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Size control guidelines for chemically active droplets
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Biological cells and synthetic analogues use liquid-liquid phase separation to dynamically compartmentalize
their environment for various applications. In many cases, multiple droplets need to coexist, and their size
needs to be controlled, which is challenging because large droplets tend to grow at the expense of smaller
ones. Chemical reactions can, in principle, control droplet sizes, but there are no clear guidelines on how to
robustly achieve size control. To provide guidelines, we consider a binary fluid model driven out of equilibrium
by chemical reactions. We reveal two different classes of size-controlled droplets, depending on the ratio of
droplet radius to the reaction-diffusion length. Moreover, we determine parameter regimes in which droplets
become small. Taken together, our theory allows us to separately predict the chemical reactions necessary for

maintaining droplets of a given class or size.
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I. INTRODUCTION

Many biological and synthetic systems rely on phase sep-
aration for spatial organization. In particular, biological cells
create liquidlike droplets that can regulate chemical reactions
[1-5], buffer protein concentrations [6-9], and respond to
external stresses [10—12]. In a similar vein, synthetic systems
have been engineered to form hierarchical multiphase struc-
tures [13-16], create microreactors that concentrate enzymes
or catalysts [17-21], program droplet (dis)assembly [22,23],
and sense environmental changes [24,25]. In these cases, the
actual size of droplets matters, since their regulatory functions
often depend on the droplet volume or surface area; functional
droplets must be neither too large nor too small. Examples
include the nucleolus, which balances disease resistance and
RNA production [26-28], receptor clusters, which balance
cooperativity and spatial sensitivity [29-31], and enzyme
clusters, which reach optimal reaction efficiency within a spe-
cific size range [32-34]. Consequently, size control presents a
central design challenge in biology and technical applications.

Droplet size can be regulated via chemical reactions
[35-37]. In the absence of reactions, droplets generally
coarsen via Ostwald ripening [38—41], where large droplets
grow at the expense of smaller ones and the system converges
to a single minority-phase droplet at equilibrium. The size
of such a droplet is dictated by the coexisting concentra-
tions and the total amount of material, implying it cannot
be tuned independently. Driven chemical reactions, however,
can arrest or even reverse coarsening to enable size control.
To describe this coupling, many initial works used linear rate
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equations [42—44], but more recent works have started to in-
corporate reaction schemes that explicitly obey the underlying
thermodynamic constraints [45—47]. Although recent exper-
imental advances indicate that such control can indeed be
achieved [48-51], clear design guidelines for realizing stable,
size-controlled droplets remain elusive.

In this paper, we address the question of droplet size
control using a binary fluid model that is driven out of equi-
librium by chemical reactions. The qualitative behavior of
such a droplet is determined by its size as compared to the
reaction-diffusion length—the typical distance a particle dif-
fuses before undergoing a reaction—which introduces distinct
classes of “small” and “large” droplets. Alternatively, one
may approach size control from the perspective of geometric
constraints and classify droplets as small or large compared to
the length scale imposed by such constraints. Here, we show
that the above views of droplet size control are not in general
compatible, and we provide design guidelines for both.

II. CONTINUUM MODEL OF
CHEMICALLY ACTIVE DROPLETS

We consider an incompressible fluid comprising two com-
ponents A and B that phase separate from each other. The
volume fraction field ¢(7, t) of component A fully describes
the system since the fraction of B is 1 — ¢. The dynamical
behavior of the fluid follows the continuity equation

I = -
—+V.J=sy, 1
” ey
where J is a spatial flux and the source term s accounts for
the conversion between A and B. For the model to be ther-
modynamically consistent, both fluxes must be driven by the
exchange chemical potential

1) K 2
p=ve_ /[f(¢)+—lvfﬂl ]dV, )
% 2
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FIG. 1. Conceptual model. (a) Schematic representation of the
model, in which components A and B segregate from each other
and interconvert through chemical reactions. The internal energy
difference between the components, &y, drives a passive reaction,
while an active reaction is facilitated by an additional input of ex-
ternal energy, Au. Concentration-dependent reaction rates can lead
to differential production in the two phases. (b) Concentration field
@(7) at three time points illustrating effective droplet size control.
Simulations of Egs. (1)—(3) were done on a two-dimensional periodic
grid of size 100w x 100w and resolution 0.5w using py-pde [52] for
model parameters f(¢) = 2¢>(1 — ¢)* —0.05Bp, Ap =0.1Bv,
kp(@) = 0.014[1 — tanh(£2)MBvw 2, and ka(g) = 0.019[1 +

0.01
tanh(£22)|MBvw 2.

where v denotes a molecular volume scale, f(¢) the free en-
ergy density, and k a square-gradient coefficient that penalizes
spatial gradients in composition [53].

Without reactions (s = 0), a suitable choice of f(¢) leads
to phase separation (Fig. 1). The equilibrium state is then
characterized by the formation of “enriched” droplets, sus-
pended in a “depleted” phase. In the thermodynamic limit,
these phases have well-defined equilibrium compositions (pi(I(l))
and go(()?lz, respectively, and are separated by an interface with
surface tension o and width w = /k /B, where B is the char-
acteristic energy-density scale of f(¢). In this passive system,
surface tension drives coarsening [41], which implies that
equilibria contain at most a single droplet. In finite systems,
this droplet is spherical, characterized by a radius R. The
coexisting compositions associated with this finite system are

slightly elevated due to the surface tension effects, gaien ~ q)i(f)

and 92 ~ o014 201/ (RpV ks T )], where kg T denotes the
thermal energy [44,46,54]. The physics of droplet formation is
thus well understood in passive systems, but activity modifies
the picture.

To study the kinetics of active systems, we consider the
spatial flux J = —M (¢)V 1, which is driven by gradients in
W proportional to the diffusive mobility M(¢) [55,56]. In
contrast, the reaction flux s is directly driven by pu,

. U . w+ A
= —k h{——)—% h{——— |,
K p(@) sin (2k3T> (@) sin ( T >

3

where we consider two different reactions: The first term in
Eq. (3) describes a passive reaction, whose conversion rate
depends exponentially on p in accordance with the detailed
balance condition [44,46]. In contrast, the second term de-
scribes an active reaction driven by an additional external
energy input Au [Fig. 1(a)], which could, for example, orig-
inate from the hydrolysis of adenosine triphosphate (ATP)
[46]. The reaction fluxes are proportional to the respective
reaction rate constants kp and ks, which can depend on
composition ¢. For instance, biological reactions are often ac-
celerated by enzymes, which might accumulate in the droplet.
Numerical simulations of Egs. (1)—(3) indicate that such re-
actions can equalize droplet sizes [Fig. 1(b)]. Consequently,
such driven reactions can arrest or even reverse Ostwald ripen-
ing and give rise to droplet size control, in contrast to passive
systems [44,46].

III. WEAKLY DRIVEN REACTIONS
A. Thin-interface approximation

To study chemically active droplets, we first focus on
weakly driven reactions, Ay < kg7, before we treat the op-
posite limit of strongly driven reactions below. Assuming that
W is on the order of kg 7', the reaction flux in Eq. (3) simplifies
to

s —Ap(@u — Aa(@)(u + Ap), 4

which is the limit of linear nonequilibrium thermodynamics
of the reactions. Here, Ap(¢) = kp(¢)/2kgT and A,(¢) =
ka(@)/2ksgT are the relevant reaction mobilities, which we
assume to be sufficiently small for equilibrium phase coexis-
tence to hold approximately. More precisely, we assume that
reactions do not significantly affect surface tension, interface
width, and coexisting compositions at the droplet interface,
so we can use the respective expressions for equilibrium
interfaces. Droplets are then typically spherical, so we can
parametrize them with their radius R. Assuming relatively
large droplets (R > w), we then consider a thin interface and
only account for reactions in the adjacent bulk regions. Since
center-of-mass fluxes are negligible in the biological systems
we study, the dynamics of R are governed by the balance of
diffusive fluxes at the interface [46],

+ M out a_ > s (5 )
R rr

R = L < — M, %
Ag ar

where the subscripts refer to the droplet phase (“in”) and
the surrounding dilute phase (“out”), respectively, and Ag =
@il — @o- Here, we have approximated the diffusive mobil-
ities at either side of the thin interface, M;, = M (goi(r?)) and
My =M ((p(()?g), by their values at the equilibrium composi-
tions. The right-hand side of Eq. (5) depends on the chemical
potential profiles u,(7) in both phases. In the case of weak
reactions, the variation of u (7) is limited, so we determine it
by expanding Eq. (1) in the two phases « = in and o = out,

1

2
la,a

0 out

0¢a
ot

1
=M, <V2Ma — e — (e + Au)>, (6)
p.x
where we assume that the aforementioned diffusive mo-
bilities at either side of the thin interface, M,, hold
approximately throughout their respective phases. A similar
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approximation for reaction mobilities allows us to intro-
duce reaction-diffusion lengths [, , = [My/Ap(¢?)]"/? and
Lo = [My/ Aa(fﬂéo))]l/ 2 for the passive and active reactions,
respectively. Equation (6) is subject to a no-flux condition
at the system’s exterior boundary, which we take to be at
infinity, implying sufficiently large systems. In contrast, equi-
librium phase coexistence holds at the interface between
the two phases, implying ¢in = @i, @ou = @oy> and fin =
Mout = (—&0 +20VR™1)/A@ at the interface [44,46,54,57],
where &9 = —v[f(g)) — f(@eq)] is the free energy differ-
ence per molecule between the two phases. The combination
of Egs. (5) and (6) fully determine the interface kinetics of an
isolated active droplet.

To see when chemically active droplets are stable, we
next solve Eq. (6) for the chemical potential profiles i, (7),
where r denotes the radial coordinate centered at the droplet
center. Since the time scale on which the composition field
¢ relaxes is typically much faster than the timescale on which
the droplet interface moves [57], we solve Eq. (6) in stationary
state,

20v ginh(L
sin+ 222 SN (E) R &y + 9

in(r) = , r<R,
Hin(r) Ag sinh(l_ﬁ) , Ag X
(7a)
fot+ 2 e R ¢ &
Mou(r) = > R efi__ ou & 07 r > R,
Aﬁ” e lout r A(p
(7b)
introducing the effective parameters
(-2t _ _Audg
l, = (la,a —+ lp,a) , &g = m — &0 (8)

for o =in,out. Physically, [, represents the -effective
reaction-diffusion length that indicates how far a molecule
diffuses before undergoing a chemical reaction in phase «.
In contrast, ¢, represents the effective energy scale that
drives the reaction in phase «, with negative values promot-
ing conversion of B (precursor component) to A (droplet
component), and positive values promoting conversion of
A toB.

To interpret these parameters more quantitatively, we sub-
stitute Eq. (7) into Eq. (3) to obtain the local production of
droplet material (Fig. 2). Looking at both phases separately,
we find that the magnitude of the net turnover rate [s| is
greatest at the droplet interface, where its value is given by
S¢ = —My(eq +20vR™1)/(I2A@) in the respective phases,
and decays further away from it. This identity confirms that
&y contributes to the magnitude of the conversion rate and,
perhaps more importantly, determines its sign, i.e., whether
droplet material is locally produced (s > 0) or degraded (s <
0). Equation (7) shows that the conversion rate falls off with
the effective reaction-diffusion length scales [, away from
the interface. This suggests chemical reactions inside the
droplet may either occur throughout the entire droplet [R <
lin, Fig. 2(a)] or be concentrated at the interface [R > [y,
Fig. 2(b)].

(@)  Volume-limited reactions (b)  Interface-limited reactions
o ‘_-_ lO\.“._bI > |0 IOU(

L

= ol

in

0 R 0 R
r r

FIG. 2. Volume-limited and interface-limited reactions. Qua-
sistatic reaction flux s as a function of the radial coordinate r for
different values of /;,. The shaded blue and teal areas correspond
to degradation and production of droplet material, respectively.
(a) Model parameters are o0 = 0.15Bw, Ap =1, g = 0.01 By,
en = 0.09 Bv, gy = —0.01 Bv, [j, = 500 w, loye = 1000 w, and R =
455 w. (b) Model parameters are o = 0.15Bw, Ap =1, g =
0.05Bv, &, = 0.05Bv, gy = —0.05Bv, lj, = 10*w, I, = 1.11 x
10*w,and R = 2 x 10° w.

To analyze the detailed dynamics of the droplet radius R,
we insert Eq. (7) into Eq. (5) to obtain

el 0
RA¢2 out out R lout
+Mm<sm + 20—')> (5 coth<5> _ 1)] )
R lin lin

The first term in the square brackets stems from the chem-
ical reactions—and corresponding diffusive fluxes—outside
the droplet, whereas the second term stems from reactions
inside the droplet. The relative importance of these terms is
governed by the diffusive mobilities M,,, the energy scales ¢,
and the reaction-diffusion lengths /,. However, in the simple
case without surface tension (o = 0), only the product M€,
appears, indicating that these two parameters play similar
roles. Since surface tension effects are typically small, we thus
consider M, = My, in what follows. Taken together, the key
model parameters are ¢, and /,, which influence the droplet
radius R as the sole dynamical degree of freedom, governed
by Eq. (9).

To check how well our approximate model captures the
dynamics of the full system, we compare the stable fixed
points of Eq. (9) with the final states observed from continuum
simulations of Eq. (1). Figure 3 shows that both methods agree
very well, motivating us to use Eq. (9) as a predictive tool for
understanding the behavior of chemically active droplets.

To see under which conditions droplets can be stable, we
next analyze the steady states of Eq. (9) in detail. In the steady
state, the reactions in the system balance globally, such that
on average no net conversion between components persists.
Since the signs of the energetic prefactors ¢, + 20 v/R dictate
the direction of conversion (positive if droplet material is
degraded and negative if it is produced), they must be op-
posite in the two regions to enable a nontrivial steady state.
If we wish such a steady state to hold for arbitrarily large
droplets (20 v/R = 0), this leaves us with two distinct choices
for €4: &in > 0, gout < 0 for externally maintained droplets
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@) Thin-interface model, Eq. (9)

(b)

Full model, Egs. (1), (2), (4)
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FIG. 3. Thin-interface model captures stationary state radii.
Steady-state droplet radius R as a function of the scaled reaction-
diffusion lengths w/l, and w/ly,. The system is homogeneously
enriched in component A (white region), homogeneously enriched
in component B (gray region), or exhibits an isolated droplet
whose radius is indicated by color. (a) Data based on the sta-
ble fixed points of Eq. (9) for model parameters &, = 0.09Bv,
gout = —0.01Bv, 0 = 0.15B, and M;, = My, = M. (b) Data based
on simulations of Egs. (1), (2), and (4) on a three-dimensional, spher-
ically symmetric grid of radius 1000w and resolution 0.5w using
py-pde [52] for the equivalent model parameters f(¢) = ng(l -
9)? —0.01Bp, A = 0.1Bv, A,(¢) = I;2[1 — tanh(4£->2)]M, and

0.01
Ad(p) = I;7[1 + tanh(422)]M.

(i.e., the droplet component A is produced outside the droplet
and degraded inside the droplet) and &;, < 0, &ouc > O for
internally maintained droplets (i.e., the droplet component
A is produced inside the droplet and degraded outside the
droplet). A straightforward stability analysis reveals that only
the former class admits stable steady-state solutions to Eq. (9)
[44,46,58]. We thus focus on externally maintained droplets
(&in > 0, g0y < 0) in the rest of this paper.

B. Volume- and interface-limited reactions

We start by analyzing the qualitative behavior of externally
maintained droplets. To this end, we single out the internal
reaction-diffusion length /i, as the relevant length scale since
it sets the distance over which the net conversion rate s ex-
tends into the droplet (Fig. 2). If R < [, the droplet is much
smaller than the typical distance molecules diffuse before un-
dergoing a chemical conversion [Fig. 2(a)]. Consequently, we
call such droplets “volume-limited,” as chemical conversions
occur more or less homogeneously throughout the volume
of the droplet. Conversely, if R > li;, molecules that enter
the droplet typically undergo a chemical conversion close to
the interface, so we label such droplets “interface-limited”
[Fig. 2(b)]. The ratio R/I;, thus provides a natural interpre-
tation of what it means for a droplet to be “small” or “large,”
with distinct qualitative behavior for each.

We infer the behavior of volume- and interface-limited
droplets by expanding Eq. (9) for R/lj;, < 1 and R/l >
1, respectively, and solving for the stationary state. To
build intuition, we first focus on droplets for which R >
20 v/min(eiy, |€out]), such that surface tension effects can be
neglected. This is often a reasonable approximation if R, [;, >
w, since the length scale 2o v/min(gj,, |€oue|) 1S in many

(@)  Volume-limited droplets (b) Interface-limited droplets
Rllin Rllin
102 , 10 102 — o
,l
4
L 7 101 l
g 0 /’ \E A
<L 10 - 1 = - 1
o L o Y I g
o 100 {---
10 e
1072 107 101 107!
107* 1072 10° 102 1071 100
_E‘go—i:t(/in/lout)2 —%(1 + lin/lout)

FIG. 4. Volume- and interface-limited droplets obey scaling
laws. (a) Droplet radius R normalized by the external reaction-
diffusion length [, as a function of the control parameter expected
for volume-limited droplets in comparison to the scaling law given
by Eq. (10a) (dashed blue line). (b) R normalized to internal
reaction-diffusion length /;, as a function of the control param-
eter expected for interface-limited droplets in comparison to the
scaling law given by Eq. (10b) (dashed red line). (a), (b) The
data points are obtained by numerical root finding of Eq. (9) and
the color coding is prescribed by the colorbar. Model parameter
ranges are —0.095Bv < gqy < 0BV, 0BV < &y < 2BV, 3w < loy <
1100w, 3w < i, < 1310w, and o = 0.15 Bw. The data are publicly
available on Zenodo [60].

typical cases comparable to the molecular length scale v'/3

[44,59]. In this limit, simple scaling laws emerge:

R 3 eout [ lin 2 4 &in [ lou ? R
SV LI I D o)l ok,
loul 2 €in loul * 3 Eout lin lin <

(10a)

R 1 R
o - - > L (10b)
n 1 + out <l + 1_n) n

€in — Eout Lout

where &, > 0 and &,y < 0 must hold for the stationary so-
lutions to be stable. In either limit, the droplet radius R is
governed by only two effective parameters, which suggests
that the dependence on the four basic parameters (i, Eouts
lin, and lyy) can be drastically reduced. Indeed, numerically
determined stationary state radii are well approximated by the
scaling laws given by Eq. (10) for volume-limited [blue data in
Fig. 4(a)] and interface-limited [red data in Fig. 4(b)] droplets
as a function of the reduced parameters.

To further probe under which conditions steady-state
droplets of either regime can be expected, we numerically
investigate the stable fixed points of Eq. (9) in more detail. We
first ask which combinations of the model parameters /iy, oy,
&, and gqy allow for steady-state droplets at all [Fig. 5(a)].
Our analysis reveals that, regardless of the values of ¢j, and
&out, Stable droplets are precluded if either [, is small and
lout 1s large, or [, is large and oy is small [Fig. 5(b)]. This
is because the reaction-diffusion lengths represent the rela-
tive importance of diffusion to reactions, with smaller values
corresponding to faster reactions. As a result, the former case
corresponds to a scenario in which the reactions produce
droplet material much more quickly than they degrade it, such
that the steady state becomes a homogeneous enriched phase
[white regions in Fig. 5(b)]. The latter case corresponds to
reactions that degrade droplet material much more quickly
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Stable steady state
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FIG. 5. Parameter regions leading to volume- vs interface-limited droplets. (a) Growth rate R as a function of droplet radius R. The
stationary state will either be enriched in component A everywhere (unchecked growth), exhibit an isolated droplet with finite radius (stable
steady state), or will be enriched in component B everywhere (dissolution). (b) Relative steady-state droplet radius R/, as a function of the
scaled, inverse reaction-diffusion lengths w/l;, and w/l,,. Each panel corresponds to a different combination of energy scales &;,/Bv and
&out/BV. The system either exhibits unchecked growth (white region), dissolution (gray region), or an isolated droplet whose radius is indicated
by color. Data are obtained by numerical root finding of Eq. (9) for o = 0.15 Bw.

than they produce it, leading to a homogeneous depleted phase
as the steady state [gray regions in Fig. 5(b)]. Consequently,
steady-state droplets [colored region in Fig. 5(b)] demand a
balance between the reaction-diffusion length scales inside
and outside of the droplet.

More concretely, the structure of the state diagram shown
in Fig. 5 suggests that steady-state droplets can only exist if
(1) their growth is halted at large droplet sizes (violated in
the white region) and (2) they overcome the inhibiting effect
of surface tension (violated in the gray region). We quantify
the region that admits steady-state droplets by determining
when these conditions are met. Mathematically, the former

condition demands that R < 0 for large R [Fig. 5(a), left]. To
locate the boundary beyond which condition (1) is violated,
we thus take the limit of R — oo in Eq. (9) and solve for
R = 0. Rearranging terms yields the asymptote

lin €in
— (11)

Lout Eout

The second condition demands that R > 0 for some range
of R, since otherwise droplets of all sizes would shrink and
eventually dissolve [Fig. 5(a), right]. Consequently, we find
the boundary beyond which condition (2) is violated by
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demanding that the growth rate R peaks at R = 0. The pa-
rameter region where finite droplets are viable is enclosed by
these two boundaries, which terminate at a critical point. The
location of this critical point follows from expanding Eq. (9)
for large R and setting the result to zero. The leading-order
contribution reproduces Eq. (11), and the sub-leading-order
contribution determines whether R approaches its asymptotic
value from above or below. Requiring that also this contribu-
tion vanishes gives
20v 20v

lout, * = ) -
Ein Eout

lin.* = (12)
(see white star in Fig. 5). In particular, the critical point given
by Eq. (12) helps us to limit the parameters for which droplet
formation is possible.

To quantify admissible parameter regimes in more detail,
we next measure the size of the region that exhibits sta-
ble droplets in steady state. As we vary ¢&j, and &gy, the
slope of the dashed asymptote and the location of the criti-
cal point shift, expanding or contracting this region. Taking
the area under the asymptote given by Eq. (11) up to the
critical point given by Eq. (12) as a rough estimate of this
region’s size, —%emsoutha’zv’z, we find that the product
of energy scales e &ou plays a key role in maximizing the
number of reaction-rate combinations that lead to steady-state
droplets. By symmetry of Egs. (11) and (12), the same holds
for the product (Linlowt) ™" if one wishes to instead maximize
the number of energy-scale combinations that yield steady-
state droplets. We thus predict that increasing either &j,&qut
or (linlowt)™! leads to more stable droplets. These trends are
robust up to system-specific upper bounds for ¢j, and |eqy/,
beyond which an instability can be triggered that leads to
spinodal decomposition in the droplet phase or the dilute
phase, respectively.

We next investigate how the model parameters can be
tuned to access the regimes of volume- and interface-limited
droplets, for which the ratio R/, is the determining factor.
We find that increasing either the energy scale (|eoy|) or rate
(1/loy) of the reaction that produces droplet material leads
to an increase in R/[;, (blue to red in Fig. 5), as this biases
the system to a steady state with a higher average volume
fraction of droplet material. Conversely, increasing the energy
scale (gj,) or rate (1/1;,) of the reaction that degrades droplet
material leads to a decrease in R/, (red to blue in Fig. 5).
Amplifying the chemical reactions (through variation of &,
and /,) thus has opposite effects depending on whether they
occur inside or outside the droplet.

To convert our observations into actionable design guide-
lines, recall that the effective parameters /, and g, given by
Eq. (8) depend on a variety of “bare” model parameters: the
relevant active and passive reaction-diffusion lengths, /, , and
Ip,«» the internal energy difference ¢q between components A
and B, and the chemical drive Au. Notably, our conclusions
in terms of effective parameters do not translate one-to-one to
these “bare” parameters, as both /, and &, depend on /, , and
Ip.«. As a result, variation of [, does not, in general, keep &,
constant. To nevertheless put our results into perspective, we
consider the specific case where the chemical interconversion
inside the droplet is dominated by an active reaction that
degrades droplet material (li, = M/ A4, €in = ApAg — &),

whereas the chemical interconversion outside the droplet is
dominated by a passive reaction that produces droplet mate-
rial (o = \/M/Ap, €out = —&p). This introduces the passive
reaction rate constant Ap, the internal energy difference &g
between components A and B, the active reaction rate constant
A,, and the chemical drive Ap as independent and acces-
sible control parameters. The former two are linked to the
production of droplet material and increasing them promotes
interface-limited droplets, whereas the latter two are linked
to degradation and increasing them promotes volume-limited
droplets. In addition, we showed above that the “area” of the
droplet-forming region in Fig. 5 [i.e., the number of reaction-
rate combinations (liy, loy) that admit steady-state droplets]
scales with the product |gineout|. If we substitute into this
expression the parameters applicable to our specific case, it
follows that the number of accessible reaction rate constant
combinations (Ap, A,) grows with increasing Au and reaches
its maximum for &y = %A wAg@. By symmetry, the number of
admissible energy-scale combinations (gj,, &ou) Scales with
the product [, /oy, Which in our specific case translates to the
number of admissible (g9, Ap) combinations scaling with the
product of reaction rate constants ApAj,.

Together, our findings show that the relative importance of
external and internal parameters robustly determines whether
volume- or interface-limited droplets form, regardless of the
system specifications. The corresponding size scaling is well
captured by Eq. (10). In contrast, depending on the specific
system, the likelihood of realizing a steady-state droplet in
the first place is not necessarily improved by maximizing
the available system parameters, but can exhibit intermediate
optima.

C. Droplet size control

We next ask to what extent control over the qualitative
behavior of droplets translates to droplet size control. In par-
ticular, we focus on how to realize small droplets, in order
to accommodate the strict geometric constraints imposed by
biological cells or synthetic applications. To do this, we inves-
tigate droplet size control by locating the stable fixed points
of Eq. (9). Figure 6 shows that boosting production of droplet
material (increasing 1/l,y, |€out|) increases droplet size (light
shades of green), whereas boosting degradation (increasing
1/Ln, ein) decreases droplet size (dark shades of green). This
is qualitatively in line with our prior observations that the for-
mer promotes volume-limited droplets and the latter promotes
interface-limited droplets. The beige region in Fig. 6(b) cor-
responds to the formation of unstable spherical shells through
spinodal decomposition, which generally form if droplets are
large [61].

The trends apparent from Fig. 6 suggest that the smallest
droplets overall occur in a parameter regime that simultane-
ously minimizes 1/l and |eqy |, and maximizes 1/, and &;,.
Note, however, that this is under the condition that a stable
droplet forms in the first place, i.e., that production and degra-
dation of droplet material balance globally. This constrains
the admissible parameter values, as for a given combination
of energy scales the reaction rates can only be made so fast
before one dominates and destroys the stationary state; see
the critical point given by Eq. (12). Concretely, this means
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FIG. 6. Parameter regions leading to small droplets. (a) Steady-
state radius R as a function of the reaction-diffusion lengths /;, and
low for g, =9 x 1072 Bv and g, = —1072 Bv [corresponding to
open circle in panel (b)]. (b) R as a function of the two energy scales
&in and eqy for w/l, =5 x 107* and w/ly, = 1073 [corresponding
to open circle in panel (a)]. (a), (b) The system is homogeneously
enriched in component A (white region), homogeneously enriched
in component B (gray region), exhibits an isolated droplet whose
radius is indicated by color, or exhibits complex dynamics due to
an instability inside the droplet (beige region). Data are obtained by
numerical root finding of Eq. (9) using o = 0.15 Bw.

that by maximizing the internal energy scale &, (boosting
degradation), we make it possible for stable droplets to exist
for increasingly high external reaction rates 1/ly, (boosting
production). Consequently, it is possible to simultaneously
maximize &j, and minimize 1/ly,. In contrast, if we minimize
the external energy scale |eqy| (boosting production), this
significantly limits how high the internal reaction rate 1/I;,
(boosting degradation) can be. As a result, it is generally
not possible to simultaneously minimize |eq4,| and maximize
1/L,. To obtain the smallest droplets, a trade-off must thus
be made between the relative importance of the energy scale
leout| and the reaction rate 1/[;,.

To quantify under which conditions “small” droplets are
most likely, we compute the corresponding range of admissi-
ble reaction-diffusion lengths iy 0. To do this, we consider
the area in Fig. 6(a) that corresponds to R < 50w, weighing
each order of magnitude of /i, /o, €qually. In essence, this cor-
responds to the probability of realizing a “small” droplet if one
logarithmically samples all reaction-diffusion lengths plotted;
the same qualitative behavior holds if we instead sample lin-
early. Figure 7(a) shows that increasing either &j, or |goyl
increases the likelihood of realizing “small” droplets. In a sim-
ilar vein, Fig. 7(b) shows the smallest droplet size achievable
for any given combination of energy scales, thus illustrating
the range of possible droplet sizes. This figure shows that
the smallest droplets are achieved by maximizing both &,
and |eqy|. These results suggest that maximizing the internal
reaction rate, related to 1/l;,, weighs more heavily than mini-
mizing the external energy scale, |&oy|, in the pursuit of small
droplets.

Notably, Fig. 7 contrasts with our prior observations that
simultaneously maximizing ¢&;, and minimizing |&,y| pro-
motes volume-limited droplets (R//;, < 1). This is because
for a droplet to be volume limited, its size must be small
relative to the internal reaction-diffusion length /;,. As a result,
although maximizing the internal reaction rate 1/I;, produces
the smallest droplets overall, it also biases droplets toward the

(a) Likelihood (b)_

ein)BV

FIG. 7. Parameter optimization for small droplet size. (a) Like-
lihood of forming droplets for which R < 50w in Fig. 6(a) as we
vary &;,/Bv and &, /Bv. We weigh each order of magnitude equally
and keep the scanning window constant: w/li, € [107, 1], w/lyy €
[1073, 1]. (b) Corresponding achievable minimum droplet size R/w.
Data are obtained by numerical root finding of Eq. (9) using o =
0.15 Bw.

interface-limited regime by decreasing /;,. Our results indicate
that this shifts the balance between |eqy| and 1/l;,: In the
pursuit of volume-limited droplets, minimizing |e,,| weighs
more heavily than maximizing 1//;, (Fig. 5).

Translated to the specific case discussed in the previ-
ous section—passive production of droplet material outside
the droplet and active degradation inside—we propose the
following design guidelines: Increasing the passive reaction
rate constant A, promotes large droplets, whereas increasing
the active reaction rate constant A, or the chemical drive
Ap promotes small droplets. This aligns with the design
guidelines for obtaining volume-limited droplets. In contrast,
while increasing &( increases droplet size at fixed conditions,
the smallest droplets overall occur at intermediate values of
0 < ey < AuAgp, due to the accessible region of the phase
diagram shrinking. This differs from the parameter regime
for which the most strongly volume-limited droplets are ex-
pected, which occurs for minimal values of g;. We thus
conclude that if one keeps the energy scales of the chem-
ical reactions constant, increasing the rate constant of the
droplet-material-producing reaction promotes larger droplets,
whereas increasing the rate constant of the droplet-material-
degrading reaction promotes smaller droplets. Similarly, if
one keeps the rate constants constant, increasing the energy
scale driving the droplet-material-producing reaction pro-
motes larger droplets, whereas increasing the energy scale
driving of the droplet-material-degrading reaction promotes
smaller droplets. If we vary all parameters simultaneously,
however, the smallest droplets are achieved by increasing both
energy scales, because this choice enlarges the region of the
state diagram that admits steady-state droplets. This indicates
that the design guidelines for obtaining small droplets are
different from those for obtaining volume-limited droplets,
reinforcing the importance of their distinction.

IV. STRONGLY DRIVEN REACTIONS
A. Generic size control

Finally, we ask how our results for weakly driven reactions
translate to the case of strongly driven reactions, such as those
driven by ATP hydrolysis, which liberates about 20kg7T per
molecule. To this end, we revisit the general reaction flux
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FIG. 8. Linearization captures strongly driven limit. (a), (b)
Steady-state droplet radius R as a function of the scaled reaction-
diffusion lengths w/l, and w/ly,. The system is homogeneously
enriched in component A (white region), homogeneously enriched
in component B (gray region), exhibits an isolated droplet whose
radius is indicated by color, or exhibits complex dynamics due
to an instability inside the droplet (beige region). (a) Data based
on the stable fixed points of Eq. (9) for model parameters &;, =
1.99Bv, g4,y = —0.01Bv, 0 = 0.15B, and M;, = M, = M. (b) Data
based on simulations of Egs. (1)-(3) on a three-dimensional,
spherically symmetric grid of radius 1000w and resolution
0.5w using py-pde for model parameters f(¢) = S¢*(1 —¢)* —
0.01Bp, Ap =20ksT, kp(p) = I 2[1 — tanh(502)IM, ka(p) =

2kgT li;Z[l + tanh(“’o__(())l'5 )M/ cosh(QAu/kgT), and Bv = kgT .

given by Eq. (3), which we have linearized for small driving
force Apu to obtain Eq. (4) and all results so far. In the opposite
limit of strongly driven reactions, A > kgT', we can instead
linearize the reaction flux about the driven state as

s~ —Ap(@) — Ra(@) (i + Ap), (13)

where we still assume that p is on the order of kg7, e.g.,
because the two components A and B are chemically similar.
Here, A,(¢) = A.(@)cosh(Au/2kgT) is the effective mobil-
ity of the active reaction with the nonequilibrium drive Ap =
2kgT tanh(A e /2kgT). Equation (13) is structurally identical
to Eq. (4), implying our results, such as the droplet growth rate
given by Eq. (9), still depend identically on the central quanti-
ties [, and ¢, . Indeed, upon making these substitutions, Eq. (9)
predicts numerically determined steady states in the strongly
driven limit (Fig. 8), even if the fully nonlinear reaction flux
given by Eq. (3) is used.

Strongly driven reactions can thus be described by
structurally identical equations, but the involved quantities
now depend differently on the physical parameters, such as
mobilities. In particular, while /;, and [, still scale inversely
with the linearized reaction mobilities, they now also depend
on the chemical drive A via the active reaction mobility A,.
Moreover, while ¢, depended linearly on Aw in Eq. (8),
it now saturates since Ap — 2kgT for large Ap.
Taken together, these modifications imply that A,, Ap,
and & fulfill similar roles for both weakly and strongly driven
reactions. In contrast, for strongly driven reactions, A barely
affects the reaction energetics, but it now strongly increases
the active reaction mobility.

To put these observations into perspective, we translate the
design guidelines for obtaining volume-dominated droplets
for the specific case where passive reactions produce droplet
material outside of the droplet and active reactions degrade

it inside the droplet. We previously found that volume-
dominated droplets required us to minimize ;! and |eqy|
(Fig. 5), and these parameters are unaffected by Au. In
contrast, Au affects the parameters /' and &, inside the
droplet, which need to be maximized for volume-dominated
droplets (Fig. 5). Interestingly, for strongly driven systems,
A strongly affects li;1 whereas it has a weaker effect on
ein- Together, these two effects partly compensate each other,
implying that changing A has similar effects for determining
whether droplets are volume- or surface-dominated for weak
and strong drive. Similarly, the design guidelines for obtaining
small droplets prescribe minimizing l(;ll and maximizing ligl,
&, and |eoyc| (Fig. 7). For weakly driven reactions, we follow
these guidelines by maximizing A, and Au and choosing an
intermediate value for |gy|. The same recommendations hold
for strongly driven reactions, where A again accelerates the
effective reaction rate rather than increasing the associated
energy scale. We thus conclude that the same design guide-
lines hold for weakly and strongly driven reactions, although
the results are achieved via different routes and quantitative
details differ.

B. Pyrenoid as example

As an example, we apply our design principles to pyrenoid
condensates, which balance carbon fixation with the need
to dissolve and redistribute during cell division, in the
model alga Chlamydomonas [62-65]. These condensates
form through multivalent interactions between the CO,-
concentrating enzyme Rubisco and the linker protein EPYC1
[62,66,67]. The size of the condensate is tightly controlled
by the kinase KEY 1, which colocalizes with the condensate
and phosphorylates the linker protein, which subsequently
partitions into the dilute phase [37]. Meanwhile, the linker
protein is dephosphorylated by phosphatases in the dilute
phase, which in turn partitions back into the condensate.

In the language of our model, the unphosphorylated and
phosphorylated linker proteins map onto the droplet and sol-
vent components, respectively. The phosphorylation reaction
is actively driven by ATP and degrades droplet material in-
side the droplet, whereas the dephosphorylation reaction is
passive and replenishes droplet material outside the droplet.
Consequently, the size of the condensate is controlled by the
energy scale and timescale of these reactions, which map onto
experimental control parameters.

For example, mutating the linker protein can alter the in-
ternal energy difference gy between its phosphorylated and
unphosphorylated states. This quantity can in principle be
measured by quantifying the ratio of phosphorylated to un-
phosphorylated protein molecules in a dilute system without
ATP, which should obey [phos.]/[unphos.] & e~%/%7  In ad-
dition, mutating the kinase and/or the phosphatase can alter
their enzymatic effectiveness—which would need to be mea-
sured through independent experiments—and thus change the
effective rates of the internal and external reactions, l;l and
l(;l:, respectively. Varying the concentrations of the kinase
and/or phosphatase would have a similar effect.

Concretely, our mapping suggests that volume-dominated
pyrenoids are more likely for linker protein mutants with
a small internal energy upon (de)phosphorylation, kinase
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mutants with a high enzymatic effectiveness, and phosphatase
mutants with a low enzymatic effectiveness. A high kinase
concentration and a low phosphatase concentration also bias
the system toward volume-dominated pyrenoids. Conversely,
it may well be that the pyrenoid optimizes for its absolute
size rather than its qualitative regime, which leads to a dif-
ferent recommendation: For instance, small droplets are more
likely for linker protein mutants with a large internal energy
difference upon (de)phosphorylation. These distinct recom-
mendations show that our guidelines can be directly applied
to concrete experimental systems.

V. CONCLUSION AND DISCUSSION

We have studied droplet stability and size control within
a binary fluid model driven out of equilibrium by chemical
reactions. We have identified four key parameters that predict
the steady state of such droplets in good agreement with con-
tinuum simulations: the effective reaction-diffusion lengths,
lin and loy, and the effective energy scales, &;, and eqy. We
show that if one takes /;;, as the natural length scale for droplet
size, unambiguous classes of volume-limited (R/l;, < 1) and
interface-limited (R/lj, > 1) droplets arise, which obey sim-
ple scaling laws. By tuning the relative importance of the
production (lo_u:, &out) and degradation (ligl, &in) of droplet
material, we can transition between these regimes. Although
this view of size control governs qualitative droplet behav-
ior, it does not necessarily accommodate exact geometric
constraints, as are present in biological cells and synthetic ap-
plications. Importantly, we show that the design guidelines for
realizing small droplets deviate qualitatively from the design
guidelines for realizing volume-limited droplets (R/l;, < 1).

Concretely, our findings indicate that in order to achieve
“small” droplets, a trade-off must be made between the ener-
getics and the kinetics of the associated chemical reactions.
This is because the reaction rates dictate the range of en-
ergy scales that admit steady-state droplets and vice versa,
implying that it is not generally possible to optimize for both

simultaneously. If we take “small” to mean volume limited,
it turns out that we must prioritize the energetics, and our
recommendation is to minimize lo_u:, |eout| and maximize ligl,
&in. If we instead take “small” to refer to the absolute size
of the droplet, we must prioritize the kinetics, resulting in
the recommendation to minimize /,,; and maximize /', &in,
|&out|- This trade-off suggests that the qualitative behavior of
the droplet and its absolute size could in principle be tuned
separately. We speculate that this might allow cells and syn-
thetic applications to further specialize condensates to fulfill
specific functions, such as buffering or regulation [6-9,68—
70], even under geometric constraints.

More broadly, our work serves as a point of departure for
understanding droplet size control in more general contexts.
An obvious extension would be to study emulsions of closely
interacting droplets [71,72], rather than isolated droplets. Sim-
ilarly, it would be interesting to study systems with more than
two components [72,73], which exhibit conserved quantities
that can vary in space. In addition, droplets in many biological
contexts contend with much more complex, elastic microenvi-
ronments, which are known to affect their dynamics [74-77].
Finally, we considered droplet size control in the deterministic
limit, but how thermal fluctuations affect droplet size control
remains an outstanding question; especially considering that
thermal energy should be relevant on the typical length and
energy scales of many (biological) droplets.
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