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Sharing logical entangled pairs between distant quantum nodes is a key process to achieve fault-tolerant
quantum computation and communication. However, there is a gap between current experimental specifications
and theoretical requirements for sharing logical entangled states while improving experimental techniques.
Here, we propose an efficient logical entanglement distribution protocol based on surface codes for two distant
two-dimensional qubit array with nearest-neighbor interaction. A notable feature of our protocol is that it allows
postselection according to error estimations, which provides the tunability between the infidelity of logical
entanglements and the success probability of the protocol. With this feature, the fidelity of encoded logical
entangled states can be improved by sacrificing success rates. We numerically evaluated the performance of our
protocol and the trade-off relationship, and found that our protocol enables us to prepare logical entangled states
while improving fidelity in feasible experimental parameters. We also discuss a possible physical implementation
using neutral atom arrays to show the feasibility of our protocol.

DOLI: 10.1103/m9gc-n3dl

I. INTRODUCTION

Thanks to recent advances in quantum computation, quan-
tum error correction (QEC) with surface codes has been
demonstrated with several quantum devices implemented on
two-dimensional (2D) sites, such as superconducting circuits
[1] and neutral atoms [2,3]. Technologies have also been
developed to enable quantum communication between two
distant nodes with 2D devices. Although the entanglement
generation rate between a pair of physical qubits is techni-
cally limited, effective generation rates can be significantly
improved by parallelizing communications in a 2D plane
by optical tweezer technologies for neutral atoms [4] or the
three-dimensional integration of superconducting chips [5,6].
Thus, our next milestone is to connect fault-tolerant quantum
computers (FTQC) with 2D devices by combining fast com-
munication and fault-tolerant local computation, and to ensure
further scalability for fault-tolerant quantum computing [7,8]
and quantum communication protocols [9,10].

One of the most vital steps toward this milestone is
establishing a fast and high-fidelity logical entanglement dis-
tribution [11,12], which is a protocol to create an entangled
state of logical qubits with a required fidelity using noisy
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quantum channels. The overall protocol of the logical entan-
glement distribution is performed with the following three
steps as shown in Fig. 1: (1) Two nodes share several noisy
physical entangled states, (2) each node encodes shared phys-
ical qubits into logical qubits to obtain several noisy logical
entangled states, and (3) clean logical entangled states with
the target fidelity are distilled from several noisy logical entan-
gled states. It should be noted that we use the term encoding
to describe the mapping of physical entanglement into the
logical code space via syndrome measurements, rather than
the construction of logical states through unitary circuits. We
aim to propose a concrete protocol of the logical entanglement
distribution based on established technologies and to maxi-
mize the rate of logical entanglement with a target fidelity.

In this paper, we focus on the optimization of step (2) in
the above protocol. The simplest way to achieve the encoding
process in step (2) is to encode one physical qubit into a
logical qubit with a method used in magic-state preparation
[13]. This strategy is used in Ref. [14], for example. The
advantage of this protocol is that an arbitrarily slow physical
entanglement distribution rate is acceptable since the life-
time of qubits can be extended to a sufficiently long time
by quantum error correction. This is particularly useful when
the lifetime of physical qubits is shorter than the period of
entanglement generation. On the other hand, if physical entan-
gled pairs are generated faster than the consumption speed in
logical entanglement distillation, this protocol cannot leverage
fast physical entanglement distribution technologies. Also,
the fidelity of noisy logical entangled states after step (2) is
smaller than the physical entangled states, which increases
the latency and the number of required entangled states in
step (3).
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FIG. 1. Three steps to generate high-fidelity logical entanglements.

Remote lattice surgery for topological stabilizer codes
[8,12] is another candidate that can leverage fast and
parallelized quantum communication. This protocol requires
the edges of a 2D qubit plane to be connected by quantum
channels. Supposing that logical qubits are encoded with code
distance d, this protocol takes d rounds of stabilizer mea-
surements to detect measurement errors, and at least O(d)
entangled pairs are required for each round. Thanks to the
property of quantum error correction, this protocol can gen-
erate logical entangled pairs with higher fidelity than the
physical Bell pairs if the error rates of physical Bell pairs are
smaller than a threshold value. The drawback of this approach
is that it takes longer, i.e., d round stabilizer measurement,
than the baseline method. Also, this approach cannot leverage
the advantage of parallelism more than a one-dimensional
(1D) array of quantum channels. Thus, more efficient logical
entanglement distribution that can maximize the potential of
2D quantum devices is still lacking. While the full integra-
tion of a 2D channel array remains a significant engineering
challenge, its fundamental constituents have seen remarkable
progress. Notably, technologies aimed at spatially multiplexed
entanglement generation, such as the simultaneous detec-
tion of photons from multiple individual atoms in an array
[15-17], have been reported, providing a solid foundation for
the feasibility of our protocol in the near future.

In this paper, we propose an efficient protocol for logical
quantum entanglement distribution when quantum devices are
embedded in a 2D plane and each qubit is connected by a
2D quantum channel array. Our protocol consumes O(d?)
physical entangled pairs to generate one logical entangled

state. To handle the realistic situation of probabilistic and
noisy entanglement generation, our protocol uses an adaptive
postselection according to the number of estimated errors.
This postselection makes protocol two way but provides the
tunability between the protocol success probability and the
fidelity of the logical entangled states [18,19]. Thus, we can
choose the fast protocol with moderately distilled logical en-
tanglement generation or the slow protocol with high-fidelity
logical entanglement generation, depending on the situations
and applications. If we do not postselect and accept all the
events, the protocol becomes a fast one-way protocol at the
cost of degraded final fidelities. This tunability is useful for
tailoring the protocol to the postdistillation in step (3) and the
final target logical fidelity. We compared our protocol with the
existing ones based on surface code in Table I. In this table,
we list the resources required for generating one logical Bell
pair.

We numerically investigated the performance of our proto-
col and revealed the trade-off relationship between the success
rates and the fidelity of logical entanglement under several
realistic parameter sets in neutral atom systems. Our results
indicate that our protocol can generate logical entangled pairs
with higher fidelity than the physical entangled pairs with the
current achievable experimental technologies. For example,
if SWAP gate fidelity is 0.99, error rates of logical entangled
states can be less than 6.5 x 1072 with a success probabil-
ity larger than 0.88. Since our protocol is expected to be
combined with the postdistillation to achieve target fidelity,
we also calculated the logical entanglement bandwidth under
assumptions that would be feasible in the near future. When
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TABLE I. Comparison of logical entanglement generation methods based on surface code on 2D qubit array.

Number of Bell states® Rounds of measurement® Predistillation® Channels Postselection
One to one [13] 1 1 No Single channel Not available
Remote surgery [12] o(d?) d Yes 1D channel array Not considered!
Our proposal o(d?) 1 Yes 2D channel array Available

#Scaling is shown relative to the code distance d, assuming other hardware parameters are comparable.

>The number of required stabilizer measurement cycles to complete the protocols.

“Whether we can reduce error rates compared to those of physical Bell states at the encoding stage at the cost of postselection.

dPostselection might be available in principle for remote lattice surgery, but to our knowledge, previous work implements protocols as one-way

protocols, i.e., without postselection.

we target logical error rate 10™'3 [20], the overall bandwidth
of logical entanglement distribution is 44 Hz.

These results are immediately useful for designing devices,
channels, and architectures of distributed quantum computing
since our results provide a baseline bandwidth of practical
logical entanglement distribution. Also, while we focus on
fault-tolerant quantum computers based on surface codes in
this paper, our theoretical framework can be straightforwardly
extended to other stabilizer codes, such as low-density parity-
check codes [21-23]. Thus, our protocol will be compatible
with future improvements in quantum error-correcting codes.

The contributions of our work are listed as follows.

(1) We proposed a concrete protocol to obtain logical
entangled pairs that have higher fidelity than the provided
physical entangled pairs and can be implemented with prac-
tical 2D devices with a 2D channel array. Using the tunable
postselection conditions, the proposed method offers tunabil-
ity between the success probability and logical error rate after
encoding.

(2) We showed how the tunability in the encoding step
should be optimized to maximize the generation rate of the
target logical entangled states of the whole protocol shown in
Fig. 1, which enables us to characterize the practical evalua-
tion of the total logical communication bandwidth with logical
entangled states.

(3) We numerically evaluated and optimized its perfor-
mance under realistic parameter settings using neutral atoms
as an example platform. Our result indicates that the achiev-
able rate of entanglement distribution is approximately 44 Hz
to attain a 10~'3 logical error rate.

A detailed comparison with related studies is provided in
Sec. V to contextualize these contributions.

This paper is organized as follows. In Sec. II, we explain
our protocol to generate logical entangled pairs between two
distant nodes. Then, we show the numerical results and their
settings and assumptions in Sec. III. In Sec. IV, we discuss
the experimental feasibility of our protocol based on the
experimental reports and evaluate the logical entanglement
generation rate combined with postdistillation. In Sec. V,
we discuss the positioning of our protocol within the con-
text of related studies and clarify our unique contributions to
the development of distributed quantum computation. Finally,
Sec. VI summarizes this paper and mentions future work.

II. PROTOCOL

In this section, we show a protocol to generate logical
entangled pairs encoded with surface codes with 2D noisy

quantum channels. We suppose two nodes, Alice and Bob,
have 2D qubit arrays of the same size and can perform two-
qubit operations on the nearest-neighboring pairs of qubits.
Our protocol consists of the following three steps, as shown
in Figs. 24.

In the following subsections, we explain the details of
each step while introducing the parameters of our protocols.
Throughout this paper, we use the notations listed in Table II.

A. Entanglement generation

Suppose Alice and Bob have physical qubits aligned on
the L x L 2D square lattice. They probabilistically generate
physical Bell pairs (|00) + |11))/ /2 between two qubits at
the same coordinate in parallel. After the generation process,
the entangled qubit pairs at each node are placed on the
random sites in the lattice, but the arrangements of entangled
pairs on two nodes are always the same since we generate
entanglement for qubit pairs at the same position. An example
is shown in Fig. 2, where black pairs represent successful
entangled pairs and white pairs are failed ones.

We repeat the entanglement generation for a certain du-
ration. Then, each physical entanglement generation will
succeed with finite probability pee.,. We denote the error rate
of generated entangled states as ey . Here, pgen and ey are in
the trade-off relations according to the duration; the success
probability pg., increases as the number of trials increases,
while the error rates e;;; increases due to the decoherence.

B. Qubit rearrangement

In the rearrangement step, we determine the code distance
and the position of the surface-code cell on the 2D array and

Alice Bob

0 (
0 (]
) i

2D array qubits

Entanglement generation

FIG. 2. Entanglement generation. Alice and Bob perform multi-
plexed physical entanglement generation protocols between all the
pairs of physical qubits at the same coordinate on the 2D square
lattice. Since the protocol succeeds probabilistically, only a part of
qubit pairs are successfully entangled.
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FIG. 3. Qubit rearrangement. Alice and Bob rearrange the loca-
tions of generated entangled pairs so that they constitute a 2D lattice.
Note that the rearrangement processes at the two nodes are the same
since entangled pairs are located in the same positions.

then move the generated entangled qubits to the positions
of the data qubits, as shown in Fig. 3. The rearrangement
schedule is described as follows.

The code distance is chosen to consume as many entangled
pairs as possible. For simplicity, we assume unrotated surface
codes with [[d?> + (d — 1)?,1,d]] in this paper. Let M be
the number of generated entangled states in the entanglement
generation step. Then, the code distance is the maximum d
that satisfies d> + (d — 1)*> < M.

The position of the surface-code cell and the rearrangement
schedule are determined so that the number of SWAP gates
for moving qubits is minimized. This is because the repetitive
applications of SWAP gates decrease the fidelity of entangled
pairs and degrade the overall performance. To achieve this,
we use the following heuristic approaches. We enumerate the
first and second nearest positions from the mean position of
the entangled pairs as the candidates of the center of the
surface-code cell. Then, we calculate the number of SWAP
gates in the rearrangement schedule for each candidate and
choose the candidate with the smallest number of SWAP gates.

The schedule of qubit movement is heuristically minimized
as follows. We consider a bipartite graph where the left nodes
correspond to each data qubit of a surface code and the right

Syndrome values S,

Q00
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[oX JoX X JeJe)

O0000000000e
Ce0000e0000e
0000000000000 Y

000000000000
OO0000OO000O0O0OeO
(o) JeoJeJeoXoX JeoleXeJoX Je

Estimated number of errors

FIG. 4. Syndrome measurement. Alice and Bob perform the syn-
drome measurements on the rearranged 2D lattice. Alice sends the
obtained syndrome values to Bob, and Bob corrects errors according
to the difference of syndrome values. This process projects the state
of rearranged entangled pairs into the logical space of surface codes,
which results in a logical entangled pair. Bob can abort and restart
the protocols according to the number of estimated errors to ensure
the quality of entanglement.

TABLE II. Notations and parameters of proposed protocols.

L The size of 2D qubit array

Peen Success probability of entanglement generation
Cinit Error rate of physical entanglement

€swap Error rate of local SWAP operations

Wihr Threshold of estimated errors

Dlog Success probability of our protocol

€log Error rate of logical entanglement

ones to entangled qubits in Alice’s (or Bob’s) qubit array. The
weights between nodes are set as a distance from the data
qubit to the entangled qubit. We find a minimum-weight max-
imum matching of this graph, and entangled qubits are moved
to the matched data-qubit position. Note that while Alice and
Bob calculate the rearrangement process independently, they
result in the same rearrangement process since they have the
same entangled qubit positions.

In our numerical evaluation, we choose the squared Man-
hattan distance as the distance between the data qubit and
the entangled qubit. We chose this squared weight instead of
simple Manhattan or Euclid distance because Manhattan or
Euclid distance sometimes generates paths with many inter-
sections, which degrades the quality of solutions. We believe
there would be better heuristic approaches for this process, but
we left this as future work.

In this study, we evaluate the performance using a SWAP-
gate-based rearrangement model as a versatile baseline. On
the other hand, our protocol is also compatible with alternative
methods such as atom shuttling via moving optical tweezers.
A discussion on the potential impact of hardware-specific
rearrangement techniques and their noise characteristics is
provided in Sec. VI.

C. Syndrome measurement

In this section, we describe the process of mapping physi-
cal Bell pairs into the logical code space. It is important to note
that throughout this manuscript, we use the term encoding to
refer to this mapping procedure via syndrome measurements,
rather than the construction of logical states through unitary
encoding circuits.

Alice and Bob perform stabilizer Pauli measurements of
surface codes to generate a logical entangled state. If there is
no error, Alice and Bob will obtain the same random values,
and the logical states are projected into logical Bell pairs
(10.0L) + |12 lL))/ﬁ. In practice, there are errors in a finite
probability, and occurred Pauli errors must be estimated. This
can be efficiently estimated from the difference in syndrome
values observed in Alice’s and Bob’s syndrome nodes. If the
errors are correctly estimated up to the stabilizer operators, the
application of estimated Pauli errors will recover the logical
entanglement. Thus, Alice sends the obtained syndrome val-
ues to Bob. Then, Bob estimates the physical Pauli errors and
applies them to Bob’s qubits. For the correctness of this proce-
dure, please refer to Refs. [18,19]. These studies demonstrate
a general strategy: By utilizing error-correcting codes for error
detection, they can be effectively applied to postselection-
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based entanglement distillation. Our protocol leverages this
concept to provide tunability between success probability and
the resulting logical fidelity.

Before finishing the protocol, Bob judges whether the
protocol is reliably finished or not. If the number of qubits
affected by Pauli errors is more than an acceptance threshold
Wi, Bob aborts and restarts the protocol and notifies the deci-
sion to Alice. We denote the infidelity of the resultant logical
entangled pair as ejog. Since Bob may abort the protocol when
many errors are detected, this protocol succeeds with a finite
probability denoted by pjog.

The acceptance threshold wy,, plays a role in tuning the
balance between ejo; and piog. If we set wy,, = 0, the protocol
fails only when there are no less than d errors, which means
elpg becomes small with sacrificing pio,. The opposite case
is choosing wy, equal to the number of data qubits. Then,
this protocol is never aborted, i.e., pjog = 1, but the resultant
logical error rates will be degraded. Note that, in this opposite
case, Bob does not need to send the decision to Alice, and the
protocol becomes one way, which exempts the communica-
tion time after the protocol.

III. PERFORMANCE EVALUATION

We evaluate the performance of our protocols and explore
the trade-off relationship between the parameters. The perfor-
mance of our protocol depends on five parameters: the size
of the 2D-array qubits L, the generation rate of entangled
states pgen, the initial error rate of the physical entangled states
einit, the error rate of the SWAP gates eswp, and the acceptance
threshold wy,.. The protocol is evaluated with two parameters:
the success probability of the protocol pi,, and the logical
error rate of logical entangled states ejo.

In this section, we first show the simulation settings and
assumptions in our protocol. Then, we will show the perfor-
mance of our protocols in several hardware configurations and
explore available performance regions by tuning acceptance
thresholds wy,;.

A. Simulation settings

In this subsection, we explain the assumptions and settings
used in our numerical evaluation. In the entanglement genera-
tion process, we assume that the entangled states are affected
by uniform depolarizing noise. In other words, the entangled
states are assumed to be generated with an initial error rate
einit and the initial states after entanglement generation are the
Werner states with 1 — ejp; of the fidelity.

3
) o | ‘
pine = (1 = em)| @)@ + =5 30107 ) (@70,

i=1
()

where |®*) = (|00) + [11))/+/2. Operators (5", 01>, o)
and (0(1) , olgz), 01;3)) denote Pauli operators (X, Y, Z) on Al-
ice’s and Bob’s qubit space, respectively.

In the qubit rearrangement phase, we assume that each
qubit of entangled pairs is affected by uniform depolarizing
noise in each application of SWAP gates. While Pauli errors
might occur in Alice’s and Bob’s nodes independently, we can

simplify the treatment of the noise model as follows. Since
o/i’)|d>+) = aé’)|d>+), the error occurred on Alice’s qubit can
be rephrased as that on Bob’s qubit. Thus, without loss of gen-
erality, we can assume only the SWAP gates in Bob’s node suf-
fer from the depolarizing noise with the following error rates:

~ 4 2
& = 2eswpp — 3€swap* (2)

In the stabilizer measurement phase, we assume that
the stabilizer measurements are noiseless for simplicity. In
practice, this process would suffer from noisy stabilizer mea-
surements, but we chose this assumption to simplify the
numerical calculation.

The performance values, pi,; and ejog, are evaluated with
Monte Carlo sampling. We repeated N = 10° trials to evaluate
each parameter configuration. The numerical analysis proce-
dure can be summarized as follows.

(1) We divide N samples according to the chosen code
distances. We denote the number of samples that constitute
code distance d as N,.

(2) For each sample set with code distance d, we count the
number of estimated errors to be no more than wy,, which we
denote as Ny 4. The generating rate of a logical Bell state is
calculated as piog.g = Nacc,a /Na-

(3) We estimate errors based on the obtained syndrome
values and count the number of samples with logical er-
rors Neq 4. The logical error rate is calculated as ey q =
Nerr,d/Nacc,d-

B. Numerical results

Since there are many possible parameter combinations, we
chose three hardware configurations consisting of the entan-
glement generation rate pgen, the lattice size L, or the initial
infinity of the physical entanglement ej,;; to illustrate the
performance of our protocol simply. The SWAP gate fidelity
eswap and the acceptance threshold wy, are swept for each
evaluation.

The performance depends on the chosen code distance, and
showing all the plots for every sample set of code distances
makes understanding difficult. To avoid this situation, the
parameter set is chosen so that the code distance is typically
concentrated to a certain one. In our numerical results, we
only show the performance of the most frequent code distance
for each hardware configuration.

1. Configuration 1: pye, = 0.3, L =19, e = 0.05
for code distanced =7

We start the evaluation of the performance with parameters
Peen = 0.3, L =19, ejyic = 0.05. We chose these values as
a typical feasible value in the expected experimental setup
(see Sec. IV for experimental feasibility). Since most samples
result in choosing d = 7, we show the performance of the
sample set of d = 7.

We plotted the protocol success probability pi,, and the
logical error rate of the postselected state ej,, as a func-
tion of the error rate of SWAP gate eswap in Figs. S5(al) and
5(b1), respectively. Here, we varied egy,p from 0.05 to 0.005
and evaluated performances for several thresholds wyy,. As
expected, as the acceptance threshold becomes large, i.e.,
allowing many estimated errors to occur, the postselection
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FIG. 5. Panels (al)—(a3) show the process success probability pj, in terms of the error rate of SWAP gate egy,, for configurations 1, 2,
and 3, respectively. Panels (b1)—(b3) show the logical error rate ey, for the error rates of SWAP gate egy,p. Panels (c1)—(c3) show the trade-off
relationships between pjo, and eyo, for configurations 1, 2, and 3, respectively. The configurations 1, 2, and 3 represented by (pgen, L, €init, d)
are (0.3, 19, 0.05, 7), (0.1, 33, 0.05, 7), and (0.3, 23, 0.05, 9), respectively.

probability increases while the logical fidelity is reduced.
When we choose the acceptance threshold wy,, = 5, we can
prepare the logical entanglement while reducing the error
rates from the physical ones, for example, if egyap is below
0.03, ejog ~ 1.5 x 102 and Dlog ~ 0.11.

Finally, we calculate the available tunability of the protocol
success probability and the fidelity of logical entanglement
by adjusting the acceptance threshold wy,. The results are
plotted in Fig. 5(cl) for several eswap. This figure clearly
illustrates the tunability of the generated rates and the quality
of entanglement. The best choice of wy,, depends on the post-
distillation process and the target logical error rates, which
will be discussed in Sec. IV B.

2. Configuration 2: pgen = 0.1, L = 33, e = 0.05
for code distanced =17

Next, we chose the hardware configuration with pge, =
0.1, L =33, ejir = 0.05. This configuration has the same
initial error rates of physical entangled pairs and a similar

average number of successfully entangled physical pairs
PeenL?, but has a larger lattice size L and lower generation
rates pge, compared to Configuration 1.

The results are shown in Figs. 5(a2), 5(b2), and 5(c2)
in the same manner. Note that the plots in Figs. 5(a2)
and 5(b2) for high error rate regions are not stable due to
very low protocol success rates. This configuration shows a
lower protocol success probability and higher logical error
rates, resulting in worse trade-off curves. This is because the
successful qubit positions are scattered compared to Config-
uration 1, which means the required number of SWAP gates
increases and degrades the results. Thus, we can conclude
that a configuration with a small lattice size L with high
success probability pgen is preferable to the opposite property
in this parameter regime, while they achieve a similar average
entanglement generation count. It is also notable that even in
this case, thanks to the postselection mechanism of our pro-
tocol, the protocol can generate logical entangled states with
higher fidelity than the initial fidelity if eswap is sufficiently
small.
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3. Configuration 3: pgen = 0.3, L =23, ey = 0.05
Jor code distanced =9

The final parameter set is pgen = 0.3, L = 23, and ey =
0.05, which typically constitutes d =9 surface code. We
chose this configuration to confirm the advantage of choos-
ing a larger code distance in this protocol. Figs. 5(a3) and
5(b3) show the protocol success probability pj,, and logical
EITOT rate ejog against the SWAP error rate eswap. The tunability
between pj,g and ejo, is shown in Fig. 5(c3).

Compared to Configuration 1, this configuration shows
a lower logical error rate, while the success probability is
degraded. This is because the average error counts would
increase as the number of data qubits in a surface-code cell
increases. Thus, when we keep the acceptance threshold con-
stant, an accepted event becomes rare, but we can ensure a
smaller logical error rate as a code distance increases. In the
comparison of trade-off curves in Figs. 5(al) and 5(a3), we
see that the available performance trade-offs in Configuration
1 are superior to those in Configuration 3. This indicates
that large code distances do not necessarily provide better
performance. We can expect the reason for this as follows.
When physical error rates are smaller than the threshold value,
surface codes with large code distances always provide better
logical error rates without postselection. On the other hand,
physical error rates after physical entanglement sharing are
typically higher than the threshold value in practice, as dis-
cussed in Sec. IV. Thus, the advantage of using a large code
distance is that it allows for stronger postselection and small
logical error rates that are not achievable in small code dis-
tances by sacrificing the success probabilities. However, there
is a penalty for using large code distances since it demands
more SWAP gates at the rearrangement step, which increases
the effective error rate per entanglement at the stabilizer mea-
surement step and can lose the advantage of a large code
distance. This observation indicates that appropriate code dis-
tances should be chosen to explore the best trade-off relations
even if there are a number of 2D channels.

IV. ANALYSIS OF COMMUNICATION RATE

A. Feasible parameter set in neutral atom systems

We discuss the experimental feasibility of our protocol in
neutral atom systems. We suppose that physical entangled
state sharing is performed with the following entanglement
generation protocol: Alice and Bob excite atoms in their
nodes, let the atom emit a photon entangled with the atomic
state, and photons are coupled to optical fibers. The collected
photons are measured in the Bell basis using optical circuit
and photodetectors at the intermediate nodes. This protocol
will generate physical entanglement of atoms in two distant
nodes. When the communication length is long, we can con-
vert the frequency of photons to improve the transmission rate
of fibers at the cost of finite conversion efficiency.

Suppose we repeat the entanglement generation process
for a time duration t with the repetition rate y. The error
rate due to decoherence during the memory time for prepared
entanglement can be calculated from t and the lifetime of
atoms. The success probability pg., of obtaining an entangled
pair between a pair of sites at Alice and Bob is given in the

following equation:

Pgen = 1- (1 - %loial/longhngelngov)yr' 3

In this equation, the photon collection efficiency 7y is the
coupling efficiency of an entangled photon emitted from each
atom into an optical fiber. The photon detection efficiency by
photodetector is represented by nqer, Which is the efficiency
of Bell measurements at an intermediate station between two
distant qubits. The quantum frequency conversion efficiency
is given by 7.4y, Which is below unity if we utilize frequency
conversion. The factor of 107//1% represents the transmit-
tance of the fiber, where [ is the communication distance and
« is the attenuation rate.

According to Young et al. [24], the photon collection effi-
ciency npn of a single atom system in free space is estimated
to be npn ~ 0.1. We can achieve a high detection efficiency
by using superconducting nanowire single-photon detectors
[25,26], which achieves about nge; ~ 0.90. Note that if we as-
sume a typical Bell measurement setup based on linear optics,
the success probability of Bell measurements is halved. The
achieved conversion rate 7.,y from the resonant frequency of
atomic transitions to the telecom frequency is approximately
0.57 [27]. The attenuation rate « at the telecom wavelength
is typically a ~ 0.21 db/km. Although most of these values
are demonstrated in simplified systems, Hartung et al. [4]
reported generating entangled photons from an atom-array
system coupled to cavity modes while retaining the efficiency
of atom-photon entanglement nppnge; ~ 0.3 per attempt. Thus,
we expect the combination of state-of-the-art technologies on
neutral atom arrays can be demonstrated in the future.

Two scenarios should be separately considered to evaluate
practical preparation time T and generation rate pge,. The first
one is the case of distributed quantum computation, i.e., neu-
tral atom systems are located comparably close. In this case,
fiber transmission loss can be negligible, and we do not need
to utilize frequency conversion. Thus, we can assume 7¢oy = 1
and e~*//19 ~ 1. The repetition rate y is determined from the
duration of the set of local operations, such as cooling, state
preparation, and excitation of the atoms. They are expected
to be 350 us, 3 ps, and 21 ns, respectively [28]. Thus, we
expect the repetition rate would be about y ~ 85 kHz. When
we target pe, = 0.3 with this repetition rate, the waiting
time should be t ~ 1.0 x 1073 s, which is shorter than the
coherence time of atoms [2], and the protocol would generate
high-fidelity entanglement.

The second scenario is long-distant quantum communi-
cation, i.e., neutral atom systems are placed a long distance
apart. In this case, the repetition rate is upper bounded by
the communication distance /. According to the existing ex-
perimental results between 33 km distant nodes [28], the
repetition rate is upper bounded by y ~ 6.3 kHz due to the
traveling time of light. The preparing time to achieve pge, =
0.3 is also extended to t ~ 0.21 s, which would significantly
increase the initial error rate of physical entangled pairs.

Several parameters are expected to be improved in the
near future as various approaches have been investigated.
For example, the photon collection efficiency has a room
for improvement using cavity systems [29,30]. According to
Young et al. [24], the photon collection efficiency by us-
ing the cavity is estimated to be n,, ~ 0.48 in a feasible
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experimental setup. This significantly improves the prepara-
tion time 7 ~ 4.3 x 107> s for short-distance communication
and T ~ 9.2 x 1073 s for 33 km communication. Further ex-
ploration and evaluation of future progress are left as future
work.

B. Performance with postdistillation

In this section, we evaluate whether logical entangled states
can be practical enough for distributed quantum computation
by combining our protocol with a postdistillation process.
This evaluation provides a concrete estimate of the time re-
quired to reach a target logical fidelity (e.g., 10~'%). Although
we utilize a basic [[n, 1, d]] code for distillation to maintain a
clear and manageable demonstration, this stage might be fur-
ther optimized through more efficient protocols or integrated
error-correction frameworks, which is left as future work.

To demonstrate quantum computational supremacy with
fault-tolerant quantum computing, logical error rates of all
the logical operations must be smaller than the inverse of the
number of logical operations, which is on the order of 10713,
according to Ref. [20], for example. On the other hand, the
error rates of logical entangled states achieved in Sec. III is
much larger than this value. Thus, in realistic cases, the code
distance of logical entangled states generated by the proposed
protocols is immediately expanded to the same distance used
for locally storing logical qubits, and logical entangled states
are further distilled to sufficiently small logical error rates
with the postdistillation process. In this section, we calculate
the rate of generating logical entangled states with sufficiently
small logical error rates when our protocol with Configuration
1 is combined with entanglement distillation protocols at the
logical level.

We assume that error detection with the [[n, 1, d]] QEC
code is used in the postdistillation process utilizing n predis-
tilled entangled states. We suppose that the logical error rate
after our predistillation protocol, ey, is sufficiently smaller
than unity, and we assume that events with any syndrome flip
in the postdistillation are rejected. Note that we can ignore
errors in logical operations at the postdistillation stage since
they are encoded with surface codes with sufficiently large
code distances. Then, the error rate after postdistillation is
roughly eﬁ)g, and the success probability is about (1 — ejog)".
In this configuration, the average trial count of the predistilla-
tion protocol per postdistillation trial is given by n/pjos. The
average trial count of the postdistillation, i.e., the inversed
probability where we do not obtain any syndrome flip, is
1/(1 — eiog)". Thus, we can estimate the average trial number
of predistillation protocol Ngi, until we obtain one logical
entangled state through postdistillation as follows:

n 1

Nl = — ————.
o Plog (1 - elog)n

“

Combining the performance of Configuration 1, we can
obtain the total trade-off performance as shown in Fig. 6.
The figure shows the trial number of predistillation Ngi, to
achieve a final target logical error rate with postdistillation
under Configuration 1 with egy,p = 5.0 % 103, Blue, orange,
and green lines correspond to the code distance of QEC codes
for postdistillation protocols. Each point in the lines shows
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logical error rate after error detection
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FIG. 6. The achievable logical error rates are plotted as a func-
tion of averaged trial numbers of predistillation processes.

the performance with different acceptance thresholds wy,. For
postdistillation, we use QEC codes that realize code distance
d =3,5,7 with minimal n, which is n =5, 11, 17, respec-
tively [31,32]. We can see that the final logical error rates and
total number of predistillations are in the trade-off relation.
These results indicate that we should choose appropriate QEC
codes for postdistillation according to the target logical error
rates.

At several points in this figure, we can see that both logical
error rates and trial numbers are simultaneously improved by
changing the acceptance threshold wy,. Though this might
seem inconsistent with the behavior of predistillation, this can
be explained as follows. When we decrease the logical error
rate at the cost of increased trial counts of predistillation per
postdistillation trial, the average trial count of postdistillation
is improved. Since the total trial count of predistillation Ny
is determined as the product of the trial count of predistilla-
tion per postdistillation N,y and that of postdistillation Ny, the
total trial count Ny, can sometimes be improved when the
reduction of N; overwhelms the increase of Nj.

C. Logical communication bandwidth in neutral atom systems

Combining the results of Secs. IVA and IV B, we can
calculate a quantitative communication bandwidth. Here, we
calculate the bandwidth when two nodes are close. According
to Fig. 6, we can achieve logical error rate 2.2 x 10~"> with
average trial count Ny, ~ 20 with d = 5. Each predistillation
trial consists of the time for entanglement preparation 7, qubit
arrangement T,,, and measurement Tpe,s. The preparation
time t of logical entangled states for a short distance is es-
timated as 1.0 x 1073 s as discussed in Sec. IV A. According
to our simulation, the qubit arrangement time 7, typically
needs a few hundred SWAP gates, which we estimated as
Tar ~ 1 ms. We also estimated Tpyeas ~ 1 ms. In this evalu-
ation, we neglected the latency for stabilizer measurements
on surface-code logical qubits in the postdistillation process
since they can be performed with several transversal cnots
to ancillary logical qubits and single simultaneous measure-
ments on them, which is expected to be much shorter than the
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FIG. 7. The focus of existing papers and the positioning of our work. Focused points of each paper are written in bold font.

time for predistillation per single postdistillation trial. From
these values, the average preparation time of postdistilled
logical entangled states with fidelity 2.2 x 107! is estimated
as 60 ms, corresponding to the generation rate 17 Hz.

If we can assume the assistance of cavity, the preparation
time T and measurement Tpe,s can be shorter. Suppose that
7 is reduced to 4.3 x 107 s as given in Sec. IV A and Tjeqs
becomes 100 ps [33]. Then, the rate of logical entangled states
is improved to 44 Hz.

It is worth noting that the communication rate is affected
by both collection rates of photons and latencies of local
operations. If two nodes are close and local operations are
time consuming, a fast entanglement generation rate by a high
photon collection rate does not drastically improve communi-
cation speed.

V. RELATED WORK

Several proposals have been made to design efficient pro-
tocols for distributing logical entanglement. As explained in
Sec. I, the overall logical entanglement distribution protocol
can be divided into three steps: (1) distribution of noisy phys-
ical Bell pairs, (2) encoding of noisy physical Bell pairs into
noisy logical Bell pairs, and (3) distillation of noisy logical
Bell pairs into clean logical Bell pairs. The ultimate goal in
designing this protocol is to maximize the generation rate of
logical Bell pairs with a target fidelity. This paper focuses
on step (2) and proposes fast and tunable protocols to offer
more flexibility in global optimization. While both steps (2)
and (3) require QEC codes for encoding and distillation, their
objectives differ. QEC codes in step (2) must account for local
errors as well as protocol repetition and encoding rates. In
contrast, step (3) can neglect local errors because the QEC

codes used in step (2) already protect qubits. Thus, step (3)
primarily requires high encoding rates. Consequently, the two
steps demand distinct optimization strategies. This section re-
views representative schemes proposed in the literature on
FTQC. See Fig. 7 for the positioning of our work.

Most existing studies on logical entanglement distribution
assume that local operations are error-free and aim to max-
imize encoding rates, i.e., the ratio between the number of
clean output entangled pairs and that of noisy input pairs. This
situation is justified when we focus onstep (3) and assume
that the input noisy logical entanglement is generated much
more slowly than internal logical operations. It is well known
that finding distillation protocols with a high encoding rate
is equivalent to finding QEC codes with a high encoding
rate, and general theoretical frameworks have been exten-
sively discussed [18,34-36]. As theories of constant-rate QEC
codes have been developed recently [37], several constant-rate
distillation protocols have been proposed. References [14,38]
present constant-rate constructions using concatenated codes
and scrambling techniques. However, these works typically
do not consider the implementation of step (2) or employ
only simple strategies for it. For example, Ref. [14] adopts
one-by-one encoding [13] for step (2), which results in fideli-
ties comparable to those of raw physical Bell pairs. Table I
in Ref. [14] shows that the distillation input error rate [i.e.,
the logical error rate after step (2)] strongly impacts the per-
formance of step (3). Hence, existing studies suggest that
cross-step optimization is crucial for improving total perfor-
mance. Since our work expands the design space of step (2),
our protocol can be integrated with these schemes to enhance
performance and tunability, rather than conflicting with them.

References [12,39,40] investigate methods based on re-
mote lattice surgery, which performs lattice surgery [41]
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between two distant code blocks by linking them through
physical remote cnots consuming physical Bell pairs.
The advantage of remote lattice surgery is that high-fidelity
logical Bell pairs can be generated directly from physical Bell
pairs, provided that the error rate of physical Bell pairs is
below the threshold and sufficiently large code distances are
available. A drawback of this approach is that it requires a
large number of Bell pairs if we assume practical physical
error rates [14]. While our protocol focuses on encoding via
stabilizer measurements with postselection, it may be benefi-
cial to use remote lattice surgery with a small code distance as
an encoding phase, followed by distillation in step (3) to reach
the target logical error rate.

Recently, Ref. [42] independently proposed a protocol ad-
dressing step (2). This work employs constant-rate quantum
low-density parity-check (QLDPC) codes and performs syn-
drome projections to map physical Bell pairs onto logical Bell
pairs [18]. Although this approach achieves a high encoding
rate in step (2), it faces challenges inherent to qLDPC codes.
The protocol requires a fault-tolerant implementation of the
chosen qLDPC codes. While progress has been made toward
such implementations, their integration into a full entangle-
ment distribution network remains a significant challenge.
This is primarily because qLDPC codes typically necessitate
high-connectivity hardware, such as moving optical tweezers
or long-range interconnects, to handle their nonlocal stabilizer
measurements. More importantly, since multiple logical Bell
pairs are embedded within a single large code block in step (2)
of Ref. [42], performing subsequent operations, such as en-
tanglement distillation in step (3), becomes highly nontrivial.
Such a structure complicates cross-step optimization, as oper-
ations on individual logical pairs may require complex routing
or joint decoding within the same block. In contrast, our
protocol utilizes a more modular approach based on surface
codes, where logical states are handled as independent units.
This allows for straightforward optimization of the end-to-
end performance using experimentally feasible components
and parameters. Thus, Ref. [42] complements our work: Our
approach is more feasible for near-term implementation in 2D
architectures, whereas theirs represents a high-performance
alternative for platforms providing the necessary connectivity
to support integrated qLDPC operations in the future.

In summary, the main contributions of our paper are (1)
proposing a concrete step (2) protocol that is tunable and
implementable on 2D devices, (2) performing cross-step opti-
mization across the logical entanglement distribution stages,
and (3) numerically evaluating practical performance after
optimization based on experimentally feasible components
and parameters. Although the quantitative results reported
here may be further improved by future advances, such as
efficient gLDPC codes, enhanced postselection, and improved
cavity-QED interfaces, our protocol provides a fundamental
methodology for evaluating global optimization in logical
entanglement distillation, contributing to the future design of
distributed quantum computers.

VI. CONCLUSION

We proposed a logical entanglement distribution protocol
tailored to 2D integrated qubits, which includes rearrang-

ing distributed entangled states by SWAP gate operations to
encode surface code and postselection for distilling logical
entangled states. Our protocol offers the tunability between
the quality and speed of logical entanglement sharing, which
can be used for optimizing the postdistillation process. We
numerically examined the performance of our protocol by
targeting neutral atom systems, and also evaluated the perfor-
mance of the combination of our protocol and postdistillation
processes. As a result, we showed that the protocol effectively
addresses the challenges posed by probabilistic entanglement
generation and the nearest-neighboring two-qubit quantum
operation. The tunability of our protocol between protocol
success probability and fidelity will contribute to the feasi-
bility of near-future experimental setups.

Our protocol can be naturally applied to other qubit de-
vices with a 2D array of physical communication channels.
For example, for short-distance communication, entanglement
generation between two superconducting qubits in remote
cryostats has been demonstrated [43,44]. According to Mag-
nard et al. [44], the error rate of the entangled state, efficiency
of entangling attempts, and repetition rate are e = 0.205, n =
0.675, and y = 6.2 MHz, respectively. The high-performance
design of logical communication protocol under this parame-
ter region is left as future work.

We evaluated the performance of our protocol considering
essential sources of physical error, such as local SWAP errors
and the infidelity of physical Bell pairs. However, real quan-
tum devices suffer from additional types of errors, including
local circuit errors in stabilizer measurements. Our results
show that this protocol is tolerant to errors in entanglement
generations and movements for further operations. Although
we believe that the current noise models qualitatively capture
the essential behavior of our protocol, it would be desirable to
evaluate it under more realistic noise models. Nevertheless,
estimating logical error rates under such complex models
is computationally challenging because the number of local
SWAP operations varies from one sample to another, making
it difficult to employ standard software libraries such as Stim
[45] to speed up the evaluation. Developing efficient methods
for evaluating performance under these complex noise models
is an important direction for future work.

While this paper focused on local SWAP gates driven by
optical pulses, an alternative rearrangement protocol can be
designed based on optical tweezers [2] when neutral atoms
are assumed. We did not assume shuttling technologies in
this paper because they are specific to certain platforms, such
as neutral atoms, and the reduction of logical error rates
via shuttling has not yet been experimentally demonstrated.
Moreover, the use of moving tweezers is not yet widely estab-
lished in experimental practice [46]. Nevertheless, exploring
protocols that assume high fidelity and fast shuttling technolo-
gies could serve as effective device-specific optimizations. It
is not straightforward to determine whether the use of moving
tweezers can improve our protocol, since there is no intrinsic
parallelism in the rearrangement phase, and shuttling is slower
than optically driven SWAP gates. Although several rearrange-
ment protocols for forming fully occupied qubit arrays have
been proposed [2,3,47,48], our problem setting differs from
these studies because we must move entangled qubits to data-
qubit positions and other qubits to ancillary-qubit positions.

013282-10



LOGICAL ENTANGLEMENT DISTRIBUTION BETWEEN ...

PHYSICAL REVIEW RESEARCH 8, 013282 (2026)

Therefore, exploring more efficient rearrangement schemes
remains an interesting direction for future research.

Another promising direction for improving overall per-
formance is the use of qLDPC codes. Fault-tolerant im-
plementation of qLDPC codes typically relies on advanced
technologies such as fast and reliable optical tweezers [21]
or long range interconnects between superconducting qubits
[22], which must achieve physical error rates below threshold.
As shown in Ref. [42], qLDPC codes can provide higher
encoding rates but require advanced technologies and ad-
ditional challenges in the postdistillation process [i.e., step
(3) in Fig. 1], since directly available logical operations on
gLDPC codes are limited. Evaluating the total performance
while accounting for these restricted logical operations is also
an interesting topic for future investigation.

While our postselection criterion is based on the estimated
error count, other metrics are also possible. For instance,
one may use the number of flipped syndrome values, which
is simpler to compute than the estimated error count, and
improves the repetition rates if the time for error estimation
is a bottleneck. Another candidate is the complementary gap
[49,50], defined as the number of additional physical errors
required to alter the outcome of a minimum-distance decoding

algorithm. Although calculating the complementary gap intro-
duces additional latency, it accurately reflects the reliability of
the encoding process. As long as QEC codes can be fault-
tolerantly implemented on real devices, our postselection
mechanism and these alternative criteria can be universally
defined for any stabilizer code [18,34], providing a general
framework to enhance the reliability of logical-state encoding.
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