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Hall effect in multileg bosonic ladders
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We use bosonization to analyze the ground-state Hall response of interacting bosonic N-leg ladders threaded by
a flux. We derive an explicit expression of the Hall imbalance in a perturbative expansion in the band curvature,
retaining fully the interactions. For small magnetic field, the Hall resistance is proportional to the derivative
of the logarithm of the charge stiffness with respect to density, generalizing the result obtained in the two-leg
case. We also consider the effect of temperature, and establish that at low temperature, corrections to the Hall
resistance are exponentially small in the Meissner phase.
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I. INTRODUCTION

The Hall effect [1] and its quantum version [2] are key
concepts in modern condensed matter physics, with appli-
cations in metrology [3] and sensors [4]. In the case of
noninteracting electrons, the quantum Hall effect has been
understood in terms of topological invariants of the ground-
state wavefunction [5–8]. For low magnetic fields, the Hall
conductance obtained from the Boltzmann equation is related
to the curvature of the Fermi surface by Tsuji’s formula [9]
in three dimensions, and to the area swept by the scattering
path by Ong’s formula [10] in two dimensions. However, with
strongly interacting particles, the theory of the Hall effect
remains challenging, even for low field [11–14]. In the realm
of interacting quantum particles, an important issue is the
Hall effect of interacting bosonic particles. Indeed, in the case
of bosons, interactions are usually needed from the start to
avoid pathological cases. A Hall effect with charged bosonic
particles (Cooper pairs) can be observed in Josephson junction
arrays [15] while a Hall effect with neutral bosonic particles
has been observed using ultracold atoms in artificial gauge
field [16–23]. The simplest interacting bosonic system in
which the Hall effect can be studied is a planar ladder formed
of one-dimensional interacting bosons coupled by interchain
hopping, since such a system allows a nonzero flux per
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plaquette while being amenable to powerful analytic [24–26]
and numeric [27–29] methods. The ground-state phase dia-
gram of bosonic ladders in a flux has been considered using
analytic methods [30–33] and numerical methods [34–43]. At
low flux, a Meissner-like phase with current circulating on
the edge is found, while at higher flux, a vortexlike phase is
obtained [31] that melts above a critical value of the inter-
action [42]. At finite temperature, the crossover between the
Meissner and the vortex phase was found to persist [43–45].
Experiments with ultracold atoms in artificial gauge field [16]
have confirmed the existence of Meissner and vortex phases
[46]. Moreover, for fluxes commensurate with the particle
density, analogs of the fractional quantum Hall effect have
been predicted [47–52].

In a previous Letter, we used a bosonization approach [53]
properly taking into account band curvature [11,54–56] and
predicted analytically that the ground-state Hall resistance of
a two-leg bosonic ladder is proportional to the derivative of the
logarithm of the Kohn stiffness [57] with respect to particle
density. This result showed a remarkable connection between
two important transport coefficients that encode the many-
body effects triggered by interactions in the response to ex-
ternal fluxes. Recent experiments with ultracold bosons have
been able to measure the Kohn stiffness [58]. Beyond the clear
potential of our formula to predict Hall voltages from single
chain response to Aharonov-Bohm fluxes, it clarified the ex-
otic Hall response of charged bosonic two-leg ladder systems,
in particular, in the vicinity of a Mott transition [59,60]. Given
the persistence of a vortex-Meissner crossover at finite tem-
perature [45], it is also worthwhile to consider the effect of
temperature on the Hall resistance in the two-leg case.

In the present paper, we first generalize our previous
ground-state results to the N-leg ladder with N � 3 and then
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calculate in the two-leg case the temperature dependence of
the Hall imbalance. In the high-temperature limit, the Hall
imbalance decays as a power law in temperature, while at
low temperature, the ground state result is asymptotically re-
covered. The low-temperature corrections to the ground-state
result are suppressed by the Boltzmann factor in the Meissner
phase, while they vanish only as a power law in temperature
in the vortex phase.

The plan of the paper is as follows. In Sec. II, we start
by introducing the three-leg ladder model and then, using
bosonization approach with an appropriate basis change, we
derive an analytic expression for the Hall voltage and Hall
imbalance by taking into account band curvature terms. In
Sec. III, we generalize the calculation to the N-leg ladder case.
By introducing a basis of orthogonal polynomials in the chain
index n, we derive analytic expression of Hall voltage and Hall
imbalance. The result shows that the proportionality of the
Hall resistance to the derivative of the logarithm of the Kohn
stiffness is present in all N-leg bosonic ladders. In Sec. IV,
we consider the two- and three-leg bosonic ladders at positive
temperature in a solvable limit, and establish that at low tem-
perature, corrections to the Hall resistance are exponentially
small in inverse temperature in the Meissner phase, while they
vanish as power law in the vortex phase.

II. HALL EFFECT IN A THREE-LEG LADDER

We consider the Hamiltonian of a three-leg ladder [61,62]
that in bosonized form is

H0 =
3∑

j=1

∫
dx

2π

[
uK (∂xθ j )

2 + u

K
(∂xφ j )

2
]

−t⊥
2∑

j=1

∫
dx

2π
cos(θ j+1 − θ j ), (1)

where the fields ∂xθ j = π� j and φ j represent, respectively,
the collective long-wavelength excitations associated with
the variation of the superfluid phase and the fluctuations
of the density ρ j (x) of the bosons in the jth chain (ρ j (x) −
ρ0 � − 1

π
∂xφ j (x)) compared to the average density ρ0. The

fields satisfy the commutation relation [φ j (x), π� j′ (x′)] =
iπδ j j′δ(x − x′). The parameters u and K are the so-called
Tomonaga-Luttinger liquid, where u is the sound velocity and
K is a dimensionless parameter controlling the decay of the
correlation functions [26,53,63].

We add the flux using the Landau gauge, with the vector
potential along the chains, so Ax = B(y − y0) with y = jb
the ordinate of chain j. We pick y0 = 2b, so that Ax = 0 on
the central chain ( j = 2) and Ax = ∓Bb on chain j = 1, 3,
respectively. The Hamiltonian in the presence of the flux
becomes

H =
3∑

j=1

∫
dx

2π

⎡
⎣uK[π� j + eBb(2 − j)]2 + u

K

3∑
j=1

(∂xφ j )
2

⎤
⎦

− t⊥
∫

dx

2π
[cos(θ2 − θ1) + cos(θ3 − θ2)]. (2)

We introduce the basis transformation⎛
⎜⎝φa

φb

φc

⎞
⎟⎠ =

⎛
⎜⎜⎝

1√
2

0 − 1√
2

1√
6

− 2√
6

1√
6

1√
3

1√
3

1√
3

⎞
⎟⎟⎠
⎛
⎝φ1

φ2

φ3

⎞
⎠ (3)

and

⎛
⎝θa

θb

θc

⎞
⎠ =

⎛
⎜⎜⎝

1√
2

0 − 1√
2

1√
6

− 2√
6

1√
6

1√
3

1√
3

1√
3

⎞
⎟⎟⎠
⎛
⎝θ1

θ2

θ3

⎞
⎠. (4)

In the new basis, the first term of the Hamiltonian Eq. (2)
becomes

H =
∫

dx

2π

[
uK (π�a + eBb

√
2)2 + uK (π�b)2

+ uK (π�c)2 + u

K

∑
ν=a,b,c

(∂xφν )2

]
, (5)

so the flux couples only to �a. Meanwhile, the transverse
hopping term becomes

2t⊥ cos

(
θa√

2

)
cos

(
θb

√
3√

2

)
. (6)

In the absence of flux, such a term becomes relevant under
renormalization group flow for K > 1/4 leading to a Meiss-
ner phase [61]. When we add a flux, the term (6) competes
with the term 2eBb

√
2∂xθa giving rise to a commensurate-

incommensurate transition [64,65] and a vortex phase [61].
Since the term (6) gives rise to the contributions cos(

√
6θb)

and cos(
√

2θa) under the operator product expansion, when
K > 3/4 the first term is relevant and only θa becomes gapless
in the vortex phase. For K < 3/4, both θa and θb are gapless
in the vortex phase.

As for the band curvature terms [54,55,66], they are

Hbc =
3∑

j=1

α (∂xφ j )
3 + γ (π� j − eAj )

2 ∂xφ j, (7)

where [66]

α = − ∂

∂ρ0

( u

6π2K

)
, (8)

γ = − ∂

∂ρ0

(
uK

2π2

)
. (9)

In the basis (3), the first and second terms in Eq. (7) become

3∑
j=1

(∂xφ j )
3 =
√

3

2
(∂xφa)2∂xφb − (∂xφb)3

√
6

+
√

3∂xφc

∑
ν=a,b,c

(∂xφν )2, (10)
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and
3∑

j=1

[π� j + eBb(2 − j)]2∂xφ j = 2

(
π�a√

2
+ eB

)2(
∂xφb√

6
+ ∂xφc√

3

)
+

√
8

(
π�a√

2
+ eB

)
∂xφa

(
π�b√

6
+ π�c√

3

)

+ ∂xφc√
3

⎡
⎣(π�b√

6
+ π�c√

3

)2

+
(

−
√

2π�b√
3

+ π�c√
3

)2
⎤
⎦. (11)

Using the expressions above in Eq. (7), the relevant terms that
lead to a finite Hall effect [67] are given by

H ′
bc = 2 γ (π�a +

√
2eB) ∂xφa

(
π�b√

6
+ π�c√

3

)
. (12)

In the Meissner phase, when a current is flowing in the system
along the legs, 〈π�c〉 	= 0, this gives rise in the presence of
flux to a Hall polarization and Hall voltage, coming from the
term B∂xφa

〈π�c〉√
3

. In the vortex phase, 〈�a〉 	= 0, and the Hall
polarization is reduced.

We define the Hall polarization as

PH = N1 − N3 =
∫

dx[ρ1(x) − ρ3(x)] = −
√

2
∫

dx

2π
∂xφa,

(13)

whose average can be calculated by perturbation theory in the
band curvature term, following the procedure in Ref. [67].
Using the definition of the current along the rungs 〈 jc〉 =
euK

√
3〈�c〉, in the first order in the band curvature term and

in the Meissner phase, we obtain〈
P(1)

H

〉
L

= 4

3

γ Bb〈 jc〉
uK

π2

2
χaa(q = 0, ωn = 0), (14)

which is proportional to the static susceptibility,

χaa(q = 0, ωn = 0) (15)

= 2

π2

∫ β

0
dτ

∫ L

0
dx〈Tτ ∂xφa(x, τ )∂xφa(0, 0)〉H

= 2K

πu
, (16)

where the subscript H indicates that the expectation value is
taken in the ground state of the Hamiltonian equation (2).
Thus, we obtain a result analogous to Eq. (11) of Ref. [67]
for the Hall imbalance,〈

P(1)
H

〉
BLb〈 jc〉 = 4π

3

Ka

ucKcua
γ , (17)

where we take into account explicitly possible renormaliza-
tions of the Tomonaga-Luttinger exponents and velocities for
the different modes. Once the Hall imbalance is normalized
by the flux and the applied current, it depends only on the
Tomonaga-Luttinger parameters of the system. Besides the
Hall imbalance, it is also possible to calculate the Hall resis-
tance. Following the procedure of Ref. [67], we introduce an
electrostatic potential varying linearly with the chain index to

cancel the imbalance induced by the applied current,

−eVH (N1 − N3) = e
√

2

π

∫
dx∂xφa, (18)

and we set VH so that the sum of the Hall imbalance and
the density imbalance induced by VH cancel in first-order
perturbation theory. We find

VH = − 2π2Bb

3eucKc
γ , (19)

and injecting expression (9) and noting that ucKc = uK , we
end up with

VH = −Bb〈 jc〉
3e

∂

∂ρ0
[ln(uK )]. (20)

We have a current density Ix = 〈 jc〉/3 now that we have three
chains, so with VH = RH BIx, we end up with

RH = b

e

∂

∂ρ0
[ln(uK )], (21)

where ρ0 is the density without flux. As in the two-chain
case [67], we obtain a Hall resistance that depends on the
charge of the carriers and the derivative of the logarithm of
the charge stiffness with respect to particle density. Results
corresponding to specific limits of our formula were obtained
by Zotos et al. [12,68] from linear response theory neglecting
some cross terms and by Auerbach and Bhattacharyya [69]
using an expansion over Krylov subspaces. In the Galilean
invariant case [24], the Hall resistance immediately reduces
to the usual expression RH ∼ ρ−1

0 . So far, we have considered
a three-leg ladder at incommensurate filling. At commensu-
rate filling [53], with sufficiently repulsive interaction, a Mott
insulating phase forms in the chains, yielding a vanishing
charge stiffness. In the vicinity of the Mott insulating state
[70], the stiffness uK ∼ C|ρ0 − ρc|, giving a Hall resistance
RH ∼ b

e(ρ0−ρc ) . As in the two-chain case [67], the Hall resis-
tance diverges at the Mott transition, and its sign changes
across the transition, indicating the replacement of holelike
carriers by electronlike carriers. A similar divergence is also
expected near unit filling for hard core bosons [67].

If we turn to the vortex phase, as mentioned earlier, 〈�a〉 	=
0, and the Hall polarization becomes〈

P(1)
H

〉
Lb〈 jc〉 = 4π

3

Kaγ

ucKcua

(
B + π〈�a〉

e
√

2

)
, (22)

with π〈�a〉 → −e
√

2B at high flux. In that phase, the Hall
voltage becomes proportional to B + π〈�a〉/(e

√
2) instead

of B.
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III. HALL EFFECT IN N-LEG LADDERS

We now turn to the general case of an N-leg boson ladder
with bosonized Hamiltonian

H =
N∑

n=1

∫
dx

2π

[
uK (π�n − eAn)2 + u

K
(∂xφn)2

]

+
N∑

n=1

∫
dx[α(∂xφn)3 + γ (π�n − eAn)2∂xφn]

− t⊥
πa0

N−1∑
n=1

cos(θ j − θ j+1), (23)

with [φn(x),�m(y)] = iδnmδ(x − y), u the velocity of exci-
tations, and K the Tomonaga-Luttinger exponent. The band
curvature [66] terms are given in Eq. (8). We use a Landau
gauge with the vector potential An = Ba(n − (N − 1)/2). In
Sec. II, we have generalized the result obtained in the two-
chain case [67] to the three-chain case by finding a basis in
which the flux was coupled to a single mode associated with
density imbalance between the chain, while the longitudinal
current was generated by an orthogonal mode and the last
remaining mode remained a spectator. We now have to intro-
duce a basis with similar properties in the case of N chains:
One mode carries the total current, a single orthogonal mode
couples to the flux, and the remaining modes decouple.

A. Hahn polynomial basis

To identify the observables relevant to the calculation of the
Hall conductance, it is useful to introduce a basis of orthog-
onal polynomials in the discrete variable n, the chain index.
Those orthogonal polynomials are known as the Chebyshev
polynomials of a discrete variable (page 223 in Vol. 2 of
Ref. [71]) and are a particular case of the more general
Hahn polynomials [72]. Using the notations of Ref. [72], the
Hahn polynomials Qj (n, 0, 0; N − 1) of degree j satisfy the
orthogonality relation

N∑
n=1

Qj (n − 1, 0, 0, N − 1)Qk (n − 1, 0, 0, N − 1)

= 1

2 j + 1

(N + j)!(N − j − 1)!

[(N − 1)!]2
δ jk, (24)

and their explicit form is given by the Rodrigues formula
[72] or in terms of a generalized hypergeometric function. In
particular, we have

Q1(n, 0, 0, N − 1) = 2n + 1 − N

1 − N
. (25)

For a given N , we define normalized polynomials qj (n) by

q j (n) =
√√√√2 j + 1

N

j∏
l=1

N − l

N + l
Q j (n − 1, 0, 0, N − 1), (26)

so that
N∑

n=1

q j (n)qk (n) = δ jk . (27)

This allows us to rewrite

φn(x) =
N−1∑
j=0

q j (n)ϕ j (x), (28)

θn(x) =
N−1∑
j=0

q j (n)ϑ j (x), (29)

�n(x) =
N−1∑
j=0

q j (n)Pj (x), (30)

with πPj = ∂xϑ j and [ϕ j (x), ϑk (y)] = iδ jkδ(x − y). More-
over, using the explicit expression of q1(n), we can express
the vector potential

An = −Ba

2

√
N (N2 − 1)

3
q1(n). (31)

As shown in Appendix A, for the case N = 2, the change
of variable used in Ref. [67] is recovered. Similarly, for the
case N = 3, the Chebyshev polynomial basis gives back the
basis transformation equation (3). So, the Chebyshev polyno-
mials basis allows us to generalize the results for N = 2, 3 to
general N .

Without the band curvature terms, the Hamiltonian (23) is
expressed as

H =
N−1∑
j=0

∫
dx

2π

⎡
⎣uK

(
πPj + eBa

2

√
N (N2 − 1)

3
δ j1

)2

+ u

K
(∂xϕ j )

2

]
− t⊥

πa0

N−1∑
n=1

∫
dx cos

×
⎡
⎣N−1∑

j=1

(q j (n + 1) − q j (n))ϑ j (x)

⎤
⎦, (32)

in terms of the new fields. Since the polynomial q0(n) is
constant, ϑ0 does not enter interchain hopping. The polyno-
mial q1 being linear, the coefficient of ϑ1 inside the cosine is
independent of n. In general, using Eq. (18.22.19) of Ref. [72],
the finite differences (q j (n + 1) − q j (n)) can be expressed
in terms of the Hahn polynomials Qj−1(n − 1, 1, 1, N − 2)
of degree j − 1 and orthogonal with respect to the weight
n(N − n). We see that the magnetic field couples only to ϑ1.
This generalizes the method in the case of two chains [67]
and three chains (Sec. II), of identifying a single phase field
coupled to the flux. At low flux, a Meissner-like phase is
formed [31] and beyond a threshold in flux, a vortexlike phase
is obtained. Operator product expansions give contributions
∝ cos(θn+1 + θn−1 − 2θn) of scaling dimension 3/(2K ) that
depend only on the fields ϑ j with j � 2. For K > 3/4, these
contributions are relevant. Using twice Eq. (18.22.19), we can
express θn+1 + θn−1 − 2θn in terms of the Hahn polynomials
Qj (n − 1, 2, 2, N − 2). Using the orthogonality of the poly-
nomials, we see that the minimization of the expectation value
of the operators cos(θn+1 + θn−1 − 2θn) gives unique values
to 〈ϑ j〉 (up to periodicity), so that in the vortex phase, only ϑ0

and ϑ1 are gapless if K > 3/4. This is a direct generalization
of the results in Sec. II.
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B. Calculation of the Hall resistance

To obtain the Hall imbalance, we need to consider the
band curvature terms in the new basis. More precisely, we
need to consider the term that couples the total current ∝
P0 to the magnetic flux B. Such a term can only come
from γ

∑
n(π�n − eAn)2∂xφn. It has to be proportional to

P0(πP1 + eBa(N (N2 − 1)/12)1/2)∂xϕ j , and the orthogonality
relations, Eq. (27), then impose j = 1. So, the term giving rise
to the Hall effect in the Meissner phase is

γ eBa
√

(N2 − 1)/3πP0∂xϕ1, (33)

making the Hall imbalance a linear function of chain index.
Repeating the calculation in Ref. [67] with a total current

〈 j〉 = e
√

NuK〈P0〉 (34)

gives rise, in the Meissner phase, to a potential

γπeBa

√
N2 − 1

3N

〈 j〉
euK

∂xϕ1. (35)

Such potential yields a nonzero Hall imbalance, determined
by 〈∂xϕ1〉. We obtain a change of density on the nth chain:

− 1

π
〈∂xφn〉 = 2πγ BbK1

u0u1K0

(
n − N + 1

2

)
, (36)

which is an affine function of the chain index. Defining the
Hall imbalance as 〈PH 〉 = NN − N1, we find

〈PH 〉
L

= 2πγ BaK1

u0u1K0
. (37)

The Hall imbalance is nonzero, unless the potential generated
by the combination of current and flux is compensated by an
applied external potential

VH = −eEa
N−1∑
j=0

(
j − N − 1

2

)
∂xϕ j

π

= eEa

2π

√
N (N2 − 1)

3
∂xϕ1. (38)

The cancellation gives the value of the electric field E along
the rung direction:

E = −B

e

〈 j〉
N

∂

∂ρ0
[ln(uK )], (39)

which generalizes the result of Ref. [67] to the case of the
N-leg ladder. If we note that the current density is Ix = j/N ,
we find a Hall resistance identical to the three-leg case. As in
the two-chain and three-chain cases, with a Galilean invariant
system, we recover the usual formula for the Hall resistance
at low flux. Also, we recover the sign change and divergence
of Hall resistance across a Mott transition.

An alternative method to obtain the Hall resistance at high
frequency has been proposed in Ref. [14]. The Hall resistance
is given by

R∗
H = lim

B→0

L

iB

〈[J‖, J⊥]〉〈
∂2H
∂A2

‖

〉〈
∂2H
∂A2

⊥

〉 , (40)

where J‖ is the total current along the chains, J⊥ is the total
current along the rungs, A‖ is the projection of the vector

potential along the chain direction, and A⊥ is its projection
along the rungs. Using the full Hamiltonian, we have

J‖ =
N∑

j=1

euK

(
� j − eAj

π

)
− 2eγ (π� j − eAj )∂xφ j, (41)

J⊥ = 2t⊥ea

πa0

N−1∑
j=1

sin(θ j − θ j+1), (42)

〈
∂2H

∂A2
‖

〉
= −NLe2 uK

π
, (43)

and 〈
∂2H

∂A2
⊥

〉
= −L

2t⊥e2a2

πa0

N−1∑
j=1

〈cos(θ j − θ j+1)〉. (44)

The expectation value of the commutator is

〈[J‖, J⊥]〉 = 4it⊥e3a2

a0
Bγ L

N−1∑
j=1

〈cos(θ j − θ j+1)〉, (45)

so we obtain

R∗
H = − 1

Ne

∂[ln(uK )]

∂ρ0
. (46)

The expression of the high-frequency Hall resistivity matches
the one we derived for low frequency using a pertur-
bation theory at first order in the band curvature. This
hints that the Hall resistivity of the bosonic ladder system has
a weak dependence of current frequency.

IV. EFFECT OF TEMPERATURE ON HALL IMBALANCE

A. Two-leg lader

In Ref. [67], we derived a general expression of the Hall
imbalance in the two-chain case, but we considered only
the zero-temperature case. Temperature is expected to blur
the sharp features of the Meissner-vortex transition of the
ladder [43]. It is thus necessary to ascertain that a nonzero
temperature still yields a nonzero Hall imbalance when both
longitudinal current and artificial gauge field are present. We
will assume nonzero Kohn stiffness in the isolated chains
when the temperature is strictly positive. This can be realized
when the chains are described by an integrable model such as
the Lieb-Liniger model [73,74]. The expression [67]

〈PH 〉
〈 jc〉 = γ

√
2

eucKc

∫ β

0
dτ

∫
dx1

∫
dx2〈Tτ [(π�a − aAa)∂x1φa]

× (x1, τ )∂x2φa(x2, τ )〉 (47)

can be evaluated for β < +∞ at the Luther-Emery point [75],
Ka = 1/2. For that, we first use the rescaling θa = √

2θ , �a =√
2�, and φa = φ/

√
2, and rewrite

Ha =
∫

dx

2π
ua

[(
π� − eBa

2

)2

+ (∂xφ)2

]

− t⊥
πa0

∫
dx cos 2θ. (48)
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We then introduce the fermion fields

ψR(x) = ei(θ−φ)(x)

√
2πa0

, (49)

ψL(x) = ei(θ+φ)(x)

√
2πa0

, (50)

and rewrite

Ha =
∫

dx�†

[
−iuaσ3∂x − t⊥σ1 − ua

eBa

2
1

]
�, (51)

where

� =
(

ψR

ψ
†
L

)
, (52)

and σ1,2,3 are Pauli matrices [76]. When B = 0, Ha is the
Hamiltonian of noninteracting Dirac fermions of mass t⊥. The
applied flux B plays the role of a chemical potential. Then,∫

dx
√

2∂xφa = −π

∫
dx�†σ3�, (53)∫

dx[π�a − eAa]∂xφa = π

∫
dx�†

(
i∂x1 + eBa

2
σ3

)
�,

(54)

so that

〈PH 〉
〈 jc〉 = − π2γ

eucKc

∫ β

0
dτ

∫
dx1

∫
dx2

×
〈
Tτ�

†(x1, τ )

(
i∂x11 + eBa

2
σ3

)

× �(x1, τ )�†(x2, 0)σ3�(x2, 0)

〉
. (55)

The Hall imbalance can be evaluated using Green’s function
techniques [77]. Going to Fourier space,

ψν (x) = 1√
L

∑
k

ck,νeikx, (56)

we define the Nambu correlator

G(k, τ ) = −
(

〈Tτ ckR(τ )c†
kR(0)〉 〈Tτ ckR(τ )c−kL(0)〉

〈Tτ c†
−kL (τ )c†

kR(0)〉 〈Tτ c†
−kL(τ )c−kL(0)〉

)

(57)

and its Fourier transform

G(k, τ ) = 1

β

∑
iνn

G(k, iνn)e−iνnτ , (58)

with νn = π (2n + 1)/β. We have

〈PH 〉
L〈 jc〉 = − π2γ

eucKc

1

β

∑
iνn

∫
dk

2π
Tr

[(
eBa

2
σ3 − k1

)
G(k, iνn)

× σ3G(k, iνn)

]
. (59)

We split 〈PH 〉 = 〈P(1)
H 〉 + 〈P(2)

H 〉, where

〈
P(1)

H

〉
L〈 jc〉 = π2γ

eucKc

1

β

∑
iνn

∫
dk

2π
kTr[G(k, iνn)σ3G(k, iνn)],

(60)〈
P(2)

H

〉
L〈 jc〉 = −π2γ Ba

2ucKc

1

β

∑
iνn

∫
dk

2π
Tr[σ3G(k, iνn)σ3G(k, iνn)],

(61)

so that the Hall imbalance is given by the sum of two bubble
diagrams. To evaluate these expressions, we use

G(k, iνn) = 1

2

∑
r=±

(
1 + r

uakσ3 − t⊥σ1

ε(k)

)
1

iνn + h − rε(k)
,

(62)

where h = uaeBa/2 and ε(k) =
√

(uak)2 + t2
⊥. Taking the

trace and doing the Matsubara sums leaves us with

〈
P(2)

H

〉
L〈 jc〉 = − πγ Ba

4ucKcu2
a

∫ +∞

−∞
dk

d

dk

(
[nF (ε(k) − h)

− nF (−ε(k) − h)]
dε

dk

)

= πγ Ba

2ucKcua
, (63)

independent of temperature, whereas

〈
P(1)

H

〉
L〈 jc〉 = − πγ

2eucuaKc

∫ +∞

−∞
dkk

d

dk
[nF (ε(k) − h)

− nF (−ε(k) − h)]

= − πγ

2eucuaKc

∫ +∞

−∞
dk[nF (ε(k) − h)

− nF (−ε(k) − h)], (64)

contains the whole temperature dependence of 〈PH 〉. The re-
sulting Hall imbalance is

〈PH 〉
L〈 jc〉 = πγ

2eucuaKc

{
eBa −

∫ +∞

−∞
nF (ε(k) − h)dk

−
∫ +∞

−∞
nF (−ε(k) − h)dk

}
. (65)

The resulting temperature dependence is represented in Fig. 1.
In the Meissner phase, |h| < t⊥, and 〈P(1)

H 〉 = O(e−β(t⊥−|h|) )
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FIG. 1. Temperature dependence of the Hall imbalance in the
Meissner phase (red), in the vortex phase (blue), and at the
commensurate-incommensurate transition (green). In the Meissner
phase, a near plateau is seen for T < 0.1t⊥. In contrast, in the vortex
phase, and at the transition, the Hall imbalance drops rapidly as
temperature increases when T < 0.1t⊥. In all the phases, for T � t⊥,
the Hall imbalance decays as 1/T 2.

at low temperature, giving a near plateau, whereas in the
vortex phase, the correction is O(T 2) giving a faster drop of
the Hall imbalance. In both cases, the low-temperature Hall
imbalance goes asymptotically to the ground-state value. At
high temperature, kBT � t⊥, an asymptotic expansion (see
Appendix B) of Eq. (65) yields

〈PH 〉
L〈 jc〉 = Baπγ

2ucuaKcT 2

[
7ζ (3)

4π2
t2
⊥ + 1

3

(
uaeBa

2

)2
]

+ o(T −2),

(66)

leading to a vanishing Hall imbalance when T → +∞. Let us
remark that bosonization applies well when t⊥ � h̄u/a, where
u is the sound velocity and a is the lattice spacing. Thus, in
this regime, the temperature behavior shown in Fig. 1 should
be visible.

We can also calculate the Hall voltage, obtained by adding
a potential difference VH between the two chains VH such that
〈Ph〉 = 0. Its expression at finite temperature is

VH = γ 〈 jρ〉
2euρKρ

[
Ba − 1

2

∫ +∞

−∞
dk[nF (ε(k) − h)

− nF (−ε(k) − h)]

]
; (67)

thus, we find again a suppression 1/T 2 as a function of the
temperature.

Away from the Luther-Emery point, the quantum sine-
Gordon model remains integrable [78]. Its spectrum consists
of solitons, antisolitons, and their bound states [78]. An exact
calculation of the Hall imbalance at finite temperature requires
both the correlator of the momentum of the sine-Gordon
model with the gradient of the dual field and the autocorre-
lator of the dual field gradient in the presence of chemical
potentials for solitons and antisolitons. In principle, such a
calculation could be attempted using the form factor expan-
sion [79] generalized to finite temperature [80], but would be
very challenging technically. Nevertheless, the Luther-Emery
limit allows us already to gain a qualitative insight. In the
ground state, with the soliton/antisoliton chemical potential
below the gap, the autocorrelator of the dual field gradient
is finite, but the momentum-dual field gradient correlator is
zero. At finite temperature, the latter correlator can become
finite, but because of the gap it will be suppressed by the
Boltzmann factor. So, even away from the Luther-Emery
point, changes to the zero-temperature Hall resistance will be
exponentially suppressed at low temperatures. At high tem-
perature, much larger than the ground-state gap, a perturbative
expansion can be applied to Eq. (47). At order zero, the corre-
lator 〈Tτ�a∂xφa(x, τ )φa(0, 0)〉 vanishes due to the symmetry
φa → −φa and θa → −θa. At low field, it is enough to expand
to first order in Aa in Eq. (47). This yields

〈PH 〉
L〈 jc〉 = γ

√
2

eucKc

[
uaKaeAa

∫ β

0
dτ1

∫
dx1

∫ β

0
dτ2

∫
dx2〈Tτπ [�a∂xφa](x1, τ1)�a(x2, τ2)∂xφa(0, 0)〉

− eAa

∫ β

0

∫
dx〈Tτ ∂xφa(x, τ )∂xφa(0, 0)〉

]
+ O(Aa)2. (68)

For t⊥ = 0, the chains are decoupled, and the above expres-
sion must vanish. To find a nontrivial result, we need to
expand in powers of t⊥. The first-order term is zero, and the
lowest-order result for the Hall imbalance is then

〈PH 〉
L〈 jc〉 = γ

√
2uaKaeAa

eucKc

(
2t⊥
a0

)2 4∏
j=1

∫ β

0
dτ j

∫
dx j

× 〈Tτ [π�a∂xφa](x1, τ1)�a(x2, τ2) cos
√

2θa(x3, τ3)

× cos
√

2θa(x4, τ4)∂xφa(0, 0)〉. (69)

The above integral can now be estimated by a scaling ar-
gument. Each τ integration contributes a factor β, and each
x integration contributes a factor uβ. Meanwhile, since �a

and ∂xφa have scaling dimension 1 and cos
√

2θa has scal-
ing dimension 1/(2Ka), the integrand contributes a factor
(uβ/a)−4−1/Ka . This leads to the estimate

〈PH 〉
LB〈 jc〉 ∼ T 1/Ka−4. (70)

For Ka = 1/2, the result at the Luther-Emery point is recov-
ered. Away from that point, we expect the Hall imbalance to
vanish at high temperature for Ka > 1/4.

B. Three-leg ladder

With more than two chains, finding a Luther-Emery point
becomes increasingly difficult. However, with three chains,
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this is still straightforward if we allow the Tomonaga-
Luttinger exponent of φa and φb to differ and take the
values Ka = 1/4 and Kb = 3/4, while the velocities ua =
ub. Then, we can rescale the fields using (θ̄a = θa/2; φ̄a =
2φa) and (θ̄b =

√
3
4θb; φ̄b =

√
4
3φb) yielding in Eq. (6) a term

2t⊥ cos
√

2θ̄a cos
√

2θ̄b. Thus, we obtain [81] the equivalent of
a Hamiltonian describing fermions with spin in a commen-
surate potential. At this Luther-Emery point, we can repeat
the treatment above, leading to the same conclusion as in
the two-chain case, namely, a Hall polarization 〈PH 〉(T ) �
〈PH 〉(T = 0) + O(e−�/T ) in the Meissner phase and in the
limit of small temperature, and 〈PH 〉 � 〈PH 〉(T = 0) + O(T 2)
in the vortex phase, while 〈PH 〉 ∼ T −2 at high temperature.
It seems reasonable that a similar behavior is obtained with
N > 3 coupled chains.

V. CONCLUSION

We have analyzed an N-leg bosonic ladder in the ground
state and in the presence of flux, and found that at low flux, in
the Meissner phase, the Hall resistance was proportional to the
derivative of the logarithm of the Kohn stiffness with respect
to the particle density, generalizing the result obtained in the
two-leg case [67]. In the vortex phase, the Hall voltage stops
being proportional to the applied flux, so it can be used as a
marker of the transition. We have also considered the finite-
temperature case for the two-leg ladder in the exactly solvable
Luther-Emery limit, and we found that the deviations from
the zero-temperature results were suppressed exponentially
in the Meissner phase, while they were only suppressed as
power laws on the vortex phase. A similar result holds also
for the three-leg ladder with appropriate transformation. This
shows that the result of Ref. [67] is robust, with respect to both
temperature and number of chains. Those predictions can be
compared with numerical simulations [82] and experiments
on ultracold atoms [83]. Finally, it is worthwhile considering
also the generalization of the results for two-leg fermionic lad-
der in Ref. [67] to the case of many legs. An interesting issue
is the limit of the number of coupled chains going to infinity,
realizing an anisotropic two-dimensional array. If our formula
remained applicable in that limit, it would predict a divergent
Hall resistance changing sign across the Mott transition in
the two-dimensional case. In Ref. [67], we had predicted that
the Hall resistance of a two-leg fermionic ladder would also
behave as a derivative of the logarithm of the Kohn stiffness
with respect to the particle density. Obviously, it would be
interesting to see whether, as in the bosonic case, this result is
also valid with any number of coupled chains. Another open
question is the role of interchain interactions. When those
interactions dominate, they impose at zero flux a density wave
ordering that competes with the Meissner phase [84]. Such
transition could have a signature in the behavior of the Hall
resistance. So far, we have only discussed cases where the
charge mode could be treated as a perfect Tomonaga-Luttinger
liquid, with a nonzero charge stiffness even at nonzero temper-
atures. However, in nonintegrable models, the charge stiffness
vanishes as soon as the temperature is nonzero [85], and the
Drude peak in the conductivity is replaced by a Lorentzian.
It would be worthwhile to investigate whether a relation be-
tween the weight of the Lorentzian and the Hall resistance

can be established. Models containing coupling to a bath
[86–88] in the action or obeying a Lindbladian dynamics [89]
could help clarifying that issue. Finally, let us stress that our
results provide a bosonic multileg ladder perspective on Hall
responses, establishing a bridge to the recent experimental
observations [90,91].
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APPENDIX A: HAHN POLYNOMIAL BASIS
FOR TWO OR THREE CHAINS

Using the Rodrigues formula, Eq. (18.20.1) in Ref. [72],
we have

Qn(X ; 0, 0, N ) = (−1)n(N − n)!

N!n!
∇n

X

×
[

n−1∏
l=0

(X + l + 1)(X + l − N )

]
, (A1)

where ∇X F (X ) = F (X ) − F (X − 1) is the backward dif-
ference operator. With two chains, we need the Hahn
polynomials Q0(n, 0, 0, 1) and Q1(n, 0, 0, 1), with n = 0, 1.
Using Eq. (A1), Q0(X, 0, 0, 1) = 1 and Q1(X, 0, 0, 1) = 1 −
2X . After normalization,

(
q0(1) q1(1)
q0(2) q1(2)

)
=
( 1√

2
1√
2

1√
2

− 1√
2

)
, (A2)

and the symmetric/antisymmetric basis used in Ref. [67]
is recovered with ϕ0 = φc and ϕ1 = φa. With three chains,
the required polynomials are Q0,1,2(n, 0, 0, 2), with n = 0,

1, 2. Applying Eq. (A1), we find Q0(X, 0, 0, 2) = 1,
Q1(X, 0, 0, 2) = 1 − X , and Q2(X, 0, 0, 2) = 1 − 6X + 3X 2.
After calculating their values in X = 0, 1, 2 and normalizing,
we have

⎛
⎜⎝q0(1) q1(1) q2(1)

q0(2) q1(2) q2(2)
q0(3) q1(3) q2(3)

⎞
⎟⎠ =

⎛
⎜⎜⎝

1√
3

1√
2

1√
6

1√
3

0 − 2√
6

1√
3

− 1√
2

1√
6

⎞
⎟⎟⎠, (A3)

and we recover the basis used in Sec. II, Eq. (3), with ϕ0 = φc,
ϕ1 = φa, and ϕ2 = φb.
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APPENDIX B: HIGH-TEMPERATURE ASYMPTOTIC EXPANSION OF THE HALL IMBALANCE

To derive the asymptotic expansion of the Hall imbalance, we start by rewriting

I (T ) = Ba

2
− 1

2e

∫ +∞

−∞
dk[nF (ε(k) − h) − nF (−ε(k) − h)]

= Ba

2

[
1 − 2 sinh

(
βuaeBa

2

)
βuaeBa

∫ +∞

0

dy

cosh
√

y2 + (βt⊥)2 + cosh
(

βuaeBa
2

)
]
. (B1)

In the limit β → 0, the expression becomes

I (T ) = Ba

2

(
1 −
∫ +∞

0

dy

1 + cosh y

)
= 0. (B2)

This allows us to rewrite

I (T ) = Ba

2

∫ +∞

0

dy

(1 + cosh y)[cosh
√

y2 + (βt⊥)2 + cosh(βuaeBa/2)]

×
[

cosh
√

y2 + (βt⊥)2 + cosh

(
βuaeBa

2

)
− 2 sinh

(
βuaeBa

2

)
βuaeBa

× (1 + cosh y)

]
. (B3)

Using a Taylor expansion of cosh
√

y2 + (βt⊥)2 in powers of β, we obtain the approximation

I (T ) = Ba

2

∫ +∞

0

dy

(1 + cosh y)2

[(
2

3
+ 1

6
cosh y

)(
βuaeBa

2

)2

+ (βt⊥)

2

sinh y

y

]
+ O(β4)

= Ba

2

[
1

3

(
βuaeBa

2

)2

+ 7ζ (3)

4π2
(βt⊥)2

]
+ O(β4). (B4)
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