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Trainable, self-verifying variational quantum eigensolver using adiabatic warm starts
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We study an adiabatic variant of the variational quantum eigensolver (VQE) in which VQE is performed
iteratively for a sequence of Hamiltonians along an adiabatic path. We derive the conditions under which
gradient-based optimization successfully prepares the adiabatic ground states. These conditions define a trainable
tracking region. Additionally, when combined with a gap lower bound, energy-standard-deviation measurements
certify eigenstate accuracy at run-time and verify convergence to the global optimum.
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Introduction. The variational quantum eigensolver (VQE)
is a promising algorithm for ground-state preparation on
current noisy intermediate-scale quantum (NISQ) computers
[1-3]. In its traditional formulation, however, VQE faces
significant obstacles, including challenging optimization land-
scapes characterized by barren plateaus [4] and numerous
local optima [5], as well as the absence of an intrinsic mecha-
nism to verify the correctness of the obtained solutions [6].

An alternative to VQE, which can avoid these obstacles,
is adiabatic ground-state preparation. In its standard circuit-
model implementation [7,8], however, this approach often
generates quantum circuits that are too deep to be feasible
on NISQ devices. Various NISQ-compatible schemes have
been proposed—variational path-following and Hamiltonian-
ansatz-based methods [9-16], digitized and counterdia-
batic protocols [17-23], and compression or meta-learning
approaches [24-27].

Closely related to adiabatic methods is the concept of
warm start, which has recently gained attention in variational
quantum optimization [28-31]. Several adiabatically inspired
methods already reuse parameters along a path, whereas these
recent works study warm-start initialization and landscape
guarantees more generally. The central idea is to optimize
the variational ansatz incrementally along a predefined opti-
mization path. At each point along this path, the optimizer
initializes the ansatz with the parameters from the previous
point, thereby warm starting the optimization. It has been
shown that warm-start strategies can provably avoid the bar-
ren plateau problem in variational quantum simulation [28],
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multivariate state preparation [30], and VQE optimization
using adiabaticity [31].

In this Letter, we analyze the warm-start paradigm in an
adiabatic VQE (AVQE), where VQE is executed sequentially
along the Hamiltonians of a discretized adiabatic path. We de-
termine the conditions under which gradient descent tracks the
instantaneous ground states, introduce a run-time verification
procedure based on the energy standard deviation, provide
gap-conditional correctness certificates, present numerical ex-
periments, and analyze robustness against measurement shot
noise. Figure 1 visualizes our key findings. Our results estab-
lish that, under the stated gap, representability, and regularity
assumptions, AVQE can be formulated as a trainable, self-
verifying algorithm for ground-state computations compatible
with NISQ-style circuits.

Setup. We consider a linear adiabatic schedule defined by
the Hamiltonian

H) =1 —-MH +AHy, A €]0,1], (1)

where the initial Hamiltonian H; is chosen to have an easy-
to-prepare ground state and the final Hamiltonian Hy encodes
the desired target ground state. We denote the instantaneous
ground state by |19 (1)), the spectral gap by

A(X) = E1(3) — Eo(b), @

where Ey(A) is the ground and E;()) the first-excited-state
energy at A, and we denote the minimum gap along the path
by

Amin = AIEI%(IPI] A(R). 3

We use the variational ansatz
[V (0)) = Uy - - - Upl0),

where bold symbols denote vectors, P; € {I, X, 7Y, Z}®" and
M is the number of variational parameters. For a general
smooth ansatz, analogous conclusions follow with ansatz-
specific smoothness and curvature bounds, but without the
explicit dependence on the number of variational parameters.

Uj=e 19, )
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FIG. 1. AVQE optimization landscape. Consider a Hamiltonian
H(A), where A € [0, 1] defines an adiabatic path, a variational ansatz
parametrized by 6, and the associated energy-based cost function
E; (0). Starting from the ground state at A = 0, there exists a basin
(blue; Theorem 1) that follows the adiabatic path and guarantees
convexity. The size of the convexity basin decreases at most lin-
early with the instantaneous gap A(A) (black curve, right-hand
two-dimensional plot), which denotes the energy difference between
the ground and first excited states at A. Outside the convexity basin,
the optimization landscape may exhibit barren plateaus (white) and
local minima (red), which can hinder gradient-based optimization. In
the verifiable region (green; Theorem 2), which also scales linearly
with A(X), we cannot assume convexity, but we can identify a unique
nearby eigenstate. Ground-state initialization and stepwise tracking
identify it with the ground-state branch. This enables adaptation of
the adiabatic step width §1 to ensure provable convergence to the
target ground state at A = 1.

The variational energy at fixed A is

E,.(0) = (Y (O)|H (L)Y (8)), ®

and we denote by 6*(A) a global minimizer satisfying
[ (0" (1)) = | (1))

The variational manifold is equipped with the quantum
metric, defined as the real part of the quantum geometric
tensor:

guv(0(1)) = Re((9, ¥ [0, %) — (Quv [¥) (W 10v¥)),  (6)

which determines the local behavior of the variational opti-
mization landscape.
We discretize the adiabatic parameter into T slices,
A =1t 68X, t=0,1,...,T, @)
and perform optimization sequentially along the path using
warm starts. We initialize 6y = 6*(0). For each slice ¢ =

1,...,T, we run K steps of gradient-based optimization on
E,,, starting from the previous parameter values 6,_;:
©0) _ pK)
0, =0"], ®)

0 =0 —nG,(6"), k=0,1,....K—-1, (9

) = [w (05, (10)

where 1 > 0 is the learning rate and —G,(#) denotes the
chosen descent direction for the objective at A = A;. In the
simplest case, G,(0) = VyE;, (0) (vanilla gradient descent);
Theorem 1 covers only this case, while natural-gradient and
momentum methods [32,33] require separate stability anal-
yses. Overall, the procedure performs 7 parameter shifts in
A and K optimization steps per shift, leading to a total of
Nupdares = T K optimization updates.

For any operator A, ||Allo, represents its operator norm.
If A depends on A, we define ||A]lop = max; [JA(L)|lop. For a
Hermitian operator A, its standard deviation with respect to
[;) is defined as

oy, (A) = V(Y |A2|y) — (YA )2, an

Throughout the Letter, we use the following assumptions.

Assumption 1 (Spectral gap). The instantaneous ground
state of H()) is nondegenerate and A, > 0.

Assumption 2 (Exact representability). There exists a con-
tinuously differentiable parameter branch (1), with 6*(0) =
6o, such that, for all A € [0, 1],

[ (0" (1)) = [¥o(1)). 12)

Assumption 3 (Nondegenerate geometry). The entire
branch 6*(A) is represented in one fixed subset of
nonredundant Pauli-rotation angles, with all remaining
angles held fixed, and optimization is performed in that
subset. In these coordinates,

gO* (M) =yl 13)

for some y > O and all A € [0, 1].

As defined above, M is the total number of Pauli-rotation
angles, so using M in the bounds is conservative if fewer
coordinates are retained. In these coordinates, the curvature
bound proved in Supplemental Material (SM) [34] is

VI2E,(0") = 2A0) g(0") = 2y Amin 1, (14)

which is, together with the above assumptions, the basis for
proving two theorems that enable gap-conditioned, verifiable,
variational ground-state tracking.

Adiabatic tracking via gradient descent. Let us first give a
brief, informal summary of the central result of our adiabatic
optimization approach: Gradient descent, as outlined in the
preceding section, tracks the instantaneous ground state along
the adiabatic path with Nypgaes that depends polynomially on
Ar;iln, y‘l, the number of variational parameters M, and the
relevant operator norms.

Theorem 1 (Adiabatic tracking). Assume that Assump-
tions 1-3 hold and that the optimization protocol described
above is used with the Pauli-rotation ansatz of Eq. (4) contain-
ing M parameters and vanilla gradient descent with n = 1/L,
where L = 4||H||,,M. Then, the following holds.

If the adiabatic discretization satisfies
— y2 A%nin (1 5)

16 M2 || H llop 1|9, H llop

OA < 8Ap
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and the number of optimization steps per slice satisfies

> 4In2 M || H |lop

Z , 16
Y Amin ( )
then, at every slice t = 1,...,T, all iterates k =0, ..., K
remain inside the local tracking region,
A .
0% — 9*(» < &. 17
” t ( t)“2 8M3/2”H”0p ( )

Because the proof is stepwise, the same conclusion holds
for any monotone partition 0 =iy <--- <Ay =1 with
Ar — X—1 < 8Ap atevery slice.

The local convexity and drift bounds are optimizer inde-
pendent, but the stated step count and complexity are proved
only for vanilla gradient descent; other optimizers require
separate local stability and contraction guarantees.

In SM [34], we prove Theorem 1 using the Polyak-
Lojasiewicz (PL) condition [35] and show that continued
gradient descent at each slice converges to the ground state
and requires only logarithmic overhead to reach a specified
fidelity. More precisely, if §Ejy;; is the initial energy error at a
slice and 0 < ¢ < 1, fidelity at least 1 — ¢ is reached after

L 11 SEmi - '
Kggq > 1 VAmin lné“Ami“ . 8Einic > ¢ Amin, (18)
0, OEinic < ¢ Amin.

We also present a complementary imaginary-time time-
dependent variational principle perspective [36].

Choosing the largest admissible slice size (up to integer
rounding) and the smallest admissible K, the total number of
updates scales as

19)

IH 115, M 1183 H llop
Nupdates = O( s .

y3 A?nin

Notably, the scaling with the gap is worse than the expected
O(1/A2,) scaling observed in the adiabatic theorem [37].
For the parameter choice in Theorem 1, the observed O(A )
scaling admits an intuitive interpretation: Adiabatic passage
slows down as T' A;ﬂzn, while variational tracking requires
repeated relaxation toward the instantaneous ground state
whose cooling time is determined by the gap and scales as
O(A L)

Compared to standard quantum annealing [38,39], Theo-
rem 1 has larger gap complexity. However, AVQE can offer
greater control over the schedule and additional options for
hybrid quantum-classical optimization that are not available
in real-time analog quantum annealing. In particular, the gap
does not determine the coherence time of the variational
ansatz but rather the number of optimization steps, which
can be beneficial in noisy devices, assuming that the required
circuit depth is not too big. Moreover, we can adjust the
step size A based on an approximation of the gap. Also, we
can offload the initial, easy part of the annealing evolution
to a classical device and use the quantum device only if the
classical variational ansatz is insufficiently expressive.

As a side result, the tracking region is trainable in the
following precise sense. In SM [34], we prove that, under
the product-uniform perturbations defined there, each retained

gradient component satisfies

]/4A4<
Vary [0, Ey (0" + X)] > ———2—. 20
ary [0 E;. (0" + X)] > 192 [[H 2, M (20)

For comparison, the same perturbation distribution gives the
following lower bound on the variance of the energy values
over the parameter samples (not the quantum variance of an
energy measurement):

6 A6 .
y min (2 1)

Vary[E, (6* + X)] > )
ary [E; (6" + X)] 184320 (| H [|4,M®

These statements apply only to the tracking region and do not
exclude barren plateaus elsewhere in parameter space.

Run-time verification via standard deviation. Theorem 1
establishes sufficient conditions for tracking the instantaneous
ground state along the adiabatic path. However, it does not
provide an a posteriori certification procedure: It offers no
mechanism to assess whether the variational state obtained at
a given step is close to an exact eigenstate, nor to verify that
the final state coincides with the target ground state.

In this section, we introduce a run-time verification crite-
rion based on the energy standard deviation, inspired by Ref.
[40]. This criterion localizes the state to a unique eigenvalue.
Combined with exact ground-state initialization, the tracking
induction, and a gap lower bound, it certifies that the eigen-
value belongs to the ground-state branch.

Theorem 2 (Run-time verification). Consider the parame-
ter trajectory initialized in the exact ground state at iy =
0, and evolved according to Theorem 1. Assume that there
exists a constant A, > 0 such that A, < Ap;. If, for all
t=0,1,...,T,

A,
oy, (H(A)) < — (22)
and, for every ¢ < T, the adiabatic step size satisfies
A2 — H(\
5 < Say = D2 onHR) 23)

oy, (Hy — H;)

then the state |y;) is uniquely associated with the ground-
state eigenbranch of H(),) and obeys the fidelity bound

oGl > 5.

For a monotone adaptive partition, the step condition is
imposed separately with 61 = A,y — A, foreveryt < T.

The theorem tells us that, if a gap lower bound A, <
Amin 1s available, then the standard deviation condition
oy, (H(X;)) < A./4 provides a sufficient, run-time-verifiable
certificate that the variational state approximates the ac-
tual ground state with fidelity at least 8/9. Starting from
the exact ground state, the half-gap step-size condition pre-
serves the branch across slices; PE descent remains in the
ground-state basin, and the output test certifies the optimized
state. The proof of Theorem 2 is presented in SM [34]. With fi-
nite shots, we replace each standard deviation by the one-sided
upper confidence bound defined in Sec. S7 of the SM [34]
and add a measured energy test. The certificate involves no
curvature or metric constants: Its only spectral input is the gap
bound A.. Moreover, the trainability constants entering §ia
and K need not be known at run-time—an adaptive halving
schedule retains the certification guarantees unconditionally
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and, under Assumptions 1-3, terminates after logarithmically
many restarts (Secs. S4 and S7 of the SM [34])—so they enter
only the complexity analysis.

Energy-based approximate representability with error €
still yields the verification guarantees, provided the certificate
holds. A sufficient condition for the variational optimum to
satisfy the quarter-gap test is € < A2/(16W), where W =
max; (Epax (A) — Eo())). In contrast, tracking requires a gen-
eralized version of Assumption 3 that does not follow from
the energy error alone: a smooth branch of variational op-
tima with local curvature 2/tqp; the tracking theorem then
applies unchanged with y Ap;, replaced by piop. For € <
y2AZ. /(1600 M>W), metric nondegeneracy along the opti-
mum branch implies ftopy = ¥ Amin/2 (see SM [34]).

Algorithm. The tracking and verification components
combine naturally into an adiabatic variational quantum op-
timization protocol. Algorithm 1 explicitly implements the
guarantees of Theorems 1 and 2: The optimization steps en-
force adiabatic tracking, and the energy-standard-deviation
measurements provide run-time verification (i.e., we are track-
ing an eigenstate with a lower bound on the fidelity) and
gap-conditional certification (i.e., if the standard deviation is
sufficiently small relative to the gap, then the tracked state is
the ground state).

The safety factor k enforces the strict step-size inequal-
ity of Eq. (23). Algorithm 1 is stated with exact standard
deviations; in the finite-shot setting, each measured standard
deviation is replaced by the one-sided upper confidence bound
o of Sec. S7 of the SM [34], the output test of line 11
is also applied at A = 0 and supplemented by a measured
energy test, and line 12 also doubles the shot counts. The
algorithmic parameters K, §1 4, and n may be chosen accord-
ing to Theorem 1 or treated as hyperparameters and selected
via empirical optimization; only the theorem choices—or the
adaptive restart schedule of line 12 with n = 1/L (Sec. S4 of
the SM [34])—carry the stated guarantees.

ALGORITHM 1. Self-verifying AVQE.

Input: Initial Hamiltonian H;, final Hamiltonian H, initial
parameters 6, adiabatic tracking step size §14, learning rate 7,
number of gradient steps K, estimated gap bound A, safety factor
Kk €(0,1)
Output: Final variational state |y (6))

1: Prepare | (6))) as the ground state of H(0)

2: 0«0

3: Measure oy (H (X))

4: While A < 1 do

Measure oy, (H;y — H;)
Ac/2—0y (H(D))
Sy < Ki“z&(Hf*Hi)

SA < min{8Aiu, SAy, 1 — A}
A< A+ A
9:  Perform K gradient-descent steps on E; (0)
10: Measure oy, (H (1))
11:  Ifoyu(H(A)) > A./4 then
12: SAa < Sip/2, K < 2K, goto line 1
13: end If
14: end While
15: return | (9))

A

The algorithm assumes knowledge of a lower bound of the
gap. In the absence of such a lower bound, one possibility
is to estimate A, and run the protocol starting from that
estimate, successively reducing it until the energy converges.
This heuristic does not itself certify that the estimate is a lower
bound on the gap.

Numerical experiments. To illustrate the protocol, we con-
sider the one-dimensional transverse-field Ising model with
longitudinal field on n qubits:

n—1 n n
HO) =Y ZiZo+8Y Xe+hy Z, (24)
=1 =1 =1

for J =1, g=0.5, and h = 0.25. The variational quantum
state | (#)) is defined by a Hamiltonian-informed quantum
circuit of 64 layers, each containing n X, n Y, n Z, and
n — 1 nearest-neighbor ZZ rotations, and a total of M =
64(4n — 1) parameters (see SM [34]). We investigate system
sizes n € {7, 11, 15}. We divide the adiabatic path A € [0, 1]
into slices and optimize each slice with gradient descent,
using K = 50000 gradient steps, a learning rate n = 0.1, and
momentum o = 0.9. Due to computational limitations, we
choose K = 10000 gradient steps for n = 15. The momen-
tum update is empirical and is not covered by the vanilla
gradient descent complexity proof. The simulations use noise-
less gradients evaluated by the classical simulator; shot-based
parameter-shift gradients are included only in the resource
analysis of Sec. S7 of the SM [34]. The size of each slice,
8, is determined in accordance with Algorithm 1, i.e., A <«
min{dAa, Ay, 1 — A}, and is recomputed every five adiabatic
slices—we assume that the optimization remains within the
convex region between computations of §A. This recomputa-
tion schedule is an empirical shortcut and is not covered by
Theorem 1, which requires the step-size cap at every accepted
slice.

Let A, denote the point at which the gap is minimal. In
Fig. 2(a), we report the energy variance VarE, (@), where 6
is sampled uniformly from a hypercube of size 66 centered
at 6*, at the sampled slice closest to A,. The gap-dependent
factors in our bounds are least favorable near this point along
the adiabatic path. We identify two regions in Fig. 2(a): For
small hypercube sizes, the energy variance increases with 66
and does not decrease with n; for large hypercube sizes, it
decreases over the three sizes studied. These finite-size data
are illustrative and do not establish asymptotic scaling. We
also show the approximate size of the convex region, rpp,
for different qubit counts. Details on how this quantity is
computed can be found in Secs. S1 and S6 of the SM [34]. The
peak of the variance roughly aligns with rpr.. Our results for
the other sampled slices show the same qualitative behavior
(see SM [34]).

Figure 2(b) illustrates that, in these simulations, the
squared standard deviation (11) of the energy (energy vari-
ance) is closely related to the relative energy error. It is
therefore a useful run-time indicator of the accuracy of the
eigenstates in these examples.

Shot-noise robustness. In realistic implementations, gra-
dients and observables are estimated from a finite number
of measurement shots. Under the shot-noise model and shot
budget specified in SM [34], the resulting stochastic gradients
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FIG. 2. AVQE numerical experiments. (a) Energy variance with
respect to the hypercube size 66/ at the sampled slice closest to
A+, where the gap is minimal. We also plot the approximate size of
the convex region, rpp, for different qubit counts. (b) Relative energy
error and squared standard deviation (11) of the energy as a function
of the adiabatic parameter A.

remain unbiased and concentration bounds imply that, with
high probability, the optimization dynamics stay within the
tracking region identified in Theorem 1. In this regime, finite-
shot noise yields a controlled optimization error floor.

The standard-deviation-based verification remains conser-
vative under finite-shot noise when the one-sided confidence
bound proved in Sec. S7 of the SM [34] is used. For a variance
margin of order A2, O(A_*) shots per measured Pauli term
suffice, up to coefficient-norm and logarithmic confidence
factors. The ungrouped cost per slice additionally includes
every Pauli term in H, H?, (H; — H;), and (H; — H;)?, as well
as all parameter-shift gradient evaluations.

Discussion. Our results establish a principled paradigm
for variational quantum algorithms. The resulting algorithm
admits provable correctness guarantees. Under the stated
assumptions and run-time tests, the protocol certifies both
successful tracking of the target eigenstate and, conditioned
on a gap bound, preparation of the actual ground state.
It therefore supplements heuristic convergence diagnostics

with a rigorous run-time certificate. The guarantees remain
conditional on the scaling of M, y~!, A-!  Hamiltonian
norms, measurement coefficients, and representability re-
sources; no favorable system-size scaling of these quantities
is proved here.

From an optimization perspective, the framework directly
tackles two central challenges in variational quantum opti-
mization. First, adiabatic warm starting keeps the optimization
in a continuously connected, trainable tracking region.
Second, the combination of path-following and standard-
deviation-based verification provides a test against accepting
spurious local minima by enforcing consistency with an
underlying physical ground-state branch throughout the
evolution.

More broadly, the framework provides a rigorous founda-
tion for developing new classes of hybrid quantum-classical
algorithms. An interesting next step is to reformulate the
tools developed here for adiabatic time evolution to enable
us to track eigenstates other than the ground state. In this
context, there are numerous important applications, ranging
from excited-state computations to the solution of linear sys-
tems of equations [41-43]. Another interesting next step is
to explore how experimental noise and gate errors affect
our algorithm and whether we can develop noise-mitigation
techniques tailored to our approach. By replacing heuristic
stopping rules with principled run-time verification and gap-
conditional certification, our approach opens a systematic
route toward reliable variational algorithms in the NISQ and
early fault-tolerant era.
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