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Electrohydraulic fields generated by active transport at tissue interfaces
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Living cells and tissues can generate complex patterns of electric fields and fluid flows, which can play
important role in physiology. Both fields and flows are rooted in ion transport across biological interfaces—cell
membranes and epithelial cell layers. Here, we develop a unified electrohydraulic framework that combines
electric fields, osmotic pressures, and fluid flows, emphasizing their couplings. We consider an active, permeable
interface that drives electrohydraulic fields in the surrounding bulk. We show that spatially heterogeneous
ion transport acts as a distributed current source, generating long-range electric fields, osmotic gradients, and
fluid flows. Using this framework, we show that patterns of ion pumping at cell and tissue boundaries can
simultaneously produce large-scale electric fields and fluid flows due to electrohydraulic coupling. A key insight
is that an external electric field and an internal dipolar pumping pattern can be physically equivalent—They
can generate the same pattern of ion current and fluid flows. The induced dipolar osmotic pressure can drive
self-propulsion through bulk osmotic coupling, with a mobility determined by interfacial permeability and
system size, a mechanism distinct from classical electrophoresis or electro-osmosis. We further show that for
strong fields a new effect emerges. Nonlinear coupling can lead to isotropic swelling of a hollow ball of cells. This
can explain recent experiments on epithelial organoids. Finally, we show that feedback between ion transport
and resulting electric fields can drive spontaneous symmetry breaking, generating dipolar or multipolar fields
and patterns. Our work highlights the importance of electrohydraulic coupling in the emergence of currents and
fields in the biological systems.

DOI: 10.1103/lx98-csnd

I. INTRODUCTION

Electric fields and ionic currents play a fundamental role
in cells and tissues. While their function is well established
in electrically excitable systems such as neurons and car-
diac cells, they have increasingly been shown to play an
important role in nonexcitable contexts too, from embry-
onic development [1–5] and regeneration [6] to collective
cell migration [7–10]. Equally, osmotic and hydraulic forces
are now recognized as important drivers of morphogenesis,
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particularly in processes such as lumen formation and volume
regulation [11–16]. Although electric and hydraulic effects
are frequently studied in isolation, ion transport provides a
direct physical link between them. Ionic fluxes generate elec-
tric potentials, establish osmotic gradients, and drive water
flow across biological boundaries [17]; conversely, electric
fields drive ion transport, creating a natural feedback between
the two. Motivated by this coupling, we study electric and
hydraulic effects together within the framework known as
electrohydraulics [17,18].

Electrohydraulic coupling has been developed within
nonequilibrium transport theory to describe ionic and fluid
fluxes across biological interfaces [14,17–20]. Over the
past decades, substantial theoretical progress has been
made through complementary frameworks, including one-
dimensional electrodiffusion models [21], electrokinetic the-
ories of charged and impermeable surfaces [22], and leaky-
dielectric or capacitive descriptions with prescribed boundary
currents [23]. These approaches have clarified key mecha-
nisms such as osmotic flows driven by solute fluxes and

2643-1564/2026/8(4)/043150(12) 043150-1 Published by the American Physical Society

https://orcid.org/0000-0001-8938-0852
https://ror.org/01a77tt86
https://ror.org/01bf9rw71
https://orcid.org/0009-0005-6763-538X
https://ror.org/01bf9rw71
https://orcid.org/0000-0003-4731-9185
https://ror.org/01bf9rw71
https://ror.org/05hrn3e05
https://ror.org/042aqky30
https://crossmark.crossref.org/dialog/?doi=10.1103/lx98-csnd&domain=pdf&date_stamp=2026-11-10
https://doi.org/10.1103/lx98-csnd
https://creativecommons.org/licenses/by/4.0/


VISHEN, MANNA, AND JÜLICHER PHYSICAL REVIEW RESEARCH 8, 043150 (2026)

electrophoretic redistribution of charged membrane compo-
nents under tangential electric fields [23].

Building on this progress, an important open direction
is to understand how ion transport, electric potentials, and
hydrodynamic flows interact when treated self-consistently
as spatially extended fields generated by active, permeable
interfaces such as cell membrane and epithelial cell layers.
In particular, the large-scale electric, osmotic, and flow fields
produced by distributed ion transport at cellular and tissue
scales remain less explored.

Beyond endogenous bioelectric phenomena, externally ap-
plied electric fields are widely used to probe and control
cellular behavior. Most studies focus on galvanotaxis, where
applied fields bias transport, migration, or polarity along
the field direction, producing anisotropic responses [7,8,24].
Recently, however, a qualitatively different effect has been
reported: Epithelial organoids subjected to a uniform electric
field undergo isotropic lumen swelling, with the volume in-
crease scaling with field strength [25].

Here, we study how electrohydraulical fields emerge from
patterns of active ion transport. We focus on interplay between
endogenous and external electric field, dynamic instabilities,
pattern formation, and nonlinear effects. Overall, we present
a general framework for the coupling between electric and
hydraulic processes in cells and tissues.

The paper is organized as follows. We first develop in
Sec. II an electrohydraulic theory taking into account active
ion transport at an interface. We show in Sec. III that spatial
variations in active ion transport generate bulk electrohy-
draulic fields, in particular, electric potentials and osmotic
gradients. In Sec. IV, we discuss the response of spherical
cavity with isotropic ion transport in an external electric field.
We show the equivalence between the electrohydraulic fields
generated by an external electric field and those of a dipolar
pump pattern. In addition, we show that external fields can
lead to isotropic inflation via nonlinear coupling between elec-
tric field and ion transport. Finally, in Sec. V, we analyze how
classical feedback mechanisms, such as voltage-dependent
transport [26] and electrophoretic redistribution [27,28], op-
erate within a spatially extended electrohydraulic field theory.

II. ELECTROHYDRAULIC THEORY

We consider a minimal electrohydraulic system consisting
of a closed, permeable interface separating two fluid compart-
ments. The interface mediates ion and water transport between
an interior and an exterior medium. For analytical tractability,
the interface is taken to be spherical, enclosing an internal
fluid domain and surrounded by an external fluid medium.
Ion and water transport across the interface are incorporated
at the coarse-grained level by effective surface permeabilities
[Fig. 1(a)].

Ion dynamics. The interior and exterior fluids are treated as
electrolytes composed of two ionic species, c+ and c−, with
unit positive and negative charges, respectively. The dynamics
of the ions are governed by the Nernst-Planck equation

∂t c
± + ∇ · (c±v) = D±∇ · (∇c± ± βc±∇�), (1)

where v is the fluid velocity, D± are the diffusion constants,
β = e/kBT , and � is the electrical potential.

At length scales much larger than the Debye length, the
electrolyte is electroneutral, so we impose the constraint c =
c+ = c−. The electric potential can then be understood as a
Lagrange multiplier needed to enforce this constraint. Using
electroneutrality in Eq. (1) and subtracting the equations for
positive and negative ions yields an equation for the electric
potential:

β∇ · (c∇�) = D− − D+

D+ + D− ∇2c. (2)

Adding the two equations and using Eq. (2) gives the evolu-
tion equation for the ion concentration,

∂t c + ∇ · (cv) = 2D+D−

D+ + D− ∇2c. (3)

From Eq. (2), we see that the electric potential is slaved to
concentration gradients through the diffusion potential, which
arises when the ionic diffusivities differ (D+ �= D−) [29]. The
average concentration evolves independent of electric poten-
tial with an effective diffusion constant given by the harmonic
mean of the individual diffusivities.

The governing equations are solved in the interior and ex-
terior domains subject to boundary conditions at the interface
and in the far field. Far away from the sphere, we impose
c(r) = cE and �(r) = 0, as r → ∞. The two compartments,
outside and inside the sphere, are coupled through boundary
conditions at the spherical interface.

Within linear nonequilibrium thermodynamics, ionic and
fluid fluxes are linear functions of the corresponding thermo-
dynamic forces through a constant Onsager matrix [30,31].
We work in a decoupled limit in which cross-coupling terms
are negligible, while retaining the nonlinear dependence of
ionic transport on the electrochemical potential difference.
The radial ionic flux across the interface is therefore written
as

J±
r = �±(cI − cE e∓β��) + S±, (4)

where �± are passive permeabilities, S± represent active ion
transport, and �� = �I − �E is the electrochemical poten-
tial difference across the interface. Subscripts I and E denote
interior and exterior quantities, respectively. For an epithe-
lium, this effective surface flux combines transcellular and
paracellular transport at the coarse-grained level and recovers
electrochemical equilibrium in steady state in the absence of
active pumping.

The surface flux J±
r enters the bulk electrodiffusion prob-

lem as a boundary condition at the interface. Specifically,
continuity of ionic flux requires that the normal component
of the bulk Nernst-Planck flux matches the interfacial flux,

n̂ · [c±(v − Ṙ n̂) − D±(∇c± ± βc±∇�)]r=R = J±
r , (5)

where n̂ is the outward unit normal to the interface and Ṙ is
the rate of change of radius of the sphere.

Fluid flow. In the low Reynolds number regime, fluid flow
inside and outside the sphere is governed by the Stokes equa-
tion,

η∇2v − ∇P = 0, (6)
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FIG. 1. Active ion transport pattern generates bulk electrohydraulic fields. (a) From left to right: Schematic of a spherical, permeable
epithelial interface defining the geometry and spherical coordinates (R, θ ); axisymmetric representations of dipolar and quadrupolar active
ion transport patterns S(θ ) on the surface. (b) Bulk electrohydraulic response to a dipolar (l = 1, m = 0) active ion transport pattern. From
left to right: Salt concentration perturbation δc, electric field E = −∇�, and fluid velocity v inside and outside the sphere. (c) Response to a
quadrupolar (l = 2, m = 0) active ion transport pattern. The angular structure of the bulk fields is fixed by the multipolar structure of surface
transport, while their amplitude is controlled by interfacial permeability, size, and diffusion as given in Eqs. (11)–(13).

together with the incompressibility condition ∇ · v = 0,
where η is the viscosity and P is the hydrodynamic
pressure [32].

At the interface, the normal component of the velocity
relative to the moving boundary is determined by the transep-
ithelial fluid flux,

vr (R) − Ṙ = �w[�P − �
], (7)

where �w is the hydraulic permeability of the interface,
and �P ≡ (PI − PE ) and �
 ≡ (
I − 
E ) are the hydro-
static and osmotic pressure differences, respectively. No-slip
boundary conditions are imposed for the tangential velocity
components at the interface, so that vθ (R) = vφ (R) = 0.

Equations (2)–(7) provide a closed and thermodynamically
consistent description of coupled ion transport and fluid flow
in the interior and exterior domains within an electroneu-
tral, coarse-grained framework. This formulation applies at
scales much larger than the Debye length and ion trans-
porter spacing, where pumps and channels can be treated
as a continuous transport density and bulk electrodiffusion
maintains electroneutrality. The electric potential is set by
transport constraints rather than by resolving microscopic
charge separation with Poisson’s equation. At microscopic
scales, however, discrete membrane structures and local
charge distributions require solving Poisson’s equation. The
coarse-grained approach here is suitable for cellular and tissue

scales, where fine details are averaged out and interfacial
currents define boundary behavior.

III. ACTIVE INTERFACE TRANSPORT DRIVES BULK
ELECTROHYDRAULIC FIELDS

We now analyze how spatially heterogeneous ion transport
across an active, permeable interface generates bulk electro-
hydraulic fields. Our goal is to determine how nonuniform
surface activity gives rise to electric fields, osmotic gradients,
and fluid flows in the surrounding medium, and to quantify
the magnitude of these effects. We proceed by constructing
the isotropic steady state corresponding to uniform surface
transport and then analyzing the linear response to weakly
anisotropic surface activity.

The characteristic diffusion time is τ ∼ R2/D: For R ≈
10−100 μm and D ≈ 2000 μm2/s, one finds τ ≈ 0.05−5 s.
For physiological velocities v � 1 μm/s, the Péclet number
satisfies vR/D � 0.1. Thus, on minute timescales and for such
velocities, we neglect advection and work in the steady-state
limit. In this limit, Eqs. (2) and (3) reduce to

∇2c = 0, (8)

∇ ·(c ∇�) = 0 (9)

in both the interior and exterior domains.
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In the same limit, the boundary condition in Eq. (5) reduces
to

n̂ · [−D±(∇c± ± βc±∇�)]r=R = J±
r . (10)

These equations, together with flux continuity at the interface,
fully determine the bulk electrohydraulic fields generated by
active surface transport. For simplicity, we take equal ionic
diffusivities, D+ = D− = D; while unequal diffusivities gen-
erate diffusion potentials during transient dynamics, they do
not alter the steady-state bulk field structure considered here.

For uniformly distributed pumps and channels, spherical
symmetry implies that only the isotropic component of the
transport enters the steady state, which fixes the interior and
exterior concentrations and the steady transepithelial potential
difference (see Appendix A).

We now introduce patterns of ion transport by vary-
ing the surface transport parameters along the interface.
Small deviations from the isotropic steady state are treated
perturbatively. For small perturbations, the concentration
and electric potential satisfy Laplace equations in the bulk
[Eqs. (8) and (9)]. The interfacial ion flux, given by
Eqs. (4) and (10), provides boundary conditions through
continuity of ionic flux across the interface. Together with
electroneutrality, these relations yield linear boundary con-
ditions that couple perturbations in surface transport activity
to the bulk concentration and electric potential fields. The
resulting solutions can be decomposed into independent
angular modes using the standard scalar spherical harmon-
ics [Ylm(θ, φ)] as δci = ∑∞

l=0

∑l
m=−l δci

lm(r)Ylm and δ�i =∑∞
l=0

∑l
m=−l δ�i

lm(r)Ylm, where i ∈ {I, E}, l is the angular
mode number, and m is the azimuthal index. The full analyti-
cal solution is presented in Appendix B; here, we focus on the
physical implications.

A key control parameter is the dimensionless ratio
D/(R�±), which compares the timescale for bulk diffusive
relaxation to that for interfacial ion exchange. For typical cell
and tissues, parameter values are as follows: ionic diffusivities
D ∼ 103 μm2/s, radii R ∼ 10−100 μm, and passive perme-
abilities �± ∼ 10−3 to 1 μm/s [17]; the dimensionless ratio
D/(R�±) ranges from O(10) to O(105). Thus, bulk diffusion
is generically fast compared to interfacial exchange in biolog-
ical tissues, so the active transport behaves as a distributed
constant current source coupled to the bulk.

We further take equal passive permeabilities for cations
and anions, �+ = �− = �; relaxing this assumption rescales
the response amplitudes but does not modify the physical
structure of the solutions. In this limit, for l �= 0, the inte-
rior concentration and electric-potential perturbations take the
form

δcI
lm = −R�

lD
(s+

lm + s−
lm), (11)

β c̄I δ�I
lm = −R�

lD
(s+

lm − s−
lm), (12)

where s±
lm denotes the angular components of the surface

transport perturbation. Symmetric modulation of cation and
anion transport generates osmotic concentration gradients,
while antisymmetric modulation generates electric potentials.
The ratio D/(R�) controls the amplitude of the response; the

multipolar structure of the bulk fields is fixed by the surface
transport pattern. The exterior concentration and potential
perturbations follow from the continuity of ionic flux at the
interface as given by Eq. (10). For l �= 0, one obtains

cE
lm = − l

l + 1
cI

lm, �E
lm = − l

l + 1

c̄I

c̄E
�I

lm. (13)

Fluid flow and self-propulsion. The concentration gradients
generated by anisotropic ion transport drive fluid motion
through osmotic pressure differences across the interface.
Solving the Stokes equations in the interior and exterior do-
mains with the boundary conditions, given by Eqs. (6) and (7)
[33], and substituting the concentration yields a normal sur-
face velocity proportional to the osmotic-pressure harmonics.
For each angular mode,

vr
lm(R) = − �wR

R + �wηKl
�
lm, (14)

where �
lm is the corresponding osmotic-pressure differ-
ence and Kl is a dimensionless number that is a function
of l , determined by the Stokes solution (see Appendix B).
A notable consequence of this electrohydraulic coupling is
self-propulsion. For dipolar (l = 1) components of the surface
transport, the induced osmotic pressure gradients generate a
net fluid flux that produces a finite propulsion velocity of the
interface, where the velocity is given by

v0 =
√

3

4π

�wR

2(R + 10 �wη)
�
10. (15)

This self-propulsion driven by asymmetric solute fluxes has
been analyzed previously in the context of osmotic and
electro-osmotic motion of permeable interfaces for imposed
ion pattern [34,35]. More broadly, this mechanism com-
plements other self-propulsion strategies of active particles,
including electrophoresis, diffusiophoresis, and surface-slip-
driven motion, by relying on osmotic pressure gradients
generated through interfacial transport [29]. Figures 1(b)–
1(c) show the concentration, electric field, and flow fields
generated by dipolar (l = 1) and quadrupolar (l = 2) compo-
nents of the surface transport, which act as multipolar current
sources at the interface.

We can also obtain the hydrostatic pressure difference as-
sociated with each spherical harmonic mode. Substituting the
velocity back into the expression for the pressure jump across
the surface gives

�Plm = �wηKl

R + �wηKl
�
lm. (16)

For the nonisotropic modes (l �= 0), the hydrostatic pressure
difference is thus different from the osmotic pressure differ-
ence at steady state. In contrast, for the isotropic mode (l = 0),
the hydrostatic and osmotic pressure differences are equal at
steady state.

We now estimate the magnitude of the electrohydraulic
fields generated by anisotropic transport at the surface. For
the dipolar (l = 1) mode, taking a moderate surface-activity
modulation s10/c̄I ∼ 0.1 and parameters in the current-source
regime D/(R�) � 1, Eq. (11) gives a concentration varia-
tion suppressed by the factor R�/D. For D/(R�) ∼ 10, this
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corresponds to �c/c̄I ∼ 10−2. Taking c̄I ∼ 150 mM, this cor-
responds to �c ∼ 1.5 mM. Using �
10 ∼ 2kBT �c10 gives
�
10 ∼ 7.5 kPa at room temperature. Thus, even a small
concentration variation can generate a substantial osmotic
pressure difference.

From Eq. (12), we obtain β� ∼ 10−2, corresponding to an
electric potential difference � ∼ 0.25 mV at room tempera-
ture. The corresponding electric field is of order E ∼ �/R,
giving E ∼ 0.025−0.25 V/cm for R ∼ 10−100 μm.

For typical parameter values, �w ∼ 10−7 μm/ Pa s, η ∼
10−3 Pa s, and R ∼ 100μm, we find �wη/R ∼ 10−12 � 1,
giving �Plm/�
lm ∼ 10−12Kl for l �= 0. For the dipolar
mode (l = 1, m = 0), K1 = 10, and using the osmotic pres-
sure scale estimated above gives �P10 ∼ 10−7 Pa. Thus, the
hydrostatic pressure associated with the nonisotropic modes
is small compared with the corresponding osmotic pressure
difference. Consequently, the hydrostatic pressure variations
associated with the anisotropic modes do not produce signifi-
cant deformation of the surface, given that the elastic moduli
of cells and epithelial tissues are in the 10–100 Pa range. In
the biologically relevant limit �wη/R � 1, the nonisotropic
osmotic pressure differences therefore primarily drive interfa-
cial fluid flow rather than hydrostatic pressure buildup. Using
R ∼ 10 μm, representative of cellular length scales, Eq. (15)
gives a self-propulsion velocity v0 ∼ 0.1 μm/min, compara-
ble to measured cell migration speeds [36].

IV. ELECTROHYDRAULIC RESPONSE
TO EXTERNAL ELECTRIC FIELD

Having examined polarization driven by imposed ion trans-
port asymmetries, we now consider a distinct source of
asymmetry: a uniform external electric field. Unlike internally
generated fields, an external field provides a controlled pertur-
bation that explicitly breaks spatial symmetry.

A recent experiment exploited this very type of controlled
forcing, demonstrating that applying a constant electric field
to epithelial organoids induces isotropic lumen swelling [25].
This isotropic response provides a clear experimental signa-
ture of nonlinear electrohydraulic transport. In what follows,
we use our theoretical framework to analyze linear and nonlin-
ear responses under uniform electric forcing, and to identify
the mechanisms responsible for electrically induced volume
expansion.

The governing equations for ionic transport contain two
key nonlinearities that are central to the electrohydraulic re-
sponse: (1) the exponential dependence of transmembrane
ionic currents on the electric potential difference [see Eq. (4)]
and (2) the coupling between the electric potential and ion
concentration in the steady-state bulk equations [see Eq. (9)].
As in the previous section, we analyze the system’s linear
response to a uniform externally applied electric field. To
account for the experimentally observed behavior, we then
extend the analysis to include nonlinear effects by expanding
to second order in the applied perturbation.

We work in the weak-field regime βEextR � 1. For book-
keeping, we introduce a formal small parameter ε � 1 and
write the uniform applied electric field directed along the z
axis as Eext = εEext ẑ, with ε set to unity at the end of the
calculation. The field may be expressed in terms of spherical

vector harmonics as

Eext = εEext

√
4π

3
(Y10 + �10), (17)

where Y10 and �10 denote the radial and tangential vector
spherical harmonics, respectively. The corresponding external

electrostatic potential is �ext = −ε Eext

√
4π
3 rY10, with the po-

tential at the center of the sphere chosen as the reference. We
expand the electric potential and ionic concentrations to sec-
ond order in ε as ci = ci

0 + εci
1 + ε2ci

2 + O(ε3), �i = �i
0 +

ε(�i
1 + �ext ) + ε2�i

2 + O(ε3), where i ∈ {I, E} denotes the
internal and external media. We proceed by solving the
governing equations, Eqs. (8), (9), (4), and (10), order by
order in ε.

At zeroth order, there is no driving field and the concentra-
tions ci

0 and electric potentials �i
0 are constants in space both

inside and outside the cavity.
Electrohydraulic equivalence between external electric

fields and active ion transport. At first order, different spheri-
cal harmonic modes are decoupled. Since the external forcing
contains only the l = 1, m = 0 component, the only nonvan-
ishing first-order response occurs in the l = 1, m = 0 mode.
The corresponding solution is identical to that obtained previ-
ously in the absence of an external field, but with an effective
source term given by (see Appendix C) a

s±
lm = ±ε cE

0 e∓β��0
RβEext

2
δ10,lm. (18)

As discussed above, this effective current source induces both
an electric dipole and a fluid source dipole. In the simplified
limit of equal ionic diffusivities and permeabilities, the inte-
rior concentration and electrostatic potential amplitudes for
the l = 1, m = 0 mode are

δcI
10 = −R2�β

D
cE

0 sinh(β��0)Eext, (19)

β δ�I
10 = −R2�β

D

cE
0

cI
0

cosh(β��0)Eext. (20)

The solution in the exterior domain follows directly from
Eq. (13). The electric-field-induced dipolar (l = 1) osmotic
gradient generates fluid flow and produces self-propulsion of
the active interface, as given by Eq. (15). This mechanism
is distinct from electrophoresis and electro-osmosis: It does
not rely on surface charge, charged double layers, or electro-
osmotic slip [29]. Instead, a uniform external electric field
induces an asymmetry in ion transport across the permeable
interface, generating a dipolar osmotic pressure that drives
motion through bulk electrohydraulic coupling. As a result,
the propulsion velocity is linear in the applied field,

v = ξ Eext, (21)

with a mobility ξ determined by active transport parame-
ters, osmotic permeability, and system size. Unlike classical
phoretic mobilities, which depend primarily on interfacial
charge or slip properties, the coefficient ξ reflects the cou-
pling between field-induced transport asymmetry and osmotic
pressure generation. The precise form of ξ can be obtained by
computing the osmotic pressure difference from Eq. (19) and
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FIG. 2. Electrohydraulic equivalence between external electric fields and active ion transport. Left column: First-order (O(ε)) electrohy-
draulic fields obtained from the coupled ion-transport and fluid equations. Middle column: Response of a perfectly insulating epithelial surface
(�± = 0), for which the electric field is purely tangential, ion concentrations remain uniform, and no fluid flow is generated. Right column:
Difference between the two cases, isolating the bulk electrohydraulic response generated by finite epithelial permeability. This difference
corresponds to an effective dipolar (l = 1) surface current source induced by the external field, producing long-range electric, osmotic, and
hydrodynamic fields.

substituting it in Eq. (15). We refer to this mechanism as field-
induced electrohydraulic propulsion. To our knowledge, such
field-induced propulsion mediated purely by electrohydraulic
coupling in the electroneutral regime has not been previously
identified.

Figure 2 illustrates the electrohydraulic response of the
spherical cavity to a uniform external electric field at first
order in the perturbative expansion. The left column shows the
ion concentration, electric field, and fluid flow obtained from
the O(ε) solution of the coupled electrohydraulic equations.
The middle column presents the corresponding response of a
perfectly insulating epithelial surface (for which the electric
field is purely tangential to the spherical boundary, the fluid
velocity vanishes, and the ion concentrations are uniform
across space). The right column displays the difference be-
tween these two cases, isolating the l = 1 dipolar contribution
arising from finite epithelial conductivity. This comparison
shows that the externally applied electric field induces an
electrohydraulic response equivalent to that generated by an
effective dipolar pattern of ionic pumping at the epithelial
surface.

Isotropic inflation as a nonlinear response to an ap-
plied electric field. At the second order in the perturbative

expansion, both the l = 0 and l = 2 modes acquire a nonzero
value. The l = 2 mode does not lead to isotropic inflation of
the organoid as the surface integral of the associated fluid
flux vanishes, so that no net fluid accumulation can occur.
In contrast, l = 0 mode produces an isotropic response and
leads to uniform swelling of the organoid. This swelling arises
from an osmotic pressure difference established across the
epithelium, which drives net fluid accumulation within the
lumen. The resulting change in osmotic pressure is given by
(see Appendix C)

�
 − �
0

�
0
= 1

2
cosh(β��0)

(
βR2�

D

)2(cE
0

cI
0

+ 1

2

)
E2

ext.

(22)

Figure 3(a) show the increase in osmotic pressure difference
as a function of electric field. Although this contribution is
formally second order in the applied field, even a small os-
motic imbalance is sufficient to induce significant inflation of
the organoid.

We now use the osmotic pressure difference generated
by the second-order electrohydraulic response derived in the
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FIG. 3. Isotropic inflation as a nonlinear response to an applied
electric field. (a) Isotropic (l = 0) change in osmotic pressure differ-
ence �
 − �
0 generated at second order in the applied electric
field, showing the quadratic dependence on |E | predicted by the non-
linear electrohydraulic theory [Eq. (22)]. (b) Electric-field-induced
swelling of epithelial organoids. Symbols show experimental mea-
surements of the normalized lumen radius R(t )/R(0) − 1 under
uniform applied fields (data adapted from Fig. 1(c) of Ref. [25]);
red: E = 7.5 V/cm, green: E = 5 V/cm. Solid lines show fits to the
predicted growth law given by Eq. (24).

previous section to determine the resulting lumen volume
dynamics.

Previous studies of epithelial cysts indicate that water
transport is typically the rate-limiting process, with a hy-
draulic permeability of order �w ∼ 10−7 μm/Pa s [11,25]. In
this regime, the dynamics can be accurately described by an
effective evolution equation for the lumen volume, closely re-
lated to the models developed in Refs. [11,25]. The dynamics
of spherical cavity of radius R is given by

dR

dt
= �w(�
 − �P). (23)

The hydrostatic pressure difference is given by Laplace’s law,
�P = 2γ /R, where γ denotes the epithelial tension.

We now consider small deviations from an initial lumen
radius R0, corresponding to the state before the electric field
is applied, and write R(t ) = R0 + δR(t ), with |δR| � R0. In
general, the hydraulic permeability �w, the osmotic pressure
difference �
, and the hydrostatic pressure difference �P
may all depend on the instantaneous radius R. Expanding the
evolution equation to first order in δR, and introducing the
dimensionless radius perturbation δR̃ ≡ δR/R0, the dynamics
can be written in the compact form

∂tδR̃ = b(E2) + a(E2) δR̃, (24)

where the effective coefficients b = �0(�
0 − �P0), a =
�′

0(�
0 − �P0) + �0(�
′
0 − �P′

0) depend on the applied
field strength through the osmotic pressure �
(E2). Here,
we have defined �0 = �w(R0), �
0 = �
(R0), �P0 =
�P(R0), and primes denote derivatives with respect to R eval-
uated at R0.

We fit this linear evolution law to the experimental lu-
men swelling data reported in Ref. [25]. Figure 3(b) shows
the best fits for two electric field amplitudes, E = 7.5 V/cm
and E = 5 V/cm. Taking �0 ∼ 10−7 μm/Pa s, the fits yield
�
0 − �P0 ≈ b

�0
≈ 4000 Pa for E = 7.5 V/cm and �
0 −

�P0 ≈ 2000 Pa for E = 5 V/cm. These pressure differences
are sufficiently large that the contribution of the hydrostatic
term �P0 = 2γ /R0 can be neglected to leading order, allow-
ing us to interpret them as estimates of the osmotic pressure
jump �
0. The ratio of the osmotic contributions extracted

from the fits is close to the ratio E2
high/E2

low, consistent with
the theoretical prediction �
 ∝ E2 shown in Eq. (22).

Our overall conclusion is similar in spirit to the theoret-
ical interpretation of Ref. [25]: An increase in cyst volume
under an applied electric field is driven by an increase in
lumen osmolarity. However, the underlying physical mecha-
nism is fundamentally different. In Ref. [25], electro-inflation
is attributed to field-enhanced ion crowding in the diffuse
double layer at the basal surface, producing polarized (anode-
cathode) ionic distributions and increased near-surface ion
concentrations that, together with epithelial ion transport,
raise luminal osmolarity and drive osmotic water influx. In
contrast, our analysis operates at length scales much larger
than the Debye length, developing a coarse-grained descrip-
tion of the tissue in which the epithelium is treated as a
permeable and electrically active interface.

Finally, we emphasize that the observed shape change
of the lumen is an electrohydraulic effect, arising from the
coupling between ion transport, osmotic pressure, and fluid
flow. This mechanism is fundamentally distinct from the
electric-field-induced shape changes of lipid vesicles, which
are typically governed by electromechanical effects within the
membrane itself, such as Maxwell stresses or field-induced
changes in membrane tension, rather than by osmotic water
transport [37,38].

V. SPONTANEOUS ELECTROHYDRAULIC
POLARIZATION

Thus far, we have considered situations in which spatial
asymmetry is imposed externally, either through prescribed
patterns of ion transport or through applied electric fields.
In living tissues, however, electrical polarity can also emerge
spontaneously through feedback between electric fields and
ion transport. Here, we analyze how such feedback operates
within the spatially extended electrohydraulic framework de-
veloped above.

Instabilities in electrodiffusive systems have been studied
in various contexts, including pattern formation driven by bulk
ion diffusion and electric fields [23] and feedback mediated
by voltage-dependent transport properties [39–41]. In those
approaches, bulk ion concentrations and electric potentials
evolve dynamically and constitute the primary unstable de-
grees of freedom.

In contrast, we work in an electroneutral, quasistatic
regime appropriate to cellular and tissue scales, where bulk
electrodiffusion relaxes rapidly and surface transport activity
becomes the relevant dynamical variable. Within this coarse-
grained electrohydraulic description, electric and osmotic
fields are determined by interfacial currents and act back on
the transport activity that generates them. Within this unified
framework, we compare two distinct feedback mechanisms:
(1) transport activity that depends on the electric field normal
to the interface and (2) transport activity that depends on
the electric field tangential to the interface. These feedbacks
can arise in biological systems through different physical
mechanisms. In single cells, sensitivity to the normal field
may reflect voltage-dependent transport, while sensitivity to
tangential fields can arise from electrophoretic redistribution
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of ion transporters [27,28]. In epithelial tissues, analogous
effects may emerge from feedback between transepithelial
polarity and the normal electric field, or from cell migration
in response to tangential electric fields [25].

Feedback from normal electric field. We first consider the
feedback mechanism in which transport activity responds to
potential differences across the interface, i.e., to the electric
field normal to the interface. We introduce a simplified model
in which the activity of an ion pump depends linearly on the
local transepithelial potential difference. Small fluctuations in
pump activity, denoted by δs, evolve according to

δṡ+ = −k̃nδs+ + α̃n(δ�E − δ�I ) + Ds∇2
s δs+. (25)

Here, k̃n is a linear relaxation rate, Ds is the surface diffusivity,
and the term α̃n(δ�E − δ�I ) captures the feedback of the
radial potential difference on ion pump activity.

We work in the regime where ion transport dynamics is
slow compared to diffusion along the surface. In this limit, the
ion concentrations and electric potential profiles rapidly relax
to steady state and are given by Eqs. (8) and (9) combined
with the linearized boundary condition given by Eq. (4).

To demonstrate the instability, it suffices to consider only
δs+ and take δs− = 0. In the limit D+/�+ � R justified
above, we obtain the following relations for the spherical har-
monic modes of the potential difference across the interface:

β
(
δ�E

lm − δ�I
lm

) = l

l + 1

R�̄δs+
lm

l c̄E D+ + R�̄δs+
lm

l c̄I D+ . (26)

Substituting this expression into Eq. (25) and taking c̄E = c̄I

yields the following evolution equation for the pump activity
modes:

δṡ+
lm = −Ds

R2

(
kn + l (l + 1) − 2l + 1

l (l + 1)
αn

)
δs+

lm, (27)

where αn = α̃nR3�̄/cI DsD+ and kn = k̃nR2/Ds. For large
angular modes l , the dynamics is always stable due to
the dominance of surface diffusion. Moreover, since the
feedback term proportional to αn decreases monotonically
with increasing l and attains its maximum at l = 1, stability
of the l = 1 mode guarantees stability of all higher modes
[Fig. 4(b)]. The system is therefore linearly stable provided
2(kn + 2) > 3αn. This condition defines the parameter regime
in which voltage-dependent ion transport destabilizes the
homogeneous state and drives spontaneous polarization. The
corresponding phase boundary in the (kn, αn) plane is shown
in Fig. 4(c), separating the homogeneous state from the
regime of spontaneous electrohydraulic polarization.

Feedback from tangential electric fields. We next consider
a feedback mechanism in which transport activity responds
to the electric field tangential to the interface. In general, the
tangential electric field is not continuous across a permeable
interface: The field evaluated just inside the surface differs
in sign from that evaluated just outside. Transporter redis-
tribution may therefore be governed by either the interior or
exterior tangential field, leading to distinct dynamical conse-
quences.

We model this phenomenologically by assuming that
the active transport rate δs+ depends linearly on the lo-
cal tangential electric field. For small fluctuations, it evolve

Polarized
Polarized

FIG. 4. Spontaneous electrohydraulic polarization and mode se-
lection. Panel (a) shows feedback between active ion transport and
normal electric field. (b) Linear stability spectrum for voltage-
dependent feedback. Growth rate λl of spherical harmonic modes
as a function of angular index l . Instability first appears in the dipo-
lar mode (l = 1), corresponding to global polarization. Black and
red curves show stable and unstable growth rates, respectively, for
kn = 8, αn = 5 (black) and kn = 6, αn = 8 (red). (c) Phase diagram
in the plane of feedback strength and relaxation rate, showing the
boundary between stable and unstable regimes for transport depen-
dent on normal electric field. The stability boundary (solid black line)
corresponds to the l = 1 mode; since this mode is always the first
to become unstable, crossing this boundary leads directly to long-
wavelength (l = 1) global polarization. Black and red stars show
the parameter values used in panel (b). Panel (d) shows feedback
between active ion transport and tangential electric field. (e) Lin-
ear stability spectrum for electrophoretic feedback showing growth
rate λl vs l for increasing feedback strength. In contrast to panel
(a), instability can occur at finite l , selecting a characteristic an-
gular scale. Black and red curves show stable and unstable growth
rates, respectively, for kn = 10, αn = 5 (black) and kn = 14, αn =
6.8 (red). (f) Corresponding phase diagram for electrophoretic re-
distribution, showing the region of spontaneous polarization in
feedback-relaxation parameter space. Two stability boundaries are
shown: The red solid line marks the onset of the l = 1 mode and
the black dashed line marks the onset of the l = 2 mode. This shows
that depending on the parameter value a finite-wavelength (l = 2)
patterned polarization can be the dominant instability, in contrast to
the long-wavelength instability selected by normal-field feedback.
Black and red stars show the parameter values used in panel (e).

according to

δṡ+ = −k̃tδs+ + α̃tβDs∇2
s δ�E ,I + Ds∇2

s δs+. (28)

In the quasistatic electroneutral regime developed above, this
yields a closed evolution equation for the spherical harmonic
modes δs+

lm.
If redistribution is governed by the tangential field evalu-

ated on the exterior side of the interface, substituting Eq. (12)
in Eq. (28), the mode dynamics reads

δṡ+
lm = −Ds

R2
[kt + l (l + 1) + lαt ]δs+

lm, (29)

which is linearly stable for all l .
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In contrast, if redistribution is governed by the tangential
field evaluated on the interior side, the mode dynamics, after
substituting Eqs. (12) and (13) in Eq. (28) we get

δṡ+
lm = −Ds

R2
[kt + l (l + 1) − (l + 1)αt ]δs+

lm. (30)

In this case, sufficiently strong feedback destabilizes a finite-l
mode, selecting a characteristic angular scale for symmetry
breaking [Fig. 4(e)]. The corresponding stability boundary in
feedback-relaxation parameter space is shown in Fig. 4(f).

Within the same electrohydraulic field theory, instability
is generic once feedback is present, but its spatial structure is
not: Normal-field feedback selects global (l = 1) polarization,
whereas tangential feedback selects finite-l patterned modes.
Mode selection is therefore dictated solely by how transport
couples to the electric field. The resulting instability is electro-
hydraulic in a strict sense: It produces simultaneous electrical,
osmotic, and hydrodynamic patterning. Electric potentials,
concentration gradients, and fluid flows become spatially or-
ganized together, reflecting the inseparability of the coupled
fields.

VI. DISCUSSION

We have developed an electrohydraulic field theory and
show that active ion transport at permeable interfaces gener-
ates self-consistent electric, osmotic, and hydrodynamic fields
across cellular and tissue scales. We derive a general and
quantitative mapping between the multipolar structure of in-
terfacial active transport and the bulk electrohydraulic fields.
The resulting electrohydraulic fields exhibit substantial os-
motic pressure difference across the interface but negligible
hydrostatic pressure differences. This is a consequence of
the small ratio �wη/R in the biologically relevant param-
eter regime. Thus, anisotropic ion transport can drive fluid
flows through osmotic pressure differences without apprecia-
ble hydrostatic pressure buildup or tissue deformation. The
estimated field magnitudes are consistent with experimental
observations. Electric fields of order 10−2 to 10−1 V/cm lie
within the lower range of endogenous bioelectric fields mea-
sured in embryos and regenerating tissues [5,7], while the
associated osmotic pressures (1–10 kPa) and flow velocities
match those relevant for cellular transport and migration [36].
These estimates suggest that electrohydraulic coupling can
provide a mechanism for long-range transport and signaling
in cells and tissues.

We further study the response of cell and tissues to exter-
nal electric fields. At linear order, a homogeneous external
field induces a dipolar electric field and osmotic pressure
gradient. The latter provides a mechanism for self-propulsion
in an external field without requiring surface charges or
electro-osmotic slip. We show that, at linear order, an external
electric field generates electrohydraulic fields equivalent to
those produced by a dipolar pattern of active ion pumping.
Furthermore, a nonlinear electrohydraulic coupling produces
an isotropic osmotic pressure leading to isotropic lumen in-
flation despite anisotropic forcing. This mechanism provides
a natural explanation for electric-field-induced swelling ob-
served in epithelial organoids [25] and predicts a quadratic
scaling of osmotic pressure with field strength.

The theory further reveals a mechanism for spontaneous
symmetry breaking through feedback between active ion
transport and the electrohydraulic fields it generates. We
identify two distinct instabilities, a long-wavelength mode
corresponding to global dipolar polarization and a finite-
wavelength mode associated with lateral pattern formation.
These instabilities represent two different routes to symmetry
breaking, controlled, respectively, by normal and tangential
electric fields. The results thus establish how different com-
ponents of electrohydraulic feedback can select qualitatively
different spatial patterns.

The observables studied in our theory become rapidly ac-
cessible experimentally by new techniques. Recent advances
in osmotic [42] and voltage sensors [43], together with ex-
tracellular current mapping techniques [44], make it possible
in principle to measure all relevant fields within a single
system. A decisive test of the theory would require simul-
taneous mapping of osmolarity, electric potential, and flow
fields, allowing direct comparison with the predicted mul-
tipolar structure. Importantly, the theory makes falsifiable
predictions: (1) a quadratic dependence of isotropic pressure
on applied field strength; (2) self-propulsion velocities con-
trolled by hydraulic permeability rather than surface charge;
and (3) distinct symmetry-breaking modes arising from per-
turbations of voltage sensitivity versus lateral transporter
mobility.

A concrete realization of this mechanism is provided by
any epithelial cavity composed of cells with spatially varying
transport properties—including kidney tubules, lung epithelia,
and early embryonic cavities—that can be treated as an elec-
trohydraulic system. Within the present framework, patterns
of ion transport are predicted to produce large-scale electric
fields and osmotic pressure gradients that may feed back on
tissue mechanics and growth [45,46].

While biological systems can provide a natural real-
ization, the underlying mechanisms for the generation of
electrohydraulic fields are general. Any system with ac-
tive, spatially heterogeneous transport across a permeable
interface—including synthetic membranes, active emulsions,
or engineered tissues—should exhibit the same electrohy-
draulic coupling. In this sense, the theory defines a broader
class of nonequilibrium systems in which boundary-driven
fluxes generate bulk organization.

In conclusion, our results suggest that osmotic pressure
and electric fields should be viewed as active, self-organized
fields that mediate long-range interactions in living and syn-
thetic matter. This perspective opens a route toward a unified
description of electrohydrodynamics in active systems, with
potential implications for morphogenesis, transport, and pat-
tern formation across a wide range of physical and biological
contexts.

The framework can be further extended to account for the
porous or gellike nature of the cell interior or surrounding
extracellular matrix. In such a description, the fluid flow can
differ from that of a Stokes flow; for example, a Darcy flow
described by v ∼ κ∇P, where κ is the hydraulic permeability,
could be more appropriate. Multiphase models of cell migra-
tion that couple cytosolic water transport, osmotic pressure,
ion fluxes, and the cytoskeletal network have been considered
previously, for example, in Ref. [47].
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Our simple model based one positive concentration and
one negative concentration does not capture the complexity of
biological systems. However, the phenomena that we discuss
here are generic and their key features do not depend on the
simplifications used. It will be interesting to explore the role
of additional ion species in specific biological contexts.

The role of electrohydraulic symmetry breaking in
organoid development represents a promising direction for
future work. Organoids undergo spontaneous symmetry
breaking and spatial organization during development, raising
the possibility that active ion transport and the associated
electric and osmotic fields contribute to these processes. Ex-
tending the present theory to a dynamically growing tissue
and comparing its predictions with spatial measurements of
voltage, osmolarity, and fluid flow could provide a direct test
of this hypothesis.
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APPENDIX A: ISOTROPIC STEADY-STATE SOLUTION

We compute the isotropic solutions corresponding to
the case of uniformly distributed ion pumps and channels.
Spherical symmetry ensures (J±

r = 0) in Eq. (4), i.e., c̄I =
c̄E e∓β��̄ − s̄±, where bar denotes steady-state values and
s̄± = S±/�±. Solving for ��̄ and c̄I , we obtain

eβ��̄ =
√

1

4c̄2
E

(s̄+ − s̄−)2 + 1 − 1

2cE
(s̄+ − s̄−), (A1)

c̄I =
√

1

4
(s̄+ − s̄−)2 + c̄2

E − 1

2
(s̄+ + s̄−). (A2)

The steady-state cavity radius R is set by a balance between
osmotic and hydrostatic pressures. Using the Young-Laplace
relation �P = 2γ /R to express the hydrostatic pressure dif-
ference in terms of the epithelial tension γ and the osmotic
pressure difference �
 = 2kBT (cI − cE ) in Eq. (7) deter-
mines lumen size. While this solution is unstable for constant
γ , stability can be restored by including elastic contributions
to the epithelial tension [48].

APPENDIX B: FULL SOLUTION
FOR ANISOTROPIC TRANSPORT

We expand the concentration and electrostatic potential
perturbations in spherical harmonics as δci = ∑

lm δci
lm(r)Ylm

and δ�i = ∑
lm δ�i

lm(r)Ylm, where i ∈ I, E .
For l �= 0, substituting δcE

lm = −lδcI
lm/(l + 1) and

c̄0�
E
lm = −l c̄I�

I
lm/(l + 1) in linearized equation (4) we

get

J±
rlm = �̄±

[
δcI

lm

(
1 + l

l + 1
e∓β��̄

)

± c̄E e∓β��βδ�I
lm

(
1 + l c̄I

(l + 1)c̄E

)
+ s±

lm

]
. (B1)

Substituting this in the flux balance equation (10), we get

s±
lm + δcI

lm

(
1 + l

l + 1
e∓β��̄ + lD±

R�̄±

)

±βδ�I
lm

(
c̄E e∓β��̄ + l c̄I e∓β��̄

l + 1
+ c̄I

lD±

R�̄±

)
= 0, (B2)

From this, we get δcI
lm and δ�I

lm. We see that the concentration
and the electric potential can be varied independently. The
magnitude of concentration and electric potential depends on
the scale of perturbation δs±, the electric potential difference
and the salt concentration in the unperturbed state, the ratio of
the two length scales: D±/�± and R, and l .

The ion permeability of a tissue can differ by several orders
of magnitude [17]. Wide range of �̄ = 3–3.10−3 μm/s gives
D/R�̄± = 10–104; using this the equation simplifies to

δcI
lm ± β c̄Iδ�

I
lm = −R�̄±s±

lm

lD± , (B3)

which gives

δcI
lm = −

(
R�̄+s+

lm

lD+ + R�̄−s−
lm

lD−

)
, (B4)

β̄cIδ�
I
lm = −

(
R�̄+s+

lm

lD+ − R�̄−s−
lm

lD−

)
. (B5)

For �̄+ = �̄− and D+ = D−, this reduces to Eqs. (11)
and (12).

The fluid flow is obtained by solving the Stokes equa-
tions in the interior and exterior regions. Using the standard
Lamb expansion in spherical harmonics [33] to solve the inte-
rior and exterior Stokes equations, together with continuity of
velocity and normal-stress balance at the interface, gives

�Plm = − η

R
Kl vr

lm(R), (B6)

where the mode-dependent hydrodynamic coefficient is

Kl = (2l + 3)(l + 1)2 + l2(2l − 1)

l (l + 1)
− 2l − 1

l + 1
δl1δm0. (B7)

The second term accounts for the special treatment of the
translational l = 1 mode. Combining Eq. (B6) with the per-
meation boundary condition given by Eq. (7) yields, mode by
mode, the flow field given by Eq. (14).

APPENDIX C: PERTURBATIVE SOLUTION
IN EXTERNAL ELECTRIC FIELD

The ion concentrations, electric potentials, and surface flux
[Eq. (4)] inside (i = I) and outside (i = E ) the cavity are
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expanded as

ci = ci
0 + ε ci

1 + ε2ci
2 + O(ε3), (C1)

�i = �i
0 + ε

(
�i

1 + �ext
) + ε2�i

2 + O(ε3), (C2)

J±
r = J±

r,0 + ε J±
r,1 + ε2 J±

r,2 + O(ε3). (C3)

At zeroth order (ε0), the system is isotropic and spatially
uniform, i.e., J±

r,0 = 0, which gives the following set of equa-
tions that solve for zeroth-order fields:

�±(
cI

0 − cE
0 e∓β��0

) + S± = 0. (C4)

At O(ε), the flux continuity condition given by Eq. (10)
reads

∂rcE
1 ± βcE

0 ∂r�
E
1 ∓ βcE

0 E0δ1,l = ∂rcI
1 ± βcI

0∂r�
I
1. (C5)

Adding and subtracting the fluxes for positive and negative
ions and expanding the fields in spherical harmonics (l, m)
yields

cE
1,lm = − l

l + 1
cI

1,lm, (C6)

(l + 1)cE
0 �E

1,lm = −cE
0 E0R δ1,l − lcI

0�
I
1,lm. (C7)

Using above relations, at the first order, the boundary flux
J±

r,1 obtained by substituting the fields in Eq. (4) is given by
Eq. (B1) when the source term is identified as

s±
lm = ±cE

0 e∓β��0
RβqE0

2
δ1lδ0m, (C8)

which corresponds to Eq. (18). The source term is nonzero
only for l = 1, m = 0. Therefore, to leading order, only the
dipolar mode (l = 1) is nonzero.

At O(ε2), the bulk equations (8) and (9) yield

∇2ci
2 = 0 and ci

0∇2�i
2 = Si, (C9)

where the effective nonlinear term is

Si = ∇ci
1 · ∇�i

1 − δi,E q ∇ci
1 · Eext. (C10)

Products of the first-order fields generate terms proportional
to Y 2

10 in Si as well as in the surface flux J±
r,2. Y 2

10 written in
terms of standard spherical harmonics reads

Y 2
10 = 3

4π
cos2 θ = 1√

4π
Y00 + 1√

5π
Y20. (C11)

Thus, products of the first-order fields decompose into l = 0
and l = 2 modes. This reduces the nonlinear problem to a
linear one, where the first-order l = 1 terms drive the second-
order l = 0 and l = 2 modes. We can expand the surface flux
as J±

r,2 = J±
2,00 + J±

2,20.
Here, we are interested in the isotropic change in osmotic

pressure, that corresponds to l = 0. Expanding the surface
flux to the second order, we get

J±
r,00 = �±(

e±β��0 cI
2 − cE

2 ± cE
1 β(��1)

± cE
0 β��2 − cE

0 β2(��1)2. (C12)

Setting J±
r,00 = 0 yields two linear equations for cI

2 and ��2,
which gives

cI
2 = 2cE

0 (β��1)2

(eβ��0 + e−β��0 )
, (C13)

where, without loss of generality, we set the exterior isotropic
correction cE

2 = 0. Substituting ��1 in Eq. (C13) gives
Eq. (22).
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