emitter resonances are separated by a linewidth or more, the
multimode nature of the dynamics for large η starts to become
significant. Particularly, we note that the QFI is maximum
along hyperbolic curves of the η-δ plane. Specifically, these

correspond to hyperbolae

ηδ = (n + 1
2

)
π, n ∈ Z+, (30)

which is precisely the condition where resonance of emitter 1
aligns with the resonances of the “atomic cavity” [Eq. (25)].
Such an alignment of atomic resonances with those of the
“cavity” leads to a resonant buildup of field, allowing the field
to probe atoms for longer before it leaks. We will substantiate
this observation by analyzing the formation of quasibound
states in the next section.

(5) Figure 5 shows the QFI for small detunings δ � 0.2.
We plot the QFI H (δ; t ) as a function of the separation (η)
along the hyperbolae ηδ = α, where α = {nπ, (n + 1

2π )}, for
γ t = 105. We note that the QFI for α = nπ (dashed lines) is
consistently higher than that of α = (n + 1/2)π (dash-dotted
lines) for the same n ∈ N. This is also evident from the
contour plot of H (δ; t ) in Fig. 5(b), where the local maxima
shift to

ηδ = nπ, (31)

consistent with Eq. (26), such that the detuned emitter fre-
quency aligns with the effective cavity resonances. The slower
intracavity field decay in the small detuning regime is the
primary reason the shift in the QFI maxima occurs at large
times.

B. Quasibound-state formation

As discussed in Secs. III and IV, the collective dynamics of
two waveguide-coupled resonant emitters separated by a long
distance can result in a delocalized atom-photon bound state,
arising from the destructive interference between the atoms
and the fields propagating between them [11,14,16]. However,
as noted previously, perfect BICs cannot emerge with finite
detuning (δ �= 0) since the destructive interference between
the fields emitted by each atom is no longer perfect, owing to
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FIG. 5. Quantum Fisher information H (δ; t ) for small detunings
(δ � 0.2) at long times (γ t = 105). (a) QFI along ηδ = (n + 1/2)π
(dot-dashed lines) and ηδ = nπ (dashed lines) hyperbolae. (b) QFI
contour plot. For small detunings, the local maxima condition for
QFI is at ηδ = nπ , consistent with Eq. (26).

their resonant frequency mismatch. While one can not have
perfect bound states for two detuned emitters, the system still
supports long-lived quasibound states of the atoms and the
field, which enable an enhancement in the resulting QFI.

To analyze such quasibound states, we consider the total
probability of the single excitation being in either of the two
atoms, or in the waveguide field modes occupying the region
between the two atoms (x ∈ [−d/2, d/2]) [53]:

Pq(t ) =
∑

m=1,2

|cm(t )|2 +
∫ d/2

−d/2
dx [|cR(x, t )|2 + |cL(x, t )|2],

(32)

where

cR(x, t ) = 1

2π

∫ ∞

0
dω cR(ω, t )e−iω(t−x/v)

cL(x, t ) = 1

2π

∫ ∞

0
dω cL(ω, t )e−iω(t+x/v), (33)

are the Fourier transforms of cR(ω, t ) and cL(ω, t ), respec-
tively, switched from the frequency domain to spatial domain.

The time derivative of Eq. (32) gives us the excitation
decay rate [53] from the two-atom + cavity region:

�(t ) ≡ dPq(t )

dt
. (34)

The values of η and δ that minimize �(t ) correspond to a
suppressed field leakage from the effective cavity formed by
the two atoms, indicating the formation of a quasibound state
of the emitters and photons. In such a qBIC, the extended
atom-field interaction time enables the field modes to inter-
rogate the emitters for longer, and consequently carry more
information about the relative atomic detuning once they leak.

We distinguish between two time regimes: before and after
the initially emitted radiation of emitter 1 reaches emitter 2.
Since we are interested in the late-time QFI, the decay rate for
t > d/v is given as

�

(
t >

d

v

)

=
∑

m=1,2

[
γ

8π

{
|cm(t )|2 −

∣∣∣∣cm

(
t − d

v

)∣∣∣∣
2
}

+ d

dt
|cm(t )|2

]
,

(35)

where the (|cm(t )|2 − |cm(t − d/v)|2) term corresponds to the
total transfer of excitation probability from the emitters to
the field in one round trip and d|cm(t )|2/dt represents the
instantaneous rate of excitation for the individual emitters.
Taken together, these two contributions capture the decay rate
of the total excitation in the emitters and the field that occupies
the cavity region.

In Fig. 4(b), we plot the gradient of the qBIC loss rate
∂δ�(t → (d/v)+) for each point in the η-δ plane. We observe
that the relation between η and δ for which there exists a
qBIC:

ηδ = (n + 1
2

)
π (36)

matches the one for maximal QFI [Eq. (30)], as well as the
condition for the atomic resonances to align with those of
the “cavity” [Eq. (25)]. Thus, as pointed earlier in Sec. IV,
the alignment between the emitter resonances with those of
the cavity boosts the emission from the atoms into the field,
as well as supports the formation of a qBIC that enhances
field buildup, prolonging atom-field interaction and thereby
the QFI. The details of the calculation of Eq. (35) and an
analysis on the derivative of Eq. (35) with respect to δ are
discussed in Appendix D.

C. Benchmarking with noninteracting atoms

To provide a meaningful point of comparison for the metro-
logical performance of our setup, we analyze a reference
scenario consisting of two identical emitters, each coupled to
an independent waveguide. In this configuration, the emitters
do not interact and, consequently, their spatial separation does
not influence the system dynamics. Hence, if the emitter is
prepared in the |e, g〉 state (as we have assumed in our prior
analysis), we can only ascertain the center wavelength of the
excited atom. Thus, we seek to sense the center frequency
of either atom, {ω1 = ω0 + �ω

2 , ω2 = ω0 − �ω
2 }, rather than

their relative detuning δ. The QFI with respect to ωm of the
joint system, labeled by H (ωm), lower bounds the minimum
sensitivity of sensing the detuning as 〈�δ2〉 � 2/H (ωm),
where the additional factor of 2 arises from the need to per-
form two separate measurements (one for each atom).

Considering the initial single-excitation state,
|�(t = 0)〉 = σ

(m)
+ |g, g, {0}1, {0}2〉, where |{0}m〉 represents

the waveguide modes coupled to the mth emitter,
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FIG. 6. Emitter dynamics in the presence of detuning for the initial state |e〉1|g〉2|{0}〉 for longer time scales. Emitter excitation probabilities
(log-scaled) for emitters 1 and 2 for separation η = (a) 2, (b) 10, and (c) 20.

Wigner-Weisskopf theory gives us the joint state

|�(t )〉 = e−(γ /2+iωm )tσ
(m)
+ |g, g〉 ⊗ |{0}1, {0}2〉

+ |g, g〉 ⊗
∫ t

0
dτ ξ (τ )[a†

m(τ ) + b†
m(τ )] |{0}1, {0}2〉,

(37)

where a†
m(τ ), b†

m(τ ) are creation operations corresponding
to left- and right-going temporal modes for the waveguide
coupled to emitter m. The photon temporal wave packet is
given by ξ (τ ) = √

γ /2 exp(−(γ /2 + iωm)τ ).
Since we assume perfect coupling to the waveguide modes,

we may use the pure state QFI expression in Eq. (29) evalu-
ated with respect to ωm (details in Appendix E), which yields

H (ωm; t ) = 4

γ 2
[1 − (e−γ t + 2γ t )e−γ t ]. (38)

In the limit t → ∞, the QFI becomes limt→∞ H (ωm) = 4/γ 2,
which is a constant H (ω̃m) = 4, when expressed in the nor-
malized frequency units ω̃m = ωm/γ . The QFI of measuring
the center frequency only depends on γ , and is independent
of ωm, and consequently independent of �ω. Thus, the opti-
mal sensitivity for measuring the atomic detuning as obtained
from the state of waveguide-coupled emitters surpasses that of
independent noninteracting emitters.

VI. CONCLUSIONS AND OUTLOOK

We demonstrate that non-Markovian delay in waveguide
QED can be a resource for distributed quantum sensing by in-
vestigating a minimal setup of two waveguide-coupled atoms
interacting with an external field. The external field intro-
duces a detuning (�ω) between the two emitters, which we
aim to sense. We show that the collective non-Markovian
and multimode dynamics of the emitters in the presence of
detuning exhibits detuning-dependent revivals and suppres-
sion of excitations (Fig. 6). The concomitant spectrum of the
field radiated by the emitters can be understood in terms of

the effective “cavity” formed by the two emitters: When the
effective resonances of such a cavity aligns with the emitter
resonances, there is an enhanced emission of the radiated field
and buildup of the field in the region between the emitters
for specific values of the emitter separations (η = γ d/v) and
their relative detunings (δ = �ω/γ ), given by ηδ ≈ (n + 1

2 )π
for δ � 1, and ηδ ≈ nπ for δ � 1 [Fig. 3, and Eqs. (25)
and (26)].

Our central result shows that the QFI for estimating the
detuning parameter δ, which encodes the field gradient, is
enhanced in the presence of non-Markovian delay [Fig. 4(a)].
Such an enhancement is linked to formation of atom-photon
quasibound states: Intuitively, the longer the photons spend in
“cavity” formed by the atoms and “interrogate” the detuned
emitters, the more information can be gained about the detun-
ing parameter. We characterize such atom-photon quasibound
states by the rate �(t ) at which the excitation in the emitters
+ field in the cavity region decays. We identify the minimas
in � as corresponding to formation of qBIC. The specific
parameter values for which we observe peaks in the QFI
align with the formation of quasibound states (Figs. 4 and 5):
ηδ = (n + 1

2 )π for δ � 1, and ηδ = nπ for δ � 1 (n ∈ Z+).
Further, the formation of qBICs can be understood as arising
from an alignment of the atomic resonances with the reso-
nances of the cavity formed by the atoms. Thus, the optimal
sensing conditions correspond to delay and detuning param-
eter values that (1) support formation of quasibound states
that facilitate a longer interrogation time, and (2) for long
delays, which bring in multiple modes of the environment
to probe the collective dynamics of the emitters. Finally, we
show that the QFI for estimating the relative atomic detuning
as obtained from the non-Markovian collective dynamics of
waveguide-coupled emitters exceeds that of two independent
emitters by several orders of magnitude.

The optimal (QFI-achieving) measurement will comprise
a joint measurement of the waveguide modes and the atomic
states. In general, joint projective measurements of the total
system (emitters + waveguide modes) can be achieved as
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follows: First, a single-excitation-exchange interaction be-
tween the emitters and an auxiliary waveguide mode to
transduce the state of the emitters; followed by a general mul-
timode unitary interaction and a single-photon measurement.
The information about the relative detuning of the atoms is
encoded in the collective dynamics of the emitters and, subse-
quently, in the excitations of the waveguide modes. Given the
exponential decay in emitter populations with time, a majority
of the detuning information will be encoded in the waveguide
modes; as such, we expect the emitter-field transduction to be
negligible. The cavitylike resonance features (Fig. 3) indicate
that the optimal unitary gate will likely entail temporospectral
processing of the waveguide excitation. Remarkably, recent
works have shown that in the collective superradiant burst
from an atomic ensemble, the temporal mode that carries op-
timal information, in fact, has a vanishing number of photons
[43]. We leave the derivation and constructive formulation of
such an optimal measurement for future work.

Given the remarkable experimental progress over recent
years, such long-distance waveguide QED regimes can be
accessed across various platforms ranging from neutral atoms
coupled to optical nanofibers [54–56], circuit QED and giant
atoms [57–63], quantum dots coupled to nanophotonic waveg-
uides [64,65], waveguide lattices [66,67], to matter waves
in optical lattices [68,69]. Notably, Ref. [69] demonstrated
that for ultracold atoms in a vertical one-dimensional optical
lattice, emulating waveguide-coupled quantum emitters and
photons, the propagation phase of the matter waves emulating
photons depends on the gravity gradients. It would be perti-
nent to explore the role of non-Markovian collective dynamics
exhibited in such a system as a resource for sensing gravita-
tional field gradients.

The present framework can be generalized in various
ways to further enhance the sensing capabilities of such
waveguide QED systems. For example, extending the anal-
ysis to multiemitter systems that act as additional probes
[12,17,30,70–73]; dispersion engineering to create photonic
environments that enable robust quasibound states [74]; and
driven emitters that allow for continuous probing of the
system [21,72,75]. The present assumptions that the field
environment has a flat-spectral density and linear dispersion
can be justified for specific platforms, e.g., atoms coupled to
an optical nanofiber [76] and superconducting qubits coupled
via appropriately engineered Josephson junction arrays [21].

However, generalizing the field spectral density to include
nonlinear dispersion and structured reservoirs would open ad-
ditional mechanisms to realize long-lived atom-photon bound
states that can be metrologically advantageous [77]. Indeed,
such engineerable dispersion has been realized in experiments
with matter waves in optical lattices emulating waveguide
QED [69]. Overall, our results establish non-Markovian time-
delayed feedback and multimode reservoirs as a resource for
distributed quantum sensing, opening new avenues in quan-
tum metrology with waveguide-coupled quantum emitters.
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APPENDIX A: NON-MARKOVIAN DYNAMICS
OF WAVEGUIDE-COUPLED DETUNED EMITTERS

Given the total Hamiltonian [Eqs. (1)–(3)], we derive the
following coupled equations of motion for the atomic and field
excitation amplitudes defined in Eq. (4):

ċR(ω, t ) = −i[c1(t )g∗(ω)e−iωx1/vei(ω−ω1 )t + c2(t )g∗(ω)e−iωx2/vei(ω−ω2 )t ], (A1a)

ċL(ω, t ) = −i[c1(t )g∗(ω)eiωx1/vei(ω−ω1 )t + c2(t )g∗(ω)eiωx2/vei(ω−ω2 )t ], (A1b)

ċm(t ) = −i
∫ ∞

0
dω g(ω)e−i(ω−ωm )t [cR(ω, t )eiωxm/v + cL(ω, t )e−iωxm/v], m = {1, 2}. (A1c)

Integrating Eqs. (A1a) and (A1b) yields

cR(ω, t ) =−ig∗(ω)
∫ t

0
dτ [c1(τ )e−iωx1/vei(ω−ω1 )τ + c2(τ )e−iωx2/vei(ω−ω2 )τ ], (A2)

cL(ω, t ) =−ig∗(ω)
∫ t

0
dτ [c1(τ )eiωx1/vei(ω−ω1 )τ + c2(τ )eiωx2/vei(ω−ω2 )τ ]. (A3)
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Substituting the above into the emitters’ equation of motion [Eq. (A1c)] gives the coupled dynamical equations for the two atoms
[Eqs. (5) and (6)]. The corresponding Laplace-transformed excitation amplitudes C1,2(s) are

γC1(s̃) = c1(0)(s̃ − iδ + 1/2) − c2(0)eiφ1 e−ηs̃/2

(s̃ + 1/2)(s̃ − iδ + 1/2) − (eiφ1 e−ηs̃/2)2
, (A4a)

γC2(s̃) = c2(0)(s̃ + iδ + 1/2) − c1(0)eiφ2 e−ηs̃/2

(s̃ + 1/2)(s̃ + iδ + 1/2) − (eiφ2 e−ηs̃/2)2
, (A4b)

which yield Eqs. (7) and (8) for the given initial conditions (c1(0) = 1, c2(0) = 0). We now detail the solutions to the coupled
atomic dynamics, as obtained from taking the inverse Laplace transform of the above Laplace coefficients using two approaches.

1. Atomic dynamics: Series solution

We solve the coupled dynamics of the atoms by expanding the denominators in the Laplace coefficients in terms of a series,
which physically corresponds to an expansion in terms of the number of photon wave packet oscillations. We rewrite the Laplace
coefficient C2(s) in Eq. (A4b) as

γC2(s) = −βeiφ2 e−ηs̃/2

(s̃ + 1/2)(s̃ + iδ + 1/2)

[
1 − β2(eiφ2 e−ηs̃/2)2

(s̃ + 1/2)(s̃ + iδ + 1/2)

]−1

(A5)

= −
∞∑

n=0

β2n+1ei(2n+1)φ2

22n+1

e−(2n+1)ηs̃

(s̃ + 1/2)n+1(s̃ + iδ + 1/2)n+1
. (A6)

To invert the above Laplace coefficient, we utilize the following Laplace transform relations [78]:

e−saF (s)
L−1−−→ f (t − a)
(t − a), (A7a)

�(n)

(s + a)n(s + b)n

L−1−−→ √
π

(
t

a − b

)n−1/2

e−(a+b)t/2In−1/2

(
a − b

2
t

)
, (n > 0), (A7b)

where In is the modified Bessel function of the first kind and �(n) = (n − 1)! is the Gamma function. Using these relations in
Eq. (A6) yields the time dynamics of atom 2, which is given by

c2(t ) = −√
πe−iδγ t/2

∞∑
n=0

β2n+1ei(2n+1)(φ1+φ2 )/2

22n+1n!
e−(γ t−(2n+1)η)/2
[γ t − (2n + 1)η]

×
(

γ t − (2n + 1)η

iδ

)n+1/2

In+1/2

(
iδ(γ t − (2n + 1)η)

2

)
. (A8)

This yields Eq. (11) with the coefficient 
(2)
n (t ):


(2)
n (t ) ≡ −

√
π

22n+1n!

(
γ t − (2n + 1)η

iδ

)n+1/2

In+1/2

(
iδ(γ t − (2n + 1)η)

2

)
. (A9)

We now use Eq. (6) to determine the excitation amplitude for the first atom, c1(t ), in terms of c2(t ). For t < d/v, we get
c1(t ) = c1(0)e−γ t/2, i.e., atomic decay due to spontaneous emission. For t > d/v, we have instead

c1(t ) = − 1

β
e−iφ1 eiδ(γ t+η)c2(γ t + η) − 2

γ β
e−iφ1 eiδ(γ t+η)ċ2(γ t + η). (A10)

We use the recursive definition of the derivative of modified Bessel functions from Ref. [79] to simplify the derivative
ċ2(t + d/v):

2
d

dz
In(z) = In+1(z) + In−1(z). (A11)

We thus obtain the expression for c1(t ):

c1(t ) = e−γ t/2 + √
πeiδγ t/2

∞∑
n=1

β2nein(φ1+φ2 )

22n+1n!

(γ t − 2nη)e−(γ t−2nη)/2

(
γ t − 2nη

iδ

)n−1/2[{2n + 1

iδ
− (γ t − 2nη)

}

× In+1/2

(
iδ(γ t − 2nη)

2

)
+
(

γ t − 2nη

2

){
In+3/2

(
iδ(γ t − 2nη)

2

)
+ In−1/2

(
iδ(γ t − 2nη)

2

)}]
. (A12)
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This results in Eq. (10) with the coefficient 
(1)
n (t ) defined as


(1)
n (t ) ≡

√
π

22n+1n!

[(
2n + 1

iδ

)(
γ t − 2nη

iδ

)n−1/2

In+1/2

(
iδ(γ t − 2nη)

2

)
− iδ

(
γ t − 2nη

iδ

)n+1/2

In+1/2

(
iδ(γ t − 2nη)

2

)

+ iδ

2

(
γ t − 2nη

iδ

)n+1/2{
In+3/2

(
iδ(γ t − 2nη)

2

)
+ In−1/2

(
iδ(γ t − 2nη)

2

)}]
. (A13)

2. Atomic dynamics: Multiexponential decay

As an alternate approach for solving the atomic dynamics,
one can invert Eqs. (A4a) and (A4b) using Cauchy’s residue
theorem. In order to apply Cauchy’s residue theorem, we need
to numerically evaluate the poles of Eqs. (A4a) and (A4b), i.e.,
determine the roots of the denominators,

f1(s̃; δ) = (s̃ + 1/2)(s̃ − iδ + 1/2) − β2(eiφ1 e−ηs̃/2)2,

(A14a)

f2(s̃; δ) = (s̃ + 1/2)(s̃ + iδ + 1/2) − β2(eiφ2 e−ηs̃/2)2.

(A14b)

We note that for δ = 0, fm(s̃; δ) = 0 resemble the transcen-
dental equation wew = z. Hence, the solutions to fm(s̃; 0) = 0

are given by the Lambert W function solutions,

s̃(m)
±,k = 1

η
Wk

(
±ηβ

2
exp(iφ j + η/2)

)
− 1

2
≡ s̄(m)

σ,k , (A15)

where the superscript m = 1, 2 is the atomic index, while the
subscripts σ ∈ {+,−} and k ∈ Z denote the branch of the
Lambert W solution. For the sake of brevity, we adopt a joint
subscript notation j ≡ (σ, j), where σ ∈ {+,−} and j ∈ Z
for the residues and poles in the rest of the Appendixes as
well as the main text.

However, for δ �= 0, the equations no longer have the stan-
dard transcendental form. The general solutions are expected
to be perturbations (proportional to δ) of s̄(m)

k .
Given a solution s̄(m)

k = s̃0 for the equation fm(s̃; 0) = 0,
let us assume that the roots of fm(s̃; δ) are of the form s̃0 + α,
where α ∈ C is δ and pole index k dependent, with no analytic
closed form. We use the properties for Lambert W functions
to derive the equivalent transcendental equation (for β = 1)

fm(s̃0 + α; δ) = 0 ⇒ (s̃0 + α + 1/2)(s̃0 + α ± iδ + 1/2) − (eiφ j e−η(s̃0+α)/2)2 = 0

⇒ α2 + 2α(s̃0 + 1/2) + (1 − e−2ηα )(s̃0 + 1/2)2 ± iδ(s̃0 + α + 1/2) = 0, (A16)

where we use the relation [exp(iφ j − ηs̃0)/2]2 = (s̃0 + 1/2)2 to replace the exponential with a polynomial term. This is a
reframed transcendental equation in terms of the shift variable α.

The corresponding residues R(m)
σ, j for the jth pole associated with the inverse Laplace transform of C(m) is

R(m)
σ, j = cm(0)

(
s̃(m)
σ, j + (−1)miδ + 1/2

)− cm′ (0)eiφm e−ηs̃(m)
σ, j /2

1 + 2s̃(m)
σ, j + (−1)miδ + η

(
e2iφn−2ηs̃(m)

σ, j /2
) . (A17)

For the numerical evaluation of the poles, we solve Eq. (A16) to determine the δ-dependent shifts to the Lambert-W-based
solutions. This technique is numerically more stable since |α| is typically a small number, where we find |α/(s̃0 + 1/2)| ∼ O(1).
The scaling of α can be determined by evaluating roots of the approximate polynomial equation for Eq. (A16), obtained by a
Taylor expansion of the e−ηα term. Additionally, since we evaluate the shift for every branch of the Lambert W function, we
avoid inadvertently skipping poles that contribute to the overall system evolution. We use Muller’s root-finding algorithm for our
numerics. For all the numerical evaluations in this article, we use relative error tolerance ε � 10−7, maximum iteration count
N = 104, and choose initial shifts x{0,1,2} = {−0.05,−0.01,−0.01i} × δ/η to obtain stable numerical solutions.

APPENDIX B: ATOMIC FREQUENCY RESPONSE AND SPECTRUM OF THE EMITTED FIELD

The frequency response functions for each atom are defined as the Fourier transform of the atomic amplitudes Fm(ω̃) ≡∫
dt cm(t )ei(ω̃−ω̃m )γ t . These can be related to the Laplace coefficients in Eqs. (7) and (8) as follows:

γ F1(ω̃) = γC1(−i(ω̃ − ω̃1)) = c1(0)(−i(ω̃ − ω̃1) − iδ + 1/2) − c2(0)eiφ1 eiη(ω̃−ω̃1 )/2

(−i(ω̃ − ω̃1) + 1/2)(−i(ω̃ − ω̃1) − iδ + 1/2) − (eiφ1 eiη(ω̃−ω̃1 )/2)2
, (B1)

γ F2(ω̃) = γC2(−i(ω̃ − ω2)) = c2(0)(−i(ω̃ − ω2) + iδ + 1/2) − c1(0)eiφ2 eiη(ω̃−ω2 )/2

(−i(ω̃ − ω2) + 1/2)(−i(ω̃ − ω2) + iδ + 1/2) − (eiφ2 eiη(ω̃−ω2 )/2)2
. (B2)
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FIG. 7. Atomic spectral response functions F1,2(ω̃) as a function of frequency ω̃ − ω̃0 and interatomic separation η for different values of
detunings δ: δ = 0 for panels (a) and (b); δ = 1 for panels (c) and (d); and δ = 2 for panels (e) and (f). The first row [panels (a), (c), and (e)]
shows the response functions for atom 1 [F1(ω̃)], while the second row shows the response functions for atom 2 [F2(ω̃)]. The vertical white
dashed lines indicate the frequencies of the two emitters. The black dash-dotted and dashed curves in Fig. 7 correspond to the frequencies
ω̃+

nδ − ω̃0 and ω̃−
nδ − ω̃0, given by Eq. (24), respectively. Note that we have restricted the range of z axis to keep consistent colorbar values for

all plots for qualitative illustration. The z ranges for the plots go above and below the set limits.

For the given initial state (c1(0) = 1, c2(0) = 0), the above
expressions simplify to Eqs. (18) and (19). Substituting ω̄ ≡
ω̃ − ω̃0, we get

γ F1(ω̄) = −i(ω̄ + δ/2) + 1/2

D(ω̄)
, (B3)

γ F2(ω̄) = −eiηω̄eiηδ/2/2

D(ω̄)
, (B4)

where the denominator D(ω̄) is given by

D(ω̄) =
[
−iω̄ + 1

2

]2

+ δ2

4
− e2iηω̄eiηδ

4
. (B5)

Figure 7 shows the atomic response functions for differ-
ent detuning values. We note that the frequency response of
emitter 1 [F1(ω̃)] is peaked at its resonance ω̃1, while that for
emitter 2 [F2(ω̃)] exhibits peaks at both ω̃1 and ω̃2.

1. Field spectrum

The emitted field spectrum G(ω̃), in the steady state, is
given by

G(ω̃) ≡ |cR(ω̃,∞)|2 + |cL(ω̃,∞)|2

= γ

π
(|F1(ω̃)|2 + |F2(ω̃)|2

+ 2 cos(ω̃η)Re[F ∗
1 (ω̃)F2(ω̃)]). (B6)

Shifting the frequency axis to be centered at ω̃0, the explicit
expression for the spectrum becomes

G(ω̄) = γ

π
[|F1(ω̄)|2 + |F2(ω̄)|2 + 2 cos ((ω̄ + ω̃0)η)

× Re[F ∗
1 (ω̄)F2(ω̄)]]. (B7)

Using the condition

ω̃0η = ω̃2η + δη

2
= φ2 + δη

2
= 2pπ + δη

2
, (B8)

assuming the propagation phase φ2 = 2pπ [Eq. (14)], we get

G(ω̄) = γ

π

[
|F1(ω̄)|2 + |F2(ω̄)|2

+ 2 cos

(
ω̄η + δη

2

)
Re[F ∗

1 (ω̄)F2(ω̄)]

]
. (B9)

2. Spectrum peaks in presence of detuning

Equating the approximate peaks of the spectrum obtained
via Eq. (24) to the resonance frequency of emitter 1, we get
the following transcendental relation between the detuning δ

and the atomic separation ηn:

ω̃±
nδ = ω̃1 (B10)

⇒ ω̃0 − δ

2
+ 1

ηn
Im
[
Wn

(
±ηn

2
eηn/2

)]
= ω̃0 + δ

2
(B11)

⇒ Im
[
Wn

(
±ηn

2
eηn/2

)]
= δηn. (B12)
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In order to simplify the left-hand side of the above relation, let
us define

z±
n ≡ ±ηn

2
eηn/2. (B13)

For large atomic separations (ηn � 1), |z±
n | is also large such

that the Lambert W function admits the asymptotic expansion
[80]:

Wn(z±
n ) ≈ ln(z±

n ) + 2inπ − ln[ln(z±
n ) + 2inπ ]. (B14)

The imaginary part of the above simplifies to

Im[Wn(z+
n )] ≈ Im

[
ηn

2
+ ln

(ηn

2

)
+ 2inπ

− ln
[ηn

2
+ ln

(ηn

2

)
+ 2inπ

]]
(B15)

⇒ Im[Wn(z+
n )] ≈ 2nπ − tan−1

(
2nπ

ηn/2 + ln(ηn/2)

)
, (B16)

where we have used the simplification Im[ln(x + iy)] =
Im[ln(

√
x2 + y2ei tan−1(y/x) )] = tan−1(y/x) in the second step.

Similarly for Im[Wn(z−)], we have

Im[Wn(z−
n )] ≈ Im

[
ηn

2
+ ln

(ηn

2

)
+ i(2n + 1)π

− ln
[ηn

2
+ ln

(ηn

2

)
+ i(2n + 1)π

]]
(B17)

⇒ Im[Wn(z−
n )] ≈ (2n + 1)π − tan−1

(
(2n + 1)π

ηn/2 + ln(ηn/2)

)
.

(B18)

To further simplify the above expressions, we consider two
parameter regimes:

(1) Large detunings, δ > 1: For δ > 1, such that emitter
detunings are larger than their respective linewidths, a large
number (n) of branches of the Lambert W function Wn(z±

n )
are required to describe the spectrum of the field close to the
emitter resonances. This can be seen qualitatively from Fig. 3.
Thus, for δ � 1, the heuristic relation δηn ∼ nπ implies that
nπ � ηn. In this regime, tan−1( 2nπ

ηn/2+ln(ηn/2) ) ≈ π/2, such that
Eqs. (B16) and (B18) simplify to

Im[Wn(z+
n )] ≈ (2n − 1

2

)
π ⇒ δηn ≈ (2n − 1

2

)
π, (B19)

Im[Wn(z−
n )] ≈ (2n + 1

2

)
π ⇒ δηn ≈ (2n + 1

2

)
π, (B20)

where we have used Eq. (B12). Combining the above two
conditions, we get Eq. (25).

(2) Small detunings, δ � 1: For small emitter detunings,
the corresponding values of n for the Lambert W function
branches needed to describe the spectrum of the field near
emitter resonances are small. Thus, for δ � 1, the heuris-
tic relation δηn ∼ nπ implies that nπ � ηn. In this regime,
tan−1( 2nπ

ηn/2+ln(ηn/2) ) ≈ 0, such that Eqs. (B16) and (B18) yield

Im[Wn(z+
n )] ≈ 2nπ ⇒ δηn ≈ 2nπ, (B21)

Im[Wn(z−
n )] ≈ (2n + 1)π ⇒ δηn ≈ (2n + 1)π. (B22)

The above equations combined give us the condition

ηnδ ≈ nπ, (B23)

yielding Eq. (26).
For both cases, the difference between adja-

cent peaks of the spectrum is [from Eqs. (24),
(B19)–(B22)]

|ω̃+
nδ − ω̃−

nδ| = 1

η

∣∣∣Im[Wn

(ηn

2
eηn/2

)
− Wn

(
−ηn

2
eηn/2

)]∣∣∣ ≈ π

η
.

(B24)

This yields Eq. (27).

APPENDIX C: QUANTUM FISHER
INFORMATION EVALUATION

We know that for a single parameter family of states ρθ ,
the QFI can be directly calculated using the symmetric loga-
rithmic derivative (SLD) Lθ by the relation

H (θ ) = Tr
[
ρθ L2

θ

]
. (C1)

The SLD is implicitly defined by ∂ρθ/∂θ = (ρθLθ + Lθρθ )/2.
For pure states, i.e., states whose density matrix obeys ρ2

θ =
ρθ [51], we note that

∂ρθ

∂θ
= ∂ρ2

θ

∂θ
= ρθ

∂ρθ

∂θ
+ ∂ρθ

∂θ
ρθ . (C2)

Thus, in this case 2∂ρθ/∂θ is the same as Lθ . The quantum
Fisher information is then

H (θ ) = Tr
[
ρθL2

θ

] = 4Trρθ

(
∂ρθ

∂θ

)2

(C3)

= 4[Re〈∂θψθ | ∂θψθ 〉 + 〈ψθ | ∂θψθ 〉2]. (C4)

For the present article, we seek to evaluate H (δ) to obtain
bounds for sensing the atomic detuning. We define ω̃1 = ω̃0 +
δ/2 and ω̃2 = ω̃0 − δ/2. Thus, for |∂δ�(t )〉, we have

∂|�δ,η(t̃ )〉
∂δ

=
∑

m=1,2

∂δcm(t̃ )σ̂ (m)
+ |g, g, {0}〉

+
∫ ∞

0
dω̃ [∂δcR(ω̃, t̃ )â†

R(ω̃)

+ ∂δcL(ω̃, t̃ )b†(ω̃)]|g, g, {0}〉. (C5)

We now have to evaluate ∂δc1(t̃ ), ∂δc2(t̃ ) based on
Eq. (A17). We note that based on our numerical evalua-
tion techniques for the poles in Appendix A, the poles s̃(m)

k

can be expressed as s̃(m)
k = s̄(m)

k + α
(m)
k (δ), where s̄(m)

k is the
δ = 0 solution and α

(1)
k (δ) is the δ-dependent perturbation.

As a reminder, we use the compact joint index k = (σ, k) ∈
{+,−} × Z, where we truncate |k| � 250 for numerical eval-
uations.

We may take a partial derivative of the transcendental equa-
tion [Eq. (A16)] to get
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2α
(1)
k (δ)∂δ

[
α

(1)
k (δ)

]+ 2
[
s̄(1)

k + 1/2
]
∂δ

[
α

(1)
k (δ)

]+ 2ηβ2
(
s̄(1)

k + 1/2
)2

e−2ηα
(1)
k (δ)∂δ

[
α

(1)
k (δ)

]
− i
(
s̄(1)

k + α
(1)
k (δ) + 1/2

)− iδ∂δ

[
α

(1)
k (δ)

] = 0. (C6)

From which, we obtain

∂δ

[
α

(1)
k (δ)

] = i
(
s̄(1)

k + α
(1)
k (δ) + 1/2

)
2α

(1)
k (δ) + 2

[
s̄(1)

k + 1/2
]+ 2ηβ2

(
s̄(1)

k + 1/2
)2

e−2ηα
(1)
k (δ) − iδ

. (C7)

Similarly,

∂δ

[
α

(2)
k (δ)

] = −i
(
s̄(2)

k + α
(2)
k (δ) + 1/2

)
2α

(2)
k (δ) + 2

[
s̄(2)

k + 1/2
]+ 2ηβ2

(
s̄(2)

k + 1/2
)2

e−2ηα
(2)
k (δ) + iδ

. (C8)

Hence, we may write ∂δc1(t̃ ) as

∂δc1(t̃ ) =
∑

k

[
A1,k − B1,k(

1 + 2s̃(1)
k − iδ + β2η(e2iφ2−2ηs̃(1)

k /2)
)2 + R(1)

k ∂δ

[
α

(1)
k (δ)

]]
exp

(
s̃(1)

k t
)

≡
∑

k

R(1)
k exp

(
s̃(1)

k t
)
, (C9)

where A1,k and B1,k are

A1,k = [
c1(0)

(
∂δ

[
α

(1)
k (δ)

]− i
)− βc2(0)eiφ1−ηs̃(1)

k
(
iη/2 − η∂δ

[
α

(1)
k (δ)

])
/2
](

1 + 2s̃(1)
k − iδ + β2η(e2iφ2−2ηs̃(1)

k /2)
)
, (C10a)

B1,k = (
c1(0)

(
s̃(1)

k − iδ + 1/2
)− βc2(0)eiφ1 e−ηs̃(1)

k
/

2
)[

2∂δ

[
α

(1)
k (δ)

]− i + β2η(e2iφ2−2ηs̃(1)
k /2)

(−iη − 2η∂δ

[
α

(1)
k (δ)

])]
. (C10b)

Similarly, we have

∂δc2(t̃ ) =
∑

k

[
A2,k − B2,k(

1 + 2s̃(2)
k + iδ + β2η

(
e2iφ1−2ηs̃(2)

k /2
))2 + R(2)

k ∂δ

[
α

(2)
k (δ)

]]
exp

(
s̃(2)

k t
)

≡
∑

k

R(2)
k exp

(
s̃(2)

k t
)
, (C11)

where A2,k and B2,k are

A2,k = [
c2(0)

(
∂δ

[
α

(2)
k (δ)

]+ i
)− βc1(0)eiφ2−ηs̃(2)

k
(− iη/2 − η∂δ

[
α

(2)
k (δ)

])
/2
](

1 + 2s̃(2)
k + iδ + β2η

(
e2iφ1−2ηs̃(2)

k /2
))

, (C12a)

B2,k = (
c2(0)

(
s̃(2)

k + iδ + 1/2
)− βc1(0)eiφ2 e−ηs̃(2)

k /2
)[

2∂δ

[
α

(2)
k (δ)

]+ i + β2η(e2iφ1−2ηs̃(2)
k /2)

(
iη − 2η∂δ

[
α

(1)
k (δ)

])]
. (C12b)

The derivatives of the field amplitudes can be calculated from

∂δcR(ω, t ) = −i
∑

k

∫ t

0
dτ g∗(ω)

[(
R(1)

k − i
τ

2
R(1)

k

)
es̃(1)

k τ e−iωx1/vei(ω−ω1 )τ +
(
R(2)

k + i
τ

2
R(2)

k

)
es̃(2)

k τ e−iωx2/vei(ω−ω2 )τ

]
, (C13a)

∂δcL(ω, t ) = −i
∑

k

∫ t

0
dτ g∗(ω)

[(
R(1)

k − i
τ

2
R(1)

k

)
es̃(1)

k τ eiωx1/vei(ω−ω1 )τ +
(
R(2)

k + i
τ

2
R(2)

k

)
es̃(2)

k τ eiωx2/vei(ω−ω2 )τ

]
. (C13b)

Now, for the required overlap integrals, we need to evaluate

〈�δ,η(t ) | ∂δ�δ,η(t )〉δ =
∑

m=1,2

c∗
m(t )∂δcm(t ) +

∫ ∞

0
dω [c∗

R(ω, t ) ∂δcR(ω, t ) + c∗
L(ω, t ) ∂δcL(ω, t )], (C14a)

〈∂δ�δ,η(t ) | ∂δ�δ,η(t )〉 =
∑

m=1,2

∂δc∗
m(t )∂δcm(t ) +

∫ ∞

0
dω [∂δc∗

R(ω, t ) · ∂δcR(ω, t ) + ∂δc∗
L(ω, t ) · ∂δcL(ω, t )]. (C14b)

In the evaluation of these overlaps, we will encounter exponential integrals of the general form,
∫ τ1

τ2
dt tn exp(−αt ) over a

finite domain—For the sake of brevity, we adopt the following shorthand notation in the following subsections:

G1(u; τ ) = euτ

u
, G2(u; τ ) = euτ (uτ − 1)

u2
, G3(u; τ ) = euτ (u2τ 2 − 2uτ + 2)

u3
. (C15)
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We will state the results of
∫∞

0 dω c∗
R(ω, t )∂δcR(ω, t ) and

∫∞
0 dω ∂δc∗

R(ω, t )∂δcR(ω, t ). The integrals for cL(ω, t ) can be obtained
by setting v → −v. We note that the integrands can be expressed in terms of the previously derived quantities as

c∗
m(t )∂δcm(t ) =

∑
k1,k2

R(m)∗
k1

R(m)
k2

exp
((

s̃(1)∗
k1

+ s̃(2)
k2

)
t̃
)
, (C16)

∂δc∗
m(t )∂δcm(t ) =

∑
k1,k2

R(m)∗
k1

R(m)
k2

exp
((

s̃(1)∗
k1

+ s̃(2)
k2

)
t̃
)
. (C17)

The evaluated integrals are expressed below. We adopt the joint subscript j ≡ (σ, j), where σ ∈ {+,−} and j ∈ Z, as defined
in Appendix A. For practical evaluation, we finitely terminate our summation | j| � jcut = 250:

∫ ∞

0
dω c∗

R(ω, t )∂δcR(ω, t ) = γ

2

∑
k1,k2

R(1)∗
k1

R(1)
k2

[
G1
(
s̃(1)∗

k1
τ + s̃(1)

k2
, τ
)]t

0
− iR(1)∗

k1
R(1)

k2

2

[
G2
(
s̃(1)∗

k1
τ + s̃(1)

k2
, τ
)]t

0

+ R(2)∗
k1

R(2)
k2

[
G1
(
s̃(2)

k1
τ + s̃(2)

k2
, τ
)]t

0
+ iR(2)∗

k1
R(2)

k2

2

[
G2
(
s̃(2)

k1
τ + s̃(2)

k2
, τ
)]t

0

+ R(1)∗
k1

[
R(2)

k2
+ id

2v
R(2)

k2

]
e+s̃(2)

k2
d/v−iω2d/v[G1

(
s̃(1)∗

k1
+ s̃(2)

k2
+ i�ω, τ

)]t−d/v

0

+ i

2
R(1)∗

k1
R(2)

k2
e+s̃(2)

k2
d/v−iω2d/v[G2

(
s̃(1)∗

k1
+ s̃(2)

k2
+ i�ω, τ

)]t−d/v

0

+ R(2)∗
k1

[
R(1)

k2
+ id

2v
R(1)

k2

]
e−s̃(1)

k2
d/v+iω1d/v[G1

(
s̃(2)

k1
+ s̃(1)

k2
− i�ω, τ

)]t
d/v

− i

2
R(2)∗

k1
R(1)

k2
e−s̃(1)

k2
d/v+iω1d/v[G2

(
s̃(2)

k1
+ s̃(1)

k2
− i�ω, τ

)]t
d/v

. (C18)

Similarly, we evaluate
∫∞

0 dω ∂δc∗
R(ω, t )∂δcR(ω, t ) to obtain∫ ∞

0
dω ∂δc∗

R(ω, t )∂δcR(ω, t )

= γ

2

∑
k1,k2

R(1)∗
k1

R(1)
k2

× [G1
(
s̃(1)∗

k1
+ s̃(1)

k2
; τ
)]t

0
+ i

2

(
R(1)∗

k1
R(1)

k2
− R(1)∗

k1
R(1)

k2

)× [G2
(
s̃(1)∗

k1
+ s̃(1)

k2
; τ
)]t

0

+ R(1)∗
k1

R(1)
k2

4

[
G3
(
s̃(1)∗

k1
+ s̃(1)

k2
; τ
)]t

0
+ R(2)∗

k1
R(2)

k2
× [G1

(
s̃(2)

k1
+ s̃(2)

k2
; τ
)]t

0

+ i

2

(
R(2)∗

k1
R(2)

k2
− R(2)∗

k1
R(2)

k2

)× [G2
(
s̃(2)

k1
+ s̃(2)

k2
; τ
)]t

0
+ R(2)∗

k1
R(2)

k2

4

[
G3
(
s̃(2)

k1
+ s̃(2)

k2
; τ
)]t

0

+ R(1)∗
k1

[
R(2)

k2
+ id

2v
R(2)

k2

]
e(s̃(2)

k2
−iω2 )d/v × [G1

(
s̃(1)∗

k1
+ s̃(2)

k2
+ i�ω; τ

)]t−d/v

0

+ i

2

(
R(1)∗

k1
R(2)

k2
+ R(1)∗

k1
R(2)

k2

)
e(s̃(2)

k2
−iω2 )d/v × [G2

(
s̃(1)∗

k1
+ s̃(2)

k2
+ i�ω; τ

)]t−d/v

0

− 1

4
R(1)∗

k1
R(2)

k2
e(s̃(2)

k2
−iω2 )d/v × [G3

(
s̃(1)∗

k1
+ s̃(2)

k2
+ i�ω; τ

)]t−d/v

0

+ R(2)∗
k1

[
R(1)

k2
+ id

2v
R(1)

k2

]
e−(s̃(1)

k2
−iω1 )d/v × [G1

(
s̃(2)

k1
+ s̃(1)

k2
− i�ω; τ

)]t
d/v

− i

2

(
R(2)∗

k1
R(1)

k2
+ R(2)∗

k1
R(1)

k2

)
e−(s̃(1)

k2
−iω1 )d/v × [G2

(
s̃(2)

k1
+ s̃(1)

k2
− i�ω; τ

)]t
d/v

− 1

4
R(2)∗

k1
R(1)

k2
e−(s̃(1)

k2
−iω1 )d/v × [G3

(
s̃(2)

k1
+ s̃(1)

k2
− i�ω; τ

)]t
d/v

. (C19)

Note that in the normalized time variable t̃ , all limits are replaced by their normalized versions, i.e., d/v ≡ η and t − d/v ≡
t̃ − η. Additionally, since the overlap integrals involve double time integrals, QFI expressed in normalized time differs from the
standard time variable expression by a factor of γ 2, i.e.,

H (δ; t̃ ) = γ 2H (δ; t ). (C20)
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FIG. 8. Quasibound-state population Pq for γ t = 1.01η.

APPENDIX D: ATOM-PHOTON QUASIBOUND STATE FORMATION

In this Appendix, we expand on the steps to obtain the interatomic loss rate linked to the formation of a quasibound state in
the continuum from the main text. The total probability of the single excitation being in either of the two atoms or in the field
between the two atoms at any given time is

Pq(t ) =
∑

m=1,2

|cm(t )|2 +
∫ d/2

−d/2
dx [|cR(x, t )|2 + |cL(x, t )|2], (D1)

where cR(x, t ) = 1
2π

∫∞
0 dω cR(ω, t )e−iω(t−x/v) and cL(x, t ) = 1

2π

∫∞
0 dω cL(ω, t )e−iω(t+x/v) are the inverse Fourier transforms of

cR(ω, t ) and cL(ω, t ). We wish to compute the rate at which this excitation probability changes over time:

dPq(t )

dt
= 2Re

⎧⎨
⎩
∑

m=1,2

ċ∗
m(t )cm(t ) +

∫ d/2

−d/2
dx [ċ∗

R(x, t )cR(x, t ) + ċ∗
L(x, t )cL(x, t )]

⎫⎬
⎭ ≡ �(t ). (D2)

The values of η and δ that locally minimize �(t ) correspond to a slow excitation loss from the effective cavity formed by the two
atoms, indicating the formation of a qBIC (as depicted in Fig. 8). The transformation of the field amplitudes from frequency to
position domain gives us

cR(x, t ) = − i

2π

∫ ∞

0
dωg∗(ω)

∫ t

0
dτ [c1(τ )eiωd/2vei(ω−ω1 )τ + c2(τ )e−iωd/2vei(ω−ω2 )τ ]e−iω(t−x/v), (D3)

cL(x, t ) = − i

2π

∫ ∞

0
dωg∗(ω)

∫ t

0
dτ [c1(τ )e−iωd/2vei(ω−ω1 )τ + c2(τ )eiωd/2vei(ω−ω2 )τ ]e−iω(t+x/v). (D4)

Again, assuming a flat-spectral density of the waveguide [i.e., g(ω) = g(ω0)] and simplifying the integrals gives us the spatial
domain field expressions,

cR(x, t ) = − ig∗(ω0)

2
{c1(t − (x − d/2)/v)e−iω1(t−(x−d/2)/v)[
(t − (x − d/2)/v) − 
(−(x − d/2)/v)]

+ c2(t − (x + d/2)/v)e−iω2(t−(x+d/2)/v)[
(t − (x + d/2)/v) − 
(−(x + d/2)/v)]}, (D5a)

cL(x, t ) = − ig∗(ω0)

2
{c1(t + (x + d/2)/v)e−iω1(t+(x+d/2)/v)[
(t + (x + d/2)/v) − 
((x + d/2)/v)]

+ c2(t + (x − d/2)/v)e−iω2(t+(x−d/2)/v)[
(t + (x − d/2)/v) − 
((x − d/2)/v)]}. (D5b)

In Eq. (D5a), the c1(·) term gives rise to fields emanated to the right from the atom at x1 and the c2(·) term gives rise to fields
emanated to the right from the atom at x2. Correspondingly, in Eq. (D5b), these terms are fields emanating to the left from each
atom. Consequently, we note that the second line of Eq. (D5a) and first line of Eq. (D5b) fall outside the region x ∈ [−d/2, d/2],
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resulting in terms in the expansion of |c{a,b}(x, t )|2 that do not contribute to the integral of Eq. (D1), allowing us to simplify as∫ d/2

−d/2
dx [|cR(x, t )|2 + |cL(x, t )|2] = γ

8π

∫ d/2

−d/2
dx {|c1(t − (x − d/2)/v)|2[
(t − (x − d/2)/v) − 
(−(x − d/2)/v)]

+ |c2(t + (x − d/2)/v)|2[
(t + (x − d/2)/v) − 
((x − d/2)/v)]} ≡ I. (D6)

The constraints imposed by the step function in the above expressions lead to two different results for times 0 � t � d/v

(radiation has not yet reached the second atom) and t > d/v (radiation has reached the second atom and some is lost). Thus, the
integral gets its limits rearranged as follows:

I =
⎧⎨
⎩

γ

8π

[∫ vt−d/2
−d/2 dx |c1(t − (x − d/2)/v)|2 + ∫ d/2

d/2−vt dx |c2(t + (x − d/2)/v)|2
]
, t ∈ [0, d/v),

γ

8π

∫ d/2
−d/2 dx[|c1(t − (x − d/2)/v)|2 + |c2(t + (x − d/2)/v)|2], t > d/v.

(D7)

We simplify these integrals by substituting the atomic coefficients in their expanded forms

cm(t ) ≡
∞∑
j

R(m)
j es(m)

j t . (D8)

The following simplified expressions are evaluated by taking the necessary definite spatial integrals:

I(0 � t � d/v) = γ

8π

∑
j,k

[−R(1)
j R∗(1)

k

/{
s(1)

j + s(1)∗
k

}+ R(1)
j R∗(1)

k exp
({

s(1)
j + s(1)∗

k

}
t
)/{

s(1)
j + s(1)∗

k

}

+R(2)
j R∗(2)

k exp
({

s(2)
j + s(2)∗

k

}
t̃
)/{

s(2)
j + s(2)∗

k

}− R(2)
j R∗(2)

k

/{
s(2)

j + s(2)∗
k

}]
, (D9)

I(t > d/v) = γ

8π

∑
j,k

[−{R(1)
j R∗(1)

k exp
({

s(1)
j + s(1)∗

k

}{t − d/v})− R(1)
j R∗(1)

k exp
({

s(1)
j + s(1)∗

k

}
t
)}/{

s(1)
j + s(1)∗

k

}

+ {R(2)
j R∗(2)

k exp
({

s(2)
j + s(2)∗

k

}
t
)− R(2)

j R∗(2)
k exp

({
s(2)

j + s(2)∗
k

}{t − d/v})}/{s(2)
j + s(2)∗

k

}]
. (D10)

These equations [Eqs. (D9) and (D10)] represent the probability of the single excitation being in the field modes between the
two atoms. Now, we can calculate the loss rate from the field modes by taking the time derivative:

İ1(0 � t � d/v) = γ

8π

∑
j,k

[
R(1)

j R∗(1)
k exp

({
s(1)

j + s(1)∗
k

}
t
)+ R(2)

j R∗(2)
k exp

({
s(2)

j + s(2)∗
k

}
t
)]

= γ

8π
[|c1(t )|2 + |c2(t )|2], (D11)

İ2(t > d/v) = γ

8π

∑
j,k

[−R(1)
j R∗(1)

k exp
({

s(1)
j + s(1)∗

k

}{t − d/v})+ R(1)
j R∗(1)

k exp
({

s(1)
j + s(1)∗

k

}
t
)

+ R(2)
j R∗(2)

k exp
({

s(2)
j + s(2)∗

k

}
t
)− R(2)

j R∗(2)
k exp

({
s(2)

j + s(2)∗
k

}{t − d/v})]
= γ

8π
[−|c1(t − d/v)|2 + |c1(t )|2 + |c2(t )|2 − |c2(t − d/v)|2]. (D12)

On the other hand, the loss rate of the atoms is given as �atoms = ∂t [|c1(t )|2 + |c2(t )|2] = 2Re[ċ1(t )c∗
1(t ) + ċ2(t )c∗

2(t )]. Combin-
ing these results for field and atomic loss rates, we have

�(t ) =
{∑

m=1,2

[
2 Re(ċ∗

m(t )cm(t )) + γ

8π
|cm(t )|2], 0 � t � d/v,∑

m=1,2

[
2 Re(ċ∗

m(t )cm(t )) + γ

8π
(|cm(t )|2 − |cm(t − d/v)|2)

]
, t > d/v,

(D13)

where the second line corresponds to Eq. (35). In order to determine qBIC conditions, we minimize the loss rate � with respect
to the detuning δ. As we care about late-time dynamics, we only minimize the expression for t > d/v. By substituting the
expressions for the atomic dynamics, the extrema are found from the equation ∂δ�(t > d/v) = 0.

APPENDIX E: QUANTUM FISHER INFORMATION FOR NONINTERACTING EMITTERS

We analyze a reference scenario consisting of two identical noninteracting emitters, each coupled to an independent waveg-
uide. Considering the initial state, |�(t = 0)〉 = σ

(m)
+ |g, g, {0}1, {0}2〉, where |{0}m〉 represents the waveguide modes coupled to

the mth emitter, Wigner-Weisskopf theory gives us the joint state

|�(t )〉 = e−(γ /2+iωm )tσ
(m)
+ |g, g〉 ⊗ |{0}1, {0}2〉 + |g, g〉 ⊗

∫ t

0
dτ ξ (τ )[a†

m(τ ) + b†
m(τ )] |{0}1, {0}2〉, (E1)
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where a†
m(t ′), b†

m(t ′) are creation operations corresponding to left- and right-going temporal modes for the waveguide coupled to

emitter m. The photon temporal wave packet is given by ξ (t ′) =
√

γ

2 e−(γ /2+iωm )t ′
, where ωm is the center frequency and γ is the

overall atomic coupling rate to the waveguide. To evaluate the QFI, we calculate

∣∣∂ωm�(t )
〉 = − ite−(γ /2+iωm )tσ

(m)
+ |g, g〉 ⊗ |{0}1, {0}2〉 − |g, g〉 ⊗

∫ t

0
dτ iτξ (τ )[a†

m(τ ) + b†
m(τ )] |{0}1, {0}2〉. (E2)

Evaluating the QFI H (ωm) = 4(Re〈∂ωm�(t )|∂ωm�(t )〉 + 〈�(t )|∂ωm�(t )〉2), we get

〈
∂ωm�(t )

〉 = t2e−γ t + 2
∫ t

0
dτ

∫ t

0
dτ ′ ττ ′ξ (τ )ξ (τ ′)δ(τ − τ ′) = t2e−γ t + γ

∫ t

0
dτ τ 2e−γ τ

= t2e−γ t + 2 − e−γ t (2 + 2γ t + γ 2t2)

γ 2
= 2(1 − e−γ t − γ te−γ t )

γ 2
, (E3)

〈
�(t )

∣∣∂ωm�(t )
〉 = −ite−γ t − 2i

∫ t

0
dτ

∫ t

0
dτ ′ τ ′ξ (τ )ξ (τ ′)δ(τ − τ ′) = −ite−γ t − iγ

∫ t

0
dτ τe−γ τ

= −ite−γ t − i
1 − e−γ t (1 + γ t )

γ
= −i

1 − e−γ t

γ
, (E4)
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FIG. 9. Plot of QFI γ 2H (ωm ) for noninteracting emitters as a
function of time.

which gives us H (ωm) = 4(1 − (e−γ t + 2γ t )e−γ t )/γ 2 (see
plot in Fig. 9). It is important to note that the QFI is only
determined by the coupling rate to the waveguide modes.
In fact, if the waveguide modes are traced out, we have the
state

ρEi = e−γ t |e〉〈e|i + (1 − e−γ t )|g〉〈g|i. (E5)

Since the state has no dependence on ωi, we have ∂ωiρEi = 0,
which consequently implies that the QFI is zero when the field
modes are traced out.

We use the expression for the QFI of a parameter, H (θ ) =
H ( f (θ )) × ( df (θ )

dθ
)2, to obtain the normalized frequency units

QFI as limt→∞ H (ω̃m) = γ 2 limt→∞ H (ωm) = 4.
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[12] F. Dinc and A. M. Brańczyk, Non-Markovian super-
superradiance in a linear chain of up to 100 qubits, Phys. Rev.
Res. 1, 032042 (2019).

[13] F. Dinc, İ. Ercan, and A. M. Brańczyk, Exact Markovian and
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M. Soljačić, Bound states in the continuum, Nat. Rev. Mater. 1,
16048 (2016).

[75] U. Dorner and P. Zoller, Laser-driven atoms in half-cavities,
Phys. Rev. A 66, 023816 (2002).

[76] A. Del Ángel, P. Solano, and P. Barberis-Blostein, Ef-
fects of environment correlations on the onset of collec-
tive decay in waveguide QED, Phys. Rev. A 108, 013703
(2023).

[77] A. González-Tudela and J. I. Cirac, Markovian and non-
Markovian dynamics of quantum emitters coupled to two-
dimensional structured reservoirs, Phys. Rev. A 96, 043811
(2017).

[78] Handbook of Mathematical Functions, edited by M.
Abramowitz and I. A. Stegun (Dover Publications, 2012).

[79] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series,
and Products (Academic Press, 2014).

[80] R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and
D. E. Knuth, On the Lambert W function, Adv. Comput. Math.
5, 329 (1996).

043138-20

https://doi.org/10.1103/PhysRevA.107.013701
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1016/0375-9601(95)00269-9
https://doi.org/10.1088/1367-2630/aca559
https://doi.org/10.1103/PhysRevLett.128.073601
https://doi.org/10.1103/PhysRevLett.131.103603
https://doi.org/10.1038/s41467-018-06142-z
https://doi.org/10.1038/s41586-020-2529-9
https://doi.org/10.1103/PhysRevX.11.041043
https://doi.org/10.1038/s41567-022-01869-5
https://doi.org/10.1103/nv7d-k3wr
https://arxiv.org/abs/2603.28004
https://arxiv.org/abs/2604.12947
https://doi.org/10.1021/acs.nanolett.8b01133
https://doi.org/10.1126/science.ade9324
https://doi.org/10.1364/OL.396368
https://doi.org/10.1103/b3kw-vv3s
https://doi.org/10.1038/s41586-018-0348-z
https://doi.org/10.1038/s41567-024-02676-w
https://doi.org/10.1103/PhysRevLett.134.173601
https://doi.org/10.1088/2058-9565/ae2291
https://doi.org/10.1103/PhysRevResearch.3.023030
https://doi.org/10.1103/PhysRevA.111.032603
https://doi.org/10.1038/natrevmats.2016.48
https://doi.org/10.1103/PhysRevA.66.023816
https://doi.org/10.1103/PhysRevA.108.013703
https://doi.org/10.1103/PhysRevA.96.043811
https://store.doverpublications.com/products/9780486612720?srsltid=AYCX9vI7Dc6e1M5cl0w2m0wW5OARbSyH1xfZrUmK5CcDKhQmvnYWKSSe
https://www.sciencedirect.com/book/edited-volume/9780123849335/table-of-integrals-series-and-products
https://doi.org/10.1007/BF02124750

