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Learning the dynamics of Markovian open quantum systems from experimental data
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‘We present a Bayesian algorithm to identify explainable processes generating open quantum system dynamics,

described by a Lindblad master equation, that are compatible with measured experimental data. The algorithm,
based on a Markov chain Monte Carlo approach, assumes the energy levels of the system are known and outputs
a ranked list of interpretable master-equation models that produce predicted measurement traces that closely
match experimental data. We benchmark our algorithm on quantum optics experiments performed on single and

pairs of quantum emitters. The latter case opens the possibility of cooperative emission effects and additional
complexity due to the possible interplay between photon and phonon influences on the dynamics. Our algorithm
retrieves various minimal models that are consistent with the experimental data, and which can provide a closer fit
to measured data than previously suggested and physically expected approximate models. Our results represent

an important step towards automated systems characterization with an approach that is capable of working with
diverse and tomographically incomplete input data. This may help with the development of theoretical models
for unknown quantum systems as well as providing scientists with alternative interpretations of the data that they
might not have originally envisioned and enabling them to challenge their original hypotheses.

DOLI: 10.1103/m66m-Injh

I. INTRODUCTION

Automating the extraction of physical models from exper-
imental data in a reliable, robust, and interpretable form is an
important challenge with far-reaching implications for both
fundamental scientific discoveries and technological applica-
tions [1-6]. In fundamental science, artificial intelligence can
be used by scientists to explore quantitative models, through
inference on experimental data, and study their interpretation.
In particular, it may be used to propose viable alternative
interpretations that researchers may not have initially envi-
sioned as being relevant when designing the experiments.
Automated model identification and selection could also be
useful when characterizing multiple versions of a system,
for example with changes in composition (either randomly
occurring or intentionally introduced), or subject to variations
in external conditions [7—12]. In the future, this might lead
to an automated research cycle, with machines developing
models for physical systems, and designing and execut-
ing optimal experiments to discriminate between competing
theories.
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Stimulated by these motivations, researchers have designed
procedures to automate the construction of models for clas-
sical [13-16] and quantum systems [12,17-26]. A particular
challenge for the construction of quantum models is that
most quantum systems interact substantially with their wider
physical environment and cannot be well approximated as
closed systems. Some such interactions are crucial for con-
trolling and measuring quantum systems, while others are
undesirable yet always present. This necessitates operating
in the paradigm of open quantum system dynamics where
the influence of the wider physical environment is captured
through additional incoherent processes [27].

A general way of learning how an open quantum system
evolves between two fixed points in time is quantum process
tomography [28,29]. An extension to multitime settings is
possible in the framework of process tensors [30], albeit
tomographic reconstructing of those comes with daunting
resource requirements [31], and it can be challenging to
extract insight and information about dynamical (noise)
processes [32,33]. Beyond resource cost, tomographic
methods are limited to (few) discrete time steps and require
extensive pre-existing knowledge about the system, as
one needs to be able to prepare a set of fiducial initial
states and to perform a complete set of quantum gates with
high-fidelity. They are therefore most useful for characterizing
well-controlled quantum processes and circuits, such as
small-scale quantum processors [34] or quantum sensors, but
are less suited to exposing the dynamics of largely unknown
quantum systems under limited control.

An attractive alternative to tomographic reconstruction of
quantum channels would be to learn the dynamical generator
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of the system of interest [27]. Generally, this may also fea-
ture a high level of complexity and be non-Markovian, i.e.,
depend on the history of the system and environment, but
an important subclass are time-local and can be captured by
a Gorini—Kossakowski—Sudarshan—Lindblad (GKSL, or for
brevity simply Lindblad) generator [36,37]. For such open
quantum systems operating in the Markovian regime, quan-
tum channel tomography can, for example, be replaced by
pertinent terms of a Lindblad master equation [34].

A paradigmatic example of Markovian open quantum sys-
tem dynamics is the interaction between light and matter, a
topic of fundamental scientific and technological importance.
Specifically, light-matter interaction encompasses phenomena
that can be simple enough to be entirely describable by un-
derstandable Lindblad processes, yet complicated enough to
display rich physics and present interesting quantum effects
[38], especially if multiple emitters are present and coopera-
tive effects emerge. Experimentally, single- and few-emitter
systems can nowadays readily be probed via the standard
quantum optics toolkit, for instance through the detection of
photon arrival times, spectroscopy, and via correlations of
emitted photons [35,39-45]. For these reasons, we presently
focus on this platform to test our open quantum system learn-
ing algorithm.

Recently, researchers have been investigating how data-
driven and deep-learning techniques can be used to model
quantum systems. Deep-learning approaches [46—49] are ap-
pealing as they can provide compact expressive parametriza-
tions for quantum states whose exact analytical (and some-
times even numerical) description may be unfeasible due to
the large number of degrees of freedom necessary to describe
them. In the context of open quantum systems, neural net-
works have been used to model dynamics. Examples are the
use of recurrent neural networks to learn the dynamics of
non-Markovian systems [46,50] and local generators, such as
the Liouville operator [51,52] and extrapolate dynamics to
later (unseen) times [49]. In these works, the approximation
of the generators of dynamics by a neural network provides a
degree of interpretability, in contrast for example to quantum
process tomography. One of the main limitations of most
deep learning approaches is that neural networks are often
used as “black boxes” with limited connection to explainable
physical processes. Although progress is being made towards
creating more interpretable deep learning approaches, such
as learning symbolic physics with graph networks [53] or
through operationally meaningful representations [54], un-
derstanding physics encoded in neural networks remains a
challenge.

In this paper, we demonstrate an algorithm to address
the problem of automatically learning descriptions of open
quantum systems within a Lindbladian framework, from a
set of experimental data, with minimal prior knowledge and
assumptions. We do not assume the availability of a complete
set of fiducial initial states and high-fidelity gates, making
the algorithm suitable to exploring the dynamics of unknown
quantum systems through a tomographically incomplete set
of experiments. We leverage the power of Bayesian inference
[38], which facilitates explainability of the retrieved mod-
els and enables assessing uncertainties of the results [55].
Previous work has addressed the learning of open quantum

systems dynamics by retrieving the (Liouville) generators of
the dynamics [51,52], an important step towards improved
interpretability of learned models. Here, we go even further
towards explainability, by targeting representations in terms
of intuitively understandable elementary physical processes
and developing an algorithm that learns elementary Lindblad
processes with direct physical meaning.

We initially benchmark our algorithm on the simple case
of a single emitter under coherent excitation and then ap-
ply it to characterize the optical emission dynamics of two
resonant quantum emitters. By setting a penalty on higher
model complexity, the algorithm succeeds in finding minimal
Lindblad models for the two-emitter system. These postulate
an asymmetry in the optical excitation and decay pathways,
and reveal that dephasing is not necessarily required to explain
the observed physics. Although linking the retrieved models
to novel explainable physics is not straightforward, our al-
gorithm can play a role in inspiring researchers to consider
alternative explanations for data from experiments designed
with one specific model in mind.

II. RESULTS
A. Approach

Our goal is the construction of models described by the
GKSL formalism [36,37] from experimental data. The GKSL
approach, used widely in the field of open quantum dynamics,
guarantees physicality of the resulting dynamical map and
captures the Markovian dynamics of the reduced density ma-
trix of a quantum system that is embedded in a memoryless
environment, such as a structureless electromagnetic environ-
ment. Its canonical form reads (& = 1)

p=—ilH,pl+ Y y(LipL] —{L]L;, p}/2), (1)
J

where H is the system Hamiltonian, L; are n; Lindblad op-
erators that describe dissipative processes at rates y;, and
{A, B} = AB + BA denotes the anticommutator. A challenge
for the learning of such a model is that we do not know a
priori how many distinct Lindblad operators n; are required.
Each such operator L; is a d x d matrix, where d is the
dimension of the system Hilbert space, and the nonlinearity
of Eq. (1) entails a large number of possible nonequivalent
combinations. Equation (1) can be mapped to Liouville space
as %|p) = L|p), where |p) is a vectorized density matrix
and where the Liouvillian operator £ has d? x d* complex
elements. This has the formal solution |p(7)) = ¢~'|p(0)), and
learning £ would thus be an alternative to a reconstruction of
Eq. (1). Learning a Lindblad master equation in the GKSL
formalism can, however, be preferable for explainability be-
cause it provides a direct physical interpretation of the most
relevant noise processes (e.g., photon emission processes).
Furthermore, an important feature of the GSKL formalism
is that it defines a dynamical semigroup ensuring completely
positive and trace preserving dynamics, whereas a general
Liouvillian provides no such guarantee. Note that, while the
mapping from Eq. (1) to £ is straightforward, the reverse is
neither unambiguous nor necessarily possible.
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FIG. 1. (a) Overview of the procedure to learn the dynamics of an unknown open quantum system. An experimental system is probed by a
set of experiments involving optical excitation and the detection of the emitted photons, with the goal to determine the processes governing the
internal dynamics, and the related rates. The learning algorithm autonomously builds combinations of Hamiltonian and Lindbladian operators,
ranked based on their ability to fit the data through a master-equation model. We apply our algorithm to the case of two self-assembled
semiconductor quantum dots separated by § = 256 nm, optically addressed simultaneously. We consider experimental data by Koong et al.
[35], where the system is interrogated with two types of experiments: lifetime measurements, which probe the decay of an optically excited
state, and autocorrelation g® measurements, which detect correlations between the detected photons’ arrival times. (b) Idealized limiting
cases. For two ideal indistinguishable emitters in close proximity, one could expect super-radiant decay, evinced (orange curves) by a change
of the emission lifetime into a bi-exponential decay, with simultaneous emergence of an antidip near g () ~ 0. As another limit case, two
independent emitters (blue curves) would not show any change in lifetime, with a g® () dip down to g®(z = 0) > 0.5. The experimental data
(purple curves) are not described by either of the two ideal limiting cases.

The overarching idea of this work is presented in Fig. 1.
Given an unknown quantum system, we perform a set
of controlled, but possibly tomographically incomplete, ex-
periments. The learning algorithm processes the resulting
experimental data, without any real-time feedback, and finds
a ranked list of GKSL equations that are compatible with the
data. While the algorithm we propose below is in principle
applicable to general Markovian systems, we consider here
the specific case of the optical emission from one or both of
two proximal (256.1 nm separation) self-assembled InGaAs
quantum dots (QDs), see Fig. 1(a), as reported by Koong et al.
[35]. Each of the individual quantum dots can be modeled as
a two-level system (2LS), whose energy levels can be tuned
by an applied electric field, through the DC Stark effect.
This enables experimental control of the transition between
a situation where the dots’ optical emissions are frequency-
detuned from each other, behaving as completely independent
emitters, and a situation where they are resonant with each
other, potentially leading to effects like super-radiance or co-
operative emission [Fig. 1(b)] [43,56].

We consider experimental data from two types of exper-
iments on the same physical system: lifetime measurements
[corresponding to dataset ¥;7(7)] and second-order intensity
correlations [dataset ¥,0)(7)], both dependent on the arrival
time t of photons under optical excitation. In lifetime mea-
surements, the emitters are excited with a short laser pulse,
and the arrival time t of the emitted photons is detected and
plotted in a histogram that tracks the temporal decay of the
excited state. Independent emitters maintain the same expo-
nential decay timescale of a single emitter, while superradiant
emitters exhibit an emitted intensity profile that departs from
monoexponential behavior [45].

In intensity correlation (g») measurements, emitted pho-
tons are sent to a beam splitter and redirected to two
single-photon detectors: the measured signal consists of coin-
cidence counts between the two photodetectors as a function
of the time delay between photon detections. For two inde-
pendent emitters, one expects a zero-time-delay dip down
to 1/2, ie., g?(0) = 0.5, with the recovery towards the
long-delay baseline of g?(|z| — oco) = 1 determined by the
lifetime, decoherence, and driving conditions. By contrast,
in the super-radiant regime a two term exponential lifetime
decay would be expected with an associated antidip in the
g® at short time delays that can reach or exceed unity at
t =0 [43,57]. It is clear that neither of these two idealized
limiting cases—independent or superradiant emission—can
explain the experimental data in Fig. 1(b).

To develop our algorithm, we assume the Hilbert-space
dimension and the emitter level structure is known. This
especially includes knowledge about allowed optical tran-
sitions, for example from spectroscopic measurements. We
here consider a single- and a double-emitter system with
Hilbert-space dimensions d = 2 and d = 4, respectively. The
goal then is to find a model M(®, ), defined as a com-
bination of Hamiltonian and Lindbladian processes ® =
{Hy,,h=1...n,L;,l =1...n} and their associated ener-
gies and rates 0 = {wp, h=1...n;,y,1 = 1...n}, which
explains the experimental data. Note that as M(©, ) is fully
characterized by ® and 6, we simply use the notation M
in the remainder of the paper unless the explicit notation is
needed.

We now briefly discuss the operator space of our system.
As explained above, the number of possible Lindblad opera-
tors is large, even for our relatively small system. To facilitate

033217-3



STEWART WALLACE et al. PHYSICAL REVIEW RESEARCH 7, 033217 (2025)
ey, V"Mw‘h"‘;""\‘ vt
A ! ! \\M/ IA ! / \\ f‘w
M;i(©,67) Mi+1(9i+1»‘9i+1)
--------------- O resa )
Test Test el
g /"‘9'5\ Aose
MZ (627 91)”,;(0Q0f’ Mi+1 (@i+1, 9i+1) /;(090 CC@'O[‘N\\
~~~~~~~~~~ Save el :
T M(05,6,) S Mig1(©ig1,0i41) Miy2(Oiya, 0iva)
~,\~ 7 19 Yqg /',— \\‘
. Calculate : . Calculate :
Model Proposal Accept/Reject M | P | Al R

Move Selection rop Likelihood pt/Rej Move Selection| Model Proposa Likelihood ccept/Reject
RATE \ RATE /
\ " BIRTH(H] _/ . \_ BIRTH(H) / Experimental
\_ DEATH(H) / Experimental \ " DEATH(H) / P Data .
\_ SWAP(H) / Data \_ _SWAP(H) /
\__BIRTH(L) / \__ BIRTH(L) /
\__ DEATH(L) / \_ DEATH(L) / ®
\___SWAP(L) _/ \_ SWAP(L) /

BIRTH(L*) / \__ BIRTH(L*) /

FIG. 2. Sketch of the learning algorithm. The learning algorithm performs a sequential exploration of models [M;(®;, 6;)], described by
a combination of Hamiltonian and Lindbladian operators ®; in a master equation [Eq. (1)], and the associated rates ;. At each step of the
algorithm, a new model M, (®,,, 0;1) is proposed by applying one of the allowed moves (e.g., parameter optimization, add Hamiltonian or
Lindbladian term, remove Hamiltonian or Lindbladian term, etc.), chosen at random from a library. The new model is then compared with the
existing model M;(@;, 6;), in terms of their performance in explaining the experimental data, and accepted or rejected. This procedure creates
Markov chains of models, which are then converted to the Liouvillian formalism and clustered into model classes M., ranked according to
how often the models in each class appear in the chains (as sampling frequency is proportional to likelihood). A detailed description of the

algorithm can be found in Appendix C.

interpretability of the learned dynamics and keep the model
space tractable, we restrict the space of potential operators

|
o 1 o o
“=lo ol =|1 ol

alongside their pairwise tensor products o;; = 0; ® o, where
i, j € {+, —, g e}, toarrive at 16 unique 4 x4 operators for the
two emitter problem. So far, our library is just the canonical
basis set for the full Hilbert space of our system, in both
cases. We now limit the number of possible operators that can
be constructed from this “library” by only allowing equally
weighted linear combinations of up to C basis operators.

For d = 4 and C = 2 this gives ZE:I (d:) = 16 + 120 such
combinations. The choice C =2 is motivated by allowing
for a sufficiently rich set of operators without leading to a
number that becomes overly computationally unwieldy. Once
one removes degenerate combinations arising from terms such
as o, + 0, = 0, + 0,, we are left with a manageable number
of 105 unique processes. By contrast, for d =2 and C = 2
we only have (‘1‘) + G) = 10 combinations, and in this special
case this includes the identity operator. More details can be
found in Appendix B.

As the number of processes involved in the system is

typically unknown a priori, we cast the process identification

as explained below. We consider the canonical basis of 2x2
matrices for a single 2LS,

[t oo o o
%=1o ol %=|o 1|

(

task as a model selection or comparison problem. We develop
an algorithm based on reversible-jump Markov-chain Monte
Carlo (1j-MCMC) [58], i.e., an extension of more traditional
Markov chain Monte Carlo (MCMC) methods. 1j-MCMC
is specialized at exploring spaces of varying dimensionality,
with or without structural overhaul. Thus it is ideal for iden-
tifying processes that are present in a model, and the rate at
which these processes act.

The algorithm starts from an initial model consisting of a
random set of processes, both Hamiltonian and Lindbladian,
and random associated rates. As sketched in Fig. 2, we then
create a chain of models, where at each iteration i, a new
candidate model is proposed randomly through a set of moves,
e.g., adding a process (either Hamiltonian or Lindbladian),
removing a process, tuning the rate of a given process, etc.
All moves are described in details in Appendix C. The plau-
sibility of the new candidate M; is compared with that of the
most recently accepted candidate M;_; (see Appendix) and
the candidate model is accepted or rejected according to the

@)
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(a) Ranked list of identified models for a single emitter

Label | Model Processes || Fit MSE (10~%)
1A {cH; oL} 7.16+0.40
1B {ol; TV oL} 7.1640.40
1C {ol;0L oL + oL} 6.8940.35
1D {oH;0L oL} 6.8940.32
1E {ol;ot ol} 6.90+0.33
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FIG. 3. Model learning for a single emitter under resonant coherent optical excitation. (a) Top five models found by our algorithm, ranked
in terms of popularity, listed with the corresponding mean squared error (MSE) of the fit. For each model, we list the Hamiltonian (superscript
“H”) and Lindbladian (superscript “L”) terms involved. All five models are found to be part of the same model class M, (see main text).
(b) Histogram of the popularity of the top five models in M. (c) On the left, sketch of the processes for M4 (circle for Hamiltonian processes,
straight line for Lindbladian ones), with the color indicating the relative rate, as described by the adjacent color bar. On the right, set of scatter
plots showing two-dimensional (2D) projections of the joint probability distribution for the three rates associated with M,: the two rates
associated with the two processes o' and o“, and the experimental background rate. A single cluster is evident in the distribution, showing there
are no degenerate rates within this model class. The distribution is sampled with MCMC using ~~1.2x 10% samples. (d) Comparison between
experimental (gray curve) g?(t) and simulations (red) based on model M 4. Simulations are based on 5000 samplings of the distribution:
we plot the mean, with a shaded region (hardly visible) corresponding to one standard deviation. (¢) Comparison between experimental data
(gray) and simulations (red) for lifetime measurements, plotted as in panel (d).

1j-MCMC standard Metropolis-Hastings-like acceptance rate
[58] [Eq. (CT)].

To better explore the model space and confirm conver-
gence, we run a set of parallel chains, each from random
initial conditions, for a predetermined number of steps. The
models generated within all chains are converted to Li-
ouvillian matrices (as these represent a unique description
of a given physical model). The Liouvillians are clustered
into model classes (Mq), each representing different GKSL
master-equation models corresponding to similar physics (see
Appendix C 6). We analyze the model classes in terms of their
“popularity,” corresponding to how often the related models
are present in the chains (as sampling frequency is propor-
tional to likelihood).

B. Outcomes: Single quantum emitter

To illustrate the performance of our approach, we first
benchmark the algorithm to reconstruct models for photon
emission dynamics for a single two-level emitter under reso-

nant optical excitation (Fig. 3). The ground and excited states
of the system are respectively labeled as |g) and |e). For this
experiment we use 60 chains, each with 10° models, prior to
burn-in postselection.

We list in Fig. 3(a) the five most popular models found by
our algorithm, all belonging to one single model class M.
For each model 1A-1E, we list the associated Hamiltonian
and Lindbladian processes, and the mean square error (MSE)
between the experimental data and the data simulated from
each model, as a mean figure of merit for the quality of the
fits. As all models belong to one single cluster, they feature
similar values for the MSE. Note that the MSE only measures
the quality of the fit, without taking the complexity of the
model into account. The relative popularity for each model
within each cluster is presented in the bar chart in Fig. 3(b).
The relative popularity is a used here as a proxy for the Bayes
factors to compare models and is computed by averaging the
time spent exploring each model during the Markov chains.
It is interesting to note that the most popular models (1A
and 1B) present marginally higher MSEs than the subsequent
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models. This illustrates the capability of our method to prevent
overfitting (preferring simpler models).

Model M4 contains the terms one would intuitively ex-
pect for a single two-level system under resonant excitation,
i.e., a Hamiltonian Pauli operator cr;’ , which describes co-
herent driving, and one Lindbladian incoherent decay term
ol. Mz is identical to M, with the trivial addition of
an inconsequential identity Lindbladian.! Model M has
an additional term o + o, which incoherently transitions
population from the |1) into the superposition state [0) +
[1). This transition does not register as a photon detector
click, due to our heuristic (Appendix B 2) on optically al-
lowed transitions. This model has a slightly lower MSE than
Mis-Mp: it fits the experimental data slightly better but
is penalized in popularity due to the model prior. A similar
effect is seen for models M p and Mg, which add dephasing
operators.

Model M, includes a total of three rates: the two rates as-
sociated with the learned processes (Hamiltonian driving o
and Lindbladian decay ol), and the background count rate. As
a three-dimensional (3D) probability distribution is difficult
to visualize in two dimensions (2D), we show the projected
distributions for each pairs of rates in Fig. 3(c). The proba-
bility distribution for the rates is computed through parameter
learning (i.e., running a standard MCMC on the specific set
of processes learned by our algorithm) and presents one sin-
gle cluster, confirming that the model has a single set of
likely rates, as one would expect from a simple coherently
pumped system. A comparison between the predictions of
model M, (red curve) and experimental data (gray curve)
is shown in Fig. 3(d) [¢g¥(r) measurement] and Fig. 3(e)
(lifetime measurement), with the hardly noticeable shaded
area representing the standard deviation.

C. Outcomes: Two quantum emitters

We next apply our algorithm to the case of two two-
level emitters which we treat as a generic “diamond-shaped”
four-level system. We label its four states as |g) (in terms
of single-particle states this would be |gg) = |g) ® |g)) for
the ground and |e) (short for |ee)) for the doubly excited
state. Furthermore, we assign the labels |) and |B) to the
two singly excited levels. We deliberately do not impose a
specific relationship between |«) and |8) and the canonical
basis; |o) and |B) could thus, for instance, just be the basis
states |eg) and |ge), or the symmetric and antisymmetric states
li.e., (leg) + |ge))/v/2 and (leg) — |ge))/~/2] or indeed any
other (orthogonal) set of states in this subspace. This allows
our learning algorithm to automatically adopt the most ap-
propriate basis that features the most compact representation.
Optical transition rates that link the intermediate levels |o)
and |8) to the ground and doubly excited states, respectively,

'The identity is possible for a single 2LS only when allowing
operator complexity up to a fixed C (in this work C = 2). Its ap-
pearance increases confidence in M, being the top model while
also demonstrating that our approach does not penalize additional
processes to the extent that might suppress their inclusion if relevant.

are available via the library of 105 unique operators discussed
above. However, we emphasize that we now build on the op-
erator matrices (rather than making reference to their original
construction as a tensor product of canonical basis operators).
In other words, the operator matrix representation now acts on
the flexibly adopted basis of {|g) , ), |8) , |e)} (for which the
relationship with {|g), |ge), |eg), |e)} remains unspecified).
As this two-emitter problem is significantly more complex
than our previous single emitter example, we extend the num-
ber of steps in the Markov chains by a factor 10, to 10° steps.
This yields the results presented in Fig. 4.

The top two model classes identified by our algorithm,
labeled Mz and M3, are listed in Fig. 4(d). They both
feature an excellent fit to the experimental data [Figs. 4(d),
4(e) and 4(g), 4(h), respectively]. As in the schematics in
Figs. 4(c) and 4(f), both model classes represent essentially
identical physics, becoming largely equivalent upon relabel-
ing the two intermediate singly excited states: M, features
the terms o, + oy, and oj; + of, whereas o +of, and
O’gl& + oL, are exclusively present in M3. Clearly, these terms
are identical upon swapping the arbitrarily assigned state la-
bels “a” and “B”; and this symmetry is also reflected in the
nearly identical-looking joint probability distributions shown
in Figs. 4(c) and 4(f). Furthermore, there are shared terms
present across both classes: models Msp, Myc, M3p, and
M;c each contain a process that relaxes the system with-
out the registered emission of a photon, agLe + ok, agLe + aofg,
0% 4 04y, 0k, + 0oy, respectively. Such relaxation terms are
not dipole allowed, and we therefore consider them as dark
relaxation that does not register as an emission event in g®
or lifetime simulations. Furthermore, some models include
(also optically dark) transitions between the states in the
single excitation manifold through O’é‘ﬁ or aéa terms, while
others instead feature dephasing between different excitation
manifolds.

A notable feature of our models is the preference to sepa-
rate the excitation from the emission branch, combined with
a relatively faster emission from the doubly excited to a
singly excited manifold alongside an emission term that spans
both optical transitions. Neither of the two top model classes
obviously maps onto the archetypal two-emitter scenarios de-
picted in Fig. 1(b). Specifically, neither model class supports
a description based on superradiance (as expected by the fact
that the emitters lifetime does not change compared with the
single-emitter case), nor are they representative of entirely
independent emission (which cannot explain the antidip seen
in the g2 experiments). While our learned models consist
of simple Lindblad terms and provide very good match to
the data, their interpretation in terms of physical processes
underpinning the observed quantum emitter dynamics is not
straightforward.

In turn, this results in “cooperative emission” without
superradiant rate enhancement. This explanation assumes
identical emitters with only pure dephasing as decoherence,
characterized by the following dynamical model governing
its (generally nonmonitored) evolution [43]. We proceed by
exploring how the model classes M, and M3 compare with
the original interpretation of the data offered in Refs. [35,43].
These works introduce an explanation of the ¢g®(r = 0)
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(a) Ranked list of identified models for two emitters

Label Model Processes Fit MSE (10~%)
2A {0ga +0%es0oly 0l +0,} 5.74+2.39
2B {of, +0k&s 0k + 0k, 0ly +0f,} 8.21+5.22
2C {ogLa +ok,, crgLe + ok, ,O'é'g ,aeLﬂ +ok } 16.8+7.06
3A {04y +0ke 05,0k + ok} 5.66+2.33
3B {oh. + oLy 08 +ok ol + b } 5.16+1.89
3C {oks +of. oL, +ob .0k +0k } 7.4644.15

(c) Rate probability distribution for M4 (GHz)
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(b) Popularity of the identified models
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FIG. 4. Model learning for two emitters under incoherent excitation. (a) The algorithm finds two model classes M, and M, each including
>400 x 103 models. The models are ranked in terms of popularity [shown in the histogram in panel (b)]; here we list the top three models
from each class, with corresponding Hamiltonian and Lindbladian operators and alongside the mean squared error (MSE) of the fit. Panels
(c) and (f) show scatter plots representing 2D projections of the joint probability distribution for the rates associated respectively to My,

(ol + 0k, 0ly + of,, 0k}, background count rate) and Mas (o, + o,

wes 0oy + 0, 0L}, background count rate). Panels (c) and (f) also

include, on the left, a sketch of the involved processes (all Lindbladian, straight arrows) with rates encoded in the color of the arrow. Panel
(d) [(g)] shows a comparison between experimental (gray curve) g (z) and simulations (red curve) based on model M,, (M3,), while panel
(e) [(h)] displays the same comparison for the lifetime measurements. Simulations in panels (c), (d), (g), and (h) are based on 5000 samplings
of the distribution: we plot the mean with a shaded region (hardly visible) corresponding to one standard deviation.

antidip as arising from measurement-induced correlations. [43], where the o; operators for emitter j are defined with
This assumes a monitored detection channel that only detects respect to the emitter (site) basis,” rather than the a priori

a subset of emitted photons, for whom it cannot (through the
geometrical setup) distinguish from which emitter the photon

originated. This corresponds to performing a (o, + o, )/ V2 2To be explicit, we have used the short notation (o, + 05 )/ V2=
projection of the two emitter system into an entangled state 0y L +1,® o;)/ﬁ.
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(a) symmetric model (b) asymmetric model (c) learned models M,/M;
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FIG. 5. Comparison between models for the experiments on the two-emitters system. We comparing three models for the dynamics of the
two emitters data [columns (a), (b), and (c)]. For each model, we plot a visual depiction with arrows representing the relevant Lindbladian
processes in the top row, and the corresponding fits of the experimental data [lifetime in the middle row, g (z) in the bottom row]. In the
three sketches in the top row, the rates corresponding to each process are represented with colors, according to the color bar on the right.
For the fits, the experimental data are shown in gray and simulations from the respective model in red. Model simulations are computed for,
respectively, 70 000, 19 000, 20 000 samples, plotting the mean with a shaded line corresponding to one standard deviation. The “symmetric”
model (a) from Ref. [43] keeps excitation, decay, and dephasing rates identical for both emitters; the “asymmetric” model (b) allows excitation,
decay, and dephasing rates to differ between both emitters; the learned models (c) corresponds to models M4 (solid lines) M3, (dashed lines)
from Fig. 4. Note the MSE value quoted here is for the range of data shown in present panels featuring a reduced range compared with that
shown in Figs. 4(d) and 4(e). In the schematic model depiction (top row), gray broadening of levels represents energy fluctuations giving rise
to pure dephasing. The line thicknesses are representatives of the rate of the respective process with common normalization across all three
models. In the probability distribution for the “asymmetric model” in panel (b) we identify four clusters: two with asymmetric rates, and two
with symmetric rates very similar to panel (a): we depict here one of the asymmetric clusters. Each pair of symmetric or asymmetric clusters
in (b) only differs by swapped dephasing rates.

unspecified single excitation manifold states |«) and |8) from of (¥, ¥p, va) are allowed to differ between the two emitters
above: (labeled asymmetric). Figure 5(c) displays M>, (solid lines)
) N B + N and M3, (dashed lines), together with the fits for My, (very
p =y{Dloy 1(p) +Dloy 1(p)} + vp{Dloy"1(p) +Dloy (0D} gimilar results are obtained for Msy).
+ va{Dl(o; o)1) + Dl(os 05 )1(p))}. (3) The relative weighting between lifetime and intensity cor-
relation data differs between Figs. 5(a) and 5(b) vs 5(c), with
Here DI[L](p) = L; pL;f — {L;L i p}/2, y is the optical and y,  the former weighting g () vs lifetime data at 75% : 25% but
the pumping rate, and y,; the dephasing rate. Based on Eq. (3) the latter placing a much greater (>99.9%) importance on the
and postselected symmetric detection events, Refs. [35,43]es- g (t) as this benefited the broader exploration of the model
tablish a qualitative similarity of the measured and calculated space during the preceding learning stage. This is reflected
g®(7) trace, but did not provide a quantitative analysis that ~ in our learned model showing the best intensity correlation

also fits the lifetime curves. agreement at the expense of a poorer fit and larger uncertainty
In Fig. 5, we present a comparison between the model of  for the associated lifetime trace. Indeed, as a consequence,
Eq. (3) (including its indispensable projection onto a sym- Fig. 5(c) shows by far the closest agreement between data and

metric superposition state for monitored optical decay events)  fit around the shoulders of the g(t) function and across the
and model M, or M35 found by our algorithm [Fig. 4(a)]. In central dip.> Comparing overall MSE values, our optimized
each case, we optimize all model rates to obtain the best fit

to the data, and we show fits (red curve) to the experimental

lifetime and g®(t) data (gray curve), together with the MSE

of the fit. Figure 5(a) illustrates the exact model of Eq. (3) 3It might be interesting to explore dynamic or adaptive relative
with identical rates for both emitters (labeled symmetric), weighting of different types of input data as a means to enable both
while Fig. 5(b) is a variant of this model where the values broad exploration and then optimization in separate stages.
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learned model narrowly beats the symmetric model of Eq. (3)
and does so not only with fewer Lindblad terms but also
with a more balanced relationship between excitation and
emission rates. Conversely, the asymmetric model Fig. 5(b)
achieves the best combined MSE, however, it involves the
largest number of independent processes and rates combined
with the largest difference across the values for relevant rates,
which might raise concerns about overfitting. A noteworthy
difference between Figs. 5(a), 5(b) and Fig. 5(c) is that our
learned model does not require a pure dephasing term, which
was, however, reported as being integral to matching the shape
of the data in Refs. [35,43].

III. DISCUSSION

We have presented a Bayesian algorithm to automatically
find (minimal) GLSK models that are consistent with mea-
sured data. We have demonstrated the application of the
method to a set of case studies relevant for quantum op-
tics, such as a single quantum emitter under coherent optical
excitation, and cooperative emission for a pair of quantum
emitters. We show that the algorithm can identify a ranked list
of model classes, with each class including a set of physical
processes (e.g., optical excitation, photon emission, dephas-
ing) and the corresponding rates. In particular, the application
to the case of two emitters finds a possible model that ap-
pears to fit the experimental data better than models currently
available.

Our algorithm appears to identify as most likely expla-
nation for the observed experimental results two models
alternative to the physically motivated one of Eq. (3). This is
likely the result of the penalization we impose on increasing
number of terms [Eq. (C4)], to minimize the risk of over-
fitting, which favor models that can fit the data with fewer
processes. On the one hand, our learned model achieves a sim-
ilarly good, or better, fit to the data with fewer terms, and does
so with a more balanced relationship between contributing
rates. On the other hand, both our learned models as well as
that of Ref. [35] involve nonmonitored decay channels: how-
ever, in the latter case only a small minority of postselected
detection events is assumed to constitute the measured signal,
and our implementation includes the requisite symmetric pro-
jection as a manual intervention, a step that is not available
to the learning algorithm. Finally, our learning algorithm is
under constraints of distributing the total transition dipole
moment of two individual emitters consistently with basis
choice and across the different excitation manifolds, equip-
ping it with additional leeway over a microscopically founded
model.

Seeing our learning algorithm accomplishes its objective
of identifying viable and minimal physical models, an im-
portant question for future development is how to combine
such explorative learning with a larger degree of input about
known physical properties and constraints. The choice of the
best penalization on increasing number of terms is an open
question: while this is important to avoid over-fitting, the
strategy to identify the most suitable penalization function and
optimal values for the corresponding metaparameters is not

obvious and has a strong impact on the ranking of the learned
models.*

This work highlights the power of computer algorithms to
suggest alternative models that researchers may not have con-
sidered when designing their experiments. In particular, our
algorithm can help clarifying to what degree experiments do
validate a given physical model or whether other alternatives
have not been fully ruled out. The use of Bayesian inference
enables us to quantify uncertainty in both the processes and
the corresponding rates, mitigate overfitting, and to address
multimodality, with the possible existence of multiple models
that can explain the experimental data. The algorithm can be
applied to a variety of practical situations, from continuously
monitored quantum systems [38], to the benchmarking of
quantum circuits [34], to quantum sensing [59].

A possible direction of future research is investigating how
our model identification approach could be expanded into a
computational framework that additionally suggests optimal
experiments to discriminate between different model classes.
This would generalize current experiments on real-time adap-
tive optimization of quantum control sequences for systems
with known models [60-62], and it could, for example, be
based on model-aware reinforcement learning [63] or deep
Bayesian experimental design [64].

As with any classical algorithm processing quantum sys-
tems, complexity scales exponentially with system size,
limiting the current applicability to quantum systems of rela-
tively small size. Having access to observables that are closer
to a tomographic set than the case we have looked at is
expected to lead to improved performance, as is the ability
to restrict the number of noise processes under consideration.
In any case, future availability of a trusted digital or analog
quantum simulator may aid the calculation of the likelihood
[65-71].

A further route to improving performance is the Markov
chain Monte Carlo algorithm itself. A possible route is to
leverage partial gradient-based optimization with a differen-
tiable solver [55]. Recently, researchers have also presented
a quantum Markov chain Monte Carlo algorithm [72] that
converges to the correct distribution in fewer iterations than
common classical MCMC alternatives, with a polynomial
speedup between cubic and quartic in simulations. Such
quantum MCMC additionally suggests unusual robustness to
noise, as experiments on current noisy intermediate quantum
(NISQ) devices found it to converge to the correct distribution
slower than in simulations under ideal conditions, but still
faster than common classical alternatives.
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APPENDIX A: LINDBLAD OPEN SYSTEM MODELING

Our objective is to find models M that describe the dy-
namics of the system through Eq. (1). We summarize here the
main terminology used throughout the paper:

(1) Term. A single matrix from the matrix basis with
which processes are constructed (terms do not contain addi-
tion of multiple matrices).

(2) Process. A matrix representing either a single Lind-
blad operator L; or a single linear component of the
Hamiltonian H,.

(3) Rate. Real numerical coefficients (wy, ;) associated
with each process. We here explicitly include frequencies of
Hamiltonian terms as “generalized rates” and note that both
have the same units as inverse time when /i = 1.

(4) Model. A set M = M(O;8) of processes and rates,
defined as

M= M(O;0)
=M({Hh,h=1...nh;L1,l = l...l’l]};

{oph=1...my,l=1...n,b). (Al

The Lindblad master equation (1) can be straightforwardly
mapped to a Liouvillian superoperator £ [73], resulting in the
compact form

p@) = Lp),

with the formal solution p(t) = ¢~/ p(0), where p(0) is the
initial state of the system. For a d-dimensional system, the
Liouvillian has a representation as a d> x d* matrix with the
density operator p(¢) written in vectorized form as a vector of
length d? [in the main text denoted by |o(¢))]. This Liouvillian
matrix features complex-valued elements and generally does
not have full rank. Its null space’ defines the steady state(s) of
the system.

A practical advantage of generating dynamics from a
Liouvillian is that exp £ only depends on time in a paramet-
ric fashion (analogous to the time evolution operator). This
means no integration of (a set of coupled ordinary) differential

(A2)

STt may also have purely imaginary eigenvalues representing a limit
cycle instead of a steady state, albeit not in the context we consider
here.

equations [as in Eq. (1)] is required for evolving the quantum
state, and this also helps with finding steady states as the
eigenvector(s) associated with the zero-valued eigenvalue(s).

As discussed in the main text, we thus express our models
as Lindblad master equations for easy interpretability and
guaranteed physicality, but then map these master equations to
their corresponding Liouvillian representations [73] for gen-
erating dynamics and determining steady states.

APPENDIX B: DEFINING THE OPERATOR SPACE

1. Constructing a library of possible operators

Our approach utilizes master equations for representing
models, while switching to the Liouville representation gen-
erating dynamics. For a d-dimensional system, the former
feature one Hamiltonian and a collection of Lindblad op-
erators that are each d x d = d* matrices. By contrast, the
Liouvillian superoperator has d* (complex) elements. The
physical system considered in our work (two quantum dots)
is described by a four-level system, so that d*> = 16 and
d*=256.

To assemble Hamiltonian and Lindblad operators, we re-
quire an operator basis. The canonical operator basis for our
effective four level system features 16 elements.® Seeing we
generally have complex elements, this would lead to up to
32 “expansion coefficients” per (Lindblad) operator (and re-
duced by the constraint of Hermiticity for the Hamiltonian).
The nonlinear nature of the Lindblad dissipator in Eq. (1)
then results in an excessively large number of coefficients to
be determined for each model candidate (not least since the
number of required Lindblad operators is unknown a priori).

We wish to identify models that are simultaneously phys-
ically interpretable and maximally “sparse,” i.e., defined by
a minimal number of associated rates. For this reason we
consider a more restricted physically motivated basis set and
procedure to construct operators. As detailed in the main text,
we instead only allow operators comprised of a maximum of
two equally weighted basis elements, resulting in 105 operator
matrices for the two emitter learning, and only 10 (including
an inconsequential but present identity) for the single emitter.
Each of these, if present in a model, will have an associated
generalized rate characterized by a positive real number.

2. Identification of emission and excitation operators

As quantum optics experiments involve the optical ex-
citation of quantum systems and the detection of emitted
photons, the corresponding models need to identify excita-
tion and emission events. This is facilitated by the Lindblad
master-equation approach, as compared with the Liouvillian
framework, given that each operator has a direct physical
interpretation. In general, the excitation operators are known,
as they represent the action of the experimenter on the system.

Regarding photon emission and detection, any experimen-
tal setup has some selectivity in terms of optical wavelength
range, polarization and spatial modes so that not all allowed

%The d = 4 generalized Gell Mann matrices are an alternative
equivalent choice.
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ALGORITHM 1. Lindblad master-equation learning-algorithm overview.

{ye};
N

Nstart = N + Np 5
Initialize Mo = M(© = {},6 = {});
for j € 1 to nstart do
M ~ {M}qda ;
Mo — M[Mo;
end
Sample B ~ I'(ak, bx) ;
Compute Pr(Mo, Bel{y;})
for i € 1 to Njter do

// {y,} = Set of Experimental Measurements
// N = Number of Steps
// Nstart = Guessed Number of Processes

// {M}q4q = Moves That Add Processes

// air and by set priors

Generate candidate M’'|M;_1 and compute Pr(M’, Bx|{y.});

Compute accept /reject ratio p(M;_1, M');
Sample R ~ U[0, 1];;
if R < «a then

M; +— M N

Pr(Mi, Brl{y,}) < Pr(M’, Bel{y,});
else

M =M1

Pr(Mi, Bel{yy}) < Pr(Mi-1, Be{y,}):
end
Sample {8 }r using Gibbs sampling;

end

// From a uniform distribution

// Accept

// Reject

optical transitions necessarily lead to experimental photode-
tection events. This selectivity needs to be included in the
learning process as part of the prior information. In the fol-
lowing, we group the relaxation operators leading to a photon
detection event in the class L.

APPENDIX C: ALGORITHM OVERVIEW

Our computational approach, sketched in Fig. 2 and de-
scribed by the pseudocode in Algorithm 1, constructs Markov
chains of models {M;}. At the end of this process, the mod-
els generated are then clustered into model classes Mq and
subsequently ranked based on how frequently they have been
generated. At each iteration of the Markov chain, a model
is proposed from the most recently generated model, via
bespoke so-called moves. This candidate model is then ac-
cepted or rejected according to the standard acceptance rate
for Metropolis-Hastings algorithms.

The algorithm takes as input parameters the experimental
datasets {y}, the number of iterations N, and the expected
number of Hamiltonian (n;) and Lindbladian (n;) processes.
A starting model M, consisting of n;, Hamiltonian and n;
Lindbladian processes is then initialized randomly.

1. Bayesian inference

Following the notation introduced above, the proposed
Monte Carlo sampler targets the model posterior distribution
Pr(M(0©, 0), Bl{y«}), where the vector y, represents the ex-
perimental data from the kth experiment and where 8 = {8}
are the (inverse) noise levels affecting the different experi-
ments. Here we consider only two experiments [lifetime (k =
“LT”) and g®(7) (k = “g»”) measurements] but the method
applies to more complex experimental setups. The posterior

distribution for (M(®, #), B) is obtained using Bayes rule:
Pr(M(©,0), B)l{yi}) o< A({yi}IM(®, 0), B)p(©, 0, B),
(C1H

where p(0, 0, B) = p(©)p(8|®)p(P) is a user-defined joint
prior distribution and A({y;}|M(®, 6), B) is the likelihood
given by

log [y} M(©.0). 1 = Y _TﬁkAy,T Wiz A,
ke{LT,g®)
(C2)
with
Ay, =y (T M(©, 0)) — yi(Ts). (C3)

Here the vector t; encodes the photon arrival times for the kth
experiment, and W (t;) is a weighting function that controls
the relative importance of each experimental data point within

Yi(Th)

2. Prior models and data weighting

The parameters {f8;} are assigned independent Gamma
prior distributions with mean m; and variance vy, which are
set from preliminary data simulations (to analyze the amount
of random noise in the data). In practice, since we wish to
better fit the g data than the lifetime data (which contain
less information), we set the mean mye slightly higher than
the expected noise precision.

Although the number of the Hamiltonian and Lindbladian
operators is unknown, one may want to favor simpler mod-
els, composed of few processes, to avoid overfitting. This is
achieved here by assigning a prior model to the Hamiltonian
and Lindbladian operators, but also by assigning priors to the
associated rates. To promote simple models, we first use the
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following prior:

P (©) = [(len(fl)) (len(il})) (len(i))]“
ny Li n;

“Mh M —ne

X e en e (C4)

where n;, denotes the number of Hamiltonian processes, n;
denotes the number of Lindbladian processes, and n, is the
number of terms involved in a given Lindbladian process.
Those values in Eq. (C4) are penalized by the tuning param-
eters ny, 1, and 1., respectively. Moreover, H and L denote
the full sets of admissible Hamiltonian and Lindbladian oper-
ators, respectively, and they are introduced to make sure our
prior is properly normalized.

Finally, we define a prior model p(8|®) for the rates and
energies, conditioned on ®. While it is possible to tailor
priors for each operator, here we use identical Gamma priors
for all rates (mean 0.6 GHz, standard deviation 12 GHz)
which ensures positivity, promotes rates and energies with
similar magnitude (in line with preliminary data investigation,
whereby we expect dynamics at the nanosecond timescale),
and prevents severe over-fitting by penalizing small rates or
energies.

3. Computing the likelihood of models

The application of Bayesian inference requires the com-
putation of the expected experimental result y, (7,| M (O, 6))
for a given model M(®, #). To provide a link with the ex-
periments, which include optical excitation of the system and
the detection of the emitted photons, we identify two subsets
of processes within ®, corresponding to excitation processes
(L4) and relaxation processes (L, denoting any operator that
triggers a detector click).

In the calculation of the expected result for the lifetime
measurement, we consider the decay of the system from a
fully excited state, taking the sum of projective measurements
for each relaxation process. This results in

Yr(@IM) =) v’V (2)p,v], (C5)

vel,

where the system density matrix pc is evolved using a Li-
ouvillian with no excitation processes V (1) = e“17 [based on
the specific model M(®, #)] and projective measurements for
every operator in L.

g? (1) involves computing the correlation between clicks
of two detectors. In the case of multiple emission processes,
one needs to take into account the combinatorial set of pro-
cesses being interrogated:

1

DMy = ————
Yy ) (7| ) yg<z>(oo|/\/l,~)

Z Tr[v vV (T )uT,o”u].

(v,u)el,

(C6)

From the ideal likelihoods in Egs. (C5) and (C6), we
further include experimental imperfections, convolving with
the temporal response function of the photon detectors and
the background dark count rate and adding the background

dark count rate. More details about the computation of the
likelihood are described in Appendix D.

4. Model-updating moves

At each iteration of the algorithm, a new model is created
and assessed using simultaneously (1) its fit to the experimen-
tal data and (2) its agreement with our a priori knowledge. A
new model is created through the application of one model-
updating move, randomly chosen from a library of moves,
briefly summarized here:

(1) Rate update. One of the rates, randomly chosen, is
resampled (from a Gamma distribution).

(2) Process birth. A new operator (Hamiltonian or Lind-
bladian) is added to the model.

(3) Process death. An operator (Hamiltonian or Lindbla-
dian) is randomly selected from the model and removed.

(4) Process swap. A Hamiltonian (Lindbladian) operator
is randomly selected from the model and replaced by a differ-
ent Hamiltonian (Lindbladian) operator.

(5) Conjugate Lindbladian process birth. The complex
conjugate of an existing Lindbladian operator is added (e.g.,
a photon emission operator, when an absorption operator is
found).

(6) Conjugate Lindbladian process death. The complex
conjugate of an existing Lindbladian operator is removed.

(7) Conjugate Lindbladian process swap. Selects a pair
of Lindblad operators that are Hermitian conjugate of one
another and swaps them out for another pair of Hermitian-
conjugate Lindblad operators that do not already exist in the
model.

The “conjugate Lindbladian” moves only apply to Lindbla-
dian operators as Hamiltonians are Hermitian.

5. Accept or reject procedure
Let us denote by x = (M(®, 0), B) the current state of
the Markov chain and by x* = (M(O®*, %), B*) a proposed
candidate model. According to the Metropolis-Hastings ac-
cept/reject ratio, the candidate is accepted with probability
a(x, x*) = min(1, p), with

) - P )P )
Pr(x|{ysDP(x, x*) ’

where P(x, x*) is the probability for proposing x* from x, and
P(x*, x) is the probability of the reverse move from x* to x.

€N

6. Creating a ranked list of model classes

Several Lindblad master equations in the Markov chains
may give rise to similar behavior, and indeed multiple distinct
master equations may even possess identical Liouvillian rep-
resentations. It is therefore instructive to classify the learned
models into “model classes” Mq that express similar physics.
To reliably expose differences in model behavior, we convert
master equations to Liouvillian operators (uniformly sampling
10% to reduce dataset size while preserving statistics). The
vectorized Liouvillian matrices are projected using a prin-
cipal component analysis (PCA) [74] and clustered using k
means [75], choosing the number of clusters with the “elbow
method” [76].

033217-12



LEARNING THE DYNAMICS OF MARKOVIAN OPEN ...

PHYSICAL REVIEW RESEARCH 7, 033217 (2025)

After identifying the clusters, we analyze them separately.
In Figs. 3(b) and 4(b), we rank the model classes by popu-
larity, computing the number of times a model belonging to
each class appears in the set of chains. Furthermore, we also
consider how well each model class fits the experimental data,
computing the mean squared error between simulated datasets
with parameters from the learned model class and the actual
experimental data [Figs. 3(a) and 4(a)].

APPENDIX D: ADDITIONAL DETAILS ON COMPUTING
THE LIKELIHOODS

Here we provide more details on the likelihood functions
(C5) and (C6) and discuss how experimental imperfections
are included.

1. Lifetime simulation

A lifetime experiment consists of exciting the system with
a short pulse (shorter than the system relaxation dynamics)
to initialize it in its excited state, and timing the arrival of
subsequently the emitted photons at the photodetector. It thus
provides a means of tracking the excited-state population over
time.

We begin with a simple two-level system, for which we can
write

yir(t) =Trloyo_p(7)],

where p(t) is the density matrix describing the state of the
two-level system a time ¢ after the initial excitation. The initial
state is set as p(0) = |e) (e| with |e) being the excited state of
the two-level system. We evolve p(t) according to p(t|M;) =
e“MD1 5 (0) based on the model M; being considered, so that
the lifetime observation model is given by

Yir(TIM;) = Trloo_e" M7 p(0)].

A system with more than two levels may have the addi-
tional complexity of an interplay between different transition
rates, where only some decay processes result in detectable
optical emission. Furthermore, the specific experimental setup
may add some wavelength, polarization or spatial mode se-
lection on the optical emission, so that only a subset of the
emitted photons do actually result in a detector click. We
identify the subset of the detected modes as {L;}, such that
the corresponding lifetime observation model can be written
as Eq. (CS).

As described in Eq. (C2), weights are assigned to the dif-
ferent experiments and to give more importance to some data
points. For the lifetime measurements, we use a weighting
based on a normalized modulus of the derivative of the data:

dypr (1) i

Wir(r) = it

(D)

where N = )" _y; (). This choice privileges data points ex-
hibiting higher local variations, since those points are more
informative than regions where the signal is flat.

2. Intensity correlation simulation

The second-order intensity correlation g (t) characterizes
the relative conditional probability that a second (detected)

photon emission event will occur some time t after a first
photon triggered a detector. The usual definition of the g®(t)
for a two-level emitter with optical decay operator v is given
by

T O (T)v(T)v(0))4
(VT (0)(0)) s (VT (TIV(T))ss

once we relate the detected photon mode(s) back to the tran-
sition operator of the emitter, and where (o), indicates the
expectation value with respect to the steady-state density op-
erator of the system, p;,, under cw driving (we do not consider
pulsed excitation for these types of measurement in this work).

Considering the un-normalized form G®(r) and making
use of the quantum regression theorem [27], we obtain

§2(0) =

(D2)

G (1) = Trlu(V (1)p)'],

where V(t) = ¢““M" propagates the un-normalized pseu-
dodensity matrix p = vpgv' from the first to the second
detection event. We may obtain g» by normalizing such that
G?(r — 00) = 1. In practice, we need to take T beyond any
correlation or coherence timescale of the system, in our case
7 2 5 ns is sufficient.

Generalizing beyond a single optical decay operator to an
extended set of emission processes L, we allow the initial
operator and the second emission operator to be different:

Gy = Y T’V (@upsu’)].

(vu)elL,

(D3)

The sum over each combination of the operators in L reflects
the fact that our detectors cannot know which specific process
generated a particular photon. Upon normalization, we arrive
at the expression in Eq. (C6).

To guide our algorithm and aid discrimination between
models featuring a “dip” or “antidip” around v = 0, we use
a Gaussian weighting profile W, (7) centered at T = 0. This
gives more importance to the region near t ~ 0 in the g? (1)
datasets.

3. Including experimental imperfections

Compared with the ideal calculations described above, the
experimental data are affected by noise and imperfections that
must carefully be taken into account for the Bayesian learning
procedure to be successful. There are two main sources of im-
perfections in our experimental data: the instrument response
function (IRF) and the dark count rate of the single-photon
detectors.

The detector IRF describes the experimental limit in the
temporal resolution of photon-detection, related to electronic
jitter of the device and the associated electronics. Its effect can
be modeled by convoluting the ideal likelihood with the IRF.
Based on the specifications of the superconducting single-
photon detectors used in the experiments, we take the IRF
to be a Gaussian function with a full width half maximum
(FWHM) of 240 ps [35].

The background count rate 53 describes the rate at which
the detector clicks in the absence of incoming photons, due
to internal physical processes in the physics of the detector
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TABLE 1. Values for the metaparameters used in the application
of our algorithm to learning models for single and coupled quantum
emitters, as discussed in the main text.

Name Symbol Value
Complexity C 2
Proposal variance o? 0.3
Lindbladian penalty scaling i 5
Hamiltonian penalty scaling un 2
Linear-combinations penalty scaling nr 1
Chain steps Nc¢ 100 000

device. The background rate 3 is used as a fit parameter in all
learning runs.

APPENDIX E: METAPARAMETER OPTIMIZATION

The algorithm includes a set of metaparameters that govern
its operation, such as the probability to select a given move,
or the complexity of the operator library. Metaparameters are
defined by the user, and they can affect the performance of
the algorithm in terms of speed and reliability in exploring
the model space. Optimal values will generally depend on the
specific problem and experimental data available, and their (at
least coarse) optimization needs to be performed on a case-
by-case basis. Metaparameters have been optimized through
extensive numerical simulations, given target performance for
criteria such as a large variety of models, small models, ability
to fit the experiments, interpretability, acceptance rates, or
mixing properties.

In the following, we list the metaparameters that control the
likelihood and model space. The specific values chosen for the
learning performed in the main text are reported in Table 1.

(1) The proposal variance (%) describes the variance of
the Gaussian distribution from which the parameter estimation
move samples from. If this value is too large, the algorithm
will miss the finer details of the likelihood landscape and take
more time to optimize the rates. Conversely, if this parameter
is set too small, it will take longer for the rate to converge to
a near-optimal value. For our application, given that rates do
not to differ beyond an order of magnitude, we found a value
of 0.3 to be an appropriate trade-off.

(2) Complexity (C). As discussed in Appendix B 1, this
metaparameter controls the maximum number of matrices
that can be combined in the learning. Human interpretability
privileges smaller complexity; however, fewer operators may
be needed to fit the experimental data if this metaparameter
were set to a larger value. Throughout this work, we chose
C=2.

(3) Lindbladian and Hamiltonian penalty scaling (61, and
0y np and ngy) define a user-controlled preference on the
number of Lindblad and Hamiltonian terms, respectively, to
expect. There is no upper bound on the number of terms,
but fewer terms are preferred. In our experiments, we set
0 =0y = 2.

(4) Linear-combinations penalty scaling (6¢c nc) controls
the preference on the number of linear combinations of oper-
ators to expected in the model. There is no upper bound on

TABLE II. Values for metaparameters describing the probabil-
ities for the different algorithm moves, used in the application to
learning models for single and coupled quantum emitters, as dis-
cussed in the main text.

Move Tag Probability (%)
Rate update RATE 40
Hamiltonian birth BIRTH [H] 4
Hamiltonian death DEATH [H] 4
Swap Hamiltonian SWAP [H] 8
Lindbladian birth BIRTH [L] 8
Lindbladian death DEATH [L] 8
Swap Lindbladian SWAP [L] 16
Conjugate Lindbladian birth BIRTH [L*] 4
Conjugate Lindbladian death DFEATH [L*] 4
Conjugate Lindbladian Swap SWAP [L*] 4

the number of terms, but fewer terms are preferred. In our
experiments, we set ¢ = 2.

(5) Chain steps (N) is the length of the chains the algo-
rithm builds. Although it is important to parallelize learning,
a long burn-in might be required to let the algorithm reach
the region of high density of the posterior distribution. This
parameter needs to be adapted for each dataset.

Additionally, we include metaparameters that govern the
probabilities for the algorithm to pick any of the moves. The
values, reported in Table II, were chosen by some initial opti-
mization of the algorithm performance, using 47 independent
runs, coarsely varying the move’s proposal probabilities. We
then used an additional set of 32 runs for finer optimization.
During this procedure we considered several factors: mixing,
mean accuracy, length of burn-in, number of processes per
model, number of clusters, etc. During the finer-optimization
step, diminishing returns were seen as evidence that an opti-
mum had been reached.

APPENDIX F: MIXING OF MARKOV CHAINS

One of the key performance indicators of our algorithm,
based on the construction of Markov chains, is that chains
adequately explore the model space, decoupling themselves
from the point of initialization or from local optima of the
likelihood. A possible way to test this is to utilize multiple
chains, initialized in different random points, and assess how
they explore the parameter space. Provided that the chains are
long enough, they should converge to similar regions where
the models explain well the experimental data. We define the
overlap between chains as “mixing” of the chains.

This task requires finding a balance between the explo-
ration of new models (i.e., adding or removing operators, etc.)
and the learning of the parameter values for an existing model.
With insufficient exploration, the models produced by the
learning will not be representative of the space. On the con-
trary, without sufficient optimization of the parameter learning
step for a given model, the model may be found unworthy (and
discarded) based on a set of rates far from optimal.

The mixing of the chains can be affected by multiple
metaparameters, in particular the probabilities for the propos-
ing rate updates compared with the other “operator update”
moves.
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To visualize mixing between different chains (or particles),
we generate a number of parallel chains, we consider all pairs
of particles {P,, P,}, and compute the quantity:

len({P, UP,})
len({P.}) + len({P,})’

:u'(vaPy) = (F1)

where len(-) denotes the number of models (we do not con-
sider the corresponding rates here for simplicity) explored by
the chain after burn-in. Each particle chosen as P, (or P))
includes a set of model operators. If the two models chosen
for P, and P, include completely different operators, with no
overlap, then len(P; U P,) = len(P;) + len(P;) and u = 1. In
the other extreme case where P, and P, explore the same
models, then len(P; U P,) = len(P;) = len(P,) and . = 1/2.

In Fig. 6, we plot u for a well-mixed set of learning chains,
based on 60 independent particles. Along the diagonal, u =
0.5 as there is complete overlap between a model and itself.
Generally, a large variation in ; may suggest that the burn-in
had not yet completed and that a chain is stuck. In Fig. 6, two
chains stand out as having extremely low overlap with the rest,
and thus not mixing well: these appear as statistical anomalies
and might be safely removed.

Model Overlap per Particle

0.9
N —
a 0.8 =
,,_, =~
9] N~
? <15
2 I +
[€} - =
% 0.7% g
a s

0.6

0.5

Particle Set Py

FIG. 6. Example of evaluation of mixing of Markov chains. Plot
of (P, Py), defined in Eq. (F1), for a set of chains, based on 60
independent particles. The example here showcases a high level of
mixing between all particles, important to ensure that the parameter
space is suitable explored. Features of note include two stand-alone
particles with very little mixing with other chains and an average of
69% between all chains.
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