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We consider one-dimensional, interacting spinless bosons on a tight-binding lattice described by the Bose-
Hubbard model. Besides attractive onsite two-body interactions, we include a three-body repulsive term such
that the competition between these two forces allows the formation of self-bound liquid states. We investigate
the properties of this system using the Gutzwiller approximation, showing that, indeed, this mean-field approach
also supports liquid states. We find that for densities lower than the equilibrium density, the Gutzwiller method
and other mean-field approaches—such as the Gross-Pitaevskii theory—feature a sharp transition to the vacuum
state. This, however, is avoided by considering local minima of the functional in the standard manner. We also
study the excitation spectrum, and calculate the speed of sound, in full agreement with the usual expression
obtained from the thermodynamic equation of state. We study their corresponding quantum droplets variationally
and find that the results behave in accordance with the one-dimensional liquid-drop model.
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I. INTRODUCTION

A quantum liquid, strictly speaking, is defined as a
spatially homogeneous system of interacting particles at
temperatures sufficiently low that the effects of quantum
statistics are important [1]. These systems provide ideal
playgrounds for exploring many-body physics, quantum
phase transitions, and emergent phenomena that arise from
strong interactions. The study of quantum liquids, mean-
ing those that form self-bound states—droplets—in vacuum,
and feature equilibrium properties typical of a liquid in
the thermodynamic limit, has gained significant attention
due to advances in ultracold atom experiments, which al-
low for precise control over interactions, confinement, and
dimensionality [2–7].

In particular, we are interested in the possibility of con-
fining these systems to one-dimensional geometries. This
enhances interaction effects, making them highly controllable
platforms for investigating strongly correlated matter. As a
result, new avenues have been opened for studying quantum
droplets and novel liquidlike phases of matter [8–11].

Here we include two- and three-body interactions between
bosons to stabilize a zero-temperature liquid on a lattice
[11]. Three-body processes are always present in many-body
systems. Still, their origin may be either a true three-body
interparticle potential or an emergent residual interaction from
the off-shell structure of the two-body potential [12–15]. In
one-dimensional geometries, the competition between mean-
field repulsion and beyond-mean-field attraction results in the
formation of quantum liquid droplets, marking a fundamental
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advancement in our understanding of low-dimensional quan-
tum fluids.

Even though mean-field methods perform better in higher
dimensions, their application to one-dimensional systems
still gives successful results. The bosonic Gutzwiller ansatz
provides valuable insights into strongly correlated bosonic
systems and bridges more sophisticated numerical techniques
and experimental observations [16–18]. Its simplicity and
adaptability make it a valuable tool in the study of ultra-
cold atoms in optical lattices. These simpler approaches yield
qualitatively correct phase diagrams and excitation spectra,
particularly away from critical points. A comparison is made
with available density-matrix renormalization group (DMRG)
data in one dimension, from Ref. [11]; this serves to quantify
both the strengths and limitations of the mean-field approach
in this context.

In this work, we make use of the Gutzwiller ansatz to vari-
ationally study both ground-state properties and low-energy
excitations of a Bose-Hubbard model [19,20] with two- and
three-body contact interactions, and show that it does support
a zero-temperature liquid state. We also study the formation of
quantum droplets in finite systems and analyze their properties
as a function of the number of particles.

II. MODEL AND METHOD

We consider ultracold bosons on a tight-binding lattice
interacting via contact two- and three-body interactions [21].
This system is known to support a quantum liquid (droplet)
ground state in the thermodynamic limit (vacuum), for com-
bined attractive two-body and repulsive three-body potentials
in one dimension [11]. The corresponding Hamiltonian is
given by

H = −J
∑

j

[b†
jb j+1 + b†

j+1b j − 2n j] + HI, (1)
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where J (>0) is the tunneling rate, b j (b†
j) is the bosonic

annihilation (creation) operator at site j, n j = b†
jb j is the

corresponding number operator, and we have set the lattice
spacing d = 1. The interaction is given by

HI = U

2

∑
j

n j (n j − 1)

[
1 + W

3U
(n j − 2)

]
, (2)

where U (<0) and W (>0) are, respectively, the two- and
three-body interaction strengths.

We shall use the Boson-Gutzwiller mean-field method at
zero temperature to study the thermodynamic equation of
state and low-energy excitations, as well as the droplets of
the system in vacuum. The method is variational, and the
underlying wave function—the Gutzwiller ansatz—takes the
following form [22–25]:

|�〉 =
⊗

j

|φ j〉, |φ j〉 =
∞∑

n=0

an( j)|n j〉, (3)

where |n j〉 is the Fock state with n particles at site j, and
an( j) are the expansion coefficients. Since the Gutzwiller
wave function, Eq. (3), does not have a fixed particle number,
we work in the grand-canonical ensemble, that is, we use
the grand potential � in place of the Hamiltonian H , with
� = H − μN , where N = ∑

j n j is the total number operator,
and μ is the chemical potential.

The simplicity of the Gutzwiller ansatz allows us to study
a wide range of system properties in a simple and clear man-
ner. This approach is equivalent (at zero temperature) to the
following decoupling approximation

b†
i b j ≈ 〈b†

i 〉b j + 〈b j〉b†
i − 〈b j〉〈b†

i 〉, (4)

as was shown in Ref. [26]. We note that the bosonic Gutzwiller
approximation can also be extended to account for quantum
fluctuations [27,28] around the mean-field solution.

The relevant local quantity that characterizes the behavior
of the system is the superfluid order parameter ψ j at site j,
defined as

ψ j = 〈b j〉 =
∞∑

n=0

a∗
n( j)an−1( j)

√
n. (5)

The superfluid density at site j is given by |ψ j |2, and is
bounded from above by the total number of particles at site
j, is given by

〈n j〉 =
∞∑

n=0

n|an( j)|2. (6)

III. HOMOGENEOUS SYSTEM AND EQUATION OF STATE

We first consider a homogeneous system with uniform den-
sity, that is, in the thermodynamic limit. This brings a major
simplification of the problem since all local wave functions
|φ j〉 in Eq. (3) become identical (site independent). Therefore,
we define, for all j,

|φ j〉 ≡ |φ〉 =
∑

n

an|n〉. (7)
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FIG. 1. Energy landscape of the grand-canonical function in
terms of the order parameter ψ . The dots represent the local min-
imum that gives us the nonzero solution for the system’s ground
state. It is clear that, as the equilibrium density is crossed, the vacuum
becomes, energetically, the most favorable solution. The parameters
of the Hamiltonian Eq. (9) are U/J = −0.33, W/J = 1.39.

The problem can be more conveniently formulated by
simplifying the Hamiltonian through the decoupling ap-
proximation, Eq. (4), which is especially simple in the
homogeneous case.

Upon decoupling the Hamiltonian, the minimization of the
grand potential � reduces to a single-site problem, since

〈�|�|�〉 ≡
∑

j

〈φ|� j |φ〉, (8)

where the single-site grand-canonical Hamiltonian � j has the
form

� j = −2J[b†
jψ + ψ∗b j] + (2J − μ)n j + 2J|ψ |2

+ U

2
n j (n j − 1)

[
1 + W

3U
(n j − 2)

]
. (9)

To see whether a zero-temperature quantum liquid ex-
ists, within the Gutzwiller approximation, we minimize the
single-site grand-canonical Hamiltonian with fixed values of
μ. In all cases, we find that the global minimum is attained
with nonzero densities ρ when these are higher than the
equilibrium density ρ0. If we call the spinodal density ρ∗,
then for ρ∗ < ρ < ρ0, the state that analytically continues the
zero-temperature equation of state gives no longer the global
minimum, but becomes a local one (see Fig. 1). This is not
a feature particular to the Gutzwiller approximation, but com-
mon to other mean-field theories. This is thoroughly discussed
in Appendix A, where we demonstrate the occurrence of a
first-order transition to the vacuum state at the equilibrium
density in the context of the Gross-Pitaevskii equation.

Proceeding, in our case, by accepting the local minimum
with nonzero density as the solution, we show in Fig. 2 the
equation of state (EoS) for two particular values U and W of
the two- and three-body interaction strengths. There, we see
the formation of a liquid state, with an equilibrium density ρ0

at the minimum of the energy per particle, and a spinodal point
ρ∗, for which ∂μ/∂ρ|ρ=ρ∗ = 0. The spinodal point marks
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FIG. 2. Equation of state of a quantum liquid obtained by means
of the Gutzwiller ansatz and comparison with DMRG data from
Ref. [11]. We have rescaled the x axis by its corresponding equilib-
rium density (ρDMRG

0 d = 0.576 and ρMF
0 d = 0.450) and also shifted

the DMRG data by �μ/J = (eMF
0 − eDMRG

0 )/J = 0.00489, further
details are given in the text. The parameters of Hamiltonian Eq. (9)
are U/J = −0.33, W/J = 1.39.

the density below which the system is unstable against the
formation of droplets. Note that, as opposed to the Gross-
Pitaevskii approach (see, e.g., Ref. [29]), with the Gutzwiller
ansatz there is no solution beyond the spinodal point, i.e.,
no solution has density ρ < ρ∗. We compare our results with
exact DMRG calculations in one dimension [11]. To enable
a meaningful comparison between the two approaches, we
normalize the densities to their respective equilibrium values
and shift the energy scales to align the minima. The equilib-
rium chemical potential from the Gutzwiller approximation is
off by only about 1.5% from the exact DMRG calculation.
Despite these necessary adjustments, the central conclusion
of our study remains: using a significantly simpler analyti-
cal approach, we are able to capture the essential qualitative
behavior of an otherwise challenging problem, showing that,
indeed, a quantum liquid is formed in this system.

From the equation of state, we calculate the speed of sound
c using the familiar relation

mc2 = ∂μ

∂N
, (10)

where the mass is to be identified with the tight-binding
expression J = h̄2/2md2. In the next section, we calculate
the speed of sound directly from the low-energy excitation
spectrum and compare the results.

IV. INHOMOGENEOUS SYSTEM
AND LOW-ENERGY EXCITATIONS

In general, the Gutzwiller ansatz allows us to explore the
dynamics of nonuniform systems. With the parametrization
of the ground-state ansatz in Eq. (3), we now find the set of
parameters {an( j)} that minimizes the grand potential � =
H − μN , with the Hamiltonian H of Eq. (1). To do so, we
have two equivalent options: (i) we apply the decoupling
approximation of Eq. (4) to the grand potential; or (ii) we

use directly the Gutzwiller ansatz, Eq. (3), and minimize the
Lagrangian L = H − μN − i∂t (we set h̄ ≡ 1) to allow for
time-dependent dynamics.

We proceed with approach (ii), with time-dependent ampli-
tudes an( j; t ), which gives the following set of time-dependent
Gutzwiller equations (h̄ ≡ 1) [30,31]:

i
dan( j; t )

dt
=

∞∑
m=0

� j (n, m)am( j; t ), (11)

where the site-dependent matrix elements � j (n, m) have the
form

� j (n, m) =
[

U

2
(n − 1) + W

6
(n − 1)(n − 2)

+ (2J − μ)

]
nδn,m + J (ψ∗

j+1 + ψ∗
j−1)ψ jδn,m

− J
√

m(ψ∗
j+1 + ψ∗

j−1)δm,n+1

− J
√

n(ψ j+1 + ψ j−1)δn,m+1. (12)

A. Low-energy excitations

To extract low-energy excitations, we consider plane-wave
perturbations moving on top of the ground state as

an( j; t ) = a(0)
n + a(1)

n ( j; t ) + . . . , (13)

where a(0)
n is the n-particle amplitude of the ground=state

wave function, Eq. (7), in the homogeneous, thermodynamic
limit, and a(1)

n ( j; t ) is a site- and time-dependent perturbation
of the form

a(1)
n ( j; t ) = uk,nei(k· j−ωkt ) + v∗

k,ne−i(k· j−ωkt ). (14)

Following Refs. [30,32], we linearize the resulting set of equa-
tions and find the following eigenvalue problem:

ωk

(
uk

vk

)
=

(
Ak Bk

−Bk −Ak

)(
uk

vk

)
, (15)

where (uk, vk ) are the complex amplitudes of the right- and
left-moving waves in the Fock basis, while Ak and Bk are
matrices, whose elements take the form

Anm
k = −J0ψ

(0)(
√

mδm,n+1 + √
nδn,m+1)

+
[

U

2
n(n − 1) + W

6
n(n − 1)(n − 2)

+ (2J − μ)n − h̄ω0

]
δm,n

− Jk
[√

n + 1
√

m + 1a(0)
n+1a(0)

m+1 + √
n
√

ma(0)
n−1a(0)

m−1

]
,

(16)
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FIG. 3. Low-energy excitations of the liquid. The panels repre-
sent (top to bottom) the third, second, and first excitation branches
of the system. Moreover, in the lowest panel, we show how, as
we should expect, the lowest-energy excitations are phononic (i.e.,
gapless), and therefore the speed of sound is well defined. The
parameters of Hamiltonian Eq. (9) are U/J = −0.33, W/J = 1.39
and we used μ = μ0 as defined in Fig. 2. The parameters of the fit
are c/J = 0.32. Note that setting d = 1 renders k adimensional.

and

Bnm
k = −Jk

[√
n + 1

√
ma(0)

n+1a(0)
m−1 + √

n
√

m + 1a(0)
n−1a(0)

m+1

]
.

(17)

Similarly to a(0)
n , the quantity ψ (0) is the lowest-order term of

the expansion of Eq. (5) over the homogeneous ground state,
that is, it is the order parameter in the thermodynamic limit.
Above, we have defined Jk = 2J (1 − 2 sin(k/2)2), and

h̄ω0 = 4Jψ (0)2 +
∑
n=0

(
U

2
n(n − 1)

+ W

6
n(n − 1)(n − 2) + (2J − μ)n

)∣∣a(0)
n

∣∣2
. (18)

The eigenvalues and eigenvectors of the block matrix in
Eq. (15) give the excitation spectrum of the system in the
Gutzwiller approximation, see Fig. 3. In particular, from the
lowest (nonzero), gapless excitation branch ω

(1)
k , we can ob-

tain the speed of sound c, since for k → 0, ω
(1)
k → c|k| [33],

and compare it with that obtained from the equation of state,
Eq. (10). In Fig. 4, we plot the speed of sound calculated
both using the equation of state and by using a linear fit
to the gapless excitation branch for low quasimomenta, at
particular values U/J = −0.33 and W/J = 1.39 of the two-
and three-body interaction strengths. There, we observe good
agreement between the two approaches.

B. Droplet states

As we have seen, the Gutzwiller approximation supports
liquid states at zero temperature. Therefore, besides the ho-
mogeneous, thermodynamic ground state, we should expect
quantum droplet states with finite particle numbers to exist in
the system [8,9,34].
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FIG. 4. Speed of sound computed using Eq. (10) with the data
from Fig. 2 (blue solid line) and by linearly fitting the lowest
branch of the excitation spectrum (see Fig. 3) for small values of
the momentum (dots). Each chemical potential is normalized to its
equilibrium value (μDMRG

0 /J = −0.040 and μMF
0 /J = −0.035) and

the vertical line corresponds to the chemical potential of the spinodal
point obtained in DMRG μDMRG

∗ /J = −0.0057. The parameters of
the Hamiltonian Eq. (9) are U/J = −0.33, W/J = 1.39.

A priori, it is possible to calculate the droplet states by
direct local minimization using a dropletlike wave function as
a seed. We have followed this procedure and, unfortunately,
convergence is very poor as the iterative, numerical procedure
tends to either converge towards the vacuum of particles or
the homogeneous ground state. We have therefore taken a
different route, by minimizing, using an appropriate ansatz,
a density functional EGW of the following form:

EGW[ρ] =
∑

j

[ρ1/2( j)(T̂ ρ1/2)( j) + EGW(ρ( j))]. (19)

Above, ρ( j) is the site-dependent density of the droplet,
EGW(ρ) is the energy density obtained from the Gutzwiller
approximation in the thermodynamic limit, and

(T̂ f )( j) = −J ( f ( j + 1) + f ( j − 1) − 2 f ( j)) (20)

is the kinetic-energy term on a lattice. Equation (20) is the
discrete analog to the usual lowest-order correction term in
density-functional theories of liquids [35,36]. We use the fol-
lowing ansatz [10,37] for the droplet densities,

ρ( j ; γ , D) = N

dD

sinh
(

γ

2

)
cosh

(
γ

2

) + cosh
(

γ

D j
) . (21)

The energy per particle computed by minimizing Eq. (19)
with ansatz (21) is presented in Fig. 5. The density above has a
central density given by ρ(0) = N

D
sinh(γ /2)

1+cosh(γ /2) and exponential
tails given by ρ( j) ∼ exp (−γ | j|/2D) for large | j|. We will
later find, see Fig. 6, that these agree with the thermodynamic
values ρ(0) = ρ0 and γ /D = √−μ/J [11].

The free parameters in ansatz Eq. (21) are D and γ .
Minimizing the functional Eq. (19) with respect to the free pa-
rameters, at fixed particle number N , we obtain the energy per
particle, central density, and chemical potential as functions of
the particle number in vacuum. The energy per particle, in one
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FIG. 5. Energy per particle in terms of the number of particles
computed using ansatz Eq. (21). We used the data from Fig. 2 to
construct EGW as shown in Eq. (19). The surface energy obtained
from the fit is σ/J = 0.081. The parameters of the Hamiltonian
Eq. (9) are U/J = −0.33, W/J = 1.39.

dimension, has the following large-N asymptotics [38–40]

E

N
= μ0 + σ

N
+ g(N )

N
, (22)

where σ is the surface energy of the droplets, and g(N ) is a
function with limN→∞ g(N ) = 0 but is nonanalytic in N−1,
see Fig. 5. Therefore, the chemical potential behaves, asymp-
totically, as μ = μ0 + g(N ). From the density functional in
Eq. (19), and the ansatz in Eq. (21), it can be seen that
g(N ) may be exponential in the number of particles (see
Appendix B).
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FIG. 6. Droplets profiles computed using ansatz Eq. (21). We
used the data from Fig. 2 to construct EGW as shown in Eq. (19).
The parameters of the Hamiltonian Eq. (9) are U/J = −0.33,
W/J = 1.39. From narrowest to broadest, the droplets have, respec-
tively, Ni = N0 + i�N (i = 0, 1, . . . , 9) particles, with N0 = 10 and
�N = 8.0.

V. CONCLUSIONS

We have investigated both ground-state properties and
low-energy excitations of a Bose-Hubbard model in which,
besides the conventional onsite two-body interactions, we
have included a contact three-body potential. This extended
framework allowed us to study the formation of a self-bound
quantum liquid phase building upon previous studies where
only gas phases were considered [30]. We made use of the
Gutzwiller approximation both in its time-dependent and in-
dependent form. We first found that this approach is suitable
for studying quantum liquids on a lattice, obtaining an equa-
tion of state for a system in which the competition between
attractive and repulsive forces gives rise to a self-bound state.
We compared our result with those presented in Ref. [11]
using DMRG techniques, finding good qualitative agreement
between them. A brief discussion is provided on the scope
and assumptions under which a direct comparison can be
meaningfully made.

As a benchmark for comparing the time-dependent and
time-independent approaches, we chose the speed of sound.
We computed it in the thermodynamic limit by means of
Eq. (10) and compared it with the one obtained from the dis-
persion relation of gapless excitations in the long-wavelength
regime. The agreement found showcases the validity of our
analysis.

Moreover, we have studied the formation of droplets in in-
homogeneous finite systems. These self-bound states, within
the context of ultracold atoms, have been considered primarily
incorporating mean-field effects and the inclusion of the Lee-
Huang-Yang term [41–43] that takes into account quantum
fluctuations. Here we have taken another route and studied
droplets that are balanced by the competition of two-body
and three-body interactions. The profiles are obtained using a
variational approach. Following this procedure, we studied the
energetic properties of the droplets and compared them with
the predictions of the liquid drop model finding agreement
between them. We have discussed the relevance of the non-
analytic (possibly exponential) corrections that are present in
the liquid-drop model from a density functional. Since we
have limited our study to a variational analysis we have not
been able to access the precise functional form of these cor-
rections. A more detailed study of the problem using DMRG
or diffusion Monte Carlo (DMC) method of this system, as
done in Ref. [11], may attain a much better resolution of the
properties of the droplets and provide us with another method
to study their dynamical properties.
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APPENDIX A: RANGE OF APPLICABILITY
OF THE MEAN-FIELD APPROACH

In this Appendix we study the range of applicability of the
mean-field approach to study the Bose-Hubbard model with
three-body interactions. In particular, we derive analytical ex-
pressions that justify the appearance of a first-order transition
to a vacuum state. In the main text we numerically verified
that this is the situation with the Gutzwiller approach and
in this section we will work out the same result in the context
of the one-dimensional Gross-Pitaevskii equation (GPE).

When deriving the GPE for quantum liquids, one defines
the solutions by locally minimizing the grand-canonical func-
tional. As an example, the functional from which the GPE in
Ref. [29] by Astrakharchik and Malomed (AM from now on)
is obtained, is given, in their units, by

FAM[ψ,ψ∗]

=
∫

dx

[
−1

2
ψ∗∂2

x ψ + 1

2
|ψ |4 − 2

3
|ψ |3 − μ|ψ |2

]
. (A1)

Therefore, the AM equation of state (energy per particle)
eAM(ρ) is obtained by setting ψ = √

ρ, and we have

eAM = 1
2ρ − 2

3ρ1/2. (A2)

The chemical potential is μ = ρ − ρ1/2 and the physical
branch of the density as a function of the chemical potential is
simply

ρ(μ) =
[

1

2
(1 +

√
1 + 4μ)

]2

. (A3)

The equilibrium chemical potential is μ0 = −2/9, and the
chemical potential at the spinodal point is μ∗ = −1/4. Putting
all this together, we see that the locally minimized AM grand
potential �AM as a function of length (L) and chemical poten-
tial μ, is given by

L−1�AM(μ) = 1
2 [ρ(μ)]2 − 2

3 [ρ(μ)]3/2 − μρ(μ). (A4)

For μ = μ0, we have �AM = 0, at which point the vacuuum
also minimizes �AM. For μ∗ < μ < μ0, the absolute mini-
mum occurs for ψ ≡ 0, that is, the vacuum. Therefore, if we
are willing to describe mean-field liquids at densities that are
lower than the equilibrium density, we must accept the local
minimum at finite density as valid, for otherwise, the system
should be in a state that is empty of particles.

APPENDIX B: ONE-DIMENSIONAL
LIQUID-DROP MODEL

Here, we use the lattice version of the liquid-drop model
in one spatial dimension and show that, within its framework,
the energy per particle in a one-dimensional droplet follows
Eq. (22), and that the function g(N ) may feature exponential
terms.

We begin by assuming that N is large, so that |μ/μ0 −
1| � 1, and |ρ(0)/ρ0 − 1| � 1. According to the model, the
large majority of particles in the droplet occupy a central
plateau with density ρ(0) ≡ ρc and diameter D. We then set

N =
D/2∑

j=−D/2

ρc ⇒ D + 1 = N

ρc
. (B1)

We assume that the droplet is leptodermous, so that we may
model the surface energy density 
( j) as


( j) ≡ σ

2
[δ j,D/2+1 + δ j,−D/2−1]. (B2)

If we ignore at first kinetic energy contributions, the energy of
such a droplet takes the value

E = (D + 1)E (ρc) + σ, (B3)

where E (ρ) is the energy density in the thermodynamic limit.
Using Eq. (B1) to relate particle number and diameter, we
obtain

E

N
= e(ρc) + σ

N
, (B4)

with e(ρ) the energy per particle (equation of state) in the ther-
modynamic limit. The chemical potential, on the other hand,
is independent of the surface energy in one spatial dimension,
since

μ(N ) = ∂E (ρc)

∂ρc
, (B5)

where ρc = ρc(N ). Calling δρ = ρc − ρ0, from the liquid
drop model without kinetic terms, we would simply have,
following Ref. [44], ∂N (δρ) = 0, which is special for one
spatial dimension. However, this result, within this frame-
work, only means that δρ(N ) is not an analytic function of a
power of N−1. Nonanalytic deviations, such as exponentials,
are not included. Kinetic-energy contributions, negligible in
higher dimensions, are exponential. Therefore, we must con-
sider them in one dimension because of the absence of more

0.35

0.40

0.45

ρ
(0

)d

Equilibrium density

20 40 60 80
N

-0.0355

-0.0350

-0.0345

μ
/J

Equilibrium chemical potential

FIG. 7. Central density and chemical potential in terms of the
number of particles computed using ansatz Eq. (21). We used the
data from Fig. 2 to construct EGW as shown in Eq. (19). The surface
energy obtained from the fit is σ/J = 0.081. The parameters of the
Hamiltonian Eq. (9) are U/J = −0.33, W/J = 1.39.
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dominant, polynomial contributions. To see this, we may use
ansatz Eq. (21) and minimize the grand-canonical functional.
The correction of the droplet’s chemical potential due to the
kinetic energy is given by

−J
∂2

x ρ1/2

ρ1/2

∣∣∣
x=0

≈ J

(
γ

D

)2 e−γ /2

2

≈ −μ0

2
exp

(
−

√−μ0/J

2ρ0
N + C

)
, (B6)

where C is a constant that accounts for the inaccuracy in
setting D = N/ρ0 in the liquid-drop model. This indicates
that g(N ) in Eq. (22) may be exponential in the number of
particles, see Fig. 7. However, the exponent is not necessarily
correct, since Eq. (B6) is a local quantity, which is notoriously
difficult to reproduce accurately without access to the exact
density profile. Moreover, these exponential terms add up to
other exponential terms that come from the thermodynamic
contribution μ = μ(ρc). In the particular case of Ref. [29],
this is exactly the case, and the kinetic-energy contribution
cancels out.
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