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The relativistic momentum equation of a collisionless plasma is reformulated to describe the time evolution of
canonical vorticity. Compared to the nonrelativistic counterpart, an additional source term for canonical vorticity
is identified, which embodies the misalignment between the fluid momentum and fluid velocity gradients.

This kineclinic term breaks the frozen-in condition of canonical vorticity, thereby enabling the generation or
dissipation of magnetic fields and vorticity. We verify the role of this effect through particle-in-cell simulations of
a kineclinic flow. Kineclinicity is generically expected in relativistic plasma kinetic plasmas lacking a functional

relationship between fluid momentum and fluid velocity.

DOLI: 10.1103/m1yq-q8xw

I. INTRODUCTION

The dynamical behavior of astrophysical plasmas spans
a broad spectrum of regimes. While jets in planetary neb-
ulae and protostellar systems are typically nonrelativistic,
those in active galactic nuclei and gamma ray bursts are
relativistic or even ultrarelativistic [1-3]. In addition, many
high-energy environments such as pulsar wind nebula and
supernova remnants are typically relativistic pair plasmas with
Lorentz factors reaching up to 100 [4-7]. Magnetic fields of
varying scales and magnitudes are ubiquitous in these extreme
plasma systems, and they are responsible for numerous dy-
namical processes [8—12]. The origin of the magnetic fields
and their amplification process—magnetogenesis—in these
extreme plasmas remain an interdisciplinary subject of serious
debate from both cosmological [12,13] and plasma physics
aspects [14,15], and both perspectives are justified in different
astrophysical scenarios [16,17].

It is often thought that large-scale magnetic fields orig-
inate from the amplification of a microscopic “seed field”
via a dynamo process [11,14,18-20]. Popular plasma physics
mechanisms that generate these seed fields include the Bier-
mann battery (baroclinicity) effect [21], the Weibel instability
[22], and electron-scale Kelvin-Helmholtz instability (ES-
KHI) [23-25].

Recently, Laishram er al. [26] showed that by taking canon-
ical vorticity—the curl of the canonical momentum—as the
primary variable, one can reformulate the momentum equa-
tion into an induction equation, akin to the plasma induction
equation in magnetohydrodynamics (MHD). This formulation
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allows for a clear distinction and unification of various mag-
netogenesis mechanisms. In particular, a nonideal term due to
the pressure tensor gives rise to a canonical vorticity source,
that is, the “canonical battery” effect [26,27], which gen-
eralizes both Biermann battery and Weibel instability and
also predicts new mechanisms. The formulation is also useful
when analyzing magnetic reconnection and helicity transport
[27-31].

One limitation of the previous formulation is that it was
derived for subrelativistic velocities. A natural question to
ask is whether a similar formulation is possible in rel-
ativistic regimes. In fact, many previous works studying
Weibel instability and ESKHI consider relativistic (pair) plas-
mas [4-7,32,33]. There is also significant effort on covariant
formulations of canonical vorticity and helicity, where twist-
ing of spacetime can give rise to magnetogenesis [34-37].
This mechanism arises within relativistic ideal magnetohy-
drodynamics and corresponds to an additional relativistic
baroclinic term. As elegant as this covariant formulation
is, it makes several important assumptions, such as perfect
fluid and local Maxwellian closures, that make it inaccu-
rate for kinetic, collisionless systems. It is also difficult
to compare to laboratory-frame experiments or simulations
because magnetic field and vorticity are defined in syn-
chronic space: a sentiment shared by some previous work
[38—40].

In this article, we formulate the canonical vorticity frame-
work in the relativistic regime. Taking the first moment of the
relativistic Vlasov equation and taking the curl, we obtain an
equation describing the time evolution of canonical vorticity.
Compared to the nonrelativistic case, an additional term arises
due to the misalignment of the fluid momentum and velocity
gradients, or what we call “kineclinicity.” This term acts as
a nonideal term that destroys the conservation of canonical
vorticity flux. We perform particle-in-cell (PIC) simulations of
a kineclinic flow to demonstrate the breaking of the frozen-in
condition of canonical vorticity, generating the seed magnetic
field. Various implications are discussed.
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II. RELATIVISTIC CANONICAL VORTICITY
FRAMEWORK

To generalize the canonical vorticity framework to the
relativistic regime, we first consider the relativistic Vlasov
equation under the Lorentz force,
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where f, = f,(X,p,?), 4», and m, are the phase-space dis-
tribution function, charge, and mass of species o, and y =
V' 1+ p*/m2c? is the Lorentz factor, with p = |p|.

Taking the first moment of Eq. (1), i.e., multiplying by p
and integrating over all p, yields the following momentum
equation:
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where, denoting v =p/ym,, n, = [ f.d?p is the density,
u, = n; ' [vf,d’pisthe fluid velocity, (p), = n,' [ pf,d°p
is the fluid momentum, and (5)(, = [V'p'f,d’p is the pres-
sure tensor, where v =v —u, and p' = p — (p), are the
random parts of v, and p,, respectively. For nonrelativistic
distributions, (p), = m,u, and so Eq. (2) can be rewritten in
terms of u,. On the other hand, for relativistic distributions,
(p)s is in general not a function of u,, so both variables need
to be retained [41].

Taking the curl of Eq. (2), defining the momentum vortic-
ity 2, =V x (p)s, using Faraday’s law V x E = —0B/0¢,
and using the vector identity V x (A-VB+A xV x B +
ValA - B]) = 0 in Feynman subscript notation where V only
applies to A yields
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Now we define the fluid canonical vorticity Q, =
Q, + g, B, which is the curl of the fluid canonical momentum
P, = (p)s + g-A, where A is the magnetic vector potential.
Q, is now the relativistic generalization of its nonrelativistic
counterpart in Ref. [26]. Collecting the temporal and spatial
derivatives and simplifying the last term in Eq. (3), we obtain
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where o was dropped to reduce notational clutter, and the
index « in the last term is summed over the three spatial
dimensions (i.e., Ry = €;jx9;(p),0d;U, in index notation).
Now Eq. (4) is in the form of the canonical induction
equation [26,27] that describes the time evolution of Q with
just three terms on the right-hand side. The first term is the
convective term C, which is isomorphic to the magnetic in-
duction term in ideal MHD and thus signifies that Q is frozen

into and evolves with plasma’s u. Equivalently, it signifies that
Q flux is ideally conserved in the fluid frame. The second term
is the relativistic canonical battery effect due to the pressure
tensor 3. The third term is the relativistic kineclinic term 7%
which is our principal result. It signifies the misalignment be-
tween the fluid momentum and fluid velocity, and reduces to
zero in nonrelativistic regimes. Mathematically, Ry is the sum
of Jacobian determinants (or Poisson brackets) {{(p)a, Ua}ij-

Equation (4) reveals that R is an additional source/sink of Q
affecting its frozen-in property.

The drawback of Eq. (4) is that it is not in a covariant form
and thus is frame dependent. However, as mentioned earlier,
it provides a better link to laboratory-frame experiments and
simulations because the magnetic field and vorticity are both
defined in synchronic space at a certain time. Also, Eq. (4) was
derived without simplifying approximations such as scalar
temperature or enthalpy.

To understand the role of R quantitatively with respect to
magnetogenesis, let us expand the convective term without the
magnetic term:

Ck = Gijk(aiuotaj(p>a - aiuzxaa(p>]‘ - uaaa8i<p>j)’ (5)
= =Ry + €ijx(—0itta0a (P) j — Ua00:(P) ;) (6)

which shows that R in fact partially cancels C, which em-
bodies the frozen-in property of Q. Therefore, R acts as a
relativistic inertial term that prevents perfect convection of Q
in relativistic regimes.

Aside from the role of ﬁ’,, let us note the relationship
between 53 and C as well. When constructing the relativistic
pressure tensor, the symmetry of the momentum flux density
Tij = [ pip;fd>p/y was destroyed, i.e., P;; = T;; — nu;(p);.
The asymmetric part of the canonical battery Bis

1
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where the second term exactly cancels the terms other than R
in Eq. (6). The first term represents compressibility effects.

Because R and parts of B together cancel out C, the repre-
sentation in Eq. (4) is not unique and different interpretations
may be possible by shifting emphasis to different terms. How-
ever, the present framework explicitly decomposes the time
evolution of Q into three distinct, physically interpretable
sources, where the convective term embodies the conservation
of canonical vorticity flux, the canonical battery term embod-
ies pressure tensor effects, and the kineclinic term embodies
relativistic effects.

One important point to stress is that the fluid momentum
in principle has no functional relationship with the fluid ve-
locity and can be drastically different from one another. This
is because the former is dominated by the high-momentum
population, whereas the latter is dominated by the statistical
average velocity [40]. For example, consider the distribu-
tion function f ~ [ad(p — p.y) + bS(p — ppX)], where & is
the Dirac delta function, a represents a dilute, highly rela-
tivistic population, and b represents a dense, nonrelativistic
population. The first moments of this distribution func-
tion are, in normalized units, (p) ~ ap,y + bppx and u ~
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apa/y/1+ p29 + bpy/,/1 + pix. 1t is trivial to see that when
a < b, p,/pp > b/a, and py, is of order unity, it follows that
(p) = ap,9 butu = bpy/,/1 + pi%.

Let us now construct a configuration where R is the only
finite term. We first assume that only du, /dy and d(p),/dx are

finite, in which case C = 0. Now, requiring the asymmetric
part of B = 0 yields

1
;(p)xuxaxn + uxax (p}x - 0’ (8)

which reduces to n(p), = const. These conditions together
constitute a situation where purely R may, at least initially,
dominate magnetic field generation. Now we shall demon-
strate this prediction with the aid of PIC simulations.

III. NUMERICAL RESULTS

To validate the model and visualize the role of R in Eq. (4),
several 2D3V PIC simulations were conducted for a pair
plasma using the SMILEI code [42]. The fiducial simulation
domain was (L, Ly) = (20, 20) d, divided into 2048 cells
in each direction, where d, = c¢/w), is the collisionless elec-
tron skin depth, corresponding to cell sizes of Ax = Ay =
0.0097d,. Three hundred particles per cell were placed for
both species. The temporal step size was At ~ 0.0066/w.,
initial E = B = 0, uniform thermal velocity uy/c =~ 0.049,
and periodic boundary conditions were used for both particles
and fields.

For the velocity and density profiles of both species,
we consider the following setup. To make du,/dy finite,
we set u(y) = v sinz(ny/Ly), where vy = 0.5¢. To make
9{p)x/0x finite, we set (p).(x) = po COSZ(NX/LX) + Poases
where po/mec = /y — 1 for y =100 and ppase = 10m,c.
The density profile is then n(x) = ngppase/{P)x,» and SO Ppase
ensures finite density everywhere. The difference between the
fluid velocity and momentum is approximately realized by
setting a small fraction (1%) of the particles to follow (p),
and remaining larger fraction (99%) of the particles to follow
u,. Because py > 1, the fluid momentum is dominated by the
relativistic, dilute species, whereas the fluid velocity is domi-
nated by the nonrelativistic, dense species. This configuration
sets C=B=0and R ~ 2 sin(2rx/L,)sin(2wy/Ly), i.e., a
quadrupole source of canonical vorticity.

This initial condition is rather contrived and intentionally
engineered to isolate the kineclinic mechanism, and therefore
only acts as a proof-of-principle study. However, the setup
physically describes a dilute relativistic stream of particles
on top of a dense nonrelativistic plasma flow. Such a situa-
tion may be locally realized, for example, when high-energy
cosmic rays interact with the denser solar wind or even as-
trophysical jets. For realistic situations, it may be difficult to
have both C and B be exactly zero, but here we conceive an
ideal situation to illustrate the core mechanics of kineclinic
magnetogenesis.

For postprocessing, dQ,,/dt was calculated by making
three burst saves of the simulation data separated by five time
steps at each save point and then using the central differ-
ence scheme in time. Vorticity was calculated by a central
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FIG. 1. Slice plots of various quantities (a) Bz[mea)pe/e], (b)
Q. [mgw,,p] (©) Qeclmewpe], (d) 8Q../dt[m, 2,1, (e) Ce: [mew,,e] ()
B,. [m.@?,1, (2) Re: [m.},), and (h) (Ce: + Be; + R..) [m.w?,] from
the two- d1mens1onal (2D) PIC simulation at twp, = 0.

difference scheme in space. All quantities were Gaussian-
filtered with 12 grid points to reduce noise arising from taking
multiple gradients. Different numbers of filter grid points were
tested to ensure that the filter only suppresses high-frequency
noise and preserves the larger-scale structure.

Figure 1 presents various quantities at the beginning of
the fiducial simulation, focusing on quantities associated with
electrons, denoted by a subscript e. Figures 1(a) and 1(b) show
that both C,; and B, are zero at twp, ~ 0 as predicted ana-
lytically. Figures 1(c), 1(d), and 1(h) show that kineclinicity
effect R,; is the only active source term for dQ,,/dt at the
beginning. The structure is quadrupole as predicted above.
There is no initial B, but a finite €2,, due to the initial flow
profile as shown in Figs. 1(e) and 1(f). Consequently, R,
solely drives the initial evolution of Q...

Figure 2 shows the same plots at tw,, ~ 7. Figures 2(a)
and 2(b) show that the contribution of C,, and B,, grows, al-
though the kineclinic term [Fig. 2(c)] is still dominant, which
maintains the two-dimensional tilted quadrupole pattern. Fig-
ure 2(d) shows the total source C,, + B.; + R.;, which nearly
matches R, because the latter dominates over other sources.

Figure 2(e) shows the self-generated B,;, along with rel-
atively strong 2., [Fig. 2(f)], which together yield Q..
[Fig. 2(g)]. These fields inherit strongly correlated spatiotem-
poral structure because their linear-phase evolution is driven
almost entirely by R,;. Finally, Fig. 2(h) shows 00Q,./0t,
which is the left-hand-side of Eq. (4). The strong resemblance
between panels (d) and (h) in Fig. 2 (also in Fig. 1) validates
the canonical vorticity formulation given in Eq. (4). Minor dif-
ferences arise due to numerical errors from the time-difference
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FIG. 2. Slice plots of various quantities (a) B[m.wp./e], (b)
(Qez - QOez)[mewpe], (C) (Qez - QOez)[mewpe]’ (d) aQeZ/at[mew];e]
(©) Cer e, (D) B e, (8) Ree [meco2, ], and (h) (Coc + By +
Rez) [mea)f,e] from the 2D PIC simulation at twp, ~ 7, where Q,
and Qq,. are the vorticity and canonical vorticity at fwp, ~ 0.

scheme used when calculating dQ,,/df and the usage of the
noise filter. The contrast between Figs. 2(a) and 2(h) indicates
that the frozen-in property of Q.. is significantly violated,
while the close matches between Figs. 2(c) and 2(h) confirm
that R, governs the early growth of Q,;, a clear demonstra-
tion of R, effect as a seed-field generation mechanism.
Figure 3 shows the temporal evolution of the rms value of
the various quantities. The exponential growth of quantities
such as B, indicates the characteristics of the instabilities
driving the dynamics. It also demonstrated that the magnitude
of R.; is robust throughout the simulation time. Although
later C,, and B,, become comparable or dominant over R,
the convective term C,,, in particular, is just trying to “carry”
the fields that are being generated by R., and so does not
participate in magnetogenesis per se in the fluid frame. As
discussed above, the kineclinic term is zero if and only if
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FIG. 3. Temporal variation of rms values of normalized (a) C,.,
B., and R, and (b) Q.., Q.., and B..
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FIG. 4. Scatter plot of normalized (p), vs u, for every ten grid
points in the simulation shown in Fig. 2, displayed at times at @, ~
0, 7, 14, and 19. Showing all grid points amounts to a messier plot,
hence the sparsity. The black dashed line in panel (a) corresponds to
the analytical relation (p), = u,/+/1 — u?. The color indicates the y
location of each grid element.

the fluid momentum (p) is a function of the fluid velocity
u, which is generally not true and only approximately true
for nonrelativistic regimes [43]. As an explicit example, if
(P)a = YUq is assumed where y = (1 — ugug)~'/? in units of
momentum mc and velocity ¢, we have 9;y = 3 ug djug and
0i(P)a = Uy Oiy + YOilly = y3u(,uﬂ8iuﬂ + y 0;uy. Therefore,

Ric = €ij10i(P) o 0jUa
= €y uqupdiug + v dig 19U

= yleiji (updiug)(uadjute) + v €ji (Bitte ) (Djltg)
= O’

using the cyclic property of ;. This is, of course, in general
true for any (py,) = f(u,) for any arbitrary function f because
0;(p)e = [ Oiug. Otherwise, R is always finite.

Figure 4 explicitly illustrates the origin of finite R by
showing the temporal evolution of normalized (p), versus
u, for the simulation presented in Fig. 2. Each scatter point
corresponds to sparse grid points in the simulation. One
can see that the single-particle relation (p), = yu, (black
dashed line) is not satisfied even from the start, and the
nonfunctional relationship between the two quantities is ex-
plicit. This nonfunctional relationship persists throughout the
whole simulation, thereby maintaining the magnitude of R
in Fig. 3.

IV. DISCUSSION

The results presented in Figs. 1-3 clearly demonstrate how
R acts as a dynamically important source of seed magnetic
field in relativistic plasmas. The significance of R compared
to other terms, however, depends on several factors. One im-
portant requirement is that the system must be at least two
dimensional, because kineclinicity is exactly zero for one-
dimensional systems. Another requirement is that the inverse
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of the density ratio of the energetic population has to be at
least comparable to its average momentum. For example, if
the energetic population has py/m.c = 100 but it constitutes
only 0.01% of the bulk density, then its contribution to the
average momentum is negligible.

Although the present work used kineclinic flow specifi-
cally to isolate the role of R,, during magnetogenesis, the
generality of this formulation calls for an investigation of the
role of kineclinicity in various other relativistic situations. In
particular, in magnetically dominant situations it may play
the opposite role, i.e., dissipating magnetic fields instead of
generating them. Our preliminary study shows that the effect
may be important in relativistic magnetic reconnection, where
the kineclinic term may be an additional source of topology
change of Q and thus B field lines.

For ideal initial setups such as those commonly used in
relativistic flows and reconnection with, e.g., Maxwell-Juttner
distribution, kineclinicity is initially zero. However, for suf-
ficiently nonlinear phenomena such as collisionless shocks
or reconnection, the momentum-carrying population and the
bulk population typically become separable very quickly.
Therefore, kineclinicity is expected to develop in these situ-
ations.

Moreover, the simulation in the present work involves pair
plasmas to avoid the multiscale complexity and computational
stiffness associated with the m;/m, ratio. In electron-ion plas-
mas, one would expect substantially richer structure formation
and additional physics of instabilities [6,25]. Because Eq. (4)
applies to any species, an ion-driven kineclinic effect should
occur in analogy with the electron contribution, but on distinct
timescales; determining when and to what extent this ion
effect becomes important is an interesting direction for future
investigation. Similarly, identifying a more realistic plasma
setup where R exceeds or competes with the C and B sources

in, e.g., plasma dynamos, would be an important direction for
future work.

V. SUMMARY

In summary, the curl of the relativistic momentum equa-
tion for a collisionless plasma is reformulated in terms of
the time evolution of the canonical vorticity. In comparison
to the nonrelativistic counterpart, the reformulation yields a
term that represents the misalignment between fluid momen-
tum and velocity gradients, which we name “kineclinicity.”
This term can spontaneously generate vorticity and magnetic
fields, and is finite for relativistic plasmas with an absence
of a functional relationship between the fluid momentum and
velocity. We verify this mechanism in relation to the other
two magnetogenesis sources in the formulation with the aid
of particle-in-cell simulations of a kineclinic flow.
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