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Non-Hermitian systems have been at the center of intense research for over a decade, partly due to their
nontrivial energy topology formed by intersecting Riemann manifolds with branch points known as exceptional
points (EPs). This spectral property can be exploited, e.g., to achieve topologically controlled state permutations
that are necessary for implementing a wide class of classical and quantum information protocols. However,
the complex-valued spectra of typical non-Hermitian systems lead to instabilities, losses, and breakdown of
adiabaticity, which impedes the practical use of EP-induced energy topologies in quantum information protocols
based on state permutation symmetries. Indeed, in a given non-Hermitian multiqubit system, the dynamical
winding around EPs always results in a predetermined set of attenuated final eigenstates, due to the interplay
of decoherence and nonadiabatic transitions, irrespective of the initial conditions. In this work, we address this
long-standing problem by introducing a model of interacting qubits governed by an effective non-Hermitian
Hamiltonian that hosts a special type of EPs while maintaining a completely real energy spectrum, ensuring
the absence of losses in the system’s dynamics. We demonstrate that such non-Hermitian Hamiltonians enable
the realization of genuine, in general, non-Abelian permutation groups in the multiqubit system’s eigenspace
while dynamically encircling these EPs. Our findings indicate that, contrary to previous beliefs, non-Hermiticity
can be utilized to achieve controlled topological state permutations in time-modulated multiqubit systems, thus
paving the way for the advancement and development of quantum information protocols in real-world non-
Hermitian quantum systems.

DOI: 10.1103/m17d-whsf

I. INTRODUCTION

The presence of Riemann topology with branch points,
called exceptional points (EPs), in the energy spectrum of
non-Hermitian systems has attracted considerable interest
over the last few decades. The EPs, where non-Hermitian
Hamiltonian (NHH) eigenvectors coincide, have been linked
to a number of exciting and nontrivial effects and phenomena
not found in Hermitian systems [1–4].

From the early days of research on EPs, it has been sug-
gested that the topology of the intersecting Riemann energy
manifolds at EPs can be exploited for the implementation of
a symmetric state switch [5–9]. In other words, by dynami-
cally encircling EPs in the system parameter space, an initial
eigenstate, belonging to one of the Riemann energy sheets,
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adiabatically transitions to higher- or lower-lying Riemann
energy eigenstates, thereby enabling a symmetric state trans-
fer [10–16].

However, subsequent studies revealed that symmetric
state switching via dynamical encirclement of EPs is gen-
erally impractical due to the breakdown of adiabaticity in
non-Hermitian systems, driven by the presence of a complex-
valued energy spectrum [17–20]. In particular, any initial
eigenmode of the NHH evolves into the state with the min-
imal loss (smallest imaginary energy component) through a
series of nonadiabatic transitions (NATs) during the system
dynamics, imbuing the dynamics with a chiral nature. This
intriguing chiral mode behavior has also been demonstrated in
experiments [21–32], and various approaches for state control
have been explored in the context of such quantum dynamics
[33–41].

The presence of NATs generically inhibits the possibil-
ity of using adiabatic dynamics to realize state-switching
dynamics based on following eigensheets in the NHH spec-
trum. One possible approach to restoring state transfer is to
employ shortcuts to adiabaticity [41,42], where additional
control fields are introduced to replicate the desired outcome
of ideal adiabatic evolution. Alternatively, some progress has
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been made in restoring symmetric state flips to enable a pro-
grammable multistate switch [43]. Both of these approaches
presume that NATs appear in the system dynamics and are un-
desirable, and that one therefore seeks physical mechanisms
to mitigate their effects.

Here, we consider instead the approach of engineering
systems in which nontrivial topological features appear in the
NHH spectrum, but where NATs never disrupt the eigenstate
evolution, thus avoiding the need for additional controls. That
is, we consider here the realization of genuinely adiabatic
multistate transfer in a non-Hermitian context. In a recent
work [44], some of us have demonstrated that such an ap-
proach is possible in two-level systems by carefully choosing
state trajectories in the system’s parameter space on a sub-
manifold described by a pseudo-Hermitian Hamiltonian with
real eigenvalues, allowing adiabaticity to be fully restored
while dynamically winding around EPs. However, while that
method can potentially be extended to linear optical multi-
mode systems by combining it with the findings in Ref. [43],
it presents a significant challenge when applied to interacting
multiqubit systems. Moreover, the method in Ref. [44] en-
ables topological and adiabatic state transfer only among
nonorthogonal eigenstates, since the entire system must be
initialized in the non-Hermitian phase. This severely limits
its applicability and integration with state-of-the-art quantum
information protocols.

In this work, we address this long-standing challenge
of adiabatic multistate transfer in time-modulated non-
Hermitian multiple qubit systems by introducing an NHH
that describes an interacting multiqubit system and ex-
hibits a purely real spectrum with specific EPs defined on
hyperboloid manifolds in the system parameter space. At
this special type of EPs, which we refer to as “twisted”
EPs, the Hamiltonian eigenvectors coalesce, although the
corresponding eigenvalues diverge, with the sign of the di-
vergence depending on the path taken to approach these EPs.
Remarkably, by dynamically winding around such EPs along
the Riemann eigensheets, we show that one can implement
a genuine and controllable symmetric multistate switching
in the system dynamics, characterized by the absence of
the NATs. This facilitates the generation of various permu-
tation groups in the NHH eigenspace, a property that had
been previously thought challenging or impossible to achieve
due to the breakdown of the adiabatic theorem [18,19,45].
Moreover, the proposed NHH can also attain a Hermitian
phase, where its eigenstates are orthogonal and over which
the multistate-switching protocol can also be performed. This
allows to merge and combine existing quantum information
protocols that have been developed for Hermitian systems to
non-Hermitian multiqubit systems as well.

The ability to generate and control permutation groups in
the NHH eigenspace holds promise for opportunities in quan-
tum information and communication. Potential applications
include the production of diverse entangled states [46], the im-
plementation of optimal quantum gates [47], the development
of quantum error-correcting codes [48,49], performing holo-
nomic quantum computations [50–52], and advancements in
quantum sensing [53], among others.

As an illustrative example, we study here an NHH
describing a three-qubit system and investigate the rich

structure of topological eigenstate permutations that arise
while dynamically orbiting its associated EPs. These eigen-
state permutations are topological because they do not depend
on the shape of the winding loops around the EPs and are
determined solely by the intrinsic Riemann topology in the
vicinity of the EPs. Our analysis reveals that the symmetric
state-switching protocol implemented in this work can gen-
erate a nontrivial non-Abelian permutation group comprising
576 elements. We also discuss the robustness of the protocol
and its potential realization in various existing experimen-
tal setups. Our work therefore opens avenues for advancing
and developing quantum information protocols using non-
Hermitian quantum systems, in which generating and steering
permutations of quantum states plays a pivotal role.

II. MODEL

We start by introducing a tight-binding non-Hermitian
Hamiltonian Ĥ �= Ĥ† describing N qubits represented as spins
with ZZ coupling, which are subject to a transverse, in general
nonuniform, effective complex-valued magnetic field �Bk

‖:

Ĥ =
N∑
k

�σk �Bk
‖ +

∑
k<l

Jkl σ̂
k
z σ̂ l

z . (1)

Here, the spin vector �σ = [σ̂x, σ̂y, 0]T , with the symbol T
denoting the transpose operation, σ̂x,y,z are the Pauli matrices,
and the transverse magnetic field vector has x, y components
and is written as

�Bk
‖ = fk[α sin φ, α cos φ, 0]T , (2)

where

α = y sin (Re[φ])

sin (Im[φ])
, φ = arctan[(x + iy)−1], (3)

with fk, x, y ∈ R. For fixed fk , the system parameter space is
defined by a tuple (x, y, J), with J being the coupling matrix
J ≡ Jkl .

Equations (2) and (3) determine the embedding map
(x, y) → (Br

x, Bi
x, Br

y, Bi
y), where the superscripts in the four

B components denote the real and imaginary parts of the
magnetic field in the (x) and (y) directions. The components
of the local magnetic field thus describe a hyperboloid surface
with a variable curvature α in R4 [44], namely,(

Br
x

)2 + (
Br

y

)2 − (
Bi

x

)2 − (
Bi

y

)2 ≡ α2. (4)

This parametrization of the magnetic field, together with the
ZZ qubit interactions, ensures that the NHH in Eq. (1) is
pseudo-Hermitian and that this symmetry is exact in the entire
parameter space, meaning that the spectrum of Ĥ is every-
where real. Indeed, the condition for the pseudo-Hermiticity
of the NHH reads as [54]

ηĤη−1 = Ĥ†, (5)

where η is some Hermitian operator. Here, the operator η

can be chosen as a metric operator of the NHH describing
noninteracting qubits, i.e., when J = 0 (see Appendix A).

The NHH of Eq. (1) with its complex-valued magnetic
fields can be implemented in various experimental plat-
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FIG. 1. Energy spectrum of a single qubit, described by the NHH
in Eq. (1), as a function of the applied magnetic field �Bi

‖(x, y),
according to Eqs. (3) and (6). The x, y dependence of the energies
reflects the x, y dependence of the parameter α. The purely real-
valued spectrum consists of two intertwined Riemann sheets with
an EP located at (x = 0, y = 1). Moreover, at this EP the spectrum of
the NHH diverges, according to Eq. (9) (see the main text for details).

forms, ranging from solid-state systems to photonic setups, by
making use of either the Naimark dilation method [55] or pho-
ton postselection techniques [56]. We elaborate on possible
experimental realizations in more detail in Sec. V.

III. EIGENSPECTRUM OF THE NON-HERMITIAN
HAMILTONIAN AND “TWISTED” EXCEPTIONAL POINTS

We now discuss the spectral properties of the NHH in
Eq. (1) and the potential offered by this system to realize
a genuine adiabatic permutation subgroup in non-Hermitian
multiqubit systems with EPs.

A. Noninteracting qubits

We begin our analysis of the spectral properties of the NHH
in Eq. (1) with the simplest case, when J ≡ 0 and fk = 1,
for ∀k. In this case, the spectrum of N noninteracting qubits
is analogous to that of an N-dimensional hypercube [57,58],
namely,

Ek ≡ −Nα,−(N − 2)α, . . . , (N − 2)α, Nα, (6)

which is generated by the spectrum of a single qubit
Eq

1,2 = ±α. This single-qubit energy spectrum is plotted in
Fig. 1. In what follows, we assume that the energy levels are
always arranged in ascending order, i.e.,

E1 � E2 � · · · � E2N . (7)

The right eigenvector space of the noninteracting qubits’
NHH is spanned by tensor products of the eigenvectors of
each individual qubit that read [44,57]

|ψ1〉 ≡ R̂

(− sin φ

2

cos φ

2

)
, |ψ2〉 ≡ R̂

(
cos φ

2

sin φ

2

)
, (8)

where R̂ = exp(−iπσx/4) is a rotation operator. Because the
pseudo-Hermiticity of the parametrized NHH does not allow

spontaneous symmetry breaking, the left eigenvectors are sim-
ply the complex conjugates of the right eigenvectors [44].

We now proceed with a more detailed examination of the
spectral properties of a single qubit, since its properties are
directly reflected in Eq. (6). As can be seen from Fig. 1, the
qubit spectrum is characterized by the presence of a singular
point at (x = 0, y = 1). Indeed, according to Eq. (3) we have

lim
x→0,y→1

α = ±∞, (9)

where the sign at infinity depends on the direction of the
limit approach to the singularity (see Fig. 1). Furthermore,
one finds that the limit for the inner product of the normalized
eigenvectors at this point is

lim
x→0, y→1

|〈ψ2|ψ1〉| = 1. (10)

Equation (10) implies that the qubit eigenvectors coalesce at
this singular point. In other words, the singularity behaves
like an EP, although it is not an EP in the usual sense that
is encountered in non-Hermitian systems with finite spectra.
This seeming difficulty can be handled using mathematical
tools borrowed from the projective space framework [59].
Specifically, this singularity can be cast into an ordinary EP
in some extended NHH, where the eigenvalues converge at
the EP (see Appendix B for details).

Nevertheless, for our purposes here, we can safely ignore
the infinite nature of the spectrum at such EPs, because we
are solely interested in the loop trajectories around the EPs,
along which both the energy spectrum and the parameters
controlling the system (x, y, J), or, equivalently, the complex
magnetic fields and the qubit-qubit interactions, remain finite.
These EPs may therefore be termed as “twisted EPs,” due to
the nontrivial wrapping of the spectrum at these points that
leads to the divergent behavior of the NHH eigenvalues. For
simplicity, however, in the remaining technical sections of this
paper we shall continue to refer to such singularities as EPs.

When dynamically encircling the EP in Fig. 1 in the param-
eter space (x, y), the eigenstates of a qubit can be interchanged
adiabatically without invoking any nonadiabatic transitions
[44]. This stems from the fact that the eigenvalues are every-
where real. It is important to appreciate, however, that while a
winding trajectory around the EP in the space (x, y) can have
the form of simple loops in a plane, the actual orbits in the
vector space (C2 or R4) of the magnetic field �B‖ are the loops
on a curved hyperboloid.

We note that the spectrum described above differs dras-
tically from that studied in Ref. [44], where the qubit
eigenvalues have a well-defined limit in Eq. (9). The key
distinction lies in the fact that, unlike in Ref. [44], the Rie-
mann energy sheets are now well separated at the special
point (x = 0, y = 0) where the NHH becomes Hermitian (see
Fig. 1). This is a very useful property, since it can allow one
to perform state transfer protocols over multiqubit states that
are often generated and exploited in closed systems. This key
property of the NHH of Eq. (1) for noninteracting qubits thus
enables the combination and extension of existing quantum
information protocols, originally devised for Hermitian sys-
tems, to non-Hermitian qubit systems as well. In the next
subsection, we extend this to the case of interacting qubits.
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FIG. 2. Eigenspectrum of the NHH Ĥ in Eq. (1) as a function of
the magnetic field �Bi

‖(x, y) for (a) two interacting qubits and (b) three
interacting qubits. The system parameters are (a) f2 = 2 f1 = 2,
J12 = 1 and (b) f1,2,3 = 1, J12 = 0.5, J13 = 1, J23 = 1.5. The spec-
trum consists of a stack of Riemann sheet pairs, whose number grows
with the number of interacting qubits in the system. The set of EPs,
constituting the EL, is located at the same point (x = 0, y = 1) as in
the case of a single noninteracting qubit in Fig. 1. We note that the
EPs are characterized by the same divergence behavior as in Fig. 1, in
accordance with Eq. (9). As noted in the text, this does not affect the
dynamics of trajectories around the EPs, so, for the sake of clarity, we
omit explicit depiction of the divergence here and in the figures that
follow.

B. Interacting qubits

When the qubit interactions in Eq. (1) are switched on, the
NHH spectrum takes the form of a stack of Riemann sheet
pairs, determined by the function α(x, y), with the spacing be-
tween sheet pairs determined by a function of the ZZ coupling
strengths Jkl , as illustrated in Fig. 2. Hence, for interacting
qubits, the EP of a single qubit extends to an exceptional line
(EL), as depicted in Fig. 2. This EL is orthogonal to the (x, y)
plane and intersects it at the point (x = 0, y = 1).

To determine whether a non-Hermitian multiqubit system
enables a multistate switch, one can examine a topological
invariant associated with EPs that is known as chirality [13].
Specifically, when the chirality is nonzero, the eigenstates can
be swapped while encircling an EP. In contrast, when the
chirality is zero, winding around the EP does not induce a state
flip; instead, each eigenstate returns to itself after completing
a full encircling cycle [13].

A nonzero chirality can be inferred from the behavior of the
spectrum near the Riemann branch cuts where α = 0, which
corresponds to the region x = 0, y ∈ [1,∞) in the (x, y) plane
(see Figs. 1 and 2). Indeed, at the branch cut, the function α

changes sign. This means that if a decomposition of Ek in this
region contains odd powers of α, this will be an indication that
the levels interchange when crossing a branch cut.

IV. IMPLEMENTING A STATE PERMUTATION GROUP
IN A NON-HERMITIAN TIME-MODULATED

THREE-QUBIT SYSTEM

We now proceed to describe the implementation of a
nontrivial state permutation group in the eigenspace of a time-

FIG. 3. Schematic representation of a three-qubit spin system
with pairwise ZZ interactions, subject to a complex transverse mag-
netic field (simplified here as a vector perpendicular to the plane).
The system is governed by the effective NHH of Eq. (1). In general,
the magnetic field strength acting on each spin qubit is different, as
indicated by the differently colored clouds surrounding the qubits.
By appropriately time modulating the magnetic fields �Bk and the
qubit interactions Jkl of Eq. (1) according to Eq. (11), one can
realize a nontrivial permutation group acting on the system’s NHH
eigenspace.

modulated three-qubit system as an illustrative example. A
schematic of the protocol is shown in Fig. 3.

A. Description of the state transfer protocol

In Fig. 2(b), we present a typical energy spectrum for three
interacting qubits, governed by the NHH of Eq. (1). As can
be seen from the figure, winding around EPs that is confined
within the (x, y) plane can only result in the state transfer
between eigenstates belonging to individual Riemann pairs. In
order to achieve state flips between different Riemann pairs as
well, one has to ensure that these sheets can be “transported”
along the z axis in Fig. 2(b). Our approach is motivated by the
programmable switch studied in Ref. [43], where individual
pairs of Riemann manifolds of a bosonic multimode spectrum
were similarly manipulated. In the current work, such control
can be achieved by further modulating the interaction terms
Jkl in the NHH, Eq. (1). Specifically, we shall require the
system parameters to be time modulated as follows:

x(t ) = rx sin(ωt + φ0),

y(t ) = ry[1 + cos(ωt + φ0)],

Jkl (t ) = Jkl sin2(ωt/2 + φ0/2), (11)

where rx,y define the semiminor and/or semimajor axis of the
enclosing ellipse in the (x, y) plane, ω = 2π/T is an angular
frequency determined by a winding period T , and φ0 is the
initial phase. Clearly, when rx = ry, the ellipse loop reduces
to a circle. In this work, however, we do not restrict ourselves
exclusively to circular orbits. Indeed, the topological nature of
the state transfer resulting from dynamically encircling EPs
should not depend on the shape of the encircling loop. The
qubit coupling strengths Jkl , with k, l = 1, 2, 3, and k < l ,
can be modulated individually; i.e., it is not necessary to
modulate them simultaneously. To track the state evolution
in such a time-modulated system, we numerically solve the
Schrödinger equation i∂t |ψ (t )〉 = H |ψ (t )〉 with the Runge-
Kutta method.
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FIG. 4. Dynamically encircling around EPs in a three-qubit system governed by the NHH in Eq. (1) by time modulating the magnetic
field �Bi

‖(x, y), according to Eq. (11), over a winding period T . (a) A schematic representation of the initial eigenstates at t = 0, depicted as
colored spheres, with each color corresponding to a certain Riemann energy manifold. (b), (c) The evolution of various initialized states
at times T/2 < t < T and at t = T , respectively. (d) Fidelity |〈ψk |ψ (t )〉|2 between the evolving state |ψ (t )〉 and the initial eigenstate
|ψk〉, k = 1, . . . , 8, of the NHH. System parameters are set as f3 = 2 f1 = 2 f2 = 2 and J12 = J13 = J23 = 1. The time period is T = 2500
(arb. units), the semiminor and semimajor axis of the enclosing ellipse are rx = 3 and ry = 6, respectively, and the initial phase φ0 = π .

Alternatively, one can describe the trajectory in Eq. (11) as
dynamical spiraling around EPs rather than mere dynamical
encirclement. This is because, in addition to orbiting a circular
path in the 2D (x, y) parameter space, the system can be
simultaneously driven along a perpendicular axis defined by
the time-dependent couplings Jkl (t ), as illustrated in Fig. 2.
This dynamical spiraling around the EPs is thus similar to the
protocol described in Ref. [43], except for the key fact that in
the current situation the dynamics of the system now remain
purely adiabatic.

B. Adiabatic dynamical encirclement and spiraling around
exceptional points in a three-qubit system

To elucidate the state transfer characterized by the overlap
of distinct Riemann pairs during the dynamical encirclement
and spiraling of EPs, we now give two illustrative exam-

ples for the interacting three-qubit system in Figs. 4 and 5,
respectively.

In Fig. 4, we assume that the time modulation is only
performed over the parameters (x, y), leaving interactions
unchanged J12 = J13 = J23 = 1; i.e., we implement only the
dynamical encirclement of EPs and no spiraling around these.

We initialize the systems in one of the NHH eigenstates, as
depicted by the colored spheres in Fig. 4(a). The initial eigen-
states ψi occupy their respective Riemann energy sheets Ei,
which are ordered according to Eq. (7), in the Hermitian phase
of the non-Hermitian Hamiltonian Ĥ , where the complex
magnetic field �B = 0, i.e., (x = 0, y = 0). In Figs. 4(a)–4(c),
the evolving eigenstates ψi are represented as colored spheres:
ψ1 (blue), ψ2 (green), ψ3 (yellow), ψ4 (red), ψ5 (cyan),
ψ6 (magenta), ψ7 (black), and ψ8 (brown).

After initiating the counterclockwise encircling of the EPs
in the (x, y) plane, at time t = T/2 the evolving states cross
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FIG. 5. Dynamically spiraling EPs in a three-qubit system governed by the NHH in Eq. (1) by time modulating both the magnetic field
�Bi

‖(x, y) and qubit coupling J13, according to Eq. (11), over a winding period T . (a) A schematic representation of the initial eigenstates at t = 0,
depicted as colored spheres, with each color corresponding to a certain Riemann energy manifold. (b), (c) The evolution of various initialized
states at times T/2 < t < T and at t = T , respectively. The Riemann energy sheet configuration shown in panel (b) corresponds to t = T/2
and is distinct from that in panel (a), showing distortions and shifts as a result of the additional modulation of the qubit coupling J13(t ).
This enables more couplings between different Riemann energy sheets than for the situation in Fig. 3 with static interactions. (d) Fidelity
|〈ψk |ψ (t )〉|2 between the evolving state |ψ (t )〉 and the initial eigenstate |ψk〉 (k = 1, . . . , 8) of the given three-qubit NHH. The rest of the
system parameters are the same as in Fig. 3. We note that the same result is obtained when modulating the qubit coupling J23 in Eq. (11).

the corresponding energy branch cuts, resulting in the state
transfer shown in panels (b) and (c) of Fig. 4. Specifically,
due to the couplings between energy manifolds E1 ↔ E5,
E2 ↔ E6, E3 ↔ E4, and E7 ↔ E8 in the region [x = 0, y >

1], the evolving states transition as follows [see Fig. 4(b)]:

ψ1 → E5, ψ2 → E6, ψ3 → E4, ψ4 → E3,

ψ5 → E1, ψ6 → E2, ψ7 → E8, ψ8 → E7. (12)

This obtained configuration of evolving eigenstates remains
unchanged for the rest of the evolution until the end of the
winding period t = T . The resulting permutation can be sym-
bolically written in a cyclic notation as

p1 = (ψ1, ψ5)(ψ2, ψ6)(ψ3, ψ4)(ψ7, ψ8), (13)

where the numbers in parentheses account for the cyclic per-
mutations between corresponding eigenvectors. For instance,

the notation (ψ1, ψ5) means that the pair of eigenstates ψ1 and
ψ5 are permuted with each other.

Figure 4(d) shows the fidelity between the evolving state
ψ (t ) and the initial eigenstates of the NHH at t = 0 when
winding around the EPs is realized in the counterclockwise
direction. The fidelities show a clear switching behavior be-
tween an initial eigenstate at t = 0 and a different eigenstate
at t = T , confirming the perfect state transfer between eigen-
states. Identical results are obtained when winding in the
opposite (i.e., clockwise) direction, because the nonadiabatic
jumps, and associated with them chiral mode switching, have
been eliminated in the system due to the real spectrum of the
NHH.

It is evident that with the fixed qubit couplings described
above, while we see perfect eigenstate transfer, the system is
still significantly limited in the number of realizable eigen-
state flips. To overcome this restriction, one can additionally

033242-6



TOPOLOGICAL STATE PERMUTATIONS IN … PHYSICAL REVIEW RESEARCH 7, 033242 (2025)

modulate the coupling between, e.g., the first and third qubits,
i.e., by modulating the parameter J13(t ) in Eq. (11). This gives
rise to a dynamical spiraling around the EP, as well as to time-
dependent modifications of the Riemannian energy manifolds.

We demonstrate the outcome of such a dynamical spiraling
around EPs in Fig. 5. The set of possible initialized eigenstates
in Fig. 5(a) is the same as in Fig. 4(a). By modulating all three
parameters, [x(t ), y(t ), J13(t )], an alternative combination of
state flips can be achieved.

When the system parameters are modulated according to
Eq. (11) with the time-dependent coupling J13(t ) now in-
cluded, the Riemann sheets begin to deform and also to shift
along the z axis, as shown in Figs. 5(b) and 5(c). At one half
of the winding period, t = T/2 [x = 0, y > 1], several energy
manifolds become coupled [see Fig. 5(b)]:

E1 ↔ E2, E3 ↔ E6, E4 ↔ E5, E7 ↔ E8. (14)

These couplings between energy sheets induce transitions
among the eigenstates, analogous to the scenario shown in
Fig. 4. However, due to the additional modulation of J13,
the specific pairings of energy surfaces at t = T/2 that are
determined by Eq. (14) differ from those in Fig. 4(b). Con-
sequently, via this dynamical spiraling around the EPs, the
following permutation is implemented:

p2 = (ψ1, ψ2)(ψ3, ψ6)(ψ4, ψ5)(ψ7, ψ8). (15)

These state permutations are confirmed by calculations of the
state fidelity, depicted in Fig. 5(d). We note furthermore that
the same permutation result can also be achieved by modulat-
ing the coupling J23(t ) instead of J13(t ).

C. Implementing a nontrivial permutation group in a
three-qubit system

By choosing various combinations of the time-modulated
qubit couplings Jkl (t ), together with time-modulated parame-
ters [(x(t ), y(t )] in Eq. (11), six different permutations can be
realized in the given three-qubit system. These permutations
can be compactly expressed using cyclic notation as follows:

p1 = (ψ1, ψ5)(ψ2, ψ6)(ψ3, ψ4)(ψ7, ψ8),

p2 = (ψ1, ψ2)(ψ3, ψ6)(ψ4, ψ5)(ψ7, ψ8), if (J13) or (J23),

p3 = (ψ1, ψ3)(ψ2, ψ6)(ψ4, ψ8)(ψ5, ψ7), if (J13, J23),

p4 = (ψ1, ψ3)(ψ2, ψ6)(ψ4, ψ5)(ψ7, ψ8), if (J12),

p5 = (ψ1, ψ3)(ψ2, ψ4)(ψ5, ψ7)(ψ6, ψ8), if (J12, J13),

p6 = (ψ1, ψ8)(ψ2, ψ6)(ψ3, ψ7)(ψ4, ψ5), if (J12, J13, J23),

(16)

where the parameters in the parenthesis (Jkl , . . . , Jk′l ′ ) indi-
cate the qubit couplings that must be modulated to realize
the corresponding permutation. We confirm these findings
numerically in Appendix C, where we also provide further
examples and discussion of the time-dependent distortions of
the Riemannian energy surfaces induced by time modulation
of the Jkl (t ) couplings. We note that the permutation p5 in
Eq. (16) can be alternatively realized by modulating the qubit
couplings (J12, J23) instead.

The generators pi in Eq. (16) form a small non-Abelian per-
mutation group G with 576 elements, whose group extension
can be read as

G = [(A4 × A4) : C2] : C2. (17)

The core of the group G is formed by the direct product of
two alternating groups A4 of order 12, followed by nested
semidirect products of the two cyclic groups C2, each of order
2 [60].

The action of the group G on the eight elements, rep-
resented by the eight NHH eigenvectors, can be described
as follows: The first direct product A4 × A4 represents the
independent actions of two alternating groups A4, each act-
ing on a disjoint set of four elements out of eight. Next,
the cyclic group C2 acts on A4 × A4 by swapping the two
A4 subgroups, effectively interchanging the two sets of four
elements. Finally, an outer cyclic group C2 acts on the entire
structure, providing an additional global transformation, such
as inverting or permuting elements across the entire set.

Geometrically, the elements of the group G can describe the
symmetries of chiral three-dimensional polytopes [61]. These
geometric structures can naturally arise in the form of vertex
figures of higher-dimensional polytopes [61,62].

Clearly, by using the generators pi in Eq. (16), one can
produce various permutations (576 in total) between the
eigenvectors ψi. For instance, one can readily generate the
following group elements of G written as

p6 p5 p1 p3 p1 = (ψ1, ψ2)(ψ3, ψ4)(ψ5, ψ6)(ψ7, ψ8), (18)

p1 p5 p1 = (ψ1, ψ8)(ψ2, ψ7)(ψ3, ψ6)(ψ4, ψ5). (19)

The group element in Eq. (18) represents a cyclic shuffling
of eigenstates belonging to the two nearest energy manifolds,
while the element in Eq. (19) corresponds to pairwise permu-
tations between eigenstates whose energy levels are “mirror
reflected” to each other.

As such, a non-Abelian permutation group G, acting on the
eigenspace of the NHH, can be constructed through appropri-
ate time modulations of the system parameters in Eq. (11).
This construction utilizes the nontrivial energy topology as-
sociated with the EPs of the pseudo-Hermitian Hamiltonian
H , which effectively suppresses the occurrence of NATs in
the system’s dynamics. Notably, these state permutations are
topological in nature, since the described state-switching pro-
tocol does not depend on the shape of the dynamical loops that
enclose the EPs.

V. DISCUSSION

It is evident that by considering larger systems with N > 3
qubits, more complex permutation groups can be imple-
mented in the system dynamics. We note that even in the
three-qubit system studied, other state permutations may be
found by choosing different time-modulating functions of sys-
tem parameters in Eq. (11).

Importantly, the ability to realize permutation groups in
the time-dependent NHH in Eq. (1) enables dynamical state
transfer or swapping for any arbitrary state, since any state
can be expressed as a superposition of the NHH eigenstates.
This is in striking contrast with previous studies on dynamical
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winding around or in the vicinity of EPs, where nonadiabatic
transitions prevent bijective mappings over NHH eigenstates
due to chiral state switching [1,21].

We would like to emphasize that when the initial state in
the protocol described above is a superposition of the NHH
eigenstates, the permuted eigenstates in that superposition
accumulate an additional phase during state evolution. This
phase generally comprises two components: the topological
phase, arising from the encirclement of the EPs, and the
dynamic phase. Such nontrivial phase accumulation [63,64]
can be further utilized in designing phase-dependent quantum
protocols, akin to those employed in holonomic computation
schemes [50–52].

We also reiterate that the divergent behavior of the spec-
trum near the EP, as indicated by Eq. (9), and associated with
it infinite fields �B(x, y), does not affect the state-switching
protocol proposed here. This is because the spectrum re-
mains finite along the EP encircling trajectories. Moreover,
as noted earlier in Section III A, such divergences can be
effectively circumvented by appropriately mapping the NHH
onto a higher-dimensional NHH (see also Appendix B), thus
allowing to access such EPs experimentally.

The NHH of the form in Eq. (1) with effective complex-
valued magnetic fields can be experimentally realized, e.g.,
through a Naimark dilation method, where the given NHH
constitutes a part of a larger Hermitian system [55,65–68].
Moreover, because the pseudo-Hermiticity of the NHH Ĥ
[(Eq. (1)] does not undergo spontaneous symmetry break-
ing, the exact form of the dilated Hermitian Hamiltonian
can be readily found [67] (see Appendix D for details). This
method can be experimentally implemented using platforms
based on nitrogen-vacancy centers in diamond [66,68] or
superconducting quantum processors [69,70].

Alternatively, the NHH can be simulated in open quan-
tum optical systems operating in the hard-core boson regime,
where a bosonic system can be effectively mapped to a spin
system [71]. For example, in a lossy nonlinear cavity with
strongly interacting photons, the system dynamics can be
effectively mapped onto those of interacting qubits [72]. In
that case, the complex magnetic field can act as a complex
driving coherent field, which can be emulated using postse-
lection techniques based on β-dyne detection [56] (see also
Appendix E for details).

Furthermore, the experimental simulation of the NHH can
also be performed in classical and quantum photonic setups
consisting of real-space networks of dissipatively coupled
waveguides, or even synthetic spaces, whose coupling topol-
ogy is identified with the Fock space of the NHH [73–77].

The described protocol is robust against perturbations in
the system that are sufficiently small to ensure that (1) the
energy gap opening at the branch cut remains small enough
that the state transfer is still feasible via Landau-Zener-
Stückelberg-Majorana transitions [78,79] and (2) the induced
disorder does not trigger nonadiabatic transitions in the sys-
tem dynamics. Indeed, in general, arbitrary disorder breaks
the pseudo-Hermiticity of the NHH in Eq. (1), leading to a
complex-valued spectrum and to system instabilities associ-
ated with this. We elaborate further on this in Appendix F.

The protocol also remains stable when the modulated in-
teraction terms Jkl ≈ 0 (but not exactly zero) at t = T/2 in

Eq. (11), meaning that the different Riemann sheet pairs do
not precisely intersect at that moment. This robustness is
again attributed to the Landau-Zener-Stückelberg-Majorana
transitions between the corresponding energy manifolds, en-
suring that the observed state permutations are still achievable
[44]. Furthermore, variations in the orbiting trajectory of the
magnetic field in the (x, y) plane do not affect the resulting
state permutations, as long as the dynamical loop encloses
the EPs and does not pass in its close proximity. However,
we observe that for certain encircling loops and specific
states, numerical simulations may exhibit stiffness. We dis-
cuss this difficulty and the way to overcome it in more detail in
Appendix G.

We note that although in this work we specifically fo-
cused on the NHH in the form given in Eq. (1), other types
of NHHs exhibiting various dynamic permutation groups in
their eigenspace can also be identified in a similar manner.
Our primary aim here was to highlight and describe the very
possibility of the existence of such Hamiltonians that enable
controlled and stable symmetric state switching in multiqubit
systems via dynamical encirclement of EPs. However, the
formalism presented here can also be further extended to mul-
tiqubit systems with any number of qubits. This could open
up possibilities for implementing genuine adiabatic quantum
computing in non-Hermitian setups, e.g., realizing two-qubit
quantum protocols in addition to the one- and three-qubit
gates presented here.

VI. CONCLUSION

In this work, we have demonstrated that genuine topo-
logical quantum state permutations can indeed be realized in
multiqubit non-Hermitian systems by dynamically encircling
EPs, by converting the Hamiltonian to a pseudo-Hermitian
Hamiltonian. This is accomplished by adding complex fields
to the system and specifically selecting a subspace where
the NHH exhibits a real-valued spectrum and hosts a special
type of EPs defined on hyperboloid manifolds in the system
parameter space. We term these exception points “twisted
EPs.” Dynamically winding around these EPs allows the
suppression of nonadiabatic transitions in the system dynam-
ics, thereby enabling precise and controlled quantum state
permutations.

As an illustrative example, in this work we studied an NHH
describing an interacting three-qubit system. We showed that
appropriately time modulating the system parameter space
allows the implementation of a nontrivial non-Abelian per-
mutation group acting on the eigenstates of the given NHH.
Furthermore, the group generators enable symmetric switch-
ing between any two eigenstates of the NHH, regardless of
the winding direction, removing the mode chirality imposed
by nonadiabatic transitions in conventional non-Hermitian
systems.

The NHHs with twisted EPs that are proposed and an-
alyzed in this work can be experimentally realized across
various platforms, including solid-state systems, such as su-
perconducting qubits or nitrogen-vacancy centers in diamond
using the dilation method [66,68–70]. They can also be sim-
ulated in the monitored open quantum interacting bosonic
systems by performing a photon postselection procedure or
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emulated in classical photonic setups through networks of
coupled cavities or waveguides [56,73–77].

The ability to perform controlled state permutations,
while dynamically encircling EPs, introduces opportunities
for quantum state generation and transfer. In particular,
the method described here may lead to experimental ap-
proaches to performing holonomic quantum operations that
are based on non-Hermitian quantum physics. Indeed, current
non-Hermitian holonomic protocols are severely limited by
nonadiabatic transitions between energy eigenstates and the
losses associated with these [80]. Successful realizations of
such approaches are likely to require additional corrective
controls to manage spurious transitions when performing op-
erations on quasidiabatic timescales. In contrast, the present
approach exhibits no nonadiabatic losses and can be imple-
mented by standard control methods. The current findings
thus highlight the potential of non-Hermitian systems to ad-
vance quantum information and communication protocols,
opening up avenues for state control and manipulation.
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APPENDIX A: PSEUDO-HERMITIAN SYMMETRY
OF THE NON-HERMITIAN HAMILTONIAN IN EQ. (1)

Here, we provide further details on the pseudo-Hermiticity
of the NHH in Eq. (1). Specifically, we want to show that one
can find a Hermitian operator η for which one always has

ηĤη−1 = Ĥ†. (A1)

The operator η can be chosen as

η =
N⊗
k

ξ, ξ =
2∑

i=1

|νi〉〈νi|, (A2)

where the states |νi〉 are the left eigenvectors of the single-
qubit Hamiltonian Hq = Bxσx + Byσy, with Bx,y given by
Eqs. (1)–(3), i.e., H†

q |νi〉 ≡ |νi〉. That is, the operator ξ is a
metric operator of the qubit Hamiltonian Hq. We recall that

the left eigenvectors ν1,2 are complex conjugates of the right
eigenvectors in Eq. (8).

Because of this property, the noninteracting part (J = 0) of
the NHH in Eq. (1), namely, Hnon = ∑N

k �σk �Bk
‖, automatically

fulfills the condition in Eq. (A1), since the operator η is a
metric operator of this noninteracting term.

On the other hand, the interacting term Hint = ∑
Jkl σ̂

k
z σ̂ l

z
is invariant under the action of the operator η in Eq. (A2), i.e.,
ηĤintη

−1 = Hint, which can be checked by straightforward
calculations.

Consequently, we obtain

ηĤη−1 = ηĤnonη
−1 + ηĤintη

−1 = Ĥ†
non + Ĥint. (A3)

Because Ĥint is Hermitian by definition, one then arrives at the
pseudo-Hermitian condition in Eq. (A1).

APPENDIX B: RESOLVING THE PROBLEM
OF EXCEPTIONAL POINTS AT INFINITY FOR

SINGLE QUBITS IN EQ. (9)

Here, we briefly address the apparent issue of spectral
divergence at EPs in the noninteracting qubit NHH, according
to Eq. (9). This problem can be resolved using the framework
of complex projective spaces [59], which provides an elegant
method to handle infinities. In particular, what appears as an
infinity in a given space may correspond to a well-defined
point in a higher-dimensional space.

To put it more formally, the procedure begins with identi-
fying a higher-dimensional NHH that can be associated with
a Grassmann manifold, which generalizes the concept of a
projective space. Then, a particular class of this Grassmannian
would correspond to the lower-dimensional NHH, specifically
the single-qubit NHH discussed in Sec. III A.

Such a higher-dimensional 3 × 3 NHH can be introduced
as follows:

H ′ =
⎛
⎝γ cot φ γ 0

γ −γ cot φ 0
0 0 sin (Im[φ])

sin φ

⎞
⎠, (B1)

where γ = � sin(Re[φ]). The first two diagonal elements of
the NHH are continuous functions on the plane (x, y). The
third element is also a continuous function except the interval
[x = 0, |y| � 1], where it becomes rather a piecewise func-
tion; i.e., it is not differentiable but remains finite on that
interval.

The NHH possesses an EP at the same point (x = 0, y = 1)
as the NHH of a single qubit considered in Sec. III A. More-
over, the spectrum of the NHH H ′ in Eq. (B1) is finite in any
given finite region (x, y) including the EP. These eigenvalues
read

λ1,2 = ±γ (sin φ)−1, λ3 = sin (Im[φ])(sin φ)−1. (B2)

The second-order EP is characterized by the coalescence of
two eigenvectors associated with the degenerate eigenvalues

λEP
1 = λEP

2 = 0. (B3)

Notably, while the third eigenvalue is also λ3 = 0 at the EP, its
corresponding eigenvector remains independent of the other
two eigenvectors.
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TABLE I. Table of the state permutations according to Eq. (16). Starting from an initial system state ψk (listed in the first column), one can
transition to any target eigenstate ψ j (listed in the first row) by selecting an appropriate trajectory [expressed via a permutation generator pi in
Eq. (16)] that winds or spirals around the exceptional point.

ψin/ψout ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8

ψ1 p2 p3, p4, p5 p1 p6

ψ2 p2 p5 p1, p3, p4, p6

ψ3 p3, p4, p5 p1 p2 p6

ψ4 p5 p1 p2, p4 p3

ψ5 p1 p2, p4 p3, p5

ψ6 p1, p3, p4, p6 p2 p5

ψ7 p6 p3, p5 p1, p2, p4

ψ8 p6 p3 p5 p1, p2, p4

Now, we can associate subspaces of this 3 × 3 NHH with
a Grassmannian G1,3, which is the projective space CP2 [59].
In the case under consideration, we define the projective space
CP2 with the coset cH ′, where c ∈ C − {0}.

One of the charts of this projective space can be defined
as [sin φ/ sin(Im[φ])]H ′, obtained by normalizing H ′ by its
last diagonal element. The representative of this chart with
inhomogeneous coordinates can then be expressed via the

2 × 2 matrix H = α
(

cos φ sin φ

sin φ − cos φ

)
, which corresponds to the

NHH of the single qubit discussed in Sec. III A.
In other words, through this projection, the well-defined

EP in Eq. (B3) is sent to infinity in Eq. (9). The latter corre-
sponds to the situation when the projection of the EP in C3,
determined by the 3 × 3 matrix H ′ to the plane, defined by the
2 × 2 matrix H , is parallel to this plane.

Thus, the projective space associated with the NHH H
provides a framework to effectively map the EP in Eq. (B3)
to infinity, according to Eq. (9). We reserve the discussion of
experimental implementation of this mathematical approach
for future studies.

APPENDIX C: CALCULATED FIDELITY FOR OTHER
STATE PERMUTATIONS ACCORDING TO EQ. (16)

In Figs. 4(d) and 5(d), we plotted the fidelity |〈ψk|ψ (t )〉|2
between the evolving state |ψ (t )〉 and one of the eight initial
eigenstates |ψk〉 of the three-qubit NHH that corresponds to
the first generators of the permutation group G in Eq. (16).
For completeness, here in Fig. 6 we plot the fidelity of the re-
maining permutation generators, thus confirming their form in
Eq. (16). Visualizations of the state dynamics corresponding
to these permutations are shown in Figs. 7–10, and the various
eigenstate flips produced by the permutation generators pi

are summarized in Table I. From this table, it is clear that
one can always find such a combination of modulated system
parameters in Eq. (11) that enables a state transfer between
any two given eigenstates in one or more full cycles T .

Below, we analyze in detail the evolution of eigenstates
corresponding to each panel in Fig. 6.

1. Visualization of the eigenstate evolution corresponding to the
element p3 of the permutation group G in Eq. (16)

We begin with the state dynamics illustrated in Fig. 7,
whose fidelity evolution is shown in Fig. 6(a), corresponding
to the permutation group element p3 of G defined in Eq. (16).

At t = 0, the initial eigenstates ψi occupy their respective
Riemann eigenenergy sheets Ei in the Hermitian phase of the
non-Hermitian Hamiltonian Ĥ , where the complex magnetic
field �B = 0, i.e., (x = 0, y = 0) in Fig. 7(a). The eigenstates
ψi are represented as colored spheres, consistent with Figs. 4
and 5: ψ1 (blue), ψ2 (green), ψ3 (yellow), ψ4 (red), ψ5 (cyan),
ψ6 (magenta), ψ7 (black), and ψ8 (brown).

As the system parameters are modulated according to
Eq. (11), including the time-dependent couplings J13(t ) and
J23(t ), the Riemann sheets begin to deform, showing increas-
ing bending, and also shift along the z axis, as shown in
Fig. 7(b). At an intermediate time 0 < t < T/2 within the
range [−1 < x < 0, 0 < y < 2], the energy manifolds E4, E5,
and E6 undergo mutual permutation, according to the adopted
convention in Eq. (7) [see Fig. 7(c), which is a close-up incap-
tion of panel (b)]. Consequently, the associated eigenstates are
reshuffled: ψ4 begins evolving along E5, ψ5 follows E6, and
ψ6 follows E4.

At the midpoint of the evolution, t = T/2 (x = 0, y = 2),
several Riemann sheets become coupled: E1 ↔ E3, E2 ↔ E4,
E5 ↔ E8, and E6 ↔ E7 [Fig. 7(d)]. These couplings cause
the eigenstates to switch to different sheets: ψ1 → E3, ψ2 →
E4, ψ3 → E1, ψ4 (on E5) → E8, ψ5 (on E6) → E7, ψ6

(on E4) → E2, ψ7 → E6, and ψ8 → E5.
Subsequently, during the second half of the cycle, for

T/2 < t < T , shown in Fig. 7(e), an identical permutation
among E4, E5, and E6 occurs, mirroring the earlier rearrange-
ment in Fig. 7(c). This time, the permutation involves the
states ψ2, ψ7, and ψ8.

As a result of the complete encirclement around the EPs,
as depicted in Fig. 7(f), one realizes the permutation element:

p3 = (ψ1, ψ5)(ψ2, ψ6)(ψ3, ψ7)(ψ4, ψ8), (C1)

according to Eq. (16).

2. Visualization of the eigenstate evolution corresponding to the
element p4 of the permutation group G in Eq. (16)

By modulating the magnetic field �B(x, y) along with the
time-dependent qubit coupling J12(t ), according to Eq. (11),
one can realize the eigenstate permutation associated with
the group element p4 of the permutation group G defined
in Eq. (16). The resulting evolution of the eigenstates corre-
sponding to p4 is illustrated in Fig. 8.
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FIG. 6. This figure is an extension of Figs. 4(d) and 5(d), i.e., the calculated state transfer fidelity |〈ψk |ψ (t )〉|2 between evolving state
|ψ (t )〉 and one of the eight initial eigenstates |ψk〉 of the three-qubit NHH. The panels in the plot are related to different combinations of the
modulated system parameters Jkl in Eq. (11), and which thus correspond to permutation generators in Eq. (16). The panels (a), (b), (c), and
(d) correspond to the permutation generators p3, p4, p5, and p6, respectively. The semiminor axis and semimajor axis of the encircling ellipse
are rx = 1 and ry = 2, respectively. The remaining system parameters are the same as in Figs. 4(d) and 5(d).
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FIG. 7. Schematic representation of implementing an element p3 of the permutation group G in Eq. (16) in the eigenspace of a three-qubit
system governed by the NHH in Eq. (1), while dynamically spiraling EPs over a winding period T . The system parameters are modulated
according to Eq. (11). This figure also corresponds to the fidelity graph shown in Fig. 6(a). (a) Initial eigenstates at t = 0, depicted as colored
spheres, with each color corresponding to a certain Riemann energy manifold [same as in Figs. 4(a) and 5(a)]. (b) The position of evolving
eigenstates at time 0 < t < T/2. (c) Close-up from panel (b), showing the evolution of the eigenstates ψ4 (red sphere), ψ5 (cyan sphere),
and ψ6 (magenta sphere), which pass through various Riemann energy manifolds. (d)–(f) The evolution of the eigenstates at times t = T/2,
T/2 < t < T , and t = T , respectively. See the main text in Appendix C 1 for more details.

As in Fig. 7(a), the initial eigenstates at t = 0 are aligned
with their respective Riemann energy sheets in the Hermitian
phase �B(x, y) = 0, as shown in Fig. 8(a). At an intermediate
stage, 0 < t < T/2, in the domain [−1 < x < 0, 0 < y < 2],
the deformation of the energy sheets E2 and E3 due to the
modulation of J12(t ) may cause these surfaces to come into
proximity, where they touch each other [see Fig. 8(c), which
is a close-up of the rectangular region highlighted in panel
(b)]. As a result, the corresponding eigenstates undergo a per-
mutation: ψ2 begins evolving along E3, while ψ3 transitions
to E2.

At the halfway point of the parameter cycle, t = T/2
(x = 0, y = 2), several Riemann sheets become coupled,
though with a different pairing compared to the previous
case. The coupled energy surfaces are E1 ↔ E2, E3 ↔ E6,
E4 ↔ E5, and E7 ↔ E8 [Fig. 8(d)]. These couplings induce
the following transitions among the eigenstates: ψ1 → E2,
ψ2 (on E3) → E6, ψ3 (on E2) → E1, ψ4 → E5, ψ5 → E4,
ψ6 → E3, ψ7 → E8, and ψ8 → E7.

In the second half of the encirclement, for T/2 < t < T ,
a similar exchange between E2 and E3 takes place, mirroring
the earlier scenario in Fig. 8(c). This leads to an additional
permutation between ψ1 and ψ6.

At the end of the full cycle (t = T ), the final configuration
of the eigenstates corresponds to the permutation element

p4 = (ψ1, ψ3)(ψ2, ψ6)(ψ4, ψ5)(ψ7, ψ8), (C2)

when compared to the initial state ordering.

3. Visualization of the eigenstate evolution corresponding
to the element p5 of the permutation group G in Eq. (16)

The implementation of the eigenstate permutation p5 from
the group G requires, in addition to modulating the magnetic
field �B(x, y), the simultaneous modulation of either the qubit
couplings J12(t ) and J13(t ) or the pair J12(t ) and J23(t ), in
accordance with Eqs. (11) and (16). We illustrate the corre-
sponding state evolution in Fig. 9.
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FIG. 8. Schematic representation of implementing an element p4 of the permutation group G in Eq. (16) in the eigenspace of a three-qubit
system governed by the NHH in Eq. (1), while dynamically spiraling EPs over a winding period T . The system parameters are modulated
according to Eq. (11). This figure also corresponds to the fidelity graph shown in Fig. 6(b). (a) Initial eigenstates at t = 0, depicted as colored
spheres, with each color corresponding to a certain Riemann energy manifold [same as in Figs. 4(a) and 5(a)]. (b) The position of evolving
eigenstates at time 0 < t < T/2. (c) Close-up incaption from panel (b), showing the evolution of the eigenstates ψ2 (green sphere) and ψ3

(yellow sphere), whose trajectories along the corresponding Riemann manifolds are exchanged at the touching point of these energy sheets.
(d)–(f) The evolution of the eigenstates at times t = T/2, T/2 < t < T , and t = T , respectively. See the main text in Appendix C 2 for more
details.

In contrast to the permutations p3 and p4, no eigen-
state transitions occur during the intermediate intervals 0 <

t < T/2 or T/2 < t < T [see also Fig. 9(b)]. Instead, the
state evolution is entirely governed by the couplings at the
midpoint of the winding cycle, t = T/2. At this point, the
following Riemann sheet couplings are observed: E1 ↔ E3,
E2 ↔ E4, E5 ↔ E7, and E6 ↔ E8 [see Fig. 9(c)]. These cou-
plings induce the corresponding eigenstate transitions: ψ1 →
E3, ψ2 → E4, ψ3 → E1, ψ4 → E2, ψ5 → E7, ψ6 → E8,
ψ7 → E5, and ψ8 → E6. This configuration of eigenstates re-
mains unchanged for the rest of the evolution until the end
of the winding period t = T , thus leading to the permutation
element p5 defined in Eq. (16):

p5 = (ψ1, ψ3)(ψ2, ψ4)(ψ5, ψ7)(ψ6, ψ8). (C3)

4. Visualization of the eigenstate evolution corresponding
to the element p6 of the permutation group G in Eq. (16)

To realize the eigenstate permutation p6, one must simulta-
neously modulate the magnetic field �B(x, y) and all three qubit
couplings J12(t ), J13(t ), and J23(t ), according to Eqs. (11) and
(16). The corresponding eigenstate dynamics are shown in
Fig. 10.

As in the case of the permutation element p5, the final con-
figuration of eigenstates is solely determined by the couplings
between Riemann sheets at the midpoint of the evolution, t =
T/2, induced by the modulating qubit couplings. Specifically,
Fig. 10(c) shows that the following energy surfaces become
coupled and degenerate: E1 ↔ E8, E2 ↔ E6, E3 ↔ E7, and
E4 ↔ E5. These couplings result in the corresponding tran-
sitions between eigenstates: ψ1 → E8, ψ2 → E6, ψ3 → E7,

033242-13



IEVGEN I. ARKHIPOV et al. PHYSICAL REVIEW RESEARCH 7, 033242 (2025)

FIG. 9. Schematic representation of implementing an element p5 of the permutation group G in Eq. (16) in the eigenspace of a three-qubit
system governed by the NHH in Eq. (1), while dynamically spiraling EPs over a winding period T . The system parameters are modulated
according to Eq. (11). This figure also corresponds to the fidelity graph shown in Fig. 6(c). (a) Initial eigenstates at t = 0, depicted as colored
spheres, with each color corresponding to a certain Riemann energy manifold [same as in Figs. 4(a) and 5(a)]. (b)–(d) The position of the
evolving eigenstates at times 0 < t < T/2, t = T/2, and t = T , respectively. See the main text in Appendix C 3 for more details.

ψ4 → E5, ψ5 → E4, ψ6 → E2, ψ7 → E3, and ψ8 → E1. This
evolution leads to the realization of the permutation element
p6 of the group G, given by

p6 = (ψ1, ψ8)(ψ2, ψ6)(ψ3, ψ7)(ψ4, ψ5). (C4)

APPENDIX D: REALIZING THE NON-HERMITIAN
HAMILTONIAN IN EQ. (1) VIA THE DILATION METHOD

In this section, we review the key principles of the dila-
tion method [55], which can be utilized for the experimental
realization of the NHH in Eq. (1).
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FIG. 10. Schematic representation of implementing an element p6 of the permutation group G in Eq. (16) in the eigenspace of a three-qubit
system governed by the NHH in Eq. (1), while dynamically spiraling EPs over a winding period T . The system parameters are modulated
according to Eq. (11). This figure also corresponds to the fidelity graph shown in Fig. 6(d). (a) Initial eigenstates at t = 0, depicted as colored
spheres, with each color corresponding to a certain Riemann energy manifold (same as in Figs. 4 and 5). (b)–(d) The position of the evolving
eigenstates at times 0 < t < T/2, t = T/2, and t = T , respectively. See the main text in Appendix C 4 for more details.

The core idea of the dilation method is to embed the Hilbert
space of a given NHH into a larger space, where it becomes
part of an extended Hermitian Hamiltonian. Consider the
Schrödinger equation for a system governed by an NHH H
acting on an n-dimensional vector |ψ〉:

i∂t |ψ (t )〉 = H |ψ (t )〉. (D1)

To achieve that embedding, one can define the following ex-
tended 2n-dimensional state vector:

|�〉 =
( |ψ〉

D|ψ〉
)

, (D2)

where D is a certain matrix to be defined later. The dynamics
of this dilated vector |�〉 is determined by a Hermitian Hamil-
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FIG. 11. State transfer fidelity for the perturbed three-qubit NHH, according to Eqs. (1) and (F1) for a perturbation ε = 0.001. This
figure corresponds to the unperturbed case shown in Fig. 3(d). The upper (lower) row of panels demonstrates the scenario when the dynamical
winding is performed in the counterclockwise +ω (clockwise −ω) direction. The time period is chosen as T = 500 (arb. units); the remaining
system parameters are the same as in Fig. 3.

tonian H:

i∂t |�(t )〉 = H|ψ (t )〉, H = H†. (D3)

(D3)By presenting this Hermitian Hamiltonian in the block

matrix form H = (
h1 h2

h†
2 h3

) and combining Eqs. (D1)–(D3),

one arrives at a system of differential equations

h1 + h2D = H,

h†
2 + h3D = iḊ + DH. (D4)

From the system of equations in Eq. (D4), one attains a formal
solution for the matrix h1:

h1 = H + iḊ†D − H†D†D + D†h3D. (D5)

By exploiting the property h1 = h†
1, one arrives at the equation

i∂tη = H†η − ηH, (D6)

where we denoted η = I + D†D.
Equation (D6) is precisely the equation for the metric of the

NHH H [82]. Indeed, by construction η is positive definite and
can be explicitly selected as given in Eq. (A2). Because of the
pseudo-Hermiticity of the NHH H , the metric η in Eq. (D6)
is always “constant” when written in the instantaneous left
eigenbasis of the NHH. Moreover, with the choice in Eq. (A2),

the operator (η − I ) is non-negative, which immediately al-
lows to find the ancillary matrix D as

D = U
√

η − I, (D7)

where U is an arbitrary unitary matrix.
We stress that even for a time-dependent NHH, the

metric retains the form given in Eq. (A2), owing to the
pseudo-Hermitian symmetry of the NHH in the whole system
parameter space (x, y, J ). As such, one can readily construct a
dilated Hermitian Hamiltonian whose subspace is constituted
by the NHH from the knowledge of the metric η in Eq. (A2).

APPENDIX E: REALIZING THE NON-HERMITIAN
HAMILTONIAN IN EQ. (1) VIA THE β-dyne DETECTION

METHOD

The NHH of Eq. (1) can also be experimentally imple-
mented in the β-dyne detection scheme [56]. This method
allows introducing complex driving fields in the system’s
Hamiltonian. That approach is based on a specific homodyne
detection monitoring scheme of a quantum system sur-
rounded by a Markovian environment into which the system’s
excitations are leaking out.

To understand the main idea of the approach, let us first
consider a master equation, in the Lindblad form, which
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FIG. 12. State transfer fidelity for the perturbed three-qubit NHH, according to Eqs. (1) and (F1) for a perturbation ε = 0.001. This
figure corresponds to the unperturbed case shown in Fig. 4(d). The upper (lower) row of the panels shows the scenario when the dynamical
winding is performed in the counterclockwise +ω (clockwise −ω) direction. The time period is chosen as T = 500 (arb. units); the remaining
system parameters are the same as in Fig. 4.

defines the dynamics of an open quantum system [83]:

∂ρ̂(t )

∂t
= −i[Ĥeff , ρ̂(t )] +

∑
μ

γμâμρ̂(t )â†
μ. (E1)

In Eq. (E1), the Hermitian operator ρ̂ is the system’s density
matrix, âμ are annihilation bosonic operators playing the role
of dissipation operators accounting for quantum jumps, and
Ĥeff is an effective Hamiltonian consisting of both coherent
and incoherent parts, namely,

Ĥeff = Ĥ −
∑

μ

iγμ

2
â†

μâμ, (E2)

where Ĥ describes coherent dynamics.
The effective NHH Ĥeff defines the system’s continuous

nonunitary evolution, i.e., its dynamics between two succes-
sive quantum jumps. This continuous evolution of an open
quantum system can be accessed via the postselection pro-
cedure [29,84–87].

Now one notices that the Lindblad master equation in
Eq. (E1) is invariant under the following affine transforma-
tions [56]:

K̂μ = âμ + βμ1̂,

Ĥ ′ = Ĥ −
∑

μ

iγμ

2
(β∗

μâμ − βμâ†
μ). (E3)

As a result, the effective NHH Ĥeff changes as follows:

Ĥeff (β ) = Ĥ −
∑

μ

iγμ

2

(
β∗

μâμ − βμâ†
μ

)

−
∑

μ

iγμ

2
(âμ + βμ1̂)†(âμ + βμ1̂). (E4)

From Eq. (E4), it is evident that, via this invariance, the
NHH can acquire an additional term, which emulates complex
driving fields.

Physically speaking, the affine transformations in Eq. (E3)
correspond to the scenario where one postselects the leak-
ing photons via homodyne detection. In a typical homodyne
detection setup, the leaking photons are mixed with an in-
tense coherent field on a balanced beam splitter, resulting in
displaced photons with a large coherent component, β � 1.
In the regime where the displacement is weak, i.e., β � 1,
however, this detection scheme is known as β-dyne detection
[56]. The β-dyne method can be implemented by mixing
photons emitted from the system with an intense coherent field
using an unbalanced beam splitter with low reflectivity. This
β-dyne unraveling method thus allows one to introduce virtual
complex driving fields in the system’s effective non-Hermitian
Hamiltonian [56].
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FIG. 13. Fidelity |〈ψk |ψ (t )〉|2 between the evolving state |ψ (t )〉 and the initial eigenstate |ψk〉, k = 1, . . . , 8, of the NHH. This figure cor-
responds to Fig. 4, with only difference being that the chosen trajectory loop is a circle with the radius r = 1 in Eq. (11). The remaining system
parameters are the same. For trajectory, the dynamics for the states |ψ7〉 and |ψ8〉 exhibits rapid oscillations in the time interval T/2 < t < T ,
due to stiffness of the solution (see the text in Appendix G for more details).

This approach can be employed for the experimental
realization of the NHH in Eq. (1) in an open quantum optical
system operating in the single-photon regime. Indeed, in this
regime (i.e., truncating the Fock space at the single photon),
the Pauli matrices in Eq. (1) can be represented by the annihi-
lation (â) and creation (â†) bosonic operators, namely,

σ k
x = âk + â†

k,

σ k
y = −i(âk − â†

k ),

σ j
z σ k

z = (1 − 2n̂ j )(1 − 2n̂k ), (E5)

where the photon number is defined as n̂i = â†
i âi.

Now consider a Hermitian Hamiltonian describing a
weakly driven three-mode system in a cavity with the Kerr
nonlinearity in the single-photon regime:

Ĥ =
3∑

i=1

�in̂i +
∑
j<k

Ujkn̂ j n̂k +
3∑

i=1

(η∗
i âi + ηiâ

†
i ). (E6)

We further assume that the cavity is lossy; that is, each mode
âi is characterized by the photon decoherence rate γi. Then,
by monitoring the leaking photons from the cavity via the
β-dyne detection, one can induce the continuous nonunitary
evolution in the system governed by the effective NHH that
can be identified with that in Eq. (1). Namely, by combining
Eqs. (E4)–(E6) and by introducing the following relations:

�i = −2
∑
j<k

Jjk − iγi

2
,

Ujk = 4Jjk,

γkβk = 2
[
Im

(
Bk

x

) + iIm
(
Bk

y

)]
,

ηk = (
Bk

x

)∗ + i
(
Bk

y

)∗
, (E7)

the resulting effective β-dyne NHH can be exactly mapped
to the NHH in Eq. (1), provided that γi = γ for ∀i, such that
the modes’ decay rate γ /2 can be gauged away. However, the
latter condition can be eased when the difference |γi − γ j | �=
0, i �= j, but it is still small enough, ensuring that the protocol

remains stable. We also refer the interested reader to Ref. [56],
which provides a detailed discussion on the physics of the β-
dyne detection scheme.

APPENDIX F: EFFECTS OF PERTURBATIONS ON
DYNAMICAL STATE PERMUTATIONS IN A

THREE-QUBIT SYSTEM

Here, we briefly examine the impact of perturbations in
the three-qubit NHH on the state permutations discussed in
Sec. IV C. Generally, arbitrary perturbations to the NHH in
Eq. (1) lead to a complex spectrum with a nonzero imaginary
part, which plays a critical role in triggering NATs in the
system dynamics [21]. For sufficiently large perturbations,
the permutation symmetry of the states is broken, resulting
in chiral state dynamics. However, when perturbations
remain small, the permutation symmetry in state flips can be
preserved.

Without loss of generality, we assume that a three-qubit
NHH Ĥ in Eq. (1) is perturbed as follows:

H → H + εσ 1
z . (F1)

That is, there is a nonzero magnetic field perturbation applied
to the first qubit along the z axis. The effects of this pertur-
bation on the state transfer protocol are shown in Figs. 11
and 12. Figure 11 (Fig. 12) corresponds to the unperturbed
case shown in Fig. 3 (Fig. 4). As seen in both figures, the
state evolution under perturbation starts to differ based on the
winding direction, with this difference growing as the disorder
increases, eventually leading to state evolution instabilities
and NATs (not shown).

However, as demonstrated in Figs. 11 and 12, for small
levels of disorder (ε ≈ 0.001), the desired state permutations
remain feasible. By appropriately tuning the system parame-
ters, the state transfer fidelity can still be kept at high rates.

APPENDIX G: NUMERICAL SIMULATIONS OF STATE
DYNAMICS AND SOLUTION STIFFNESS

In this section, we address the issue of solution stiffness
in the simulated state dynamics. Specifically, we observe that
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FIG. 14. Energy levels of the three-qubit system, studied in Sec. IV, as a function of the parameter α. (a) The energy levels, corresponding
to the first six eigenstates |ψi〉, i = 1, . . . , 6, are linear in the vicinity of the branch cuts α = 0 and have large slopes with respect to zero,
ensuring the solution stability of the state dynamics. (b) The energy levels of the eigenstates |ψ7,8〉 have mostly zero slope near the branch cut
and lie close to each other. This can result in rapid oscillations in the state dynamics for some chosen trajectories, as shown in Fig. 13 (see also
the text in Appendix G for more details).

when calculating the fidelity for the state- switching between
ψ7 and ψ8, as shown in Fig. 4, the fidelity might exhibit
rapid oscillations for certain encircling loops. For instance,
in Fig. 13, we plot the state fidelity for the same scenario
as in Fig. 4, but with the encircling loop along a circle of
radius r = 1. One can see that during the transition ψ7 → ψ8,
after crossing the branch cut, the fidelity undergoes rapid
oscillations with a non-negligible amplitude, which gradually
vanishes as the system approaches the final state ψ8.

This stiffness issue arises because the energy sheets E7 and
E8 are very smooth and lie very close to each other when the
evolving states transition between these levels near the branch
cut. Consequently, the simulated state dynamics may exhibit

rapid variations, which can be suppressed by taking very small
integration steps when solving the Schrödinger equation or by
varying the shape of the enclosing loop such that the stiffness
can be mitigated (as shown in the main text). The interested
reader may refer to Ref. [88], where the problem of stiff
equations is discussed in greater detail.

In Fig. 14, we plot the energy levels as a function of α,
corresponding to the scenario shown in Fig. 4. As seen in
panel (a), for the first six eigenstates, the energy dependence
around the branch cut α = 0 is linear. This linear dependence
ensures stable dynamics, as confirmed in Fig. 13. However,
for the states ψ7 and ψ8, the energy curves are significantly
smoother near α = 0, as shown in Fig. 14(b). Indeed, by

FIG. 15. Energy levels corresponding to the eigenstates |ψ7〉 (black curves) and |ψ8〉 (brown curves) along the two different loops around
the EP in the system parameter space, according to Eq. (11). The energy levels along the elliptic loop, shown as brown solid and black
dash-dotted curves, correspond to the scenario in Fig. 4. The energy levels along the circle with the radius r = 1, shown as brown dotted and
black dotted curves, correspond to the scenario in Fig. 13. For the circle trajectory, the energy levels are very smooth and lie close to each other,
which can lead to rapid oscillations in the state dynamics (as shown in Fig. 13). These oscillations can be mitigated by choosing an appropriate
trajectory, e.g., an elliptic loop, where the relative slope between the two energy levels becomes larger.
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expanding the energies E7,8 in a power series in α, they take
a general form E7,8 = u7,8

2 α2 + u7,8
3 α3 + · · · , where u7,8

i ∈ R.
This smoothness, i.e., the nearly zero slope of the energy
curve, and proximity of the energy levels can thus lead to rapid
oscillations in the solutions for the state dynamics. However,
as we have demonstrated in the main text, this numerical

difficulty can be overcome by choosing, e.g., elliptic loops in
the state trajectories, characterized by the large major semi-
axis along the Oy axis, which increases the relative slope
between the energy curves near the EP and, therefore, can re-
store the solution stability (see also Fig. 15 and its comparison
with Figs. 4 and 13).
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Christodoulides, Dynamically encircling exceptional points:
Exact evolution and polarization state conversion, Phys. Rev.
Lett. 118, 093002 (2017).

[23] H. Xu, D. Mason, L. Jiang, and J. G. E. Harris, Topological
energy transfer in an optomechanical system with exceptional
points, Nature (London) 537, 80 (2016).

[24] J. W. Yoon, Y. Choi, C. Hahn, G. Kim, S. H. Song, K.-Y. Yang,
J. Y. Lee, Y. Kim, C. S. Lee, J. K. Shin, H.-S. Lee, and P.
Berini, Time-asymmetric loop around an exceptional point over
the full optical communications band, Nature (London) 562, 86
(2018).

[25] X.-L. Zhang, S. Wang, B. Hou, and C. T. Chan, Dynamically
encircling exceptional points: In situ control of encircling loops
and the role of the starting point, Phys. Rev. X 8, 021066
(2018).

[26] X.-L. Zhang, T. Jiang, and C. T. Chan, Dynamically en-
circling an exceptional point in anti-parity-time symmetric
systems: Asymmetric mode switching for symmetry-broken
modes, Light Sci. Appl. 8, 88 (2019).

[27] F. Yu, X.-L. Zhang, Z.-N. Tian, Q.-D. Chen, and H.-B. Sun,
General rules governing the dynamical encircling of an arbitrary
number of exceptional points, Phys. Rev. Lett. 127, 253901
(2021).

[28] Z. Feng and X. Sun, Harnessing dynamical encircling of an
exceptional point in anti-PT -symmetric integrated photonic
systems, Phys. Rev. Lett. 129, 273601 (2022).

[29] M. Abbasi, W. Chen, M. Naghiloo, Y. N. Joglekar, and K. W.
Murch, Topological quantum state control through exceptional-
point proximity, Phys. Rev. Lett. 128, 160401 (2022).

[30] Z. Tang, T. Chen, and X. Zhang, Highly efficient transfer
of quantum state and robust generation of entanglement state
around exceptional lines, Laser Photonics Rev. 18, 2300794
(2023).

033242-20

https://doi.org/10.1038/s41563-019-0304-9
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1038/nphys4323
https://doi.org/10.1103/RevModPhys.93.015005
https://doi.org/10.1103/PhysRevLett.74.46
https://doi.org/10.1103/PhysRevLett.103.123003
https://doi.org/10.1103/PhysRevLett.106.173002
https://doi.org/10.1103/PhysRevE.61.929
https://doi.org/10.1103/PhysRevLett.99.173003
https://doi.org/10.1103/PhysRevLett.90.034101
https://doi.org/10.1103/PhysRevLett.106.150403
https://doi.org/10.1038/nature15522
https://doi.org/10.1103/PhysRevX.6.021007
https://doi.org/10.1038/s41467-018-07105-0
https://doi.org/10.1126/science.abn6528
https://doi.org/10.1038/s41467-024-45530-6
https://doi.org/10.1088/0305-4470/25/21/027
https://doi.org/10.1088/1751-8113/44/43/435302
https://doi.org/10.1088/2040-8978/13/11/115701
https://doi.org/10.1103/PhysRevA.88.033842
https://doi.org/10.1038/nature18605
https://doi.org/10.1103/PhysRevLett.118.093002
https://doi.org/10.1038/nature18604
https://doi.org/10.1038/s41586-018-0523-2
https://doi.org/10.1103/PhysRevX.8.021066
https://doi.org/10.1038/s41377-019-0200-8
https://doi.org/10.1103/PhysRevLett.127.253901
https://doi.org/10.1103/PhysRevLett.129.273601
https://doi.org/10.1103/PhysRevLett.128.160401
https://doi.org/10.1002/lpor.202300794


TOPOLOGICAL STATE PERMUTATIONS IN … PHYSICAL REVIEW RESEARCH 7, 033242 (2025)

[31] S. Khandelwal, W. Chen, K. W. Murch, and G. Haack, Chiral
Bell-state transfer via dissipative Liouvillian dynamics, Phys.
Rev. Lett. 133, 070403 (2024).

[32] J.-T. Bu, J.-Q. Zhang, G.-Y. Ding, J.-C. Li, J.-W. Zhang, B.
Wang, W.-Q. Ding, W.-F. Yuan, L. Chen, Q. Zhong, A. Keçebaş,
Ş. K. Özdemir, F. Zhou, H. Jing, and M. Feng, Chiral quantum
heating and cooling with an optically controlled ion, Light Sci.
Appl. 13, 143 (2024).

[33] S. Ibáñez, S. Martínez-Garaot, X. Chen, E. Torrontegui, and
J. G. Muga, Shortcuts to adiabaticity for non-Hermitian sys-
tems, Phys. Rev. A 84, 023415 (2011).

[34] S. Ibáñez and J. G. Muga, Adiabaticity condition for non-
Hermitian Hamiltonians, Phys. Rev. A 89, 033403 (2014).

[35] B. T. Torosov, G. Della Valle, and S. Longhi, Non-Hermitian
shortcut to adiabaticity, Phys. Rev. A 87, 052502 (2013).

[36] K. Funo, N. Lambert, F. Nori, and C. Flindt, Shortcuts to adia-
batic pumping in classical stochastic systems, Phys. Rev. Lett.
124, 150603 (2020).

[37] Y.-H. Chen, W. Qin, X. Wang, A. Miranowicz, and F. Nori,
Shortcuts to adiabaticity for the quantum Rabi model: Efficient
generation of giant entangled cat states via parametric amplifi-
cation, Phys. Rev. Lett. 126, 023602 (2021).

[38] H. Ribeiro and F. Marquardt, Accelerated non-reciprocal trans-
fer of energy around an exceptional point, arXiv:2111.11220.

[39] T. Z. Luan, H. Z. Shen, and X. X. Yi, Shortcuts to adiabaticity
with general two-level non-Hermitian systems, Phys. Rev. A
105, 013714 (2022).

[40] P. Lewalle and K. B. Whaley, Pontryagin-optimal control of a
non-Hermitian qubit, Phys. Rev. A 107, 022216 (2023).

[41] V. Chavva and H. Ribeiro, Topological operations around ex-
ceptional points via shortcuts to adiabaticity, Phys. Rev. Res.
(2025).

[42] Q.-C. Wu, J.-L. Zhao, Y.-H. Zhou, B.-L. Ye, Y.-L. Fang, Z.-W.
Zhou, and C.-P. Yang, Shortcuts to adiabatic state transfer in
time-modulated two-level non-Hermitian systems, Phys. Rev.
A 111, 022410 (2025).

[43] I. I. Arkhipov, A. Miranowicz, F. Minganti, Ş. K. Özdemir, and
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