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Optimal number-conserved linear encoding for practical fermionic simulation
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Number-conserved subspace encoding reduces resources needed for quantum simulations, but scalable com-
plexity trade-off bounds for M modes and N particles with O(N log M) qubits have remained unknown. We study
qubit-gate-measurement trade-offs through the lens of classical/quantum error correction complexity and develop
a framework of fermionic gate and measurement complexity based on classical encoder/decoder appearing in
the error correction framework. We demonstrate optimal encoding with random classical parity check code and
propose the Fermionic Expectation Decoder for scalable probability decoding in O(M*) bases. The protocol is
tested with variational quantum eigensolver on LiH in the STO-3G and 6-31G bases, and H, potential energy

curve in the 6-311G* basis.
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I. INTRODUCTION

Simulating many-body fermionic systems is an essential
tool in various fields like quantum chemistry, condensed
matter, and high-energy physics [1-3], promising better de-
signs for batteries and drugs, new quantum technologies, and
discoveries in the exotic nature of matter [4-6]. However,
accurate fermionic simulation on classical computers requires
exponential computational resources [7]. While a quantum
computer is expected to overcome this limit, it remains a
central challenge to demonstrate quantum advantages in this
domain.

Electronic structure Hamiltonian encoding maps fermionic
operators from the Fock space to qubit operators in the qubit
space. The standard approaches such as the Jordan-Wigner
(JW), Parity, and Bravyi-Kitaev transformations [8,14] encode
M fermionic modes to M qubits, regardless of the number
of electrons N. However, since all fermionic Hamiltonians
must conserve fermions, interesting physics depends only on
the number-conserved subspace and takes only [N logM]
qubits to encode in the precision limit M > N [15,16]. Log-
arithmic scaling in M enormously relieves the qubit resource
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requirements for simulation in the high precision limit, and it
could serve as a powerful tool in the practical implementation
of quantum simulation (QS) on near-term and fault-tolerant
quantum computing (FTQC) devices [17].

Another important aspect of fermionic encoding is the
measurement scalability of the two-electron reduced density
matrix (2-RDM). Unlike classical encoding, quantum encod-
ing changes the measurement complexity in two ways. First,
nonlinear methods such as the projector approach [18] and
the qubit-efficient encoding (QEE) [12] have attained the
[N log M7 qubit scaling via a direct fermionic state to qubit
state encoding. However, it is plagued with unscalable en-
coding and measurement basis preparation cost of O(M"),
limiting its applications to fermionic systems with few elec-
trons. Even if a specific grouping is found to mitigate the basis
preparation cost, it will still suffer from an unbounded number
of commuting Pauli strings.

Linear compression resolves the measurement and decod-
ing cost. All linear compression methods, such as the segment
code [9] and graph-based encoding [10], exhibit polynomial
measurement costs with respect to M. However, they fail
to efficiently encode fermionic modes and large number of
electrons. The current best linear encoding demonstrates poly-
logarithmic O(N?(log M)*) qubit scaling [11] that overcomes
the scaling in the previous works, but still is limited to
molecules requiring large basis set not accessible to near-term
devices. The optimal compression rate in linear compression
remains unknown.

We identify a natural complexity duality between lin-
ear compression for quantum simulation and quantum error
correction (QEC) framework across qubit, gate, and mea-
surement encoding-decoding process. Subsequently, we de-
velop a framework of fermionic gate complexity based on
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TABLE I. Comparison of the qubit-to-measurement trade-off of the existing encoding schemes at the regime M >>> N. We also provide the
scaling of measurement bases for the listed linear encoders contributed from the FED algorithm.

Jordan-Wigner [8] Segment [9] Graph-based [10] Polylog [11] QEE [12] Our work
Qubit cost M M- 2 -4 O(N?*(log M)*) [N log M [2N log M
Measurements OM?) [13] OM*) OM*) OM*) 010740 OM*)

quantum decoder and fermionic measurement complexity
based on classical decoder. The latter result leads to the
fermionic expectation decoding (FED) algorithm, which clas-
sically “error” decodes expectation value from compressed
fermionic probability distribution (encoded Hamiltonian) for
arbitrary linear encoding schemes. By avoiding calculation in
the encoded space, FED allows for polynomial time classical
post-processing with O(M*) measurement basis, compared
to JW O(M?) measurement basis scaling [2] Table I. Mean-
while, using parity check code of error correction code (CEC)
that obeys the Gilbert-Varshamov (GV) bound [10,19,20],
we show that optimal linear encoder has a qubit resource
upper bound of 2N log M, demonstrating a encoder-decoder
protocol with the optimal qubit-to-measurement trade-off.
Polynomial time encoders and decoders can be found in
examples such as the geometric Goppa code [21,22] and
Gallager’s low density parity check (LDPC) code [23,24].
Our protocol resolves scalability issue in nonlinear en-
codings in both the encoding and decoding processes via
parity check code, polynomial measurement bases, and par-
ity check decoder for fermionic observable postprocessing.
Compatibility with other linear encoding schemes allows
us to leverage the complexity of classical decoder. As a
result, this scheme finds board applications for encoding
fermionic systems in Noisy Intermediate Scale Quantum
(NISQ) or FTQC quantum algorithms such as qubit Adap-
tive Derivative-Assembled Pseudo-Trotter ansatz Variational
Quantum Eigensolver (qubit ADAPT-VQE) [25] and quantum
signal processing [26].

We benchmark Gilbert bounded linear encodings with a
randomized linear encoder (RLE) and a classical lookup table
decoder to encode large-mode problems with a bounded num-
ber of electrons. RLE-encoded circuits adhere to the 2N log M
qubit bound, surpassing the qubit compression rates of the
segment code and graph-based encoding for all N and M.
The encoding is tested using the variational quantum eigen-
solver (VQE) on LiH in the STO-3G and 6-31G bases at
a bond length of 2.5 A with the hardware-efficient ansatz
(HEA) [27,28], and on H; in the 6-311G* basis. The encoded
LiH noiseless simulation achieves chemical accuracy using 30
CNOT gates with five layers, compared to the circuit in the JW
basis, which does not converge even after six layers. We also
compare both cases with the IBM Sherbrooke noise model. H,
simulation achieves chemical accuracy across all bond lengths
using only 66 local CNOT gates.

II. OPERATOR FRAMEWORK

Given a second-quantized electronic structure Hamiltonian

A AT A AT AT A A
H= E hijala; + E 8ijid; a;axy, ey
ij ikl

qubit operator representation of the excitation operators &IT& |

and afa‘awd, collectively denoted as O := aja;, ajalaya,
determines qubit, gate, and measurement complexities of
quantum simulation. In what follows, we review the
framework and complexity of fermionic-to-qubit mapping,
drawing connections to linear compression of number-
conserved particle basis.

Number-conserved bitstrings have fixed Hamming weight
that can be compressed via a binary linear map G : F) —
IFZQ . A fermionic/spin operator O can be represented with three
types of binary vectors: d, b,¢e ). In terms of qubit opera-
tor, these vectors, respectively, correspond to transition, states
undergoing transitions as projectors, and the parity picked up
during transitions:

M M b
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dubbed as the X, P, and Z strings, respectively. Given an M x
M encoder, such as the Bravyi-Kitaev (BK) encoding [14], the
operators are encoded as [9]

S(Xa) — )(G?l7 5(PB) — PGE, E(ZE) — Z(G*I)Tzr‘ (3)

However, when G is M x Q with M > Q, the parity infor-
mation cannot be represented as a Z-string operator due to the
lack of a left inverse. Instead, Z-string representation is dis-
carded via Z°P? = (—1)“?P?, leading to instead the following
decomposition of O:

Re/lm0 = XT3 " (~1)F(PP £ P@P) ()
BES@
Re/Img(O) — XGZI Z(_I)E»b(PGb + PG(ZZGBb)), (5)
BGSO

where we denote S;, = (Vb € FM|H(b) = H(@ @ b) = N} as
the set of physical state basis where a @ b is also a physi-
cal state. For a more thorough discussion of the mappings
between classical bitstrings and quantum operators, see Ap-
pendix B.

III. QUBIT AND MEASUREMENT COMPLEXITY

The connection between qubit operator and linear code
allows us to incorporate classical coding theory to com-
pute fermionic expectation values. Qubit operator encoding-
decoding is translated to finding G, which preserves S, and

the decoder F : Gb — b. Parity check codes turn out to be the
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ALGORITHM 1. Fermionic expectation decoder.

Input: Probability distribution of projector variable P(d e IFZQ),
X -string vector d of O, Z-string vector ¢ of O, Parity Check
Matrix G, Minimal Weight Decoder F (-)

Output: Fermionic Expectation Value (O) = val

< 0¢ IF2Q ;

k < min {k, a[k] = 1};

elk] < 1;

Find As.t. Aé = Ga;

val = 0;

for P(d) # 0
n < Ad;
b < F(in);
Post-Select b which obeys the number conservation constraint.
§ < (—1)P% % (1),
val < val + P(c?) * S5

end for
return val

right candidate for this task. In our context, it distinctively en-
codes the conserved particle basis as fixed Hamming weight b
bit-flip errors and decodes them in polynomial time. CEC with
distance 2N + 1 has a parity check matrix that distinctively
encodes a number-conserved fermionic state. By applying the
GV bound to the parity check code, we obtain an upper bound
on the minimal size of the fermionic encoder, leading to our
first result.

Theorem 1. The minimal qubit cost required to encode an
M fermionic modes N electrons problem has an upper bound
of 0 < 2N logM.

Proof. See Appendix C. |

This theorem asserts the existence of a logarithmic mode
scaling linear encoder. Scalable construction of such encoders
can be outsourced. Existing LDPC code packages such as
AFF3CT [29] and OPENFEC [30] can generate not only scal-
able GV bound-converging encoders but also polynomial time
decoders. To study the impact of the optimal encoder on quan-
tum chemistry problems, we introduce RLE linear code in
Appendix I. The compression rates of RLE Q/M are presented
in Fig. 9 and Table III (Appendix H).

Meanwhile, error decoding in CEC can be translated to
decoding number-conserved states for quantum simulation.
However, unlike classical decoding, the expectation values of
O are decoded in multiple measurement bases, which con-
tributes to the measurement complexity. To calculate the total
measurement complexity, we note that Re/ImO in Eq. (5) can
be expanded as commuting Pauli strings measurable in one
basis. It leads to the following measurement cost.

Theorem 2. The number of Clifford bases for measuring
the expectation value of a quantum chemistry Hamiltonian is
upper bounded by O(M*).

Proof. See Appendix D. |

Upon sampling in the compressed measurement basis,
FED [31] is introduced in Algorithm 1 to classical postpro-

cess the probability distributions of the projectors X 6@(PG? +
pPG@®b)y _, xa(pb 4 pla®h)y where the parity (—1)° is sub-
sequently computed.

Compared to Ref. [12], FED avoids computing expectation
value in the encoded subspace. It is compatible with all linear
encoders, allowing resource leverages between the qubit and
gate complexity while keeping the measurement efficient.

IV. GATE COMPLEXITY

The RLE encoder and its associated classical decoder have
a computational complexity of O(M"). In practice, they are
replaced with polynomial encoder-decoder constructions that
attain the GV bound, such as the Goppa code and Gallager’s
LDPC code. FED is fully scalable when combined with opti-
mal CEC.

Such scalability is extended to the encoding of fermionic
gate. In other words, the encoder-decoder formalism from
error correction code also contributes directly to the gate
complexity. We observe that the complexity growth is directly
dual to the construction of QEC decoder, leading to the duality
between QEC and QS. In what follows, we will formulate
fermionic gate construction in the language of QEC de-
coder and demonstrate its implementation in the language of
decoders.

A. QS-QEC duality

QEC involves error encoding via controlled gates, syn-
drome measurement, and error decoding [see Fig. 1(a)]. In
QS, the roles of the first and second registers are reversed.
Number-conserved configurations are coherently stored as
“errors” in the second register. Rather than encoding errors,
the encoder now maps quantum gate operations onto the parity
check qubits. Similarly, the decoder not only removes “error”
information from the first register but also decodes these con-
figurations in the JW basis. This duality leads to the fermionic
gate operation picture shown in Fig. 1(b).

In both cases, decoder complexity determines the scala-
bility of the encodings. There are key differences between
these protocols. In QS, the ancillary qubits |s) cannot always
be the |0) state. Measurement and reset is forbidden to pre-
serve the coherence, the decoder does not need to decode in
the uncompressed number-conserved basis, and the decoder
only needs to partially decode the necessary bit to encode
gate operation. However, as we shall show, classical decoder
from QEC [Fig. 1(a)] can be directly quantized and mapped
[Fig. 1(b)], ultimately allowing us to characterize fermionic
gate complexity with classical decoder complexities.

B. Partial decoding

Although QEC protocol is designed to eliminate a com-
plete set of quantum errors, such as single-qubit bit-flip
errors, syndrome measurements often reveal only local er-
rors that require local error corrections via partial classical
decoders. Similarly, decoding local errors corresponds to lo-
cal fermionic gate operations in QS. These processes do not
require full knowledge of the number-conserved basis. The
information needed depends on the particular gate one aims
to implement. In fermionic simulation, the relevant operations
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are single- and double-excitation operators, which admit the
following decomposition in the JW basis:

alaj+ata; =XX; [ Za(P'P} £P'P)),  (6)
i<m<j
ay + ajaja;a; = XX XX [ Zn [] 2

i<m<j k<n<l

x (PPPYRLP £ PPIRPY). (1)

In the postprocessing of FED, X strings in the first row of
Egs. (6) and (7) require no decoding. Meanwhile, Z strings in
the second rows and the P operators in the third rows require
decodings before expectation values are computed. Utilizing
the QS-QEC duality, we recognize that logical gate operations
share the same complexity composition as FED—decode and
compute. The P (third rows) operators are first decoded to se-
lect the fermionic modes [/, j in Eq. (6) and i, j, k, [ in Eq. (7)]
for transitions induced by the X and Z strings. These decoded
modes, denoted as l;[i]l;[j] and l;[i]E[j]E[k]l;[l], then compute
fermionic transitions |£ (l;)) — |E b d)). Meanwhile, the
decoded Z strings (second rows), by summing over O(M)
fermionic modes in the JW basis, compute the fermionic signs
IE(D)) — £1E(b)).

For linearly encoded state, the summation and selection of
Z and P operators requires distinctive decoder for fermionic
mode a, and this necessitates M single-mode fermionic
decoders to implement fermionic gate acting on arbitrary

fermionic modes:
&)

where p is a single-qubit density matrix and a denotes the
fermionic mode decoded from the linearly encoded multi-
qubit state |E(y)) on the second register. We note that these
sets of decoders are dual to QEC decoders where each error
syndrome too corresponds to a unique decoding. Up next,
we will demonstrate the constructions and the corresponding
complexity of these single-mode decoders, and subsequently,
fermionic gate construction.

C. Decoder construction

Decoder from Fig. 1(a) can be directly quantized to quan-
tum decoder in Fig. 1(b), summarized as follows:

Proposition 1. Classical linear decoder algorithms find di-
rect quantum circuit representation.

Proof. By the virtue of Bennett’s Theorem, any classical
algorithm can be made reversible with at most polynomial
overhead in space and time using ancillary bits [32].

Next, due to deferred measurement principle [33], mea-
surement probability distribution remains the same if one
defers the measurement after a reversible classical logical
gate operation (see Fig. 2). This property corresponds to an
isomorphism between reversible classical logic and coherent
quantum gate operations when processing unentangled clas-
sical bits. That is, for a general reversible classical logic gate
f : F4 — F4, provided that it can be decomposed into univer-
sal reversible classical gate set, such as classical multicontrol
gates, it finds a direct quantum gate representation.

Since classical single-mode decoders D;(-) may be de-
composed as classical reversible logic (which is further
decomposed into multicontrol gates), for a classical single bit
decoder

Di(E(b)) = £(b) ® blil, (8)

the same classical circuit @,-(~) can be directly implemented
on quantum bits:

Di(IED)Y)) = [E(B)) @ |bi]) - )

It immediately follows that

Di| Y cilE@) | =D e IEG) @Bl (10)

J J

due to linearity of quantum circuit. |

Therefore, we have proved the existence of polyno-
mial time quantum decoder for implementing single-mode
fermionic decoders. In fact, this result allows us to analyze any
encoding (beyond linear) quantum gate complexity in terms of
classical decoder complexity. The optimization of fermionic
gate complexity boils down to the optimization of classical
decoder complexity. This result unifies previous frameworks
of second-quantized fermionic encodings and provides a stan-
dardized means to study qubit-gate-measurement complexity
trade-offs in the language of decoders.

D. Decoding subroutines

Based on single-mode fermionic decoders, we demonstrate
subroutines that implement fermionic operators in the com-
pressed subspace. We focus on projector P decoding, which
enables selection of specific fermionic configurations required
for the gate transitions, and Z-string decoding, which deter-
mines the sign structure in the JW basis. The latter can be
implemented straightforwardly via the subroutine illustrated
in Fig. 3. The signs of mode from a to z are decoded and
summed together coherently from the encoded state. After
fermionic gate operation, the sign-decoded fermionic modes
remain the same, such that a second round decoding, as illus-
trated in Fig. 1(b), uncomputes the coherence on the ancillary
qubit.

Meanwhile, the decoder construction of the P projector is
less straightforward. In Egs. (6) and (7), decoded fermionic
information of P projectors is accompanied with transitions on
fermionic modes i, j and i, j, k, [ via X;X; and X;X; X X;, rep-
resenting a pair of states that we wish to decode. These pairs
of states undergoing transition must therefore be decoded to
the same quantum state (indistinguishable to controlled state),
and the controlled state contains enough information to induce
the right transition. This is achieved by preparing |s) as the
Greenberger-Horne-Zeilinger (GHZ) state on the fermionic
modes that required decoding. Suppose we have a pair of
encoded fermionic states |£ (l;)) 1€ ba d)) such that in our
notation

X% = XX, (11)

acting on modes i, j, and a GHZ state on the same modes
(10;0;) + |1;1,))/2. With decoders D; and D, if |E(B)) is
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ls) —

FIG. 1. QS-QEC duality. In QEC code, error channel on the | QEC) register is followed by error encoding and decoding after measurement,
and the ancillary is reset to |0) state to be reused. The structure of error encoding and decoding finds its analogy in QS for gate operation,
except that all operations are coherently implemented and two rounds of decoding are required to decouple |s), known as uncomputation in
quantum reversible logic. Uncomputation allows one to reset the ancillary qubits, contrasting the nature of QS and QEC. (a) Circuit illustration

of single round QEC and (b) General subroutine for implementing fermionic operators on linearly compressed fermionic state.

decoded to the value m;n;, then |E(b+ @)) is decoded to
(m ® 1);(n ® 1); in the computational basis due to Eq. (11).
However, when decoding the information on the GHZ state,
we obtain the following:

L |m@0)in®0))) +1m® )i & 1))

m;n; ) s (12)
e 1); — [(m®1);(nd1);) er |(m®0);(nd0);) _
(13)

That is, the resulting pair of GHZ states are indistinguishable
despite the outputs on the left-hand side of the equation.
Similar argument can be made with four modes decoding
for double excitations. In that case, we just prepare the state
(10;0;0,0;) + 11;1;151;))/2 on the ancillary qubits. Figure 4
illustrates double-excitation P decoding subroutine, where

X4 = XX XX, (14)

A

In this subroutine, |s) = |GHZ), Decode = D; ;1 ;, and circuit
in between @,-’ ik 1s the Encode subroutine in Fig. 1(b).
The Encode subroutine implements controlled rotation if the
decoded state is (|1;1;0;0;) +10,0;1x1;))/2, corresponding
to the P projector in Eq. (7). The efficiency of one-to-one
mapping of the X strings [Eq. (3)] is reflected by the single
controlled gate when implementing transition.

In Appendix E, we will demonstrate time evolution en-
codings via P and Z decoding subroutines, and additionally
discuss the worst-case overhead when implementing gate
complexity without fermionic decoders.

E. Near-term complexity

Although QS-QEC duality demonstrates thoroughly com-
plementary qubit-gate-measurement complexity contribution
in the language of classical/quantum decoders, a complete
fermionic simulation encoding only finds application in early
FTQC regime. For near term, our protocol can implement
quantum algorithms without fermionic gates, as it is done
in our VQE benchmarks. Besides HEA ansatz, our protocol
is compatible with the operator selection techniques in qubit
ADAPT-VQE, which encodes the Hamiltonian information on
the qubit operators rather than fermionic operators. In Ap-
pendix G, we introduce an algorithm that performs operator
selection in the encoded subspace. The numerics illustrate the
advantages of reducing operator actions in the compressed
qubit space, suggesting potential benefits in minimizing the
operator pools for implementing qubit ADAPT-VQE. Our
results provide more effective ground state preparation strate-
gies, expanding the scope of Variational Quantum Algorithms.

V. NUMERICAL RESULTS

We benchmark the RLE-FED protocol on VQE trained
with the L-BFGS-B optimizer, HEA ansatz, and Hartree-Fock
initialization. The impact of compression on gate resources
and convergence without noise is investigated. In Fig. 5, LiH
molecule [34] in STO-3G compressed from M =8, N =2
to Q = 6 qubits is compared against the JW-encoded LiH;
in Fig. 6, the dissociation curve of H, molecule [35] in the
6-311G* basis compressed from M =12, N =2 to Q=7
qubits is simulated to study its gate resource requirement. All
data points are averaged over 30 instances of gradient descent
to account for the randomness of our encoder and the quantum
noise.

Noiseless RLE-simulated LiH energy converges to chemi-
cal accuracy (<1 kcal/mol) with 30 local CNOT gates, with the
noisy part converged to lower energy than the HF state. On the
other hand, the JW-encoded noiseless/noisy LiH simulation
requires more entangling gates but fails to show any signs of
convergence. Meanwhile, using as few as 66 local CNOT gates,
all H, energy points converge to chemical accuracy, compared
to the JW-encoded H, that requires 11 CNOT gates at least
per layer and double excitations that require at least 13 CNOT
gates. Training the JW-encoded LiH and H, molecules with
HEA or the UCCSD ansatz often requires significantly more
CNOT gates to achieve the same accuracy. Subspace encod-
ing allows state preparation with substantially less coherence
time and consequently less circuit depth [36]. This is further
supported with the benchmarks of 16-mode 6-31G LiH in
Tables IIT and IV in Appendix H.

Overall, successful ansatz training on the RLE-encoded
circuit demonstrates significantly fewer CNOT gates, and con-
sequently, the spatial and temporal aspects of the quantum
circuits are less prone to noise than the uncompressed case.
Noisy energy variance shows that the compressed problem

oA ﬁ@
oA P

FIG. 2. Deferred measurement principle for multicontrol gate.
It demonstrates direct correspondence between classical reversible
circuit and quantum circuit.
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Duignzr) = 10 4D Dy |- A D:]
— T wy——_—
FIG. 3. Fermionic sign decoder circuit for the binary vector of

the Z string Z¢ built from single-mode fermionic decoders. The
indices a, b, ..., z denote the nonzero entries of binary vectors ¢.

also produces a stable result. While the compressed HEA
simulation results do not directly imply scalability in VQE,
our protocol is compatible to scalable VQE algorithm such
as qubit ADAPT-VQE [25]. See Appendix G for implemen-
tation. Exponential improvement on the scaling of fermionic
modes relieves the problem of barren plateau contributed from
qubit scaling and enhances the performance of qubit ADAPT-
VQE.

VI. CONCLUSION

In this manuscript, we have proposed the use of parity
check matrix and FED for encoding and decoding number-
conserved problems in quantum simulation. We established
a connection between number-conserved linear encoding and
the parity check matrix of a dual CEC code, leading to insights
for constructing number-conserved encoding. Leveraging this
duality, we showed that the optimal number-conserved linear
encoding is bounded above by 2N log M. Our proposal also
prepared efficient measurement bases for number-conserved
observables, including the 2-RDM for quantum chemistry,
with a measurement complexity upper bound of 1+ (1;1 ) +

(If ) These results can be applied to construct encoding with
optimal qubit-to-measurement trade-off. Parity check code
with polynomial time decoder is available in the geometric
Goppa and Gallager’s LDPC codes. Meanwhile, FED offers
a univeral protocol to decode fermionic information for all

10 . -
101 - & S I
GHZ D; i D; i
10 R s I G L
10+ . & & -
1E(¥)) | HE(XT)0 |

(a)
] L @f
— — A .
5 12
i,j,k,l
— —= @
1Ok

FIG. 4. (a) Building block of fermionic double excitations built
from single-mode fermionic decoders. (b) Projector decoder based
on Eq. (7).

—-7.78

¥ RLE
—-7.80 * JW
=7.82 e =

Depth

FIG. 5. VQE energy of STO-3G LiH at 2.5 A without com-
pression using HEA at varying depth. The JW-encoded noiseless
energy (top red) cannot find energy better than the HF energy (green),
whereas the RLE energy (blue) converges to chemical accuracy
(black) at the fifth layer (25 CNOT). In the ibm-sherbrooke noisy
simulation, the RLE energy shift is significantly less than the JW
energy, which diverges from the HF energy.

linear encodings in second-quantized simulation, enabling
trade-offs between the qubit and gate complexity.

To benchmark optimal codes, we constructed the RLE
encoding and FED decoding algorithms. We compared VQE
simulations of LiH in the RLE- and JW-encoded STO-3G/6-
31G basis, and H; in the RLE-encoded 6-311G* basis using
HEA at different circuit depths. We conducted a VQE exper-
iment on H; in the 6-311G* basis against full configuration
interaction (FCI), demonstrating chemical accuracy across all
bond lengths. All results favored the optimal encoding in
terms of CNOT cost and convergence, which showcased the
potential benefits of implementing VQE with our protocol.

* HEA Energy (7 qubits)
—0.90 1 —— HF Energy (12 qubits)
----- FCI 6-311G* (12 qubits)

g -0.951
5
-0y S ek
S .......
& —1.051
C
w *

-1.10{ -

“*“
—1.154a 3 e

050 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

FIG. 6. Noiseless VQE potential energy curve of 6-311G* (12
modes) H, potential energy curves encoded with seven qubits using
HEA with 11 layers (66 CNOT). The energy uncertainty is displayed
at the bottom, which lies within the chemical accuracy threshold
(green dot).
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TABLE II. The numerical result of RLE compression. This table
shows the maximum number of modes M that we can encode given
the number of electrons N (rows) and qubits Q (columns) with RLE.
All results were computed on an eight-core laptop.

N\M\Q 10 12 14 16 18 20 22 24 26 28 30

22 36 48 64 90 118 158 226 316 420 580
13 20 25 31 38 46 58 72 88 105 140
11 14 18 23 27 31 36 42 50 60 71
11 14 16 19 22 26 31 34 39 44 49
11 13 16 18 21 23 27 31 34 37 41

(o) NNV IE SR US I 9]

We propose a subroutine based on our protocol to implement
qubit ADAPT-VQE in the encoded subspace, further relieving
the resource requirement for variational quantum simulation
of number-conserved quantum systems.

The duality between number conservation and error cor-
rection extends beyond FED. We show that QEC decoding is
dual to simulating quantum gates in the compressed number-
conserved subspace. We proposed a generalized framework
on scalable fermionic gate encoding, echoing the results in
Ref. [37]. This result opens the doors for designing sparse ac-
cess oracles with technology in QEC decoders, expanding the
current tool set of quantum simulation in FTQC regime and
allowing flexible resource trade-offs when encoding number-
conserved systems, while ensuring scalability.

Overall, the connection between CEC and number con-
servation has implications for resource trade-offs in quantum
simulation, in both the NISQ and FTQC regimes. Our ex-
ample demonstrates that this connection can be leveraged to
reduce quantum resource requirements for variational quan-
tum algorithms. We leave as an open question how these
resource trade-offs can be further exploited in the encoding
of more general quantum algorithms.
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TABLE III. The noiseless simulation of (8, 2) LiH using HEA-
and UCC-type ansitze on the state vector simulator. AE is the
difference between the VQE energy and energy from exact diagonal-
ization. The HEA results are chosen from the lowest energy results
using the VQE with L-BFGS-B optimizer and 100 different initial
states. The UCCSD and SUCCD ansiitze are constructed from qiskit
package.

System LiH (8, 2)
Ansatz types HEA ucc

8 qubits 6 qubits SUCCD UCCSD
Number of parameters 48 36 6 15
Number of CNOT 35 25 480 768
Circuit depth 41 31 668 1043
AE (kcal/mol) 04126  0.0002  0.5216  0.00003

APPENDIX A: FRAMEWORK FOR NUMBER-
CONSERVED LINEAR ENCODING

We provide a detailed discussion of the dual code corre-
spondence that connects number-conserved linear encoding
with classical error-correcting codes, inspired by Ref. [10].

In this work, we make use of a Q x M parity check code
G of an (M — Q) x M CEC C to compress the number-
conserved configurations. G is defined as the dual code of C:

GC' =0. (A1)
Due to this duality, constraints on P can be directly translated
to constraints in C. With respect to G, we can think of C as the
generator of equivalence class C on the M-dimensional binary
vector space F}:
C={veF)|veeF) %5 =C"¢) =kerG. (A2)
This class C is the kernel ker G of the encoded space. ker G
also defines the equivalence class of all encoded bitstrings

IZGFQ”:

b~bodv for vecC. (A3)

TABLE IV. The noiseless simulation of (16, 2) LiH using HEA-
and UCC-type ansatz on the state vector simulator. AE is the
difference between the VQE energy and energy from exact diagonal-
ization. The HEA results are chosen from the lowest energy results
using the VQE with L-BFGS-B optimizer and 100 different initial
states. The UCCSD and SUCCD ansitze are constructed from the
qiskit package.

System LiH (16, 2)
Ansatz types HEA uccC

16 qubits 8 qubits SUCCD UCCSD
Number of parameters 96 48 28 63
Number of CNOT 75 35 4032 7280
Circuit depth 81 41 4874 8675
AE (kcal/mol) 2.2099 0.7186  0.5749  0.00001
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Let us define b @ C to be the equivalence class of b. To
ensure that all configurations are distinctly encoded, num-
ber conservation demands that each bitstring with Hamming
weight N shall only appear once in b @ C, which constrains
the Hamming weight of C and thus its generator C, the error-
correcting code. If C generates a subspace of even Hamming
weights with code distance 2N + 2, then for the subspace with
Hamming weight less than or equal to N, G will distinctively
encode them into the encoded space. Proof of this statement
is provided in Lemma C1. On the other hand, we can gen-
erate arbitrary odd equivalence classes because they do not
contribute to mapping bitstrings with the same parity.

As we will show in the proof of Theorem 1, this is
equivalent to saying that we would like our C to have one
unconstrained row element with odd Hamming weight. As for
the rest of the rows, they form a code with even Hamming
weight and distance 2N + 2. Thus, C contains an error-
correcting subcode of dimension (M — Q — 1) x M with even
Hamming weight and distance 2N + 2 for us to construct
a valid Q x M number-conserved linear encoding with code
parameters [M,M — Q — 1,2N + 2].

APPENDIX B: FRAMEWORK FOR QUBIT OPERATOR
ENCODING

The basics of operator encoding-decoding are reviewed
here in the language of binary linear vector space. Literature
such as Refs. [12,38] employs projectors for approaching
the [Nlog M7 lower bound. However, both methods suffer
from unscalable measurement costs. One reason behind this
broken scaling is the disruption of the linear structures of
the projectors. In our framework, we connect the projector
to linear binary vector space, which allows us to assess the
measurement complexity with the linear structure.

1. Notations and properties
We define the notations of the X, P, and Z strings used in
this paper.
Definition Bl. Projectors in the computational basis are
defined as
1+ (=1)"Zz

Pt =10/1) (0/1] = 3

(BI)

Definition B2. Let be F) be a binary vector; P string is
defined as follows:

M
Pt =[] rim, (B2)
m=1
with b[m] denoting the mth entry of the vector and the follow-
ing property:
PP (@) = 84 1d) . (B3)
Definition B3. Let b € F) be a binary vector; X string is

defined as follows:

m

M
Xb — 1_[ Xb[m], (B4)
m=1

with bm] denoting the mth entry of the vector and the follow-
ing property:
Xlla)=|a@b). (B5)
Definition B4. Let be FY be a binary vector; we define a
Z string as follows:

M
Zb — 1_[ Zri:l[m],

m=1

(B6)

with b[m] denoting the mth entry of the vector and the follow-
ing property:

7P @) = (=P [a) . (B7)

Next, we will derive the transformation of the X, P, and Z
strings with an encoder & : |@) — |Gad). Immediately, we can
infer from the state encoding of operators in Egs. (B3), (BS),
and (B7) the transformations as

E(PP) = P, (BS)
£xP) = x©P, (B9)
@by = 7@ b, (B10)

Linear compression preserves Eqs. (B8) and (B9), but breaks
Eq. (B10) due to the lack of a left inverse for G. Instead, the
individual Pauli-Z operator can be encoded as

EZ°) =Y (~DP,

beS

(B11)

where P®? is a Q-qubit projector and S = {l; | H (l;) = N}
is the set of all number-conserved states. The exact gate
implementation of Eq. (B11) can be performed with multicon-
trolled gates or a linear combination of an exponential number
of Z strings. However, both methods suffer from scalabil-
ity problems, as discussed in the gate complexity section in
Appendix E. This problem can be tackled using Quantum Sig-
nal Processing (QSP) techniques, provided that the encoded
E(Z°) is also sparse.

2. XP decomposition

We can now derive a general representation of the qubit
operator. In essence, all qubit operators consist of a selected
set of states, state transitions, and phase evolution. In the
computational basis, X strings capture transitions, Z strings
capture phase, and the sum over projectors captures the states.

Given an X string X% and a projector P”, we can observe
the following properties:

Xaph — pashya (B12)

We can represent the Hermitian or anti-Hermitian part of the
operator as

X4(PP + Pi®b) — |G @ b) (b + |b) (@@ b, (B13)

(XA(PP + pa®byyi — £ x3(pb 4 pi®h) (B14)

Summation over this basis operator with respect to the
Boolean vectors d and b allows us to construct arbitrary
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(anti-)Hermitian qubit operators. As we show in Theorem

2, arbitrary sum over projector P’ and its conjugate P®?
and X7 generates commuting Pauli strings as we expand the
projector into Z strings. The number of X strings determines
the measurement cost of a given qubit operator. Suppose now
we exponentiate the Hermitian operator. It also determines
the Trotterization steps required to approximate the unitary
evolution.

In the JW representation, the product of creation and an-
nihilation operators always generates one X string under our
decomposition. Our linear encoder then surjectively encodes
the JW X strings. This property allows us to exactly imple-
ment fermionic gates, though at the risk of an unscalable
number of gates, and efficiently prepare measurement bases
for fermionic observables.

APPENDIX C: QUBIT COMPLEXITY PROOF

Lemma CI. Given bitwise linear map £ that is number-
conserved, for all bitstrings k that are an element of ker £,
Dy (k,0) > 2N + 2 if Dy (k, 0) = O(mod 2).

Proof. This theorem claims that the even Hamming weight
code words, generated from the kernel space, must be lower
bounded by 2N + 2.

Suppose there is a bitstring k with Hamming weight 2K <
2N + 2. We can construct two distinct bitstrings with Ham-
ming weight N such that d= cD 75, and ¢, d have N — K
overlapping bits. We observe the following relation in the
encoded space:

Ed)=E@) @ EK) = E©). (C1)

|
Proof of Theorem 1. From Theorem 1, we observe that all
even kernel elements k, generated by the dual code C”, have
even Hamming weight lower bounded as Dy (k, 0) > 2N + 2.
We can interpret the row of C as an M — Q set of M-bit
bitstrings, whose arbitrary bitwise addition & among the bit-
strings is encoded into the 0 vector in the encoded space.
Since C is invariant under elementary bitwise row addition,
it is possible to eliminate the odd Hamming weight M-bit
bitstrings with odd Hamming weight M-bit bitstrings. C can
be reorganized as a set of M-bit bitstrings with only one ele-
ment with odd Hamming weight. In this form, we can impose
Theorem 1 on the M — Q — 1 numbers of M-bit bitstrings.
Next, we reformulate the constraint as finding the maxi-
mal M — Q — 1 of C given qubits M, and minimal hamming
distance 2N + 2, and all Hamming weight of elements in
C are even. Borrowing from CEC, the maximum is upper
bounded by the Hamming bound [39] and lower bounded by
the Gilbert-Varshamov bound [19,20]:

2 e 2T (C2)
SV oy S = S
Ym0 (3)) %0 ()

VoM
M—l—log2<2j><M—Q—l
j=0

LN/2]

M
<M—1—log2(2,>,
J

j=0

N
2NlogM > Q > ZLEJ log M. (C3)

We modify the Hamming and Gilbert-Varshamov bounds in
Eq. (C2) such that we are only considering the bound on the
even Hamming weight subspace, which has size 2¥~!, and
the sum ZI,Y:o (%) is only over the even binomial coefficients.
However, the argument of the Hamming cube as the maximal
nonoverlapping covering remained unchanged [19]. We also
note that the Hamming bound for even subspace becomes a
strict nonequality because the covering space does not cover
the whole even code subspace.

We have proved that optimal bitwise linear encoding has
O(N log M) scaling. In particular, the lower bound coincides
with the scaling of physical states.

APPENDIX D: PROOF FOR MEASUREMENT
COMPLEXITY

Lemma D1. All fermionic operators that can be written
as a product of creation and annihilation operators can be
expressed in terms of the product of one X string and sum
over P strings under linear compression.

Proof. Let us consider the Jordan-Wigner basis. The one-
particle creation and annihilation operators are written as the
product of the Pauli-Z operator Z,,, Pauli-X operator X;, and
projector Pl.o/ ! defined in Definition B1:

i—1

al = []z.xiP. (D1)
m=1
j—1

a; =[] zwx;P}. (D2)
m=1

Using the completeness relation of the identity operator, it

is possible to expand Pio/ ! as a sum over projector strings
Ppaaan-1 defined in Definition B2:

PiO/l =Pl»0/1 ® Z Pa.

ae{0,1}M-1

(D3)

Thus, the Z strings ]_[fn_zll Z,, from the above example can be

absorbed into the projectors via the relationship

Z°PP = (—1)*pP. (D4)
After this procedure, fermionic observables can be repre-
sented with only the X strings, projectors, and signs. Each
projector represents a fermionic state, and the unphysical
states are discarded such that the encoded projectors would
not coincide with the number-conserved projectors due to the
equivalent classes. Let us denote O as the product of creation
and annihilation operators. Given a linear encoder £(-), we
can succinctly express the unencoded and encoded gates as
follows:

0 =X (1P, (D5)
BES@
E£(0) = X503 (— 1) PSP, (D6)
EESO
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where S, represents the set of number-conserved states on
which O acts and @, ¢ € IFQ” are binary vectors uniquely asso-
ciated with each operator O: @ induces physical state transition
and ¢ encodes the sign information for each vector b.

Lemma D2. The real and imaginary parts of an observable
Re/ImO of the form in Eq. (D6) can be measured with one
measurement basis under linear encoding.

Proof. From Eqs. (B14) and (D6), we can write the
(anti-)Hermitian part of the operators as Eq. (5):

Re/ImE(0) = X0 3 (— 1) P(PSP £ pE@eD) (D7)

EESO

We make use of the following CNOT transformation to elimi-
nate the extra Pauli-X operations:

CNOT; 2 X1 X,CNOT; » = X], (D8)

CNOT; ,PY>CNOT; 5 = P“@®®), (DY)

where we define i as control qubit and j as target qubit for
CNOT; ;. Applying Eq. (D9) on a pair of conjugate projectors
in the form of Eq. (B14), we observe that the projector at the
target qubit will have the same parity. The full set of CNOT
gates C results in the following transformation:

CX%ICT = Xp, (D10)
CPSEET = pMGh — pOpit (D11)
¢ pS@eh At _ pMG@®h) _ pip™, (D12)

where the adjoint action of ¢ on P is equal to the Q x
QO matrix M action on Gb, such that MG (nd) @ b= ((n
mod 2)g, m(b)), with B denoting the bit location on which Xp
acts and n an integer. We write m = fi(b) as a function of b to
simplify the notation in the sum. The operator becomes

CRe/ImEO)CT = Z(—I)E'};XB(PEPW;) + P,;P’W;)),
565@
(D13)

On qubit B, the sum of P° and P' generates local I or dif-
ference generates Zy. We can rewrite them as Xy or —iYy, as
shown in Eq. (E1).

Since all operators, except the qubit Q that is either X;
when Hermitian or i¥, otherwise, are projectors made of I, Z
operators, the real/imaginary part of the bitwise linear en-
coded operators must generate commuting Pauli string in the
Clifford transformed basis. Finally, since Clifford transforms
one-to-one encoded Pauli strings, the operator Re/Im&(0)
also generates commuting Pauli strings. |

Proof of Theorem 2. We only need to determine the mea-
surement complexity of 2-RDM.

Next, from Lemmas D1 and D2, we see that the
(anti-)Hermitian . ?art of the 2-RDM, defined as
(Y] &j&;&kéz; + @ a,a;a; |y ), can be measured in one basis for
each set of fermionic modes i, j, k, [. In quantum chemistry,
we are only interested in the real part of the observables.
Therefore, each i, j, k, [ demands one measurement basis.

Due to the result in Lemma D2, each distinct X string
corresponds to one unique measurement basis. Upon encoding

the 2-RDM operator via the JW transformation, we see that
the encoded operator is of the form of the real part of Eq. (D5).
The X string in this JW representation is invariant under any
permutation among i, j, k, / in the JW representation. Thus,
the measurement scaling is equal to the possible combinations
of i, j, k, I, where we allow the indices to be equal to each
other. Next, we count the number of distinct X strings derived
from the possible permutation. In the JW representation, when
all indices are not equal to each other, the number of distinct X
strings corresponds to a complete set of M-dimensional binary
vectors with Hamming weight 4. Meanwhile, when one pair
of indices share the same digit, it corresponds to the set of
M-dimensional binary vectors with Hamming weight 2. When
two pairs are equal, then it corresponds to M-dimensional
binary vectors with Hamming weight 0. Under our formalism,
each X string can be associated with a binary vector. Thus,
the total measurement cost, without parallelization [13], is
equal to (Ag) + (1;1) + (IZI) Parallelization is the simultaneous
measurement of two or more sets of RDM elements with
nonoverlapping indices; maximal linear encoding breaks par-
allelization.

Finally, since a linear compression surjectively encodes the
X string guaranteed by the 2N + 2 code distance of the CEC
C, (W) + () + (%) is the upper bound of the measurement
scaling for the encoded space.

Corollary DI. The scaling of measurement basis can be
completely characterized by the number of distinct X strings
that appear in the X and P decomposition.

Proof. From the previous proof, each unique X string,
obtained from the X and P decomposition of an operator,
generates commuting Pauli strings. Meanwhile, Pauli strings
generated by two distinct X strings, and two pairs of respective
projectors, contain mutually noncommuting terms. |

This result can also be employed to characterize nonlin-
ear encoding, which does not surjectively encode X strings
to X strings. Instead, Eq. (D7) will further split into a sum
over X strings. Scalable measurement is still possible if the
distinct X strings for each single/double-excitation operator
scale polynomially.

APPENDIX E: FERMIONIC GATE COMPLEXITY

1. Gate decompositions without decoder

We examine fermionic gate complexity without quantum
decoder.

Proposition E1. The fermionic gate of single and double
excitations can be decomposed as a series of multicontrolled
gates and Clifford gates.

Proof. From Lemma D2, we can transform operators in
Eq. (D7) into X string with the Clifford transformation C and
operator of the form

CRe/ImEO)CT = > Xg/ — i¥gP™ P, (E1)

ﬁES@
where Xp/ — iYp is the last Pauli-X/Y operator at qubit B.
For the implementation of fermionic gates, it is necessary to
describe the exponentiation of this operator representation. C,
described in Egs. (D10), (D11), and (D12), survives under
exponentiation. Meanwhile, each operator Xy / — iYNP’h(E) is
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FIG. 7. Single-excitation quantum gate constructions based on sign and projector decoder in Figs. 3 and 4. The D operators represent the
decoding subroutine and in between is the encoding subroutine in Fig. 1(b). Definitions of d and ¢ follow the convention in Eq. (3).

mutually commutative, and its exponentiation corresponds to
a multicontrolled X/Y rotation, with the projectors acting as
the control bits. Consequently, the exponentiation of the diag-
onalized fermionic operators can be represented as a product
of multicontrolled Pauli-X/Y gates.

For molecular simulation, where only the real part of
fermionic operators matters, the multicontrolled gates with
a Clifford transformation can exactly implement fermionic
gates defined in Lemma D1. However, the number of mul-
ticontrolled gates given by the size of S, indicates that the
worst-case scenario gate complexity has combinatorial scal-
ing OM"N) [10].

The segment code in Ref. [9] and polylog code in Ref. [11]
circumvent the problem of decoding by imposing constraints
on the encoder. Segment code employs block structure on
the encoder to ensure that the compressed N-particle states
can be locally distinguished upon encoding, partially pre-
serving locality in fermionic gate operations. Although the
corresponding explicit gate complexity is not specified, it
is polynomial in both N and M based on the construction.
Meanwhile, the polylog code further exploits encoding with
block structure and Bravyi-Kitaev transformation for a more
efficient fermionic information representation, and QSP to
approximately implement single-qubit Pauli-Z operators, with
a gate complexity lower scaling as O(N? log M*).

These approaches demonstrate example of scalable
fermionic gate implementation on the compressed state, but
they are fundamentally limited to their encodings. The QS-
QEC duality provides a framework that generalizes these
approaches.

2. Time evolution
a. Trottorization

Building on Sec. IV, we demonstrate two examples of time
evolution algorithm encoding based on subroutines introduced
in Figs. 3 and 4. First, we show that individual fermionic
gates can be implemented with single-mode decoders. Unitary
evolution of the single and double excitations is implemented
in Figs. 7 and 8, respectively.

For each query of the single and double excitations, the
single-mode decoders are queried at most O(M) times since
the calculation of signs requires summing mode information
from between fermionic modes i < m < j for single excita-
tions and additionally k < n < [ for double excitations. If the
single and double excitations are queried G times in Trottor-
ization, the query complexity of the single-mode decoders D;

is given by
O(GM). (E2)

We demonstrate two examples of time evolution algorithm
encoding based on the subroutines introduced in Figs. 3 and
4. First, we show that individual fermionic gates can be
implemented using single-mode decoders. The unitary evo-
lution of single and double excitations is illustrated in Figs. 7
and 8, respectively.

Howeyver, the discussion centers around the JW basis. In
principle, decoding can be done in the BK basis, leading
instead to the query complexity of

O(GlogM), (E3)

since only log M BK modes require decoding.

b. Block encoding

Meanwhile, the decoder is not limited to encoding
fermionic single and double excitations; it is possible to en-
code second-quantized subroutines, such as block encoding
for time evolution [40]. Given a second-quantized Hamilto-
nian of the form in Eq. (1) with a Pauli decomposition:

A=Y cp =) dzx", (E4)

one can construct the £-SEL (SEL stands for select) primitive
in the compressed space using just the sign decoder in Fig. 3:

E-SEL|y) [0) [E(¥))

= 1¥) Osign(z,) 10) EX ™) [E@W))

=y} 10) EEZDHEX™) [EW))

=[y) 10) EP,) IEW)) . (E5)

where the operator Osign @) 1s given by the following sign
decoder construction from Fig. 3:

|0> ] ZA)sign(zy) ZA)sign(Ey) B
&) —s ‘

When combined with the prepared primitive

d;
PREP = — i), E6
) Z Vo (E6)
we obtain the following block encoding:

(01 (O] (£(y)| PREP'E-SEL PREP |0) |0) |E(¥))
= (EWIEHED) [EW)) /N. (E7)
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FIG. 8. Double-excitation quantum gate constructions based on sign and projector decoder in Figs. 3 and 4. The D operators represent the
decoding subroutine and in between is the encoding subroutine in Fig. 1(b). @* and ¢* denote binary vectors for double excitations.

ly) takes up 4 log M qubits, corresponding to the O(M*) Pauli
terms in H. Thus, G query of the £-SEL primitive corresponds
to querying O(GM*) Dygign(z) decoder and hence

O(GM?) (EB)

single-mode fermionic decoders.

3. Qubit-gate complexity trade-off

Via the QS-QEC duality, we have demonstrated two
examples of second-quantized subroutines in the linearly
compressed basis using O(M) single-mode fermionic de-
coders. In exchange for the qubit reduction, the single-mode
fermionic decoders result in an increase in gate complexity.
The duality provides a natural framework for studying the
qubit-to-gate complexity trade-off. In what follows, we will
provide both lower and upper bounds on decoder complexity
and give examples of efficient constructions.

Since the ancillary qubits are reusable, fermionic excitation
evolution can be queried sequentially without increasing the
number of ancillary qubits. In the absence of compression,
the single-mode decoders are simply implemented using CNOT
gates, as shown by the following relation:

CNOT; , |m;0,) = |mymy) , (E9)

where m; denotes the occupation number at mode i and a
represents the ancillary qubit. Consequently, the ZA),; j /ZA),', ikl
decoders have O(1) complexity, while the @Sign decoder has
O(M) complexity.

In the worst-case scenario, the f)i, j/’lA),-, k1 and @sign
decoders can be trivially constructed using O(M") multi-
controlled gates, similar to the construction in Eq. (D13).
Therefore, the single-mode fermionic decoder has complexity
lower bound Cp, given by

O(l) < Cﬁi'

Using QS-QEC duality, the question of qubit-gate-
measurement trade-off can be studied in terms of the decoder
space-time complexity scaling as one compresses the qubit
resources for the time resource.

(E10)

APPENDIX F: FERMIONIC EXPECTATION DECODER

1. Compatibility with classical decoder

FED, as depicted in Algorithm 1, avoids direct computa-
tion of fermionic/spin operator in the encoded space through

a decoding process. This approach circumvents the issue of
measuring an unscalable number of Pauli operators and main-
tains polynomial scaling in measurement complexity. FED
computes the expectation of the operator in Eq. (D13), from
which a probability distribution P(d) is sampled in the basis
d= (1/0g, %(5)). To decode the bitstrings from Gb to b,
reversing the Clifford transformation is necessary to retrieve
the projector Gb from d—a task that is infeasible for classical
postprocessing.

Instead, when computing the fermionic sign (—1)”¢, one
can focus solely on recovering either PS? or PGU®)) ag
shown in Eq. (5) via partial recovery transformation. Collec-
tively, this is equivalent to retrieving the projector information
XGa(pGh 4 pG@®h)) This can be achieved through the CNOT
transformation € in Egs. (D11) and (D12), which can be
efficiently implemented on a classical computer directly on
the bitstrings of the histogram as A.

Under our operator decomposition, we avoid two problems
that arise in nonlinear encoding: First, we avoid preparing an
exponential number of measurement bases; and second, we
avoid calculating expectation values in the encoded space,
which would decompose into an exponential number of Pauli
strings. The projector representation in Eq. (5) avoids the
Pauli representation of the encoded operator under conserved
subspace compression. This representation establishes a direct
link to the decoding protocol of the CEC code and clas-
sifies the complexity of measurement grouping within the
conserved subspace. Overall, this leads to a scalable encoding
and decoding process for simulating systems with conserved
particle numbers.

2. The decoding algorithm

Results in Appendix D can be directly employed for
measurement basis preparations. Combined with the FED
decoder, we have a quantum-classical observable decoder of
compressed number-conserved fermionic data (Algorithm 2).

The Clifford gate preparation algorithm CLIFFORD(.) is
based on the Clifford decomposition of Eqgs. (D13) and (E1)
with a single-qubit Clifford gate to diagonalize the Xz/ — i¥p
Pauli operator. Meanwhile, GETVEC(.) is the extraction of
the binary vector representation of O; from the XP decomposi-
tion in the JW basis. MEAS(-) is measurement of the encoded
quantum state in the quantum computer.
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FIG. 9. Comparison of the qubit cost of RLE (star) to the JW
basis (blue), graph-based encoding (cross), QEE (green) for a four-
electron problem, and the 2N log M bound (red) against the number
of orbitals.

3. Applications

The FED algorithm, leveraging the duality between CEC
and fermionic observables, is applicable to general linearly
compressed quantum states. Combining with the QS-QEC
duality introduced in Appendix E, the FED algorithm finds
applications across NISQ and FTQC regimes depending on
the qubit-to-gate trade-offs in the compression, although the
numerical results place no emphasis on the encoding of quan-

tum gates.

For a moderate/Gilbert bounded qubit compression rate
such as segment code and QNN decoders, although gate
complexity increases, the FED algorithm finds application
in decoding such compressed NISQ/early FTQC algorithms
such as Trotterization. Meanwhile, as we will show in the
following, the encoding/decoding protocol can be useful for
encoding qubit ADAPT-VQE, providing a promising way of
minimizing qubits for NISQ algorithms.

APPENDIX G: QUBIT ADAPT-VQE

In our numerical results, we have demonstrated the bene-
fits of training VQE in a number-conserved subspace while
ensuring that the encoding/decoding process remains scal-
able. However, the demonstration is limited to nonphysically
motivated ansdtze, and it remains unexplored whether the
RLE-FED protocol can facilitate the scalable implementation
of VQE in the compressed subspace.

We present an algorithm that employs the RLE-FED
scheme for encoding NISQ algorithms beyond nonphysically
motivated ansidtze. While compression disrupts the structure
of fermionic gates, it is possible to encode Hamiltonian infor-
mation directly into qubit operators using qubit ADAPT-VQE
[25]. The algorithm selects the appropriate qubit gates by
identifying the qubit operator that maximizes the gradient
within an operator pool:

a
00,

where H is the fermionic Hamiltonian, 7; is a qubit operator
belonging to the operator pool, and |£(y)) represents the
encoded fermionic state in the qubit space. Specifically, to im-

plement the operator [€ (H), £;], we make use of the parameter
shift rule. £(H) is the Hamiltonian in the encoded space that

(H) = (EWIEAD), Bl IEW)) (GD)

ALGORITHM 2. Decode.

Input: Encoder £(-), Decoder F (-), Encoded Quantum State
|E()), Hamiltonian A = ", ¢;0;, 0; =0
Output: (/| A )
sum = 0
for Ci, Oi in ﬁ
C < CLIFFORD(£(0;))
a, ¢ < GETVEC(O,)
P < MEAS(CT [E()))
val < FED(P, 4, ¢, &, F)
sum <— sum + ¢; * val
end For
return sum

requires decoding, and ; is a qubit operator that acts directly
on the qubit space. One can act R;, (7 /2) directly on |E(¥))
and compute the gradient via decoding the following term:
i(ﬁ) _ (R, (/2)"E(H)Rs, (71 /2)) — (R, (=7 /2)"E(H)Rs, (=7 /2))
a6; 2 ’

(G2)

In particular, the terms (R;(w/2)'E(H)R: (7 /2)) and
(Rfl.(—n/Z)"’E(ﬁ)R@(—n/Z)) can be classically decoded.
This leads to the subroutine for qubit operator selection
in qubit compressed ADAPT-VQE in Algorithm 3. Qubit
ADAPT-VQE shows evidence that avoids barren plateau and
local minima, and it demonstrates CNOT gate reduction com-
pared to the implementing fermionic ADAPT-VQE.

When combining RLE-FED with ADAPT-VQE, Eq. (G1)
can be efficiently sampled. Building on the results from
Ref. [25], the qubit operator pool %y, %5, ..., T, scales linearly
with the number of qubits Q. Under our scheme’s qubit scal-
ing, the size of this operator pool is effectively reduced from
M to 2N log M, potentially enabling VQE simulations involv-
ing a large number of fermionic modes. This reduction in
operator pool size yields practical benefits, as demonstrated in
our LiH simulation, where chemical accuracy is achieved with
significantly fewer CNOT gates compared to the JW-encoded

ALGORITHM 3. Qubit operator optimizer.

Input: Encoder £(-), Decoder F (-), Qubit operator pool
Pool = {1y, %,, ..., %,}, Hamiltonian A, compressed quantum
state |E(Y))
Output: Max;,cp (EW)| [EH), T][EW))
L =1[0]
8max = 0
for %,, € Pooldo
[y t) =™ 1EW))
[y ~) = e ™2 1EW))

g= ‘ DECODE(E,F,|y+),H)—DECODE(E,F, |y ~),H)
- 2

if g > gnax then
L[0] < 1,
gmax <~ g
end
APPEND(L, (g, tn))
end for
return L[0], gmax
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basis. Furthermore, fermionic observable decoding plays a
key role in reducing quantum gate overhead, enhancing the
feasibility of near-term applications.

APPENDIX H: NUMERICAL DETAILS

1. The compression rate

Table II shows the numerical study of the compression
rate Q/M given Q. This table directly compares to the
Graph-Based encoding table in Ref. [10], which shows qubit
advantages in all settings. Meanwhile, the polylogarithmic
encoding cannot be compared with because their encoding
advantage appears only in the 10 qubit regime. Logarithmic
scaling in M means that it is possible to compress a large num-
ber of fermionic modes with a qubit cost that is manageable in
the FTQC regime. For instance, a two-electron problem with
100 modes can be encoded with fewer than 20 qubits and a
four-electron problem with 400 modes in 50 qubits.

To analyze the scaling with respect to the number of modes,
we evaluated the compression rate Q/M and presented the
results in Fig. 9 for a four-electron problem. We benchmarked
our results against the JW basis, graph-based encoding, and
the theoretical upper and lower bounds. Our compression rate
for linear encoding surpasses that of all previous works [10]
across all scenarios. Compared to the nonlinear QEE scheme,
we maintain O(N log M) scaling while achieving polynomial
measurement scaling.

2. Hardware-efficient ansatz

The hardware-efficient ansatz is commonly used in varia-
tional quantum eigensolver due to its resource efficiency given
the current noisy constraints of quantum devices. Different
hardware setups have their own specific HEA configurations,
which include the selection of gates, circuit connectivity, and
noise models. To meet these criteria, we design our HEA with
two constraints. First, the gates used in our VQE simulations
are restricted to the two-qubit controlled-NOT gate and the
single-qubit Y gate for rotations. Second, the connectivity of
the two-qubit gates is constrained to a one-dimensional chain
topology. The design of the ansatz is therefore as follows:
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where n is the number of repetitions of the circuit block.

3. Comparison with unitary couple cluster type of ansatz

We compared the performance of the hardware-efficient
ansatz in the compressed space to the UCC-type ansatz [41],
which is the gold standard for computational chemistry sim-

ulations, specifically for the ground-state simulation of LiH
in the STO-3G and 6-31G basis sets. For the active space
chosen as M = 8 and M = 16 fermionic modes, respectively,
we restricted the Hilbert space generated from both bases to
the subspace of two electrons, denoted as (8, 2) and (16, 2).

In the STO-3G case, both the 6-qubit compressed and
8-qubit uncompressed Hamiltonians achieved chemical accu-
racy of 1 Kcal/mol using HEA with a reasonable circuit depth.
However, the 6-qubit Hamiltonian achieved accuracy four
orders of magnitude higher compared to the 8-qubit Hamil-
tonian, with fewer parameters and shallower circuit depth.

In contrast, the UCC-type ansatz converges faster and more
easily compared to HEA, owing to its smaller number of
parameters. However, achieving approximately one order of
magnitude higher accuracy than HEA requires a circuit depth
approximately two orders of magnitude deeper and roughly
ten times more two-qubit gates. However, when scaling up to
the (16, 2) LiH system, the hardware-efficient ansatz applied
directly to the uncompressed Hilbert space starts exhibiting
barren plateaus. Even with L-BFGS-B optimization using 100
initial states, convergence to the required chemical accuracy is
not achieved.

In contrast, using the RLE approach, which encodes the
original 16-qubit Hamiltonian into an 8-qubit Hamiltonian,
HEA can successfully converge to chemical accuracy.

In conclusion, the LiH system scaling result shows that
the qubit compression can improve VQE convergence while
reducing the qubit cost and circuit depth.

APPENDIX I: RANDOMIZED LINEAR ENCODER
1. The algorithm

RLE (Algorithm 4) begins its random search by choosing
a Q within the bounded region Nlog, M < Q < 2N log, M.
Then, the algorithm initializes the parity check matrix G =
[{o|D] in the standard basis [42], where Ip is a Q x Q identity

ALGORITHM 4. Randomized linear encoder.

Input: Target States S; Testing subset 7j;
Output: Code word C;
while True do
Initialized Code word W = [];
Random generate D with constraints;
G < [Ip|D];
Create distance 2N + 2 error correction matrix C < [—D7 [l _o];
Create a checking list w =[]
forz, in T, do
w < [w|Dy (Y. CT(t;) mod 2, 0)];
end for
if min(w) > 2N + 2 then
forsin Sdo
¢ =Cs;
W = [Wic];
end For
if no repeat element in W then
return W
end If
end if
end while
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matrix. The standard basis helps reduce the space of random-
ized search. We randomly generate the Q x (M — Q) matrix
D such that each column has even Hamming weight equal to
the value Q/2, denoted as even(Q/2).

The second part of the algorithm consists of checks. Ini-
tially, the algorithm censors a large set of flawed generators
by randomly verifying the Hamming weight of the element
k generated by the (M — Q)-dimensional vector ¥ and the
CEC C:

k=Cp,v €S, I

where S is defined as the set of all vectors with Hamming
weight 2 and 2K for 2K < N, where K is a randomly gen-
erated integer. The random check serves to maximize the
probability of obtaining the correct encoder. Finally, the algo-
rithm explicitly computes the states to check for repetitions.
This process is repeated until the minimum Q is found.

2. Scaling of RLE

We examine the scalability of RLE. The algorithm has a
computation cost proportional to @(M") for each physical
state check, multiplied by the number of checks performed.
This complexity scaling is comparable to the Brouwer-
Zimmermann algorithm, which is recognized as the most
efficient method for checking the minimal distance of C [43].
RLE also shares the same computational cost as nonlinear
encoding [12], but it is much simpler to implement. We can
further enhance RLE scalability by incorporating auxiliary
qubits into the optimal encoding. Figure 10 summarizes the

10°
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---+ 50-Qubit w/ kernel check
S e 50-Qubit w/o kernel check
10-2 ---+ 44-Qubit w/ kernel check
S 44-Qubit w/o kernel check
---- 38-Qubit w/ kernel check
------- 38-Qubit w/o kernel check
—— 100% Success rate
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FIG. 10. Impact on the success probability of generating G when
adding extra qubits to the generator. The x axis shows the number of
auxiliary qubits and the y axis is the success rate. The dashed line,
which resulted from a code-word check generated in Eq. (I1), shows
a systematic improvement in success rate compared to the unchecked
(dotted line) case.

success probability of generating the correct parity check
matrix G for four-electron systems with auxiliary qubits. The
algorithm’s run-time exponentially converges to O(M" )—the
complexity for one check—when auxiliary qubits are succes-
sively added.
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