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From Krylov complexity to observability: Capturing phase space dimension
with applications in quantum reservoir computing

Saud Čindrak ,* Kathy Lüdge , and Lina Jaurigue
Institute of Physics, Technische Universität Ilmenau, Ilmenau, Germany

(Received 13 February 2025; accepted 22 August 2025; published 20 November 2025)

We demonstrate that time-evolved operators can construct a Krylov space to compute operator complexity
and introduce Krylov observability as a measure of effective phase space dimension in quantum systems. We
test Krylov observability in the framework of quantum reservoir computing and show that it closely mirrors
information processing capacity, a data-driven expressivity metric, while achieving computation times that are
orders of magnitude faster. Our results validate operator complexity and give the interpretation that data in a
quantum reservoir are mapped onto the Krylov space.
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Introduction. The significance of physics in machine learn-
ing, and vice versa, is unmistakable, as evidenced by the
awarding of the Nobel Prize to John Hopfield and Geoffrey
Hinton. An example of the intersection of physics and ma-
chine learning is quantum computing, a technology that seeks
to harness quantum effects for computation. Key research
questions in quantum computation are the extent to which
machine learning algorithms can be implemented on quan-
tum systems, how they might function, and what advantages
this could yield. Therefore, understanding quantum machine
learning networks is of utmost importance. In classical ma-
chine learning, understanding is achieved through methods of
expressivity and explainability. In quantum mechanics, quan-
tum information measures are used to gain deeper insights.
This raises the question of how advancements in quantum
information can be leveraged to enhance our understanding
of quantum machine learning.

A promising information measure in this context is Krylov
complexity, which quantifies how much the evolved operators
or states spread within the Krylov basis [1,2]. It has been
shown that operator complexity measures provide insights
into quantum chaos [3], spin chains, Sachdev-Ye-Kitaev mod-
els [2,4,5], 2D CFT [6], closed systems, driven systems [7],
and open quantum systems [8,9], among many others [2,10–
46]. Operator complexity can be interpreted as the expectation
value of the associated Krylov operator. Although operator
and spread complexity have proven to be successful measures
to further our understanding, they provide only limited insight
into the functioning of a quantum machine learning network
[47].

To address the problems with Krylov complexity, we pro-
pose Krylov observability as a measure to effectively capture
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the phase space dimension. In contrast to operator complexity,
Krylov observability can accommodate multiple operators,
respects an upper bound defined by the effective phase space
dimension, and integrates multiple measurements, which are
all necessities for quantum machine learning. The proposed
techniques can be extended to define a measure of operator
complexity that effectively accounts for multiple operators.
Interestingly, a similar approach has been made in Ref. [48],
where authors propose multiseed operator complexity as a
robust measure. We test these measures in the context of
quantum reservoir computing. Unlike variational quantum
machine learning, quantum reservoir computing utilizes a
physical system in which only the readout layer is trained
[49–53]. Extensive research has been conducted to optimize
quantum reservoir computing, ranging from leveraging noise
and decoherence, improving task performance, and develop-
ing various methods to address the time-complexity problem
[53–74]. An established measure of expressivity in reservoir
computing is the information processing capacity (IPC) [75],
which quantifies the reservoir’s ability to map and retain data
both linearly and nonlinearly. In this work, we show that
time-evolved operators can construct a Krylov space to com-
pute operator complexity and introduce Krylov observability
as a measure of the effective phase space dimension. We
then compute Krylov observability for various systems and
observables and compare the behavior with the information
processing capacity. We demonstrate that Krylov observabil-
ity and information processing capacity exhibit correlation
factors as high as 0.97. Our results show that quantum reser-
voirs map data onto the Krylov space and that sampling this
space can be indicative of task performance. Our findings
demonstrate the utility of Krylov observability as a measure of
the computational capacity of quantum systems, which is both
upper bounded and computationally inexpensive. Calculating
the information processing capacity for the results in Fig. 1
took 150 h per reservoir, whereas Krylov observability was
computed in just 30 s per reservoir. Finally, we introduce a
characteristic timescale for operators, motivated by the quan-
tum Zeno effect [76], which effectively describes the rate
at which information processing capacity (IPC) and Krylov
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FIG. 1. IPC [panels (a), (c), and (d)] and Krylov observability
OK [panels (b), (d), and (f)] in dependence on multiplexing V and
clock cycle T when measuring one [panels (a) and (b)], two [panels
(c) and (d)], and four [panels (e) and (f)] sites.

observability increase, and takes a form similar to the quantum
Zeno time discussed in Ref. [77].

Spread complexity was first discussed in Ref. [78] in re-
lation to quantum reservoir computing, where the authors
show that spread complexity can be used to explain task
performance. In Ref. [47], we perform a thorough study of
various Krylov-based measures in relation to understanding
task performance in quantum reservoir computing (QRC). We
discuss Krylov observability, which is introduced in this work,
as well as fidelity, spread complexity [2], Krylov expressivity
[41], and the information processing capacity in the context
as expressivity measures for quantum reservoir computers.
There, we show that more expressive quantum systems can
exhibit worse task performance if the considered observables
commute with a larger subspace of the system.

Krylov spaces. The evolution of an operator O with a
Hamiltonian H is given by ∂t O(t ) = i[H, O(t )]. The solution
to this equation is

O(t ) = eiHt Oe−iHt =
∞∑

k=0

(it )k

k!
Lk (O),

where L(O) = HO − OH represents the Liouvillian. This
implies that O(t ) ∈ Span{L0(O),L1(O), . . .}. The authors in
Ref. [1] used the Krylov space property and the linearity of
L(O) to show that there exists an M ∈ N such that

O(t ) ∈ Span{L0(O),L1(O), . . . ,LM−1(O)} = LM (1)

holds true. Orthonormalizing the Krylov space LM results
in the basis {Wi}i, such that the space can be rewritten as

LM = Span{W0,W1, . . . ,WM−1}. With the representation of
the time-evolved operator O(t ) in the Krylov basis, the opera-
tor complexity KO(t ) is defined as follows [1]:

O(t ) =
M−1∑
n=0

inβn(t )Wn, KO(t ) =
M−1∑
n=0

(n + 1)|βn(t )|2. (2)

Krylov observability. In this work, we will prove that time-
evolved observables can be used to construct a space FM that
is equivalent to the space LM . Building upon these results,
we will define an observability measure to predict task per-
formance and further our understanding of quantum reservoir
computing.

Theorem 1. Let O ∈ CN,N be a Hermitian observable, i.e.,
O = O†. Let O(t ) = eiHt Oe−iHt , where H is the Hamiltonian,
and let M be the Krylov grade, such that O(t ) ∈ LM . Let 0 =
t0 < t1 < t2 < · · · < tQ and define the approximate evolved
operator as

Õ(ta) =
Q∑

k=0

(ita)k

k!
Lk (O).

Then, it holds that LQ = F̃Q, for all Q ∈ N, where F̃Q is
given by F̃Q = Span{Õ(t0), Õ(t1), . . . , Õ(tQ)}. In the limit as
Q → ∞, it follows that LM = FM , where FQ is given by
FQ = Span{O(t0), O(t1), . . . , O(tM−1)}.

Proof. Õ(ta) can be represented as

Õ(ta) = (i0L0(O), i1L1(O), . . . , iQLQ(O))

⎛
⎜⎜⎜⎜⎝

1
ta
...

tQ
a

Q!

⎞
⎟⎟⎟⎟⎠.

Representing Q + 1 time-evolved Õ(ta) with pairwise distinct
times t0 < t1 < · · · < tQ leads to

(Õ(t0), . . . , Õ(tQ)) = (i0L0(O), . . . , iQLQ(O))�,

with � =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 1 1 . . . 1
t0/1! t1/1! t2/1! . . . tQ/1!
t2
0 /2! t2

1 /2! t2
2 /2! . . . t2

Q/2!
...

...
...

...
...

tQ
0 /Q! tQ

1 /Q! tQ
2 /Q! . . . tQ

Q /Q!

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The pairwise distinct times ta imply the linear independence
of each column and the invertibility of �, resulting in

(Õ(t0), . . . , Õ(tQ))�−1 = (i0L0(O), . . . , iQLQ(O)).

Since all vectors of LQ [see Eq. (1)] can be represented
through vectors in F̃Q, it follows that LQ = F̃Q holds for all
Q. In the limit as Q approaches infinity, Õ(ta) → O(ta) holds
such that the space F̃Q can be expressed as

LQ = F̃Q = Span(O(t0), O(t1), . . . , O(tQ)) = FQ. (3)

For Q > M, LQ has only M linearly independent vectors,
implying that FQ has only M linearly independent vectors.
We have thus shown that the Krylov space generated by the
powers of the Liouvillian Lk [Eq. (1)] is equivalent to the
Krylov space with M time-evolved observables O(tk ) with
pairwise different times, i.e., LM = FM . �
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Up to this point, we have shown that there are M times,
so that LM = Span{O(t1), . . . , O(tM )} applies, but not what
these times t j are. For the case of equidistant sampling
times t j = ( j − 1)τ , we can define the linear function g(O) =
UOU †. The space of Q time-evolved observables results
in FQ = Span{O, g(O), g2(O), . . . , gQ(O)} being a Krylon
space. Since dim(FQ) = M and FQ is a Krylov space, it
follows from the properties of Krylov spaces that the first M
time-evolved observables are linearly independent. This im-
plies that LM = FM = Span(O, g(O), g2(O), . . . , gM−1(O)),
and that the first M times, t j ∈ {0, τ, 2τ, . . . , (M − 1)τ }, can
be used.

In QRC, the expectation values of K observables
O1, O2, . . . , OK are sampled at discrete times 〈Oi(t j )〉. From
Theorem 1,

Oi(t ) ∈ Fi = Span(Oi(t0), Oi(t1), . . . , Oi(tMi−1 )) (4)

follows, where Mi is the dimension of Fi, and tMi−1 = TO is
equal for all observables Oi. For any Oi ∈ {O1, O2, . . . , OK},
it holds that

Oi(t ) ∈
K⋃

i=1

Fi =: F (O1, O2, . . . , OK ), ∀Oi. (5)

In the following, F always denotes the full space, i.e., F :=
F (O1, O2, . . . , OK ), and since each time-evolved observable
is within this space, we address this as phase space. Con-
structing the spaces in this way does not account for the
linear independence of the individual spaces Fk and does not
provide information about how much each Fk contributes to
F . To address these issues, we construct the spaces according
to Algorithm 1, as described in Appendix A. The resulting
spaces Fk are then linearly independent, ensuring that each
observable Ok is mapped onto a distinct space Fk . In the next
step, we use these spaces to define our main result, Krylov
observability, which serves as a measure to capture the ef-
fective phase space dimension of F associated with multiple
operators measured at distinct times.

The phase space dimension is constructed by forming
F (T ) from time-evolved operators at times tn = nT/M, where
M is the Krylov grade. For each F (T ), we define a measure
of dimensionality, referred to as the effective phase space di-
mension. In contrast to Krylov complexity, where complexity
is quantified by how intricate the time evolution is within a
fixed Krylov space, here a distinct Krylov space is defined for
each time T .

Definition 1 (Krylov Observability). Assume K observ-
ables O1, . . . , OK . For each observable Ok , the spaces Fk

are computed with dim(Fk ) = Mk and let T > 0. With Rk =
min(V, Mk ) and τk = T/Rk , define

Gk = {Ok (τ1), Ok (τ2), . . . , Ok (τRk )},
where V is the number of measurements for each observable.
Upper bounding the number of times Rk by Mk ensures that Gk

always consists of the smallest number of linearly indepen-
dent basis elements. The observability of the kth observable
Ok is defined as

pk (T ) = 1 +
Rk−1∑
j=1

(1 − f (Ok (τ j ), Ok (τ j+1))), (6)

where f is a function with f (A, B) = 1 if A = B. In this study,
we set

f (A, B) := F (A, B) =
∣∣∣∣Tr

( A†B

‖A‖‖B‖
)∣∣∣∣, (7)

F is the normalized fidelity between the two time-evolved
operators. The Krylov observability OK (T ) of V multiplexed
observables O1, . . . , OK is defined as

OK (T ) =
K∑

k=1

pk (T ). (8)

Quantum reservoir computing. We demonstrate the utility
of Krylov observability using the widely researched Ising
Hamiltonian

HI =
NS∑

i=1, j>i

Ji jXiXj +
NS∑
i=1

hZi (9)

as a quantum reservoir. Xi and Zi represent the Pauli-x and
Pauli-z operators acting on the ith site and NS is the number of
sites. The constant h is set to h = 0.5, and Ji, j is sampled from
a uniform distribution on the interval [0.25, 0.75] [53]. The
system evolution under the von Neumann equation is given
by

∂tρ = −i[H, ρ]. (10)

In the quantum reservoir scheme, the nth input of a
time series u = (u1, u2, . . . , uNU ) is encoded into one site as

|�n〉 =
√

1−un
2 |0〉 +

√
1+un

2 |1〉. Then, the full density matrix
is constructed as ρn = |�n〉〈�n| ⊗ Tr1(ρn−1(T )), where T ,
also called the clock cycle, is the evolution time before the
next input is introduced. The system evolution for any time
t is described by ρn(t ) = e−iHtρneiHt . The output is con-
structed by computing the expectation values 〈On,i(τ j )〉 =
Tr(Oiρn(τ j )) of K observables O1, O2, . . . , OK at discrete
times τ j = jT/V . This results in NR = V K outputs for each
input. Writing the expectation values for each input in a
row forms the state matrix S ∈ RNU ,NR . Gaussian noise N is
added to account for shot noise and serves as regularization,
i.e., S ← S + ηN . The output of the reservoir Y is given by
Y = SW, where W are weights computed on a training set uTr

with W = (ST
TrSTr )−1ST

TrŶTr.
The information processing capacity is a measure of how

effectively a reservoir computing system can reconstruct or
generalize prior input data using a set of orthogonal target
functions, typically Legendre polynomials ln [75]. We define
the kth polynomial of the input u d steps into the past as
lk (−d ) = (lk (u−d ), lk (u−d+1), . . . , lk (uN−d )), where N is the
length of the input series sampled from a uniform distribu-
tion, i.e., u ∈ U ([−1, 1]) [79]. The first-order IPC, denoted as
IPC1, is also referred to as memory capacity or linear short-
term memory and is given by IPC1 = ∑

d C(Y, l1(−d )). The
second-order IPC, IPC2, consists of two terms: one involving
the second-order Legendre polynomial l2(−d ) and another
involving pairwise products of delayed first-order terms, i.e.,
l1(−d1)l1(−d2). This can be extended to higher-order IPCs,
denoted IPCn, and summing over all orders results in the total
IPC, or simply IPC, given by IPC = ∑

i IPCi. The IPC is
therefore a hypertask, requiring up to thousands of training
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runs—one for each combination of delays d . A detailed de-
scription of IPC and a discussion of the memory-nonlinearity
tradeoff in QRC is provided in Ref. [69].

Results. To analyze the ability of our Krylov observability
measure OK to quantify the computational capabilities of a
quantum system, we compare it with the IPC. We consider
ten different Ising Hamiltonians, each with four sites and
uniformly distributed coupling constants Ji, j on the interval
[0.25, 0.75]. For each Hamiltonian, we consider a quantum
reservoir where the first site (Z1), the first two sites (Z1,2), and
all four sites (Z1,2,3,4) are measured in the Pauli-z direction.
We compute the IPC and our proposed Krylov observability
(OK ) for various clock cycle lengths (T ) and different time-
multiplexing measurements (V ).

Figure 1 shows the results for the averaged IPC [panels (a),
(c), and (d)] and the averaged OK [panels (b), (e), and (f)]. In
each plot, the y axis represents the number of measurements
for the corresponding measurement scheme and the x axis
represents the clock cycle T . The first row shows results when
only the first site is measured Z1.

As the clock cycle T and the number of measurements
V increase, so does the phase space dimension, i.e., the
Krylov observability OK , onto which the data are mapped.
At Tsat (Z1) ≈ 36 and Vsat (Z1) ≈ 110, the full Krylov space is
explored, as indicated by the saturation of OK in Fig. 1(b).
Further increases in the number of measurements (V ) and
clock cycles (T ) result in measurements that are linearly de-
pendent on all previous ones, thus not further increasing the
expressivity of the reservoir. This is observed in the almost
identical behavior of IPC and OK [see Figs. 1(a) and 1(b)].
To better quantify the behavior of the Krylov observability
OK and information processing capacity IPC, we compute the
Pearson correlation factor between them. In the case where
only one observable is measured, a Pearson correlation fac-
tor of PC = 0.97 is reached. Measuring the first two sites
yields results in the second row of Figs. 1(b) and 1(d), where
both measures show similar behavior with slightly smaller
values for OK . The number of virtual nodes at which IPC
and OK saturate reduces to Tsat (Z1,2) ≈ 30 and Vsat (Z1,2) ≈ 95
with PC = 0.97. Measuring all four sites moves the saturation
to smaller values, Vsat (Z1,2,3,4) ≈ 75 and Tsat (Z1,2) ≈ 18 [see
Figs. 1(e) and 1(f)]. The earlier saturation when measuring
multiple observables is due to the higher number of mea-
surements NR as the total number of measurements is given
by NR = V K . Additionally, the space dimension of F (Z1)
is smaller than that of F (Z1, Z2) and F (Z1, Z2, Z3, Z4). One
interesting observation, particularly for OK in Fig. 1(f), is
oscillations over time, arising from the observability mea-
sure construction. To better understand this behavior, Fig. 2
shows the IPC (blue) and OK (red) as functions of the
clock cycle T for a fixed number of measurements V = 30
[Fig. 2(a)] and as functions of V for a fixed clock cycle
T = 20 [Fig. 2(b)]. In Fig. 2(a), OK increases slightly later
but reaches a maximum with oscillations, while the IPC
reaches a maximum around T ≈ 20 and remains stable. The
standard deviation is shown as a fill in the corresponding
color and is small for both systems. The oscillation is due
to the small number of qubits, as quasiperiodic behavior is
more apparent [41].The Krylov observability OK and IPC
with T = 20, as a function of the number of measurements

FIG. 2. Observability OK and IPC depending on the clock cycle
T in panel (a) and depending on multiplexing V in panel (b).

V , show almost identical behavior, except for an offset [see
Fig. 2(b)].

Another important aspect is the rate at which the IPC
and Krylov observability increase. To analyze this, we in-
troduce a characteristic time τz for the fidelity defined in
Eq. (7) (see Appendix B), inspired by the quantum Zeno effect
[76,77]. This time characterizes the initial linear growth of
both IPC and Krylov observability with respect to the clock
cycle T . Figure 3 shows the changes in IPC and OK as a

FIG. 3. Change in normalized performance metrics—	IPC/	V
[panels (a), (c), and (e)] and 	OK/	V [panels (b), (d), and (f)]—as
a function of the clock cycle T and the multiplexing level V . The
panels show the effect of increasing the number of simultaneously
measured sites: one [panels (a) and (b)], two [panels (c) and (d)],
and four [panels (e) and (f)]. Positive values (red) indicate perfor-
mance improvement with additional multiplexing, while negative
values (blue) indicate degradation. The black dashed and solid lines
represent theoretical benchmarks for comparison.
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function of multiplexing, defined as 	IPC/	V = [IPC(V2) −
IPC(V1)]/(V2 − V1) for neighboring points in the heatmap.
We overlay the curve τ = τzV , where τz is the characteristic
Zeno time. τz is computed for each observable Z1, Z2, Z3,
and Z4, and averaged over all ten Hamiltonians used in the
statistical analysis. The vertical dashed black line represents
the Heisenberg time tH , estimated from the level spacing
statistics. Ordering the eigenvalues as ε0 < ε1 < · · · < εn, the
level spacings si = εi+1 − εi yield an average spacing 〈s〉. The
Heisenberg time is then given by tH = 2π/〈s〉, representing
the timescale over which the state explores the Hilbert space
[80–83]. The black solid line τ = τzV closely follows the
initial growth in both IPC and OK in the top row. Beyond
this curve, the decrease in 	OK/	V is a signature of the
quantum Zeno effect: Increasing V causes the node sepa-
ration T/V to fall below τz (T/V < τz), thereby reducing
Krylov observability. This suppression is also observed when
measuring two (middle row) and four (bottom row) sites,
reflecting the characteristic freezing behavior of the quan-
tum Zeno effect [76,77]. Since the derivation of τz assumes
a single observable, the fit is therefore best when only one
operator is considered (first row of Fig. 3). The presence of
multiple observables accelerates saturation before reaching
tH . Nonetheless, for T � 10, the Zeno scaling effectively
captures the initial rate of increase in both IPC and Krylov
observability over all realization.

Conclusion and discussion. This work showed that, instead
of computing different powers of the Liouvillian [H, O]k for
the construction of the Krylov space LM , time-evolved op-
erators O(tk ) can be used to construct an equivalent Krylov
space FM , i.e., FM = LM (Theorem 1). This enabled our
work to propose Krylov observability as a measure to capture
the effective phase space dimension of evolved observables
(see Definition 1). Our results show that Krylov observability
effectively describes the generalization capabilities of a quan-
tum reservoir, as illustrated by its almost identical behavior
to the information processing capacity. The high correlation
between the information processing capacity and Krylov ob-
servability suggests that quantum reservoir computing can be
interpreted as a map of classical data onto Krylov spaces, thus
providing an interpretation of quantum reservoir computing.
From another point of view, a quantum reservoir computer
can be viewed as an experiment to test Krylov complexity-
motivated measures. The question posed is: How well can a
measure defined on the Krylov space (Krylov observability)
predict a quantum system’s ability to remember and non-
linearly map macroscopic data (i.e., encoded input series)
as measured by the information processing capacity? We
conclude that the almost identical behavior of the proposed
Krylov observability and information processing capacity val-
idates the field of Krylov complexity as an effective metric to
gain understanding of the time evolution. One significant ad-
vantage of Krylov observability over information processing
capacity is its four orders of magnitude faster computation
time, making it a highly efficient tool for analysis. Another
important contribution of this Letter is the introduction of
a timescale inspired by the quantum Zeno effect, which ef-
fectively captures the relationship between IPC and Krylov
observability as a function of the number of measurements
and the clock cycle. Moreover, Krylov observability holds

great potential for adaptation to quantum machine learning
applications as a physically inspired measure of quantum
expressivity. Given a parameterized quantum circuit U (�n),
an observable O, and the definition O(l )

n := U (�n)lOU †(�n)l ,
the corresponding Krylov space can be constructed as Fn :=
Span{O, O(1)

n , O(2)
n , . . . , O(M−1)

n }. An interesting direction for
future work would be to quantify how Krylov observability
and Krylov complexity evolve during training, or how the
Krylov spaces change between two consecutive training ex-
amples, that is, between Fn and Fn+1. This analysis could
offer a new perspective on scaling system sizes and provide
insights into how to initialize the parameters �n. Addition-
ally, it may reveal meaningful behavior related to increasing
circuit depth and contribute to a better understanding of the
emergence of barren plateaus.
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Appendix A: Algorithm for the construction of disjiont
Krylov spaces. Let FB and FB

i be the bases of the spaces F
and Fi, i.e., F = Span(FB) and Fi = Span(FB

i ).

ALGORITHM 1. Construction of observability spaces.

1: IO = {1, 2, . . . , K}
2: T = {t1, t2, . . . , tR}
3: F (B) = ∅
4: F̃ (B)

1 , F̃ (B)
2 , . . . , F̃ (B)

K = ∅, ∅, . . . , ∅
5: while t j ∈ T do
6: for k ∈ IO do
7: if Ok (t j ) /∈ F then
8: F (B) = F (B) ∪ Ok (t j )

9: F̃ (B)
k = F̃ (B)

k ∪ Ok (t j )
10: end if
11: end for
12: end while
13: F (B) ← orthonormalize(F (B) )

In the first two lines, the index set IO for the observables
and the set of all times T are initialized, where R > M should
hold, and in our case, R = dim(H ). Lines 3 and 4 initialize
all bases to the empty set, and line 5 iterates through all
times t j . The second while loop in line 6 iterates through
all observables Ok . If the kth time-evolved observable Ok (t j )
is not in the space F = Span(FB), then the time-evolved
observable is added to the bases F (B) and F̃ (B)

k in lines 8 and
9. This can be verified by computing the rank of the basis
and checking whether it changes. If the rank does not change,
i.e., rank(F (B) ) = rank(F (B) ∪ Ok (t j )), then it follows that
Ok (ti ) ∈ F holds as well. In line 13, the basis F (B) is orthonor-
malized, such that spaces with the following properties are
returned:

F =
K⋃

k=1

Fk =
K⋃

k=1

F̃k, dim

⎛
⎝ l⋃

j=1

F̃ j

⎞
⎠ =

l∑
j=1

dim(F̃ j ).
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Appendix B: Quantum zeno time. Let us consider the fi-
delity overlap between the observable O and the time-evolved
observable at O(t ) given by

F (O, O(t )) =
∣∣∣∣Tr

( O†O(t )

‖O‖‖O(t )‖
)∣∣∣∣. (B1)

We normalize O := O/‖O‖. The time-evolved operator up to
second order can be approximated as

O(t ) = eiHt Oe−iHt = O + it[H, O]− t2

2
[H, [H, O]] + O(t3).

(B2)

This leads to the overlap of

F (t ) := Tr(O†O(t )) = 1 + itB − t2

2
C + O(t3), (B3)

where

B = Tr(O†[H, O]), C = Tr(O†[H, [H, O]]). (B4)

Next, we can compute the overlap squared

|F (t )|2 =
∣∣∣∣1 + itB − t2

2
C

∣∣∣∣
2

+ O(t3)

=
(

1 + itB − t2

2
C

)(
1 − itB∗ − t2

2
C∗

)
+ O(t3)

= 1 + 2t Im(B) + t2(|B|2 − Re(C)) + O(t3). (B5)

In our case, it holds that H = H† and O = O† resulting in
C being real. We further make use of O and H being real
representations, since they only consist of real Pauli matrices.
This results in B = Tr(O[H, O]) and C = Tr(O[H, [H, O]])
being real as well, such that the overlap is given by

|F (t )|2 = 1 − t2(C − B2)

= 1 − t2(Tr(O[H, [H, O]]) − Tr(O[H, O])2) +O(t3).
(B6)

With this, we can define the Zeno-like time

τ−2
z = Tr(O[H, [H, O]]) − Tr(O[H, O])2, (B7)

which results in

|F (t )|2 = 1 − t2

τ 2
z

+ O(t3). (B8)

If we use the Liouvillian, this timescale is given by

τ−2
z = Tr(OL2) − [Tr(OL)]2 (B9)

and can be interpreted as an expectation value with respect to
the operator O, i.e., 〈L〉 = Tr(OL). This leads to

τ−2
z = 〈L2〉 − 〈L〉2, (B10)

which closely mirrors the quantum Zeno time for state evolu-
tion

τ−2
z,(|ψ〉) = 〈H2〉 − 〈H〉2, (B11)

as discussed in Refs. [76,77], justifying the interpretation as a
quantum Zeno time for operator evolution.
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