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Confinement and finite-range effects in a quasi-two-dimensional gas of fermionic dimers
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We investigate the ground-state properties of ultracold two-component Fermi gases in the presence of a
transverse harmonic potential, focusing on the strongly interacting regime in which pairs of fermions form
tightly bound molecules. Using the fixed-node diffusion Monte Carlo method, we calculate the equation of
state and density profiles for the full fermionic system, which allows us to address the importance of finite-range
corrections arising from the internal fermionic structure of the dimers. We interpret the results in terms of a
molecular Bose gas in quasi-two-dimensional confinement and compare them with theoretical predictions for a
weakly interacting two-dimensional Bose gas, identifying the range of validity of mean-field and beyond-mean-
field descriptions. We also develop an analytical theory for the transverse density profile, capturing its broadening
with increasing interaction strength. This work provides a benchmark for an effective bosonic description of
strongly bound fermionic dimers and offers insights into confinement-induced dimensional effects.
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In recent years, ultracold atoms have emerged as one of
the most advanced experimental platforms for the precise
exploration of quantum phenomena. In particular, experi-
ments using magnetically controlled Feshbach resonances
have allowed the efficient creation of dimers from strongly
interacting atoms [1,2]. Deeply bound dimers can be treated
as composite bosons, a feature that is particularly interesting
when the constituent atoms are fermions [3] due to the change
in quantum statistics and enhanced stability [4–7]. This has
led to experimental observation of molecular Bose-Einstein
condensation (BEC) [8–11] and superfluidity [12], as well as
formulation of theories describing the crossover in strongly in-
teracting Fermi gases from Bardeen-Cooper-Schrieffer (BCS)
pairing to Bose-Einstein condensation [13–18] regimes. In
these systems, collisional decay of molecules is strongly sup-
pressed due to the Pauli exclusion principle [3]. Instead, when
bosonic molecules are created in an atomic Bose gas [19],
this suppression is not present and molecules tend to have
much shorter lifetimes [20]. Such collisional stability has
recently been exploited to realize a stable repulsive Bose po-
laron in the strongly interacting regime [21], hardly accessible
in atomic Bose gases. Therefore, composite bosons made of
paired fermions provide a robust platform for exploring the
physics of strongly correlated bosonic systems. At the same
time, residual effects arising from the composite nature of
the molecular bosons might still play a role. In this context,
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quantum Monte Carlo methods are highly valuable for assess-
ing the limits of applicability of mean-field (MF) theoretical
descriptions. In fact, previous studies have examined in detail
the molecular regime of ultracold fermions in both two [22]
and three [23] dimensions (2D and 3D). However, despite ex-
tensive studies of molecular Bose gases and their dimensional
properties, the combined effects of the composite nature of
fermionic dimers and the crossover from two to three dimen-
sions remain largely unexplored.

In this Letter, we investigate a confined quasi-two-
dimensional geometry, where effects arising from the un-
derlying fermionic structure of the dimers and finite-range
corrections become important. We use quantum Monte Carlo
methods to calculate the ground-state energy and verify under
which conditions and approximations it is possible to recover
the equation of state of a two-dimensional Bose gas. In order
to describe how the transition from 2D to quasi-2D occurs,
we calculate the density profile in the transverse direction. We
show that occupation of the excited states of the harmonic
confinement results in a density profile that approximately
remains of a Gaussian shape but with a larger width. To
this end, we develop an analytical description of this effect
by minimizing the Gross-Pitaevskii (GP) energy functional
and provide explicit expressions for the width and energy.
We consider a two-component nonpolarized gas consisting
of N↑ = N↓ = NF /2 fermions of mass mF , interacting via
an attractive potential V (r), in a transverse harmonic trap of
frequency ω, described by the following model Hamiltonian:
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FIG. 1. Sketch of the system. Fermionic spin-up and spin-down
atoms, represented as spheres with an arrow, are confined to a two-
dimensional (x, y) plane indicated by the blue rectangle. The finite
width of the blue rectangle illustrates the harmonic confinement
along the z direction. Pairs of spin-up and spin-down fermions form
tightly bound dimers, which can be approximately treated as com-
posite bosons when dimer size aF is small compared to the mean
interparticle distance, n−1/2

F .

The gas, with density nF , is confined by a harmonic
potential along the z direction, and periodic boundary con-
ditions are imposed in the (x, y) plane on a square box
of area L2 = NF /nF (see the system sketch in Fig. 1). We
model interspecies interactions using an attractive square-
well potential, V (r) = −V0, for r < R0, and zero otherwise.
The potential range R0 is chosen to be small compared
to the mean interparticle distance in the plane, nF R2

0 =
10−3. The s-wave fermionic scattering length aF is obtained
by adjusting the depth of the square well V0, accord-
ing to aF = R0 − tan(K0R0)/K0, where K0 = √

mFV0/h̄ is
the characteristic momentum associated with the poten-
tial. For K0R0 > π/2, the scattering length is positive,
aF > 0, and a molecular state appears with its bind-
ing energy ε

(0)
b determined by the transcendental equa-

tion
√

|ε(0)
b |mF /h̄ R0 tan(KR0)/(KR0) = 1, with momentum

K =
√

K2
0 − |ε(0)

b |mF /h̄2. However, due to the presence of the
transverse harmonic confinement, the two-body binding en-
ergy is modified. For deeply bound molecules, ε

(0)
b � h̄ω, the

trap acts as a perturbation that shifts the bound-state energy by
δE (ω) = 〈ψ (0)

b | 1
2μω2z2|ψ (0)

b 〉/〈ψ (0)
b |ψ (0)

b 〉, where μ = mF /2
is the reduced fermionic mass. The unperturbed bound-state
solution ψ

(0)
b of the two-body Schrödinger equation with the

square-well potential V (r) is given by

ψ
(0)
b (r) =

{
A sin(Kr)

r , if r < R0,

e−χr

r , otherwise,
(1)

where the constant A = e−χR0

sin(KR0 ) is obtained by imposing the

continuity of the wave function at r = R0 and χ =
√

mF |ε(0)
b |

h̄ .
Thus, the binding energy in a confined geometry is given by
εb(ω) ≈ ε

(0)
b + δE (ω).

We carried out simulations using the fixed-node diffu-
sion Monte Carlo (FN-DMC) method [24,25]. This technique
yields the lowest energy compatible with the nodal surface of
the many-body wave function. If the nodal surface ansatz is
exact, the fixed-node energy would also be exact, otherwise
the FN method provides an upper bound to the ground-state
energy [26]. We chose the guiding wave function as a product
of one-body terms and a determinant of pairs,

�0(r1, . . . , rN ) =
N∏

i=1

f1(ri ) × A
[
ψ

(0)
b (|ri − r j |)

]
, (2)

where A denotes antisymmetrization, which ensures the
Fermi-Dirac statistics under particle exchange. The one-body
term, f1(ri ) = exp (−αz2/l2

F ), accounts for the external har-
monic confinement along the z direction, and the variational
parameter α is optimized by minimizing the energy. For weak
interactions, α → 1/2, corresponding to the single-particle
ground state of a harmonic oscillator. We determined residual
size effects by carrying out simulations with an increasing
number of particles N = 14, 38, and 66. We have verified
that the finite-size correction to the energy for the considered
particle numbers is below the reported statistical error.

Deep into the BEC regime, tightly bound dimers behave as
composite bosons with mass mB = 2mF , density nB = nF /2,
and particle number NB = NF /2. If the dimer size is small
compared to the oscillator length lF , the interactions between
dimers remain governed by three-dimensional scattering. This
allows one to relate the scattering length aB of bosonic dimers
to the scattering length aF and the effective range rF of
the fermionic atoms [for definitions of the scattering length
and effective range, see, for example, Eq. (8.76) in 3D and
Eq. (8.82) in 2D in Ref. [27]]. Explicit relations between the
atomic parameters (aF and rF ), the dimer parameters (aB and
rB), and the interaction potential details (interaction range R0

and the momentum K0 associated with the potential depth) are
given in Refs. [28–31]:

rF = R0 − R3
0

3a2
F

− 1

K2
0 aF

, (3a)

aB

aF
= 0.5986(5) + 0.105

rF

aF
, (3b)

rB

aF
= 0.133 + 0.51

rF

aF
. (3c)

It can be anticipated that the composite nature of the molec-
ular bosons manifests in finite-range corrections. In the
situation in which the transverse motion is frozen in the
ground state, the system can be effectively described as being
two dimensional. The relation between the 3D and 2D bosonic
scattering lengths, including 3D finite-range corrections, is
given by

a2D = lB 2e−γ

√
π

Ã
e−

√
π
2

lB
aB , (4)

where the effective range enters through the modified
prefactor Ã = A exp(

√
π/2 rB/lB), with A = 0.905 . . . corre-

sponding to the zero effective range limit.
The system in the BEC limit possesses a double separation

of scales, εb � h̄ω � E2D/N , between the binding energy,
harmonic-oscillator-level spacing, and the energy of the 2D
motion. This allows one to develop an analytical perturbative
description of the system, but also demands extremely precise
numerical calculations.

In Fig. 2, we show FN-DMC results for the ground-state
energy. The total energy is large and negative, reflecting the
formation of dimers [see Fig. 2(a)]. In the BEC regime, by
subtracting the dimer energy, one gets a positive contribution
that approaches the ground-state energy of a single particle
in a harmonic oscillator, h̄ω/2 [see Fig. 2(b)]. Notice that
for a precise comparison, it is important to consider the en-
ergy of dimers not in free space, but rather in the presence
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FIG. 2. Ground-state energy in units of harmonic-oscillator-level spacing. (a) Energy per dimer obtained from FN-DMC calculation (blue
circles), compared to the binding energy of two atoms interacting via square-well (red solid line) or contact (green dashed line) potentials as a
function of the ratio between the 3D fermionic scattering length aF and oscillator length lF . (b) Energy after subtraction of the two-body binding
energy in free space εb(0) (red crosses) or in trapped geometry εb(ω) (blue circles). Ground-state energy of the harmonic oscillator h̄ω/2 is
shown with a green dashed line. (c) Energy of 2D motion as a function of the dimensionless 2D bosonic gas parameter nBa2

2D, compared with
the mean-field [Eq. (5)] and beyond-mean-field (BMF) [Eq. (6)] theoretical predictions for the 2D Bose gas energy. The FN-DMC calculations
are done using NF = 66 fermions.

of transverse harmonic confinement [circles versus pluses
in Fig. 2(b)].

Subtraction of h̄ω/2 finally allows us to obtain the energy
associated with 2D motion, which can be conveniently pre-
sented as a function of the 2D gas parameter. In the dilute
regime, we find good agreement with the mean-field energy
[19,32],

EMF

NB
= 2π h̄2nB/mB

| ln nBa2
2D| , (5)

which exhibits a weak (logarithmic) dependence on the scat-
tering length. At the same time, the 2D scattering length has
an exponential dependence on the 3D fermionic scattering
length (4) [compare horizontal axes in Figs. 2(b) and 2(c),
which show the same data points]. For large values of the gas
parameter, we observe beyond-mean-field corrections

EBMF

NB
= 2π h̄2nB/mB∣∣ ln nBa2

2D

∣∣ + ln
∣∣ ln nBa2

2D

∣∣ + CE
1 + ln | ln nBa2

2D|+CE
2

| ln nBa2
2D|

,

(6)

with coefficients CE
1 = − ln π − 2γ − 1/2 = −2.80 and

CE
2 = − ln π − 2γ + 2.0(1) + 1/4 = −0.05(10) [32].

To examine the importance of the corrections arising from
finite fermionic and bosonic effective ranges, it is convenient
to normalize the energy of 2D motion by the mean-field
value, thereby magnifying the difference. The resulting com-
parison is presented in Fig. 3. We find that in the dilute
regime (nBa2

2D � 10−6), it is important to take into account
the fermionic range as it provides a substantial correction
that reduces the energy and makes it approach the BMF
equation of state. However, as the gas parameter increases
(nBa2

2D � 10−6), the bosonic range correction becomes rele-
vant and must be included.

Another key phenomenon determining the system prop-
erties is the modification of the transverse structure induced
by tight confinement. To quantify this effect, we calculate the

density profile n(z) along the transverse direction. We extract
the effective width σ by fitting Monte Carlo data and report it
in Fig. 4(a). Deeply in the 2D regime, only the lowest state of
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FIG. 3. Energy of the 2D motion per boson, E2D/N , after sub-
tracting both the two-body binding energy, εb(ω), and the harmonic-
oscillator ground-state energy, expressed in units of the mean-field
energy (5), EMF. Symbols show DMC results obtained using different
approximations for extracting a2D from Eq. (3). Red circles:both
bosonic and fermionic ranges set to zero; blue stars:finite bosonic
range and zero fermionic range; green squares:finite fermionic range
and zero bosonic range; and pink diamonds:both ranges are finite.
Analytic curves show different theoretical descriptions. For a strictly
2D Bose gas, the mean-field [Eq. (5), dashed black line] and beyond-
mean-field (BMF) [Eq. (6), solid black line] contributions are shown
for reference. Quasi-2D corrections are included on top of the BMF
theory by subtracting the negative contribution obtained either from
variational Gross-Pitaevskii (VGP) theory [Eq. (A6), dash-dotted
line] or from adiabatic perturbation theory [Eq. (B2), dash-dot-dotted
line].
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FIG. 4. Transverse density profile and transverse broadening. (a)
Width σ of the Gaussian density profile, in units of the fermionic
oscillator length lF, as a function of the 3D fermionic scattering
length aF in units of lF. The black dotted line corresponds to the case
of constant σ = lB, the solid black line shows the numerical solution
obtained from the minimization of the Gross-Pitaevskii functional,
the dotted green line is the analytical solution in Eq. (7), and the
dashed red line is the solution obtained from adiabatic perturbation
theory [33], which coincides with VGP to lowest order, as shown
in Appendix C. Blue circles represent σ values extracted from a
Gaussian fit to the DMC density profile along the z direction. The
insets display the DMC density profiles along z at aF /lF = 0.09
[panel (b)] and aF /lF = 0.53 [panel (c)], compared with the VGP
profiles and with the harmonic-oscillator ground-state density.

the transverse harmonic oscillator is occupied, resulting in a
Gaussian shape, n(z) ∝ exp(−z2/l ), with its width fixed by
the oscillator length l = √

h̄/mω [see Fig. 4(b)]. Since the
dimer mass is twice the atomic one, the density profile is
narrower in the BEC limit than in the unitary regime, where
the width is l = lB = lF /

√
2. With increasing interactions

between dimers, the 2D motion energy eventually becomes
comparable to the harmonic-oscillator-level spacing h̄ω, and
atoms start to populate higher states of the harmonic oscillator.
A typical example of the density profile in that regime is
shown in Fig. 4(c). We find that for a weak population of
transverse states, the density profile is still well approximated
by a Gaussian, but with a wider width σ > lB. In addition, we
develop and test several analytical approaches based on the
Gross-Pitaevskii energy functional to describe the transition
between the 2D and quasi-two-dimensional regimes. In partic-
ular, we find that the following approaches have comparable
accuracy: (1) minimizing the GP energy functional assuming
a Gaussian ansatz, resulting in

σ = lB +
√

π

2
nB aB l2

B. (7)

This expression is valid for nB aB lB � 1, where the width
remains close to the harmonic-oscillator length lB. The deriva-
tion of Eq. (7) is given in Appendix A. Deviations from the

exact numerical solution remain below 1% for the range of
scattering lengths aF considered in Fig. 4, confirming the
accuracy of the perturbative expansion in this regime. The
broadening of the density profile reflects the onset of three-
dimensional behavior, as the molecular gas begins to explore
higher transverse modes beyond the strictly 2D regime. (2)
Expanding the wave function in harmonic-oscillator modes
as in Ref. [33] and using their approach to calculate the
variance in z direction, 〈z2〉 = σ 2/2. In this case, we derive
the width σ from the perturbative ground-state solution of the
one-dimensional Gross-Pitaevskii equation along the confined
direction, within the framework of adiabatic perturbation the-
ory using the Hellmann-Feynman theorem (for details, see
Appendixes B and C). We find that to leading order it co-
incides with the result from the variational Gaussian ansatz.
This agreement is notable because the variational approach
assumes a Gaussian profile, whereas the perturbative theory
accounts for all harmonic-oscillator levels. From the energetic
point of view, due to the residual repulsive interaction between
the bosons, occupation of additional degrees of freedom low-
ers the system energy (see dash-dot and dash-dot-dot lines
in Fig. 3). For the considered parameters, essentially only
n = 2 state is excited, while occupation of n = 4 and higher
states is negligible (see Appendix D for the calculation of the
projection coefficients).

In conclusion, we perform FN-DMC calculations for the
ground state of a two-component Fermi gas in the BEC regime
under tight harmonic confinement and discuss finite-range
corrections arising from the internal fermionic structure of
the composite bosons. Remarkably, the results show excellent
agreement with mean-field and beyond-mean-field predic-
tions, despite the total energy being about two orders of
magnitude larger than the energy of the two-dimensional
Bose gas, obtained by subtracting the molecular and trap
contributions. In addition, we study how the system exits the
two-dimensional regime and starts to occupy the transverse
direction. We develop an analytical theory for the transverse
density profile using the three-dimensional Gross-Pitaevskii
energy functional and find a close agreement with FN-DMC
results. Future work might include the investigation of the sys-
tem for stronger interactions approaching the unitary limit and
the exploration of the BCS regime. This work may provide in-
sights into bosonic molecular systems composed of fermions,
which are of particular interest due to their enhanced stability
compared to atomic Bose gases.
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Appendix A: Gross-Pitaevskii energy functional. We start
from the 3D Gross-Pitaevskii energy functional for a Bose gas
with contact interactions confined along z,

E =
∫

d3r

[
h̄2|∇ψ (r)|2

2mB
+1

2
mBω2

z z2|ψ (r)|2 + g3D

2
|ψ (r)|4

]
,

(A1)

where g3D = 4π h̄2aB/mB is the coupling constant. The con-
densate wave function is factorized, ψ (r) = √

nB φ(z), where
nB denotes the constant 2D bosonic density in the xy plane,
while for φ(z) we assume a Gaussian shape of width σ ,

φ(z) = 1

(πσ 2)1/4
exp

(
− z2

2σ 2

)
. (A2)

The resulting total energy per number of bosons,

E (σ )

NB
= h̄2

4mB

1

σ 2
+ 1

4
mBω2σ 2 + g3D

2
√

2πσ
nB, (A3)

depends explicitly on the variational width σ of the Gaussian
along z. Minimization of the total energy with respect to σ

gives the following equation:

mBω2
z σ

4 − g3D√
2π

nBσ − h̄2

mB
= 0. (A4)

The only real and positive solution of this equation for σ

determines the optimal width of the Gaussian density profile
along z. For vanishing interaction g3D = 0, the solution to
Eq. (A4) corresponds to the bosonic oscillator length σ0 =√

h̄/(mBωz ) = lB. We now include weak interactions by writ-
ing σ = σ0 + δ, with δ � σ0. Substituting this into Eq. (A4)
and expanding in powers of δ, we obtain an analytical expres-
sion for the variational width that minimizes the total energy,

σ 
 lB +
√

π

2
nB aB l2

B, (A5)

which is valid if the condition δ � σ0 is satisfied, i.e.,
nB aB lB � 1.

Using the perturbative expansion (A5), we explicitly ex-
press the negative energy correction in the GP functional
arising from the occupation of the transverse degrees of free-
dom,

E

NB
= h̄ω

2
+ g2D

2
nB − π

2

h̄2a2
B

mB
n2

B, (A6)

where g2D = 2
√

2π h̄2aB/(mBlB) is the two-dimensional cou-
pling constant.

Appendix B: Adiabatic perturbation theory. In this Ap-
pendix, we compare the estimation of the ground-state energy
of the Bose gas with the results obtained in Ref. [33], where
the first-order correction to the chemical potential of the gas
due to the presence of the harmonic trap has been added on

top of the unperturbed mean-field solution, yielding

μ(nB) = h̄ω

2
+ g2D nB − 16π2h̄2a2

B|c2|
mB

n2
B, (B1)

where c2 = −0.033 is a constant obtained from the summa-
tion over excited states of the harmonic oscillator. The energy
can be obtained by integration of the chemical potential,
ε(N ) = ∫ N

0 μ(n′) dN ′. The resulting energy per particle is

E

NB
= h̄ω

2
+ g2D

2
nB − 16π2

3

h̄2a2
B|c2|

mB
n2

B. (B2)

Appendix C: Hellmann-Feynman theorem and trap energy.
We now consider the application of the Hellmann-Feynman
(HF) theorem to separate the different energy contributions
in the trapped system. Let Ĥ (λ)|ψ (λ)〉 = E (λ)|ψ (λ)〉, where
Ĥ (λ) is a Hermitian operator and |ψ (λ)〉 a nondegenerate
eigenstate of that operator. The HF theorem states

dE

dλ
= 〈ψ (λ)|∂Ĥ

∂λ
|ψ (λ)〉. (C1)

In our case, the Hamiltonian reads Ĥ = T̂ + V̂trap + g3DV̂int,

so that the potential energy contribution due to the harmonic
trap is given by Etrap = 〈V̂trap〉 = mBω2〈ẑ2〉/2. Applying the
HF theorem, one obtains the relation that connects the poten-
tial energy due to the trap to the derivative of the total energy
in Eq. (B2) with respect to the trapping frequency:

Etrap = ω

2

∂E

∂ω
= h̄ω

4
+ nB g3D

√
mBω

8
√

2π h̄
. (C2)

Since 〈ẑ2〉 = σ 2/2, where the bracket is taken between the
Gaussian variational states in Eq. (A2), we have

σ 2 = 2〈z2〉 = 4Etrap

mBω2
= h̄

mBω
+ nB g3D

2
√

2π h̄mB ω3
. (C3)

Writing explicitly g3D and ω = h̄/(mBl2
B), we obtain

σ = lB

√
1 +

√
2π aB nB lB. (C4)

To leading order in the small parameter aBn2D lB � 1, we
recover Eq. (A5) obtained using the VGP approach. This
agreement is nontrivial, because the variational approach as-
sumes a Gaussian profile, whereas the perturbative treatment
includes all harmonic-oscillator levels. Therefore, both meth-
ods yield the same first-order correction to the width σ . In
contrast, the leading correction to the energy is different, as
can be seen by comparing Eq. (A6) with Eq. (B2). The reason
is that the coefficient c2, which accounts for all harmonic-
oscillator levels in adiabatic perturbation theory, enters only
the interaction energy and does not affect the trap contribu-
tion from which σ is determined. As a consequence, the two
approaches give the same perturbative expression for σ , but
different ones for the energy E .

Appendix D: Occupation of excited transverse Harmonic-
Oscillator levels. Of particular interest is how the single-
particle harmonic-oscillator states become populated as the
system ceases to be purely 2D and begins to excite trans-
verse levels of the harmonic oscillator. To quantify the
population of the excited states, we compute the overlap
cn = ∫ ∞

−∞ φ(z) ϕn(z) dz between the broadened wave function
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(A2) and the nth state of the harmonic oscillator, ϕn(z) =
1√

2nn! aho
e−z2/(2a2

ho ) Hn( z
aho

), n = 0, 1, . . . , where Hn(x) are
Hermite polynomials and aho is the oscillator length. The
overlap can be calculated explicitly,

c2
n =

{
n!

2 n−1 ( n
2 !)2

ahoσ (σ 2−a2
ho )n

(σ 2+a2
ho )n+1 , even n,

0, odd n,
(D1)

and satisfies
∑∞

n=0 c2
n = 1. We find that, for weak interac-

tions, essentially only the n = 2 state is occupied (with a

typical occupation of a few percent), while higher states
have small amplitudes over the considered range of pa-
rameters. For example, for the parameters of Fig. 4(c),
Eqs. (7) and (D1) predict c2

2 = 0.0069 for the occupa-
tion of the n = 2 state, which is close to the occupation
obtained from the density profile n(z) according to cn =∫ ∞
−∞

√
n(z) ϕn(z) dz, which results in c2

2 = 0.0073. That
is, Eq. (D1) can be used to estimate the occupations
of the excited states of the transverse harmonic oscilla-
tor.
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