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Singularity of information flow at the Hopf bifurcation point
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We investigate the singular behavior of information flow near the Hopf bifurcation point by analyzing the
learning rate as a specific measure of information flow. We study the Brusselator, a model system exhibiting
the Hopf bifurcation. We first numerically compute the learning rate in the stationary regime and find that it
remains finite even in the deterministic limit, suggesting that the learning rate can be quantified in deterministic
dynamics through probabilistic descriptions. Linear analysis accurately reproduces the numerical results in the
stationary regime but fails near the bifurcation point. To overcome this limitation, we employ the singular
perturbation method, well known in deterministic bifurcation theory, and carry out the corresponding calculation
explicitly for a stochastic system described by a Langevin equation. This allows us to evaluate the learning rate
near the bifurcation point. We then theoretically derive its nonsmooth behavior in the deterministic limit. Our
results demonstrate that changes in dynamical behavior are reflected in the learning rate and provide a basis for
analyzing information processing in biochemical oscillations.
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I. INTRODUCTION

Stochastic thermodynamics [1] has evolved into infor-
mation thermodynamics [2,3] integrating with information
theory [4,5]. The Szilard engine [6] is known as the simplest
model of Maxwell’s demon. This model has been used to
quantify the work required for measurement by the demon.
Moreover, the minimal work needed to erase the information
acquired through measurement is constrained by Landauer’s
principle [7]. More recently, general relations between work
and information have been derived for feedback-controlled
systems, based on the fundamental equivalence between infor-
mation and energy [8,9]. In the past decade, various forms of
the second law incorporating information have been proposed,
leading to active discussions on the fundamental limits of
information processing [10,11].

One way of quantifying the information flows between
two physical systems is the learning rate [12,13], which is
defined by decomposing the time derivative of the mutual
information into contributions from each variable. Because
the mutual information quantifies correlations between
variables, the learning rate represents the contribution of each
variable to those correlations. The learning rate appears in the
second law of information thermodynamics for subsystems
when the system satisfies the multipartite condition [14].
This inequality implies that dissipation in the observed
subsystem can be reduced by the information flow. In
particular, the information flow enables heat flow into the
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subsystem from the environment at steady state or even the
extraction of work from the subsystem. Recently, learning
rates have been used to formulate the effect of information
flow and information-processing efficiency in noisy signal
transduction systems [15–19], as well as in analyzing the
impact of information flow on cooling and work extraction in
heat engines [20]. Thus, the learning rate plays a key role in
quantifying information flow across a wide range of systems,
including biological and experimental setups.

Oscillatory phenomena emerge as a special class of dissi-
pative structures in fluctuating systems [21]. When a system
exhibits oscillatory dynamics, the variables tend to follow
each other in time, suggesting the presence of information
flow between them. Indeed, in intracellular chemical reaction
networks such as gene regulatory systems, the presence of
feedback—a fundamentally information-theoretic concept—
can give rise to oscillations [22]. Oscillations are ubiquitous
in biological systems, such as in circadian rhythms [23,24]
and the cell cycle [25]. Therefore, it is essential to clarify
the relationship between oscillatory behavior and information
flow for understanding biochemical reaction dynamics.

In biological systems, the dynamics of the molecular
numbers in biochemical reactions are described by stochas-
tic processes due to intrinsic fluctuations. When the system
size is small, the time evolution of the molecule numbers
of chemical species is described by the master equation. In
the large system-size regime, the concentration dynamics of
chemical species are described by Langevin equations. In
particular, oscillatory phenomena in intracellular chemical
reaction systems described by such stochastic processes are
referred to as biochemical oscillations. Extensive research has
been conducted on the thermodynamic aspects of biochemical
oscillations based on stochastic descriptions. For example, in
analyses based on the master equation, the transition of the
thermodynamic quantities in systems exhibiting Hopf bifur-
cations [26] and thermodynamic trade-off relations involving
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oscillation accuracy and robustness [27–29] have been stud-
ied. Furthermore, in Langevin systems, the formulation of
stochastic thermodynamics [30], the energetic cost required
for accurate oscillations [31,32], and the estimation of entropy
production [33] have been studied. In this way, the thermody-
namic understanding of biochemical oscillators described by
stochastic processes has been steadily advanced.

In this study, we investigate the relationship between oscil-
latory behavior and information flow. In particular, we focus
on chemical reaction systems exhibiting a Hopf bifurcation
and analyze the singular behavior of the learning rate, which
we use here as a specific measure of information flow, at
the Hopf bifurcation point. A Hopf bifurcation is a dynam-
ical transition from a nonoscillatory state to an oscillatory
one. The Hopf bifurcation in deterministic dynamical sys-
tems is well understood within the framework of dynamical
systems theory [34,35]. For Hopf bifurcations in stochastic
systems, various statistical quantities have been analyzed us-
ing descriptions based on phase and amplitude of oscillations
[36,37], including stochastic averaging [38]. In this paper, we
employ the singular perturbation method to stochastic dynam-
ics, in order to analyze information-theoretic quantities near
the bifurcation point. We demonstrate that the learning rate
computed from numerical simulations is reproduced by the
singular perturbation analysis. This confirms that the method
is effective for analytically evaluating statistical quantities
near the bifurcation point. As our main result, we theoretically
show a nonsmooth change in the learning rate at the Hopf
bifurcation point, which is not easily obtained by numerical
simulations.

This paper is organized as follows. Section II begins with
the Langevin equation for the Brusselator, a chemical reaction
system exhibiting a Hopf bifurcation, and its corresponding
Fokker-Planck equation. We provide an overview of the dy-
namical changes associated with the Hopf bifurcation. We
introduce the learning rate as a measure that quantifies in-
formation flow and describe its role in the second law of
information thermodynamics. We then present numerical sim-
ulations of the learning rate in the steady state. In Sec. III,
we show that the results are accurately reproduced by the
linear analysis in the nonoscillatory regime. However, near the
bifurcation point—including the oscillatory regime—linear
analysis fails, and we demonstrate that the singular pertur-
bation theory provides an accurate analytical description.
Based on the singular perturbation method for the Langevin
equation, we show that the learning rate exhibits a singular
change in the deterministic limit at the Hopf bifurcation point.
Section IV explains the details of the singular perturbation
method applied to the Langevin equation. Finally, Sec. V
provides concluding remarks.

II. SETUP

A. Brusselator

As a representative chemical reaction system exhibiting a
Hopf bifurcation, we introduce the Brusselator. The chemical
reactions of the Brusselator are given by

A → X1, B + X1 → X2,

2X1 + X2 → 3X1, X1 → φ, (1)

where species A and B are supplied from particle reservoirs,
and their concentrations a and b are assumed to be constant
throughout the dynamics. This Brusselator is known as an
autocatalytic reaction system that exhibits chemical oscilla-
tions. For the large system of volume V , the dynamics of the
concentrations �x = (x1, x2) of the chemical species X1 and X2

are described by the following Langevin equation [39]:

ẋi = Fi(�x) +
4∑

j=1

Bi j (�x) · ξ j (t ), (2)

where i = 1, 2. The drift term is given by

�F (�x) =
(

a − bx1 + x2
1x2 − x1

bx1 − x2
1x2

)
, (3)

where all reaction-rate constants are set to unity for simplicity.
The noise term �ξ (t ) represents a Gaussian white noise and sat-
isfies the correlation property 〈ξi(t )ξ j (s)〉 = δi jδ(t − s). The
matrix Bi j (�x) represents the noise intensity and is given by

B(�x) = 1√
V

⎛⎜⎝√
a −√

bx1

√
x2

1x2 −√
x1

0
√

bx1 −
√

x2
1x2 0

⎞⎟⎠. (4)

Because B(�x) depends on the variables, the noise is gener-
ally multiplicative, and the symbol {·} in front of ξ j (t ) in
Eq. (2) represents the Ito product [40]. These dynamics can
be described by the Fokker-Planck equation for the probability
density pt (�x) and current �Jt (�x):

∂

∂t
pt (�x) = −

2∑
i=1

∂

∂xi
Jt,i(�x), (5)

where the probability current �Jt (�x) is given by

Jt,i(�x) = Fi(�x)pt (�x) − 1

2

∑
j

∂

∂x j
Di j (�x)pt (�x). (6)

The diffusion matrix is defined as

Di j (�x) =
4∑

k=1

Bik (�x)Bjk (�x). (7)

We treat a as a fixed parameter and b as a control parameter,
following the usual convention for the Brusselator.

We briefly summarize the dynamical behavior of the Brus-
selator. In the deterministic limit V → ∞, the dynamics of the
Brusselator are described by the rate equation:

ẋi = Fi(�x). (8)

The fixed point �x0 of the deterministic system satisfies
�F (�x0) = �0. For the Brusselator, the fixed point is given by
�x0 = (a, b/a). The Jacobian matrix of �F (�x) evaluated at the
fixed point is defined as

Li j = ∂Fi

∂x j

∣∣∣∣∣
�x=�x0

. (9)

The stability of the fixed point is determined by the eigenval-
ues of the Jacobian evaluated at that point. When b < a2 + 1,
the real part of a complex-conjugate pair of eigenvalues of the
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Jacobian is negative, and the concentrations of each chemical
species converge to the fixed point. When b > a2 + 1, the
fixed point becomes unstable, and the concentrations depart
from the fixed point and converge to a stable limit cycle. The
change in dynamics is known as a Hopf bifurcation. The value
of the control parameter at the bifurcation point is given by
bc ≡ a2 + 1.

B. Learning rate of Fokker-Planck equation

In this study, we use the learning rate as a quantity that rep-
resents information flow. We begin by defining the correlation
between variables using the mutual information as

It =
∫

d�xpt (�x) ln

(
pt (�x)

p1
t (x1)p2

t (x2)

)
, (10)

where pi
t (xi ) represents the marginal distribution of the vari-

able xi. The mutual information has a non-negative value.
It becomes zero when the variables are statistically inde-
pendent: pt (�x) = p1

t (x1)p2
t (x2). Therefore, it characterizes the

correlation between variables. Using the Fokker-Planck equa-
tion [Eq. (5)] and performing integration by parts under
appropriate boundary conditions, we obtain the time deriva-
tive of the mutual information as

dt It = −
∫

d�x �∇T(�νt (�x)pt (�x)) ln

(
pt (�x)

p1
t (x1)p2

t (x2)

)

=
2∑

i=1

〈
νt,i∂xi ln

(
pt

pi
t

)〉
, (11)

where the local mean velocity νt,i is defined as

νt,i ≡ Jt,i

pt (�x)
. (12)

The information flow is defined by decomposing the time
derivative of mutual information into contributions that cor-
respond to each variable:

l i
t ≡

〈
νt,i∂xi ln

(
pt

pi
t

)〉
=
〈
νt,i

∂

∂xi
ln p|i

t

〉
, (13)

where p|i
t denotes the conditional probability defined as p|i

t =
pt (�x)/pi

t (xi ). This quantity is called the learning rate. It rep-
resents the contribution of each variable to the increase or
decrease in correlation. If l i

t > 0, the change in Xi leads to
an increase in its correlation with the rest of the system. This
means that Xi gains the information about other variables.
When the system satisfies the multipartite condition (Di j =
0 for ∀i �= j), the learning rate appears in the second law
of information thermodynamics [13]:

Ṡi
t + Ṡi,heat

t − l i
t � 0, (14)

where Ṡi
t denotes the entropy change in the subsystem and

Ṡi,heat
t denotes the entropy change due to heat flow. When the

system does not satisfy the multipartite condition, the learning
rate appears in a more complicated form of the second law of
information thermodynamics [41]:

Ṡi
t + Ṡi,heat

t − l i
t �

〈
νt,i

Dii

∑
j �=i

Di j
∂

∂x j
ln pt

〉
. (15)

FIG. 1. Learning rates in the steady state. The bifurcation point
is bc = 2 and the system size is V = 103.

In this way, the learning rate serves as a quantitative measure
of the information flow. In the present work, we mainly use
the learning rate as an information-theoretic diagnostic of the
temporal change of correlation and dynamical coupling in the
nonequilibrium oscillator. In this study, we analyze the learn-
ing rate of the system that undergoes the Hopf bifurcation,
where the dynamics change from a nonoscillatory state to an
oscillatory state at the bifurcation point.

C. Numerical simulation

We first perform numerical simulations of the Brusselator
using the Euler-Maruyama method. Based on these simula-
tions, we compute the steady-state learning rates l1

st and l2
st.

The results are shown in Fig. 1.First, because we focus on the
steady state, we see the following relation:

dt I (X1 : X2) = l1
st + l2

st = 0. (16)

In the stationary regime b < bc, the absolute value of the
learning rates increases as the system approaches the bifur-
cation point. Far from the bifurcation point on the oscillatory
side b > bc, the absolute value of the learning rate decreases.
This means that in both the stationary and oscillatory regimes,
the learning rate can take the same value. Therefore, it is im-
possible to determine whether the system is in the stationary
or oscillatory regime based solely on the value of the learning
rate. Moreover, the singular behavior of the learning rate at
the bifurcation point is not clearly observed in the numerical
simulation. In the following, we conduct a theoretical analysis
to determine whether a singularity appears or not.

III. RESULTS

A. Linear analysis in the stationary region

As the first step, we perform a linear analysis in the sta-
tionary regime as a straightforward approach to reproduce the
numerical results of the learning rate. We introduce a new
variable �η as

�η ≡
√

V (�x − 〈�x〉), (17)

where 〈·〉 denotes the expectation with respect to the probabil-
ity distribution pt (�x) and 〈�x〉 represents the mean value of �x.
Let p̂t (�η) denote the probability distribution of �η. Then, from
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FIG. 2. Learning rate in the steady-state regime. bc = 2 and
V = 2 × 103. Blue dots indicate the results of numerical simulations,
and the orange line shows the result of the linear analysis given by
Eq. (22).

Eq. (17), we have

p̂t (�η) = V pt

(
〈�x〉 + 1√

V
�η
)

. (18)

By substituting Eqs. (17) and (18) into Eq. (5) and expanding
in terms of the large system size V , we obtain the Fokker-
Planck equation for p̂t (�η) to the lowest order:

∂t p̂t (�η) = −
2∑

i=1

2∑
j=1

(
K̂t,i jη j − 1

2
D̂t,i j∂η j

)
p̂t (�η), (19)

where the drift matrix

K̂t,i j = ∂Fi

∂x j

∣∣∣∣∣
�x=〈�x〉

(20)

and the diffusion matrix

D̂t,i j = Dt,i j (〈�x〉) (21)

are independent of the variable �η. The resulting equation is
called a linear Fokker-Planck equation, and when the initial
distribution is Gaussian, the probability distribution remains
Gaussian at all times. Consequently, statistical quantities can
be expressed analytically. In the case of the Brusselator, the
learning rate l̂1

st for η1 in the steady state is given by

l̂1
st = −4a2b

(b + bc)2 − 4a2b
(22)

(see Appendix A). Moreover, due to the property of the learn-
ing rate, it is not affected by parallel translations or constant
rescalings of variables. Therefore, the learning rate for the
original variable x1 coincides with that for the variable η1.
We compare the learning rate given in Eq. (22) with the nu-
merical simulation results in Fig. 2. In the stationary regime,
the learning rate calculated by the linear analysis accurately
reproduces the results obtained by numerical simulations. Be-
cause the linear analysis around the fixed point is valid only in
the stationary regime, the corresponding curve is shown only
up to the bifurcation point. As b approaches the bifurcation
point, a deviation begins to emerge between the learning rate
obtained by the linear analysis and that from the numerical
simulations. In the vicinity of the bifurcation point, the system
exhibits qualitatively different behavior that is not captured

by the linear analysis. Therefore, we extend the deterministic
bifurcation analysis to the stochastic dynamics described by
the Langevin equation and analytically investigate the learn-
ing rate near the bifurcation point.

An important property of the learning rate should also be
noted. The linear analysis is valid in the stationary regime
when the system size is large. The learning rate obtained
in this regime remains nonzero even in the limit V → ∞.
In other words, while information flows cannot be directly
defined in deterministic systems, redefining the system as a
stochastic process enables the definition of the learning rate.
A nonzero value of the learning rate in the deterministic
limit indicates that correlations among fluctuations around the
stable fixed point continue to be created and destroyed at a
finite rate, even as the amplitude of the fluctuations vanishes.
This provides a clue for analyzing the dynamics from the
perspective of information flow.

B. Singular perturbation method for Langevin equation

Near the bifurcation point of a deterministic equation ex-
hibiting the Hopf bifurcation, the bifurcation analysis method
has been established [35]. In this theoretical method, a small
parameter is introduced with respect to the bifurcation pa-
rameter, and by applying the singular perturbation, one can
simultaneously derive the time-evolution equation in which
the limit cycle becomes circular. This equation is called the
normal form near the Hopf bifurcation. One also obtains the
coordinate transformation from the normal form coordinate to
the original coordinates.

We introduce a bifurcation parameter μ to quantify the
distance from the critical value of the control parameter b.
We assume that the real part of the eigenvalues of the Jaco-
bian increases monotonically with respect to the bifurcation
parameter μ. In the Brusselator, the bifurcation parameter μ

is defined in terms of the control parameter just above the
bifurcation point as

μ ≡ b − bc

bc
. (23)

The small non-negative parameter ε is introduced in relation
to the bifurcation parameter μ as

μ = ε2χ, (24)

where χ = sgn(μ) denotes the sign of the bifurcation pa-
rameter. In this paper, we apply a perturbation theory to the
Langevin equation by expanding with the small parameter ε.

For stochastic Hopf bifurcations, related analyses have
often been developed in amplitude-phase variables [36,37].
A commonly used example is stochastic averaging, where
the phase dependence is reduced to simplify the stationary
statistics [38]. To analyze the learning rate, we apply the
singular perturbation to the Langevin equation and explic-
itly compute both the stochastic normal form that inherits
the noise structure of the original Langevin equation and
the higher-order terms of the coordinate transformation to the
normal form variables. To distinguish the normal coordinates
from the original coordinates �x, we introduce the normal coor-
dinates in boldface as y = (y1, y2). As a result of the singular
perturbation method, we obtain the stochastic equation for
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the normal coordinate y and the corresponding Fokker-Planck
equation for the probability density of the normal form coor-
dinate p̃(y) written as

∂

∂t
p̃(y) = − ∂

∂y
·
(

F̃(y) − 1

2

1

ε2V
D̃

∂

∂y

)
p̃(y)

= − ∂

∂y
· (ν̃t (y) p̃t (y)), (25)

where we define the local mean velocity in the normal form
coordinate as

ν̃t (y) ≡ 1

p̃(y)

(
F̃(y) − 1

2

1

ε2V
D̃

∂

∂y

)
p̃(y). (26)

As shown in Sec. IV, both the drift vector and the
diffusion matrix are expressed in terms of the original
system parameters through the singular perturbation
analysis. The stationary distribution of the Fokker-Planck
equation [Eq. (25)] is derived by first considering the
asymptotic region V � 1 and then performing a perturbative
expansion in ε. It is expressed by

p̃st (y1, y2) = C0 exp

{
ε4V

[
2χσ1

D̃11 + D̃22

(
y2

1 + y2
2

)
− g1

D̃11 + D̃22

(
y2

1 + y2
2

)2

]}
, (27)

where C0 is the normalization constant, and ω0, σ1, and g1 are
constants determined by the model (see Appendix C).

We introduce a new variable

�u ≡ �x − �x0, (28)

which shifts the fixed point to the origin. Because the trans-
formation preserves the shape of the distribution, �u and
the original variable �x share the same statistical properties.
The transformation from the normal form coordinate (y1, y2)
to the original coordinates is given by

�u = �f (y), (29)

where �f (y) is a polynomial function of y. In the normal form
coordinate, the symmetry of the system allows the stationary
distribution p̃st (y) to be obtained analytically. Under a
general coordinate transformation, the learning rate can be
calculated as

l i
st =

∫
dy

∑
kl

Rik (y)ν̃st,k (y)

[
∂

∂yl
ln

p̃st (y)

| det R(y)|
]

R−1
li (y) p̃st (y),

(30)

where R is the Jacobian matrix of the coordinate transfor-
mation �u = �f (y) with components Ri j ≡ ∂ fi(y)/∂y j (see Ap-
pendix D). Here, l i

st depends on ε through R(y), R−1(y), p̃st (y),
and ν̃st (y), and it depends on V through p̃st (y) and ν̃st (y). We
compare the results obtained from the singular perturbation
theory, the linear analysis, and numerical simulations. These
results are shown in Fig. 3. In the stationary regime, all three
methods yield consistent results. Furthermore, as the system
approaches the bifurcation point, the results of the singular
perturbation and the numerical simulations begin to deviate
from those of the linear analysis. The singular perturbation

FIG. 3. Learning rate near the Hopf bifurcation in the Brusse-
lator. bc = 2 and V = 2 × 103. Blue dots represent the numerical
simulation results, the orange line denotes the linear analysis result
[Eq. (22)], and the green line shows the result from the singular
perturbation method [Eq. (30)].

results successfully capture this deviation. Moreover, even
beyond the bifurcation point, the results of the singular pertur-
bation analysis remain consistent with those of the numerical
simulations. This agreement is expected only in the vicinity
of the bifurcation point, where ε is sufficiently small. As the
system moves farther into the oscillatory regime, deviations
from the numerical results begin to appear.

C. Deterministic limit of the learning rate

To analyze the singular behavior of the learning rate at
the Hopf bifurcation, we investigate the deterministic limit
V → ∞ of the learning rate in the Brusselator. In the os-
cillatory regime, as the noise vanishes in the limit V → ∞,
the stationary distribution becomes sharply localized around
the deterministic limit cycle. The limiting learning rate can
then be interpreted as quantifying the contribution of the
cyclic motion along this sharp attractor to changes in the
correlation between the two variables. Using the analytical
expression [Eq. (30)], we compute the learning rate near the
bifurcation point while changing the system size. The re-
sults are shown in Fig. 4. As the system size increases, the
learning rate in the stationary regime converges to a constant

FIG. 4. Deterministic limit of the learning rate l1
st near the bi-

furcation point in the Brusselator with bc = 2. The purple line l∞
represents the asymptotic value in the stationary regime, namely,
the result of the linear analysis extended into the oscillatory regime.
The yellow line represents the learning rate in the deterministic limit
given by Eq. (31).
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FIG. 5. System-size dependence of the difference between the
learning rate l1

st and its asymptotic value in the stationary regime l∞.

value. In contrast, in the oscillatory regime, it asymptotically
approaches a linearly decreasing trend with respect to the
bifurcation parameter. We analyze the convergence behavior
of the learning rate. Let l∞ denote the asymptotic value in
the stationary regime, namely, the result of the linear analysis
extended into the oscillatory regime. Figure 5 shows how
the deviation from l∞ behaves as a function of the system
size. When the system resides in the stationary regime, the
deviation from l∞ decays as V −1. At the bifurcation point,
the decay becomes slower and follows a V −1/2 scaling. In the
oscillatory regime, the deviation converges to a finite value
as V → ∞. These results demonstrate that the learning rate
converges to distinct values in the stationary and oscillatory
regimes, respectively.

We derive the learning rate in the deterministic limit. Fix-
ing ε as a small parameter and taking V → ∞, the stationary
distribution [Eq. (27)] becomes sharply concentrated. This en-
ables us to evaluate the learning rate in a systematic expansion
in ε. For the Brusselator with a = 1, we obtain the learning
rate in the deterministic limit as

lim
V →∞

l1
st (ε,V ) =

{
−1 + O(ε3), for b � bc,

−1 − 4
3ε2 + O(ε3), for b > bc.

(31)

For the general expression, see Appendix E. We compare the
theoretical deterministic limit [Eq. (31)] with numerical sim-
ulations in Fig. 4. In the stationary regime (b � bc), Eq. (31)
coincides with the leading-order result of the linear analysis,
and the numerical results converge to the same value as V
increases. In the oscillatory regime (b > bc), additional ε2

contributions appear in Eq. (31). This term yields a linear de-
pendence on the bifurcation parameter b, so that the learning
rate in the deterministic limit becomes a straight line with
a finite slope. These observations confirm that Eq. (31) is
consistent with both the numerical simulations and the leading
order of the linear analysis. As a result, the learning rate
changes nonsmoothly at the bifurcation point in the determin-
istic limit V → ∞, and the limiting values on both sides of
the bifurcation are evaluated analytically.

IV. SINGULAR PERTURBATION METHOD

A. Stochastic normal form

We outline the calculation based on a singular perturbation
method. The singular perturbation method is a theoretical
method for expanding the equations and variables in terms of
a small bifurcation parameter, where a coordinate transforma-
tion that simplifies the resulting equations is also expanded.
The simplified equation is referred to as a normal form. In
this paper, we extend the singular perturbation method to the
Langevin equation [Eq. (2)] and derive a stochastic normal
form. For the singular perturbation analysis, we use notation
based on Ref. [35].

The time-evolution equation for �u introduced in Eq. (28)
can be written as

d

dt
�u = L�u + M�u�u + N �u�u�u + · · · + B(�u + �x0) · �ξ (t ), (32)

where the term M�u�u is explicitly written as

(M�u�u)i =
∑

j,k

1

2!

∂2Fi

∂x j∂xk

∣∣∣∣∣
�x=�x0

u juk, (33)

and the term N �u�u�u is also written as

(N �u�u�u)i =
∑
j,k,l

1

3!

∂3Fi

∂x j∂xk∂xl

∣∣∣∣∣
�x=�x0

u jukul . (34)

Furthermore, we expand the linear operator introduced in
Eq. (9) with respect to ε as

Li j = L0,i j + ε2χL1,i j + · · · . (35)

Because the system undergoes a Hopf bifurcation, L0 has a
pair of purely imaginary eigenvalues ±iω0. Let �U and �U ∗
denote the right and left eigenvectors of L0 corresponding to
the eigenvalue iω0. That is, we have

L0 �U = iω0 �U and �U ∗L0 = iω0 �U ∗. (36)

The left and right eigenvectors are chosen to satisfy the nor-
malization conditions:

�U ∗ �U = �̄U ∗ �̄U = 1 and �U ∗ �̄U = �̄U ∗ �U = 0, (37)

where the symbol ·̄ represents the complex conjugate. Let �u(0)

denote the solution to the linearized system at the bifurcation
point. We write

�u(0) = W eiω0t �U + c.c., (38)

where W is an arbitrary complex number and c.c. repre-
sents the complex conjugate. Near the bifurcation point, the
real part of the eigenvalues of the operator L is of order
ε2. Because the amplitude of oscillation changes slowly on
this timescale, we introduce a slow time variable τ ≡ ε2t
and assume that W depends on τ . For later convenience,
we set W̃ (t, τ ) ≡ W (τ )eiω0t . Then, because the solution �u is
influenced by perturbations arising from the nonlinear terms
and higher-order contributions in ε, we assume the variable
transformation between �u and W̃ as

�u = ε�u(1)(W̃ , ¯̃W ) + ε2�u(2)(W̃ , ¯̃W )

+ ε3�u(3)(W̃ , ¯̃W ) + · · · (39)
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and the stochastic normal form as
d

dt
W̃ (t, τ ) = iω0W̃ + ε2A(W̃ , ¯̃W ) + η′(t ), (40)

where

�u(1) = W̃ (t, τ ) �U + c.c, (41)

and the functions �u(2)(W̃ , ¯̃W ), �u(3)(W̃ , ¯̃W ), and A(W̃ , ¯̃W ) can
be determined perturbatively. We also assume that the vari-
able transformation is determined solely by the deterministic
part of Eq. (32). The noise term η′(t ) inherits the statistical
properties of the noise in Eq. (32). As a result of the singular
perturbation in Appendix B, A(W̃ , ¯̃W ) can be obtained explic-
itly at the lowest order:

A(W̃ , ¯̃W ) = χ (σ1 + iω1)W̃ − (g1 + ig2)|W̃ |2W̃ , (42)

where σ1, ω1, g1, and g2 are real constants independent of the
bifurcation parameter μ or the small parameter ε. The noise
term η′ satisfies the following statistical property:

〈η′(t1)η̄′(t2)〉 =
∑
i,k

U ∗
i Ū ∗

j

∑
j

B(0)
i j B(0)

k j δ(t1 − t2), (43)

where we expand the original noise coefficient as

Bi j (�u + �x0) = 1√
V

(
B(0)

i j + εB(1)
i j + · · · ) (44)

and define B(0) as the leading term with respect to the system
size V and the small parameter ε in the noise term.

The transformation is obtained as follows. From the
second-order equation in ε, we obtain the second-order term
of the coordinate transformation:

�u(2)(W̃ , ¯̃W ) = |W̃ |2 �V0 + (W̃ )2 �V+ + ( ¯̃W )2 �V−

+ v2W̃ �U + v̄2
¯̃W �̄U, (45)

where the vectors �V0, �V+, and �V− are constant vectors inde-
pendent of the system variables and the bifurcation parameter,
and v2 represents a coefficient that reflects the indeterminacy

associated with the zero mode. The second-order term in
the variable transformation [Eq. (45)] constitutes the leading
nonlinear correction to the neutrally stable solution [Eq. (41)].
Finally, from the third-order equation in ε, we obtain the
third-order term of the coordinate transformation:

�u(3)(W̃ , ¯̃W ) = χW̃ �h1 + |W̃ |W̃ �h3,1 + (W̃ )3�h3,3

+ χ ¯̃W �̄h1 + | ¯̃W | ¯̃W �̄h3,1 + ( ¯̃W )3 �̄h3,3

+ v2(W̃ )2�h2 + v̄2( ¯̃W )2 �̄h2 + 2v2|W̃ |2�h0

+ v3W̃ �U + v̄3
¯̃W �̄U, (46)

where �h1, �h3,1, �h2, and �h0 are constant vectors independent
of the system variables and the bifurcation parameter. �u(3)

inherits the undetermined term in �u(2), and v3 represents a
coefficient that reflects the indeterminacy associated with the
zero mode.

In the case of the Brusselator, the constant terms and vec-
tors are determined as shown in Appendix F. Also, v2 and
v3 represent the coefficients of the undetermined terms in the
second- and third-order variable transformations, respectively.
In the present singular perturbation analysis, the expansion
is carried out up to third-order terms. However, within this
order of perturbation, the values of v2 and v3 could not be
determined.

B. Stationary distribution

In this section, we derive the stationary distribution of the
normal form coordinate, which was presented in Eq. (27)
for large V . For later convenience, we express the stochastic
normal form in Cartesian coordinates as follows:

W̃ = y1 + iy2, (47)

where y = (y1, y2) ∈ R2 is the normal form coordinate. The
coordinate transformation �u = �f (y) between y and the orig-
inal variables �u is obtained through Eq. (47) using Eq. (41)
with Eqs. (39), (45), and (46) as

�f (y) = ε�u(1)(y1 + iy2, y1 − iy2) + ε2�u(2)(y1 + iy2, y1 − iy2) + ε3�u(3)(y1 + iy2, y1 − iy2). (48)

The Langevin equation for y is obtained from the stochastic normal form, and the drift term and diffusion matrix of
the corresponding Fokker-Planck equation [Eq. (25)] are given as follows. The drift term F̃(y) is obtained from Eqs. (40)
and (42) as

F̃(y) =
(

ε2χσ1y1 − (ε2χω1 + ω0)y2

(ε2χω1 + ω0)y1 + ε2χσ1y2

)
−
(

ε2
(
y2

1 + y2
2

)(
g1y1 − g2y2

)
ε2
(
y2

1 + y2
2

)(
g2y1 + g1y2

)), (49)

and the diffusion matrix D̃ is obtained from Eq. (43) as

D̃ = 1

4

(∑
i,k (2U ∗

i Ū ∗
j + U ∗

i U ∗
k + Ū ∗

i Ū ∗
k )

∑
j B(0)

i j B(0)
k j i

∑
i,k (Ū ∗

i Ū ∗
k − U ∗

i U ∗
k )

∑
j B(0)

i j B(0)
k j

i
∑

i,k (Ū ∗
i Ū ∗

k − U ∗
i U ∗

k )
∑

j B(0)
i j B(0)

k j

∑
i,k (2U ∗

i Ū ∗
j − U ∗

i U ∗
k − Ū ∗

i Ū ∗
k )

∑
j B(0)

i j B(0)
k j

)
. (50)

Then, using the steady-state condition

ν̃st · ∂y ln p̃st + ∂y · ν̃st = 0, (51)

the stationary distribution is obtained as Eq. (27) in the regime
where the bifurcation parameter and the system size satisfy
ε � 1 and V � 1. For details, see Appendix C.
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The statistical quantities in the original coordinate are
obtained via the variable transformation [Eq. (48)] and the sta-
tionary distribution [Eq. (27)]. The transformations [Eqs. (45)
and (46)] involve the undetermined coefficients v2 and v3.
These coefficients cannot be fixed within a general frame-
work of the singular perturbation analysis and depend on the
observable of interest. Therefore, because the goal of this
study is to calculate the learning rate, we fix them such that
the learning rate obtained via the singular perturbation method
agrees with that from the linear analysis in the stationary
regime:

v2 = 0, v3 = (3a2 + 2)χ

2(2a2 + 1)
. (52)

Using the Fokker-Planck equation for the normal form co-
ordinate y given by Eq. (25) and the transformation from
the normal form coordinate to the original variable �u given
by Eq. (48), we calculate the learning rate of the original
variables.

C. Statistical quantity of the original coordinate

To further demonstrate the validity of our approach, we
compare the results of the singular perturbation analysis with
those from numerical simulations for the steady-state variance
of variable η1, which is defined as


̂st,11 = V
∫

d�xpst (�x)(x1 − 〈x1〉)2. (53)

In the stationary regime, 
̂st,11 can be calculated via the linear
analysis as


̂st,11 = a(bc + b)

bc − b
(54)

(see Appendix A). We compare three results for the variance:
the result from the linear analysis, the theoretical predic-
tion obtained using the variable transformation [Eq. (48)]
and the stationary distribution in the normal form coordinate
[Eq. (27)], and the numerical simulation results. The theoreti-
cal prediction is given by


̂st,i j = V
∫

d�x(xi − 〈xi〉)(x j − 〈x j〉)pst (�x)

= V
∫

dyui(y)u j (y) p̃st (y). (55)

The comparison is shown in Fig. 6. First, in the stationary
regime, we observe that the three results are in agreement.
As the system approaches the bifurcation point, a discrepancy
arises between the linear analysis and the numerical simula-
tion. However, the theoretical prediction based on singular
perturbation analysis successfully reproduces the numerical
simulation results. Moreover, unlike the linear analysis, the
singular perturbation method remains applicable beyond the
bifurcation point, and its results continue to reproduce those of
the numerical simulations. This demonstrates that the singular
perturbation method and the stationary distribution obtained
in the normal form coordinate enable the reconstruction of the
statistical properties in the original coordinates.

FIG. 6. Variance of the variable η1. bc = 2 and V = 2 × 103. In
the stationary regime, the blue dots represent the results of numer-
ical simulations, the orange line corresponds to the result from the
linear analysis [Eq. (54)], and the green line shows the theoretical
prediction obtained via singular perturbation analysis [Eq. (55)].

V. CONCLUDING REMARKS

In this study, we have analyzed the behavior of the learning
rate near a Hopf bifurcation, where the attractor changes from
a stable fixed point to a limit cycle. To this end, we extended
the singular perturbation method—well established in the
study of deterministic dynamical systems—to the Langevin
equation. The novelty of the present analysis lies not in the
general perturbative framework itself, but in carrying out the
stochastic construction explicitly to the order required to eval-
uate the learning rate in the original variables. This analysis
revealed that the learning rate exhibits a nonsmooth change at
the bifurcation point. Before ending this paper, we make a few
remarks.

The singular perturbation method developed here is not
limited to the Brusselator model but is applicable to a broad
class of systems described by Langevin equations exhibiting a
Hopf bifurcation. Furthermore, this framework allows for the
computation of not only the learning rate but also a variety
of other statistical and thermodynamic quantities relevant to
information thermodynamics. Therefore, the analytical frame-
work developed in this paper enables the computation of a
wide range of statistical quantities that have been examined
in previous studies of biochemical oscillators [30–33]. In the
present Brusselator model, the evolution equations are written
in dimensionless form by setting the reaction-rate constants to
unity. In principle, the learning rate can be converted to phys-
ical units such as nats/s by restoring the original dimensional
timescale. A detailed discussion of its physical magnitude and
dimensional interpretation is left for future work, since we
focus here on its singular behavior at the Hopf bifurcation
point.

Our standpoint is also different from recent studies that
discuss information thermodynamics directly at the macro-
scopic or deterministic level, such as Ref. [42]. In the present
work, we first define the learning rate for the underlying
stochastic process and then investigate its deterministic limit.
These two procedures are not generally equivalent. We adopt
this stochastic-process-first approach because thermodynamic
quantities and relations are well established for stochastic
processes. In this sense, the present work should be viewed
as a step toward a unified understanding of nonlinear dy-
namics, information-theoretic quantities, and thermodynamic
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structure, while the full interpretation in the deterministic
limit remains to be clarified.

A key observation is that the learning rate remains nonzero
even in the deterministic limit. This is made possible by
reinterpreting the system as a stochastic process and then
taking the vanishing noise limit. In terms of its definition,
the finite limiting value means that the evolution of each
variable continues to change the correlation between the vari-
ables at a finite rate. While this approach enables us to define
information-theoretic quantities in deterministic systems, the
actual values of these quantities still depend on the way noise
is introduced. In the present study, the noise is not introduced
arbitrarily, but is chosen to be consistent with that derived
from the Kramers-Moyal expansion of the master equation.
Even with this physically motivated choice, the interpretation
of these values as quantities intrinsic to the deterministic
dynamics remains an open question. A promising future di-
rection is to identify forms of information flow that robustly
reflect the intrinsic structure of deterministic dynamics, par-
ticularly in systems such as biochemical oscillators.

In this work, we focused on the connection between
nonlinear dynamical behavior and information flow. The
learning rate, in particular, serves as a bridge linking the sys-
tem’s information-theoretic and thermodynamic structures.
Our findings thus provide a foundation for a unified under-
standing of nonlinear phenomena, information theory, and
thermodynamic structure.
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APPENDIX A: DERIVATION OF EQ. (22)

We derive the learning rate using the linear analysis. The
Fokker-Planck equation corresponding to the linear Langevin
equation is given as

∂t p̂t (�η) = −
2∑

i=1

2∑
j=1

(
K̂t,i jη j − 1

2
D̂t,i j∂η j

)
p̂t (�η), (19)

where K̂t is the drift matrix and D̂t is the diffusion ma-
trix independent of the variables. The local mean velocity is
given by

νt,i(�η) =
2∑

j=1

(
K̂t,i jη j − 1

2
D̂t,i j∂η j ln p̂t (�η)

)
. (A1)

The linear Langevin system maintains a Gaussian distribution
at all times if and only if the initial distribution is Gaussian:

p̂t (�η) = 1

2π
√

det(�̂t )
exp

[
−1

2
�ηT(�̂t )

−1�η
]
. (A2)

This is because, when the initial distribution is Gaussian, all
cumulants of the third order or higher vanish at any time.
By using the Langevin equation corresponding to the above
probability distribution, the irreversible circulation [44]

α̂t,i j ≡ 1
2 〈η̇iη j − η̇ jηi〉 (A3)

is transformed into

α̂t = 1
2

(
K̂t 
̂t − 
̂t K̂

T
t

)
. (A4)

Considering the time evolution of the covariance matrix, we
also obtain

d

dt

̂t,i j =

∫
d�η ∂

∂t
p̂t (�η)ηiη j

=
∫

d�η
∑
k,l

∂

∂ηk

(
K̂t,klηl − 1

2
D̂t,kl

∂

∂ηl

)
p̂t (�η)ηiη j

=
∑

k

(K̂t,ik
̂t,k j + 
̂t,ikK̂t,k j ) + D̂t,i j . (A5)

The probability current Jt is expressed in terms of the covari-
ance matrix and the irreversible circulation as

�νt =
(

−1

2

d

dt

̂t + α̂t

)
· ∂

∂�η p̂t (�η). (A6)

In the stationary state, because d�̂st/dt = 0, the learning rate
is given by

l̂ i
st =

∫
d�ηνst,i p̂t (�η)

∂

∂ηi
ln p̂t (�η)

=
∑

j

α̂st,i j ((�̂st )
−1)i j, (A7)

which shows that the learning rate is directly related to the
irreversible circulation α̂st of the stationary probability current
around the fixed point. For the Brusselator, the irreversible
circulation and the covariance matrix are given by

α̂st = − 2ab

bc − b

(
0 1

−1 0

)
(A8)

and

�̂st =
( a(bc+b)

bc−b − 2ab
bc−b

− 2ab
bc−b

b(bc+b)
a(bc−b)

)
. (A9)

By using Eqs. (A8) and (A9), we obtain Eq. (22).

APPENDIX B: DERIVATION OF EQS. (39) AND (40)

The systems exhibiting the Hopf bifurcation, such as the
Brusselator, are described by nonlinear equations. For de-
terministic dynamics, we analyze the dynamics using the
singular perturbation method near the bifurcation point. This
approach yields both the normal form of the Hopf bifurca-
tion, which describes the amplitude and phase of oscillations,
and the transformation from the normal form coordinate to
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the original variables simultaneously [35]. In this Appendix,
we extend the singular perturbation method to the Langevin
equation. Then, we directly apply the deterministic analysis
to determine the transformation from the normal form coordi-
nate to the original variables, while incorporating the effect of
noise into the time-evolution equation.

1. Deterministic part

We start by introducing bifurcation analysis for systems
described by deterministic equations. In this study, the vari-
able transformation is determined based on the analysis of
the deterministic part. Suppose that the time evolution is
described as

d

dt
�x = �F (�x). (B1)

For the unique fixed point �x0 satisfying

�F (�x0) = �0, (B2)

we introduce a new variable

�u ≡ �x − �x0 (B3)

such that the fixed point is shifted to the origin. By expanding
the right-hand side with respect to �u, Eq. (B1) is rewritten as

d

dt
�u = L�u + M : �u�u + N : �u�u�u + · · · , (B4)

where L, M, and N are defined as follows:

Li j = ∂Fi

∂x j

∣∣∣∣
�x=�x0

, (B5)

(M : �u�u)i =
∑

j,k

1

2!

∂2Fi

∂x j∂xk

∣∣∣∣
�x=�x0

u juk, (B6)

(N : �u�u�u)i =
∑
j,k,l

1

3!

∂3Fi

∂x j∂xk∂xl

∣∣∣∣
�x=�x0

u jukul . (B7)

By expanding them in terms of μ introduced in Eq. (23), we
write

L = L0 + μL1 + μ2L2 + · · · , (B8)

M = M0 + μM1 + μ2M2 + · · · , (B9)

N = N0 + μN1 + μ2N2 + · · · . (B10)

Let �U denote the right eigenvector satisfying

L0 �U = iω0 �U . (B11)

Similarly, we define the left eigenvector �U ∗ by

�U ∗L0 = iω0 �U ∗. (B12)

The left and right eigenvectors are chosen to satisfy the nor-
malization conditions:

�U ∗ �U = �̄U ∗ �̄U = 1, (B13)

�U ∗ �̄U = �̄U ∗ �U = 0. (B14)

Because the present analysis focuses on the vicinity of the
bifurcation point, we introduce a small parameter ε for the

bifurcation parameter as

μ = ε2sgn(μ) = ε2χ, (B15)

where χ = sgn(μ). We then rewrite Eqs. (B8)–(B10) as

L = L0 + ε2χL1 + ε4L2 + · · · , (B16)

M = M0 + ε2χM1 + ε4M2 + · · · , (B17)

N = N0 + ε2χN1 + ε4N2 + · · · . (B18)

We also expand the variable �u as

�u = ε�u(1) + ε2�u(2) + ε3�u(3) + · · · . (B19)

Here, we introduce the following slow timescale τ :

τ = ε2t, (B20)

because the real part of ( �U ∗, L �U ) is proportional to ε2. As-
suming that the variable �u depends on both timescales t and
τ , the time derivative is expressed as

d

dt
→ ∂

∂t
+ ε2 ∂

∂τ
. (B21)

Substituting the above terms into the original equation gives(
∂

∂t
+ ε2 ∂

∂τ
− L0 − ε2χL1

)
(ε�u(1) + ε2�u(2) + · · · )

= ε2M0 : �u(1)�u(1) + ε3(2M0 : �u(1)�u(2) ) + O(ε4). (B22)

The equations corresponding to each order of ε are collec-
tively written as (

∂

∂t
− L0

)
�u(ν) = �Sν, (B23)

where �Sν represents the terms of order εν . Here are the expres-
sions for the source terms �Sν for ν = 1, 2, 3:

�S1 = 0, (B24)

�S2 = M0 : �u(1)�u(1), (B25)

�S3 = −
(

∂

∂τ
− χL1

)
�u(1) + 2M0 : �u(1)�u(2) + N0 : �u(1)�u(1)�u(1).

(B26)

We now solve Eq. (B23). We first notice(
∂

∂t
− L0

)
�Ueiω0t = 0, (B27)

which leads to the statement that the solution �u(ν) to Eq. (B23)
exists only when the condition∫ T

0

�U ∗ · �Sνe−iω0t dt = 0 (B28)
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holds. This condition is referred to as the solvability condition.
For later convenience, we introduce the notation

(�α, �β ) = 1

T

∫ T

0
�α · �βe−iω0t dt (B29)

for �α(t ) and �β(t ), where T = 2π/ω0 is the period of the
oscillation. The solvability condition [Eq. (B28)] is then
expressed as

( �U ∗, �Sν ) = 0. (B30)

In the argument below, we impose the solvability condition to
have a consistent perturbative expansion. First, we investigate
the case ν = 1. The unperturbed equation for this case,(

∂

∂t
− L0

)
�u(1) = 0, (B31)

has a neutrally stable solution given by

�u(1) = W (τ )eiω0t �U + W̄ (τ )e−iω0t �̄U, (B32)

where W (τ ) is a slowly varying complex amplitude depending
on the slow timescale τ . Next, we study the case ν = 2. The
corresponding equation is(

∂

∂t
− L0

)
�u(2) = M0 : �u(1)�u(1). (B33)

We substitute Eq. (B32) into the right-hand side:(
∂

∂t
− L0

)
�u(2) =W (τ )2e2iω0t M0 : �U �U

+ W̄ (τ )2e−2iω0t M0 : �̄U �̄U
+ 2|W (τ )|2M0 : �U �̄U . (B34)

Because the right-hand side contains components oscillating
at different frequencies 2ω0, −2ω0, and 0, we expand �u(2) in
terms of Fourier modes as

�u(2) =
∞∑

l=−∞
�u(2)(l )(τ )eilω0t . (B35)

The second-order correction �u(2) is determined by solving for
each Fourier component individually. These are calculated as

�u(2)(0) = −2|W |2L−1
0 M : �U �̄U, (B36)

�u(2)(2) = W 2(2iω0 − L0)−1M : �U �U , (B37)

�u(2)(−2) = W̄ 2(−2iω0 − L0)−1M : �U �U , (B38)

�u(2)(l ) = 0 (l �= −2, 0, 2), (B39)

where we define �V+, �V−, and �V0 as

�V+ ≡ (2iω0 − L0)−1M0 : �U �U = �̄V−, (B40)

�V0 ≡ −2L−1
0 M0 : �U �̄U . (B41)

Using these notations, the solution �u(2) is expressed by

�u(2) = |W |2 �V0 + W 2e2iω0t �V+

+ W̄ 2e−2iω0t �V− + v2W eiω0t �U + v̄2W̄ e−iω0t �̄U, (B42)

where v2 and v̄2 are coefficients corresponding to homoge-
neous solutions that lie in the null space of the operator
(∂/∂t − L0).

Finally, we move to the case ν = 3:(
∂

∂t
− L0

)
�u(3) = −

(
∂

∂τ
− χL1

)
�u(1)

+ 2M0 : �u(1)�u(2) + N0 : �u(1)�u(1)�u(1).

(B43)

By substituting the previously obtained Eqs. (B32) and (B42)
into the equation and setting

Ẇ (τ ) ≡ ∂

∂τ
W (τ ), (B44)

we obtain

(
∂

∂t
− L0

)
�u(3) = − Ẇ eiω0t �U − ˙̄W e−iω0t �̄U + W eiω0tχL0 �U + W̄ e−iω0tχL0 �̄U

+ 2W 3M0 : �U �V+e3iω0t + 2|W |2W̄ M0 : �U �V−e−iω0t + 2|W |2W̄ M0 : �U �V0eiω0t

+ 2|W |2W M0 : �̄U �V+eiω0t + 2W̄ 3M0 : �̄U �V−e−3iω0t + 2|W |2W̄ M0 : �̄U �V0e−iω0t

+ W 3N0 : �U �U �Ue3iω0t + 3|W |2W N0 : �U �U �̄Ueiω0t + 3|W |2W̄ N0 : �U �̄U �̄Ue−iω0t + W̄ 3N0 : �̄U �̄U �̄Ue−iω0t . (B45)

Performing the Fourier expansion of �u(3) and determining
each coefficient, we obtain

�u(3) = χWeiω0t �h1 + |W |2Weiω0t �h3,1 + W 3e3iω0t �h3,3

+ v2W
2e2iω0t �̃h2 + v2|W |2 �̃h0 + v3Weiω0t �U + c.c.,

(B46)

with

�h1 = G(−λ1 �U + L1 �U ),

�h3,1 = G(g �U + 2M0 : �U �V0 + 2M0 : �̄U �V+ + 3N0 : �U �U �̄U ),

�h3,3 = (3iω0 − L0)(−1)(2M0 : �U �V+ + N0 : �U �U �U ),

�̃h2 = 2(2iω0 − �L0)−1M0 : �U �U = 2 �V+,

�̃h0 = −2L−1
0 M0 : �U �̄U = �V0, (B47)
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where G is the pseudoinverse of (iω0 − L0) and v3 is the
coefficient corresponding to the undetermined term. From the
solvability condition [Eq. (B28)], we obtain

0 = −Ẇ + χλ1W − g|W |2W, (B48)

which leads to the evolution equation for the complex ampli-
tude W (τ ):

Ẇ = χλ1W − g|W |2W. (B49)

Thus, we derive the evolution equation for the complex am-
plitude W (τ ). Here,

λ1 = ( �U ∗, L1 �U ) ≡ σ1 + iω1 (B50)

and

g =
(

�U ∗, [−3N : �U0 �U0 �̄U0 − 2M : �U0 �V0 − 2M : �̄U0 �V+]
)

≡ g1 + ig2,

(B51)

where σ1, ω1, g1, and g2 are real variables. Finally, performing
the transformation W eiω0t = y1 + iy2, we rewrite the time-
evolution equation as

d

dt
W eiω0t = (ε2χσ + iω0)Weiω0t − ε2g|W eiω0t |2W eiω0t ,

(B52)

which yields the time-evolution equation in real orthogonal
coordinates

d

dt

(
y1

y2

)
=
(

ε2χσ1y1 − (ε2χσ2 + ω0)y2 − ε2
(
y2

1 + y2
2

)
(g1y1 − g2y2)

(ε2χσ2 + ω0)y1 + εσ1χy2 − ε2
(
y2

1 + y2
2

)
(g2y1 + g1y2)

)
. (B53)

The transformation to the original variables is determined by Eq. (48) with Eqs. (41), (45), and (46). As shown above, both
the normal form and the corresponding variable transformation can be derived simultaneously using the singular perturbation
method. In this paper, when computing statistical quantities including the learning rate in the original coordinates, we use the
variable transformation determined from the deterministic part.

2. Noise part

In this Appendix, we perform a similar analysis for the Langevin equation. Because the drift term, which determines the
deterministic behavior, can be treated in the same way, we focus on how to handle the noise. Concretely, we expand the noise
coefficient Bt appearing in the Langevin equation with respect to the previously introduced small parameter ε:

Bi j (�u + �x0) = 1√
V

(
B(0)

i j + εB(1)
i j + · · · ), (B54)

where the leading term B(0)
i j is independent of the variables �u. We assume that the leading term of the noise appears in the

third-order equation.
We discuss the slow timescale τ in more detail. It should be noted that the following argument is not mathematically rigorous.

We perform a trivial decomposition of time t using an integer n and the period T as

t = nT + t ′, for t ′ ∈ [0, T ). (B55)

Here, we define a time sequence τn as

τn = ε2nT . (B56)

The interval of this time sequence is given by

�τ = ε2T, (B57)

which vanishes in the limit ε → 0. That is, the time sequence τn becomes continuous in the limit ε → 0. τ introduced in the
previous section is the continuous time obtained in this way. Also, the integration over one period in the definition of the inner
product can be understood as an integral with respect to t ′. Keeping this treatment of the timescale in mind, let us examine the
statistical properties of the term ( �U ∗, B(0)�ξ ), which is expected to appear in the stochastic normal form equation:

〈( �U ∗, B(0)�ξ ) × ( �U ∗, B(0)�ξ )〉 =
〈⎛⎝ 1

T

∫ T

0
dt ′

1

∑
i

U ∗
i

∑
j

B(0)
i j ξ j (n1, t ′

1)e−iω0t ′
1

⎞⎠( 1

T

∫ T

0
dt ′

2

∑
k

Ū ∗
k

∑
l

B(0)
kl ξl (n2, t ′

2)eiω0t ′
2

)〉

= 1

T 2

∑
i,k

U ∗
i Ū ∗

j

∑
j,l

B(0)
i j B(0)

kl

∫ T

0
dt ′

1

∫ T

0
dt ′

2〈ξ j (n1, t ′
1)ξl (n2, t ′

2)〉e−iω0(t ′
1−t ′

2 ). (B58)

Here, since ξ j (n, t ′) is white noise, its properties remain unchanged even on the macroscopic timescale. Therefore, the correlation
transforms as

〈ξ j (n1, t ′
1)ξl (n2, t ′

2)〉 → δ j,lδn1,n2δ(t ′
1 − t ′

2). (B59)
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Using the white noise correlation, we obtain

〈( �U ∗, B(0)�ξ ) × ( �U ∗, B(0)�ξ )〉 = 1

T

∑
i,k

U ∗
i Ū ∗

j

∑
j,l

B(0)
i j B(0)

kl δ j,lδn1,n2 = 1

T

∑
i,k

U ∗
i Ū ∗

j

∑
j

B(0)
i j B(0)

k j δn1,n2 . (B60)

From the argument on the time discretization, we replace the Kronecker delta over n as

δn1,n2 → ε2T δ(τ1 − τ2) (B61)

in the limit ε → 0. Substituting this into Eq. (B60) yields

〈( �U ∗, B(0)�ξ ) × ( �U ∗, B(0)�ξ )〉 = ε2
∑
i,k

U ∗
i Ū ∗

j

∑
j

B(0)
i j B(0)

k j δ(τ1 − τ2). (B62)

To simplify the notation, we introduce a new noise variable η(τ ) defined by

〈η(τ1)η̄(τ2)〉 =
∑
i,k

U ∗
i Ū ∗

j

∑
j

B(0)
i j B(0)

k j δ(τ1 − τ2). (B63)

This noise η(τ ) effectively captures the projection of the original noise onto the zero mode. With the above setup, it is now
evident that the leading-order noise term appears at O(ε3) in the expansion, which is the same order at which the normal form is
derived.

Combining the previous results from the deterministic analysis with the noise contribution, we obtain the normal form of the
Hopf bifurcation with noise:

Ẇ (τ ) = χσW (τ ) − g|W (τ )|2W (τ ) + 1

ε2
√

V
η(τ ). (B64)

This equation describes the stochastic dynamics of the complex amplitude W (τ ) near the Hopf bifurcation point, including
both the nonlinear deterministic terms and the leading-order noise effect. To use a variable transformation that does not
explicitly depend on time, it is necessary to derive the time-evolution equation for W eiω0t . We can express the system in
real-valued coordinate (y1, y2) through the relation W eiω0t = y1 + iy2, which leads to the stochastic normal form enabling
analysis of statistical quantities and learning rates in the original coordinates. Accordingly, the noise term η′(t ) that appears
in the time-evolution equation of W eiω0t is defined to satisfy the following statistical property:

〈η′(t1)η̄′(t2)〉 =
∑
i,k

U ∗
i Ū ∗

j

∑
j

B(0)
i j B(0)

k j δ(t1 − t2). (B65)

This ensures that the stochastic term in the transformed equation correctly reflects the noise correlations inherited from the
original Langevin equation in real time t . The Langevin equation in real orthogonal coordinates under the variable transformation
can be written as

d

dt

(
y1

y2

)
=
(

ε2χσ1y1 − (ε2χω1 + ω0)y2 − ε2
(
y2

1 + y2
2

)
(g1y1 − g2y2)

(ε2χω1 + ω0)y1 + ε2χσ1y2 − ε2
(
y2

1 + y2
2

)
(g2y1 + g1y2)

)
+ 1

ε
√

V

(
Re(η′)

Im(η′)

)
. (B66)

This Langevin equation represents a normal form of the Hopf bifurcation with noise. The corresponding Fokker-Planck
equation is given by Eq. (25).

APPENDIX C: DERIVATION OF EQ. (27)

In this Appendix, we derive Eq. (27), which represents the stationary distribution of the stochastic normal form near the
Hopf bifurcation point. Let p̃t (y) denote the probability distribution of y. Then, the Fokker-Planck equation corresponding to the
Langevin equation is given by

∂

∂t
p̃t (y) = − ∂

∂y
·
(

F̃(y) − 1

2ε2V
D̃

∂

∂y

)
p̃t (y), (C1)

where F̃(y) is the drift vector and D̃ is the diffusion matrix in the stochastic normal form. Here, the drift F̃(y) is given by

F̃(y) =
(

ε2χσ1y1 − (ε2χω1 + ω0)y2

(ε2χω1 + ω0)y1 + ε2χσ1y2

)
−
(

ε2
(
y2

1 + y2
2

)
(g1y1 − g2y2)

ε2
(
y2

1 + y2
2

)
(g2y1 + g1y2)

)
(C2)
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and the diffusion matrix D̃ is given by

D̃ = 1

4

⎛⎝∑i,k (2U ∗
i Ū ∗

k + U ∗
i U ∗

k + Ū ∗
i Ū ∗

k )
∑

j B(0)
i j B(0)

k j i
∑

i,k (Ū ∗
i Ū ∗

k − U ∗
i U ∗

k )
∑

j B(0)
i j B(0)

k j

i
∑

i,k (Ū ∗
i Ū ∗

k − U ∗
i U ∗

k )
∑

j B(0)
i j B(0)

k j

∑
i,k (2U ∗

i Ū ∗
k − U ∗

i U ∗
k − Ū ∗

i Ū ∗
k )

∑
j B(0)

i j B(0)
k j

⎞⎠. (C3)

We now determine the stationary distribution of the Fokker-
Planck equation [Eq. (25)], which includes two small
parameters: ε, associated with the bifurcation parameter,
and 1/V , associated with the noise intensity. We first as-
sume that the stationary distribution takes the asymptotic
form

p̃(y) = C0 exp [V φ(y)], for V � 1, (C4)

where C0 is the normalization constant and φ(y) is a polyno-
mial function of y that is independent of V . By substituting
Eq. (C4) into the Fokker-Planck equation [Eq. (25)] and col-
lecting terms order by order in V , we obtain

F̃(y) · ∂

∂y
φ(y) + 1

2ε2

(
∂

∂y
φ(y)

)T

D̃

(
∂

∂y
φ(y)

)
= 0. (C5)

We then expand this function in powers of ε as

φ(y) = φ0(y) + ε2φ1(y) + ε4φ2(y) + O(ε6). (C6)

By substituting this expansion into Eq. (C5) and collecting
terms of each order in ε, we determine the function φ(y) by
treating the result as an identity in (y1, y2). The function φ(y)
is obtained as

φ(y) = ε4

(
2χσ1

D̃11 + D̃22

(
y2

1 + y2
2

) − g1

D̃11 + D̃22
(y2

1 + y2
2 )2

)
+ O(ε6), (C7)

where the constant terms are absorbed into the normalization
constant C0. By extracting the leading-order terms in ε from
φ(y), we recover Eq. (27).

APPENDIX D: DERIVATION OF EQ. (30)

In this Appendix, we derive Eq. (30). Let us start with the
Fokker-Planck equation [Eq. (5)]. In the steady state, applying
integration by parts, the learning rate l i

st for each variable Xi is
given by

l i
st =

∫
d�xνt,i(�x)p(�x)

∂

∂xi
ln p(�x). (D1)

Next, we consider the case in which the variable �x is recon-
structed from another variable y via a transformation of the
form �x = �f (y). Then, we introduce the Jacobian matrix R as

Ri j (y) = ∂

∂y j
fi(y), (D2)

where each element Ri j represents the partial derivative of the
ith component of �x = �f (y) with respect to y j . In this case, the
steady-state local probability current and probability density
of the variable Xi can be expressed in terms of the probability

density p̃(y) as

p( �f (y)) = 1

| det(R(y))| p̃(y) (D3)

and the local mean velocity ν̃(y) in the new variables y as

ν( �f (y)) = R(y)ν̃(y). (D4)

Therefore, when expressed in terms of the original variables,
the learning rate in the new variables becomes Eq. (30).

APPENDIX E: ASYMPTOTIC BEHAVIOR

We consider the asymptotic behavior of Eq. (30) in the
limit V → ∞. The learning rate [Eq. (30)] is rewritten as

l i
st =

∫
dy

∑
k,l

Rik (y) ν̃st,k (y)
∂

∂yl

× [ln p̃st (y) − ln | det R(y)|] R−1
li (y) p̃st (y)

≡ l i
p + l i

R. (E1)

For convenience in the subsequent calculations, we write
the stationary distribution [Eq. (27)] in the form

p̃st (y1, y2) ≡ C0 exp
{
ε4V

[
χα

(
y2

1 + y2
2

) + β
(
y2

1 + y2
2

)2]}
,

(E2)

where C0 is the normalization constant. Furthermore, we per-
form an expansion with respect to ε for the quantities in
Eq. (E1). The local mean velocity is expanded as

ν̃st = ν̃
(0)
(1)(y) + ε2ν̃

(2)
(1)(y) + ε2ν̃

(2)
(3)(y), (E3)

where the superscript indicates the power of ε and the sub-
script denotes the order of y.

We rewrite the Jacobian matrix [Eq. (D2)] as an expansion
in ε as

R = εR(1)
(0) + ε2

(
R(2)

(0)(y) + R(2)
(1)(y)

)
+ ε3

(
R(3)

(0)(y) + R(3)
(1)(y) + R(3)

(2)(y)
) + O(ε4). (E4)

We assume that the leading-order Jacobian R(1)
(0) is invertible.

By imposing RR−1 = I and matching powers of ε, the inverse
expansion takes the form

R−1 = 1

ε
R(−1)

inv(0) + (
R(0)

inv(0)(y) + R(0)
inv(1)(y)

)
+ ε

(
R(1)

inv(0)(y) + R(1)
inv(1)(y) + R(1)

inv(2)(y)
) + O(ε2),

(E5)
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where each coefficient is expressed in terms of the coefficients of R as

R(−1)
inv(0) = (

R(1)
(0)

)−1
,

R(0)
inv(0)(y) = −(

R(1)
(0)

)−1
R(2)

(0)(y)
(
R(1)

(0)

)−1
,

R(0)
inv(1)(y) = −(

R(1)
(0)

)−1
R(2)

(1)(y)
(
R(1)

(0)

)−1
,

R(1)
inv(0)(y) = (

R(1)
(0)

)−1
R(2)

(0)(y)
(
R(1)

(0)

)−1
R(2)

(0)(y)
(
R(1)

(0)

)−1 − (
R(1)

(0)

)−1
R(3)

(0)(y)
(
R(1)

(0)

)−1
,

R(1)
inv(1)(y) = (

R(1)
(0)

)−1
R(2)

(0)(y)
(
R(1)

(0)

)−1
R(2)

(1)(y)
(
R(1)

(0)

)−1 + (
R(1)

(0)

)−1
R(2)

(1)(y)
(
R(1)

(0)

)−1
R(2)

(0)(y)
(
R(1)

(0)

)−1

+ (
R(1)

(0)

)−1
R(3)

(1)(y)
(
R(1)

(0)

)−1
,

R(1)
inv(2)(y) = (

R(1)
(0)

)−1
R(2)

(1)(y)
(
R(1)

(0)

)−1
R(2)

(1)(y)
(
R(1)

(0)

)−1 − (
R(1)

(0)

)−1
R(3)

(2)(y)
(
R(1)

(0)

)−1
. (E6)

We next expand the determinant of the Jacobian matrix appearing in the learning-rate formula. Using

∂

∂yl
ln | det R| = tr

(
R−1 ∂R

∂yl

)
, (E7)

and the expansions [Eqs. (E4) and (E5)], we obtain an ε expansion of ∂yl ln | det R| as

∂

∂yl
ln | det R| = ε �

(1)
(0)l + ε2

(
�

(2)
(0)l + �

(2)
(1)l

) + O(ε3), (E8)

where

�
(1)
(0)l = tr

[
R(−1)

inv(0)

(
∂R(2)

(1)(y)

∂yl

)]
,

�
(2)
(0)l = tr

[
R(−1)

inv(0)

(
∂R(3)

(1)(y)

∂yl

)]
+ tr

[(
R(0)

inv(0)(y)
)(∂R(2)

(1)(y)

∂yl

)]
,

�
(2)
(1)l = tr

[
R(−1)

inv(0)

(
∂R(3)

(2)(y)

∂yl

)]
+ tr

[(
R(0)

inv(1)(y)
)(∂R(2)

(1)(y)

∂yl

)]
. (E9)

By substituting Eqs. (E2)–(E5) into Eq. (E1) and collecting terms order by order in ε, we obtain the following expansions for l i
p

and l i
R:

l i
p = ε4V

∫
dy

∑
k,l,m

⎛⎝Ai
klmym + εBi

klmym + ε2Ci
klmym + ε2

∑
n,o

Di
klmnoymynyo + O(ε3)

⎞⎠yl (2χα + 4β|y|2) p̃st (y), (E10)

where the coefficients are defined by∑
m

Ai
klmym = R(1)

(0)ik ν̃
(0)
(1)k R(−1)

inv(0)li,∑
m

Bi
klmym = R(2)

(0)ik ν̃
(0)
(1)k R(−1)

inv(0)li + R(1)
(0)ik ν̃

(0)
(1)k R(0)

inv(0)li,∑
m

Ci
klmym = ν̃

(0)
(1)k

(
R(1)

(0)ikR(1)
inv(0)li + R(2)

(0)ikR(0)
inv(0)li + R(3)

(0)ikR(−1)
inv(0)li

) + R(1)
(0)ik ν̃

(2)
(1)k R(−1)

inv(0)li,∑
m,n,o

Di
klmnoymynyo = ν̃

(0)
(1)k

(
R(1)

(0)ikR(1)
inv(2)li + R(2)

(1)ikR(0)
inv(1)li + R(3)

(2)ikR(−1)
inv(0)li

) + R(1)
(0)ik ν̃

(2)
(3)k R(−1)

inv(0)li. (E11)

Similarly, the contribution originating from the determinant of the Jacobian matrix can be written as

l i
R = −ε2

∫
dy

⎛⎝ ∑
k,l,m,n

E i
klmnymyn + O(ε)

⎞⎠p̃st (y), (E12)

where ∑
m,n

E i
klmnymyn = �

(1)
(0)l

(
R(1)

(0)ik ν̃
(0)
(1)kR(0)

inv(1)li + R(2)
(1)ik ν̃

(0)
(1)kR(−1)

inv(0)li

) + �
(2)
(1)l R(1)

(0)ik ν̃
(0)
(1)kR(−1)

inv(0)li. (E13)
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We next evaluate the Gaussian averages appearing in l i
p and l i

R in the stationary regime and in the oscillatory regime. We first
consider the stationary regime (χ = −1), where the distribution is concentrated around the origin. In this regime, the Cartesian
moments are given by

〈−2αymyl + 4βymyl |y|2〉 = − δml

ε4V
+ O(V −2). (E14)

Terms such as 〈ymynyoyl〉 and 〈ymynyoyl |y|2〉 contribute starting from O(V −2) and therefore do not affect the leading-order terms.
By inserting these moments into Eq. (E10), we obtain the asymptotic expansions

l i
p = −

∑
k,l

Ai
kll − ε

∑
k,l

Bi
kll − ε2

∑
k,l

Ci
kll + O(ε3), (E15)

and l i
R contributes O(V −1) and therefore does not affect the leading-order terms.

We next evaluate the Gaussian averages in the oscillatory regime (χ = 1). In this regime, the Cartesian moments are given by

〈2αymyl + 4βymyl |y|2〉 = − δml

ε4V
,

〈2αymynyoyl + 4βymynyoyl |y|2〉 = α

4βε4V
(δmnδol + δmoδnl + δmlδno). (E16)

Substituting these moments into Eqs. (E10) and (E12), we obtain

l i
p = −

∑
k,l

Ai
kll − ε

∑
k,l

Bi
kll − ε2

∑
k,l

Ci
kll + ε2 α

4β

∑
k,l,m

(
Di

klmml + Di
klmlm + Di

kllmm

) + O(ε3) (E17)

and

l i
R = ε2 α

4β

∑
k,l,m

Ei
klmm + O(ε3). (E18)

Therefore, the learning rate in the deterministic limit V → ∞ is expressed as

lim
V →∞

l i
st (ε,V ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−
∑
k,l

Ai
kll − ε

∑
k,l

Bi
kll − ε2

∑
k,l

Ci
kll + O(ε3), for χ = −1,

−
∑
k,l

Ai
kll − ε

∑
k,l

Bi
kll − ε2

∑
k,l

Ci
kll + ε2 α

4β

∑
k,l,m

(
Di

klmml + Di
klmlm + Di

kllmm

)
+ε2 α

4β

∑
k,l,m

Ei
klmm + O(ε3), for χ = 1,

(E19)

where α, β, Ai
kll , Bi

kll , Ci
kll , Di

klmlm, and Ei
klmm are constants

independent of the variables y, the small parameter ε, and the
system size V . In the stationary regime (χ = −1), the deter-
ministic limit is governed by the leading-order contribution
obtained from the linearized dynamics, with corrections of
order O(ε3). In contrast, in the oscillatory regime (χ = 1),
additional ε2 terms appear and remain finite as V → ∞. This
results in a nonsmooth change in the learning rate at the
bifurcation point in the deterministic limit. In particular, for
the Brusselator with a = 1, Eq. (E19) yields Eq. (31).

APPENDIX F: PARAMETERS OF THE BRUSSELATOR

In this Appendix, we give the explicit forms of the con-
stants and vectors resulting from the singular perturbation
analysis for the Brusselator. The bifurcation parameter is de-
fined as

μ ≡ b − bc

bc
. (F1)

From the linear stability analysis, we obtain

L0 =
(

a2 a2

−(a2 + 1) −a2

)
, λ0 = iω0 = ia, (F2)

and the corresponding right and left eigenvectors as

�U =
(

1
−1 + i 1

a

)
, �U ∗ = 1

2
(1 − ia,−ia). (F3)

Then, from the linear term of order ε2 and Eq. (B50), we
obtain

L1 = (a2 + 1)

(
1 0

−1 0

)
, σ1 = a2 + 1

2
, ω1 = 0.

(F4)

From the time-evolution equations of the concentrations,
for any vectors �α, �β, �γ , the operators M0, N0, and M1 are
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calculated as

(M0 : �α�β )1 = a2 + 1

a2
α1β1 + a(α1β2 + α2β1) = −(M0 �α�β )2,

(F5)

(N0 : �α�β �γ )1 = 1

3
(α1β1γ2 + α1β2γ1 + α2β1γ1)

= −(N0 �α�β �γ )2, (F6)

(M1 : �α�β )1 = a2 + 1

a2
α1β1 = −(M1 : �α�β )2. (F7)

The constant vectors �V+, �V−, and �V0 defined in Eqs. (B40) and
(B41) are given by

�V+ = �V− = (1 + ia)2

3a3

( −2ia
1 + 2ia

)
, �V0 = 2(a2 − 1)

a3

(
0
1

)
.

(F8)

Using the above terms, we obtain Eq. (B51) as

g = g1 + ig2 = 1

2

(
a2 + 2

a2
+ i

4a4 − 7a2 + 4

3a3

)
. (F9)

In computing the third-order term of the variable transforma-
tion, we employ the pseudoinverse matrix:

G = 1

(2a2 + 1)2

(−ia − a2 a2 + 1
−a2 −ia + a2

)
. (F10)

Furthermore, the diffusion matrix in the Fokker-Planck equa-
tion [Eq. (C3)] can be calculated using the previously
introduced quantities, yielding

D̃ = a

2

(
a2 + 2 −a

−a a2

)
. (F11)
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