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Symmetry and self-bound droplets in dipolar molecular gases
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Recent experiments with degenerate molecular gases dressed by elliptically polarized microwave fields have
enabled new control of dipolar interactions via engineered anisotropy. We reveal a symmetry structure of the
dipolar interaction that generates degeneracies among the interaction parameters, enabling a classification of
spatial symmetries and equilibrium shapes of the gases. Exploiting these symmetries, we analyze solutions
including beyond-mean-field quantum fluctuations in the dilute gas regime and develop a complementary
variational theory. We map out the phase diagram of self-bound droplets and characterize their widths, energies,

and densities.

DOL: 10.1103/19wk-v25v

I. INTRODUCTION

Gases of ultracold bialkali molecules have long held the
promise of strong long-range and anisotropic dipolar inter-
actions. Early progress with fermions [1] was hindered by
losses due to chemical reactions [2,3], although deep Fermi
degeneracy was ultimately achieved [4]. By using microwave
shielding [5-7] to limit losses, bosonic molecules were finally
condensed in 2024 [8,9] (see also Refs. [10-12]).

The observation in magnetic atoms of several long-lived
localized droplets arising from a trapped dipolar conden-
sate [13] and macrodroplets [14] led to the realization
of a self-bound dipolar droplet [15], stable in free space
without external confinement, stabilized by quantum fluctu-
ations [16] (see also Refs. [17-23]). Self-bound droplets in
two-component atomic condensates have since been observed
[24,25].

Experiments now bring this physics to molecular gases
with self-bound droplets recently reported [26], which demon-
strated several important advances. First, higher dipolar inter-
action strengths than can be achieved with atomic magnetic
gases. Second, the sign of the effective dipolar interaction
can be changed for molecular gases. The change of dipolar
interaction sign was proposed for antidipolar atomic gases by
fast rotation of the magnetic field [27,28], and modification
of the interaction by rotation was realized experimentally for
trapped atoms [29]. Theory showed that such trapped gases
prefer a pancake shape, and with confinement perpendicular
to the dipole orientation can result in a stack of “pan-
cakelets” [30] (see also Refs. [31,32]). However, lifetimes
of atomic gases with rapidly rotating magnetic fields have
been limited, whereas molecular gases show impressive life-
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times [26]. Finally, with interactions controlled by elliptically
polarized microwave fields demonstrated in Ref. [26], inter-
actions of molecular gases have increased anisotropy beyond
the cylindrical symmetry of the atomic dipolar interaction.

Existing theory for molecular Bose gases has investigated
molecular condensates [33], droplets [34-36], and layer-
ing [37], and has been limited to the cylindrically symmetric
interaction; only very recent work considers elliptically con-
trolled anisotropy in the context of supersolids [38,39].

In this work, we uncover a symmetry framework for
the microwave-dressed dipolar interaction, showing that each
combination of interaction parameters belongs to a sextet of
degenerate configurations related by coordinate permutations.
This structure organizes the interaction landscape, revealing
where cylindrical symmetry is preserved or broken, and clas-
sifying the equilibrium shapes of the cloud. This symmetry
analysis follows directly from the form of the interaction, and
is therefore not specific to the later theoretical treatment. We
then apply the symmetries to the extended Gross-Pitaevskii
equation (eGPE) including beyond mean-field effects and we
develop variational solutions that capture the key anisotropy
effects. The eGPE approach is not valid when a; < 0 or in the
strongly interacting regime. Focusing on self-bound droplets,
we derive the phase diagram, first in the thermodynamic limit
and then for finite molecule number. We demonstrate the
properties of self-bound droplets and compare the energy and
peak density to the thermodynamic limit scaling.

II. INTERACTION

We consider a system with effective intermolecular dipole-
dipole potential U (r) and s-wave interactions with interaction
strength g, = 47 i%a,/m for molecules with s-wave scattering
length a,. We assume the molecules are shielded by a mi-
crowave field [39-43] with ellipticity &, giving [44]

3|gs .
Ur) = %[60(1 —3c0s?6) + /3€, sin” 0 cos 2], (1)
T

where 0 is the angle between r and the z axis, and ¢ is the
angle between p = (x,y) and the x axis. The first dipolar
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interaction term is the usual ¢-independent term Yy with
relative dipole interaction strength ¢y [45], and the second
Y22 + Y2_2 term depends on both 6 and ¢, with relative dipole
interaction strength €, o< sin 2£. The contribution from Y2jEl is
generally small [41]. As a wide range of positive and negative
dipolar interactions is possible experimentally [26,41,46], we
allow for positive, zero, and negative values of €y and €,. With
no ellipticity of the microwave field, £ = 0 so that €, = 0,
results are equivalent to those for dipolar atoms when ¢y > 0
and antidipolar atoms when ¢y < 0. The dependence of results
on (€, €2) is via functions of U (r), which can be written as

31gs
47|rgrs| [(€0 + V3e)x” + (€0 — v/3€2)y” — 2602’1,

@)

so the ground state and its energy are unchanged by those
changes to €y and €; that correspond to permutations of the
coordinates {x, y, z}, for example, states with €y, €, are equiv-
alent to those with €y, —e;, exchanging the roles of x and y.
That is, each state belongs to a sextet with the same energy
and wavefunction related by coordinate permutations. The
transformation between the parameter sets is given by € =
Te, where € = (€9, €2)” and T is any product of the reflec-

. SO sin : o —sin®
tions T, = <°°q o ) and rotations R, = (Z?: 5 comp )

Ur)=

sin ¥ —cos ¥
in parameter space, for ¥ = 27n/3 withn =0, 1,2,i.e., T is
from the dihedral group Djs.

Equation (2) also shows when the system has cylindrical
symmetry, assuming the trap, if any, has the same symmetry:
When €, = 0, they have x, y symmetry; when €y = €,/+/3,
they have y, z symmetry; and when €y = —e,/+/3, they have
X, 7 symmetry, i.e., the symmetry axes of the D3 group. On a
symmetry axis, the sextet collapses to three distinct states due
to degeneracy.

This also shows that near the ¢y > 0 axis and near €y =
—e,/+/3 the gas is prolate, whereas near the € < 0 axis and
near €y = €,/+/3 the cloud is oblate, subject to any modifica-
tion by a trap.

Finally, Eq. (2) establishes the relative widths of the gas, up
to potential modifications by a trap. For example, when €, >
€/ /3 > 0 the coefficients are in decreasing order of (x, y, z),
so the real-space widths increase in that order to minimize
energy.

In what follows, we particularly focus on three cases:
prolate symmetry (¢p > 0, €, = 0), oblate symmetry (€p <
0, e, = 0), and asymmetric, midway between the symmetry
axes (ep = 0). After transformations, these three cases cover
12 lines, every 30°, in parameter space.

The above discussion on the symmetry and lengths is
summarized in Fig. 1. The blue dots, linked by blue lines, are
equivalent states. As we omit €; < 0, states are in groups of
two if on a symmetry axis, otherwise groups of three. The D3
symmetries tile the plane: Each of the three colored regions
has all of the different possible states, subject to permutation
of the coordinates.

III. eGPE

As an application, we consider the ground-state wavefunc-
tion, ¥ (x), given by the solution to the time-independent

eo:‘\/gez\ z2>y>x /e}‘b
7/ =
N

7

€2

FIG. 1. Symmetry of dipolar molecular gases and relative cloud
widths. The blue dots show equivalent states under permutations of
the coordinates (the shape of the connecting blue lines is arbitrary).
There is also simple reflection symmetry about the line €, = 0: The
€, < 0 results and their connection to the dots are not shown (if
three dots are linked above, there are another three for ¢, < 0, and
if two are shown there is another one for €, < 0). The three colored
regions (six including €, < 0) demarcate domains with different
relative widths. The notation x =y > z means that the cloud has
x,y symmetry, and the x, y width is greater than the z width, unless
broken by a confining potential. The dashed lines indicate €y = 0 and
other members of its sextet.

eGPE

v 3
[— . +V(x) + O(x) + yorl V| }ﬁ =py, Q)
where p is the chemical potential, V (x) is the trap, and ¥ is
normalized to the total number of molecules f dxn(x) =N,
with density n(x) = | (x)|2.

The effective two-body interaction potential is ®(x) =
gl (x)|> + fdx’ U(x — x)|Y(x)|%. As € or €, can be zero,
the dipole lengths €ypa; and €,a, are not useful lengths for all
possible parameters, and we use the s-wave scattering length,
as, as our length unit, which we take to be positive, and
Ey =1/ ma? as our energy unit. The interaction in these units
is then completely parametrized by €y and €.

Quantum fluctuations are included in the local density ap-
proximation with yor = 32g,a2/? Qs (e, €2)/3+/7, where

a2 _
Qs(€o. €) = / 4—77" [+ 0K, (4)

and g,U (k) is the Fourier transform of U (r) [see Eq. (A3)].
There is an attractive component to the interaction potential,
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ie,U(K) < —1, when
€+ V32| > lorey < —1, %)

and then Qs has an imaginary part due to instabilities of
the homogeneous dipolar gas, which we discard [21,22]; we
show the extent of the imaginary part in our results [see
also Eq. (B6)]. For certain parameters Qs can be evalu-
ated, including Qs(e€, 0) for €y > 0 [47,48], Re{Qs(€p, 0)} =
5r(1 — €)% /(32/3]e]) for €y < —%, and Qs(0, €;) given by
Eq. (B5). Otherwise, we integrate over one angle numerically
using Eq. (B2).

The eGPE depends on ¢€; and ¢, both in ®(x) and in Qs,
only via U (r), so the symmetries of the previous section ap-
ply, subject to the trap. For example, the wavefunction with
(60 < 0, €, = 0) and trap V(x) = %m[a)f)(x2 + ) + w22’ is
equal to that with (¢} = |eo|/2, €5 = V3le0l/2) and w; =
o, = w,, 0, = w; after permutation of coordinates.

In the following, we will use the energy to compare solu-
tions, which is given by

.| AV? 1 2 ;
E = /a’x1// 5 +Vx)+ 5©<X)+ EVQF|1/f| V.
(6)

IV. VARIATIONAL

We consider a large class of ansitze where the den-
sity n(x) depends on x in the scaling form n(x)=
ny(s) for some function n,, with s*>=x*/I?+ yz/ly2 +
2/ lzz. The variational Gaussian we consider below is
an example, as is Thomas-Fermi. Then f dx d(x)n(x) =
g (1 —eof —3erfo) [dx[n(x)]> [49], where the func-
tions f(l./I;,1,/l;) and f>(l;/I;,1,/l;) are defined in Ap-
pendix C. The function f(x,y) is given in terms of
incomplete elliptic integrals in Refs. [S0-52]. After the trans-
formations € = Te, eof I/, 1,/1;) + V3erfo(ly/L, L/l =
eof (/1,11 + V3, f(ll/L, I;/}), where [/ is the trans-
formed length. For example, after Ty that exchanges x and
v, I./l] = 1, /1., which gives us the relations f(y, x) = f(x, y)
and f>(y, x) = —fa(x,y), so f(x,x) = 0. After T, we use-
fully get the functional form of f, in terms of the well-known

f:
frlx,y) = 5LF( )y, x/y) = f(1/x, y/0)], @)

with the limits f>(x, 00) = 1/(1 +x) and f>(x,0) = —1 for
x # 0 [53]. The range is —1 < fo(x,y) < 1, and fo(x, 1) =
G, 1) = =1£(1/x), with £;(x) = f(x, x) [54].

In the following, we specialize to a variational Gaussian

12202720272
ansatz ¥, (x) = v e /AR,

T

V. RESULTS

We consider self-bound droplets of dipolar molecules, i.e.,
V(x) = 0. The domain of self-bound droplets in the thermo-
dynamic limit, N — oo, is given by Eq. (5). The formation
of self-bound droplets also requires a sufficient number of
molecules. The phase boundary between self-bound droplets
and the dispersed gas is found by varying N, €y, €5 so that
E = 0, using stationary states which solve Eq. (3). The phase

1000E/N E,
— 0

< Im{Q5} _1
Re{Q5} 4

€0

-3

FIG. 2. Phase diagram for droplets of dipolar molecular gases,
with no droplet in the white region near the origin, and stable self-
bound droplets outside this region. The energetic stability boundary,
E =0, is for N = 1000 using the eGPE (red circles and thick curve)
and variational (thin red curve), N = 5000 using the eGPE (blue
circles and thick curve) and variational (thin blue curve), and the
thermodynamic limit, Eq. (5) (dashed lines). Also shown is the
variational energy for N = 5000 (background color), contours where
Im{Qs} = Re{Qs}/10 (thin black curve) and Im{Qs} = Re{Qs}/4
(thin white curve) [see also Eq. (B6)], and the symmetry axes from
Fig. 1 (black lines at €y = =%€,/+/3). The labels on the symmetry
axes show the relative lengths from Fig. 1. The cases from Fig. 3
are marked with x and the case from Fig. 4(b) is marked with a
dash-dotted line.

diagram for N = 1000 (red) and N = 5000 (blue) is given in
Fig. 2, showing that the boundary approaches the thermody-
namic limit (5) as N increases. The variational energies are
also shown (background color). The boundary from eGPE
calculations (circles and thick curve) extends to slightly closer
to the thermodynamic limit than the variational Gaussian (thin
curve), as the eGPE gives lower-energy states.

Compared to the (¢p > 0, €, = 0) case, the lower energies
for the other two cases, (€9 <0, e2 =0) and ¢y =0, are
striking. To understand this, we consider the large N limit (see
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Appendix D),
E _ 507T2(Elim - 1)3 (8)
NE; ~ 3[64Qs(eo, €)1’
where €, = —ming U(Kk), i.e.,
€lim = {60 + ﬁ|€2|’ €0 = _|€2|/ﬁa )
) 2leol, 0 < —lea|/V/3.

The energy (8) is achieved with peak density (see also
Refs. [55,56])

257 (€fim — 1)?
ek = 16405 (o, )P (10
i.e., independent of N like a liquid. The three cases marked in
Fig. 2, all have e, = 3, but [Q5(3, 0)]> ~ 10[Q5(0, v/3)]* ~
20[Qs(—1.5, 0)]%, which explains the bulk of the relative en-
ergy differences.

As expected from the symmetry, ascending near €y =
€2/+/3 gives rapidly decreasing energy, equivalent to de-
scending near the ¢y < 0 axis, whereas descending near €y =
—e3/+/3 the decrease in energy is slower, equivalent to the
€p > 0 axis.

Two contours of the imaginary part of the quantum fluctu-
ation term are shown (note that these are independent of N),
revealing an appreciable region where droplets are formed,
before the imaginary part becomes significant.

Example profiles of droplets are given in Fig. 3. The case
€9 = 3, ¢ =0 is shown in Fig. 3(a) with a prolate profile,
and the characteristic liquid-like plateau in density in the bulk
along z. The case g = —1.5, €, = 0 is shown in Fig. 3(b) with
an oblate profile. Figure 3(c) shows the profile on the €, axis
fore; = \/5 showing distinct profiles on the three axes.

For €y = 0, we minimize the variational energy to find
that the ratio A = [,,/I; is constant in the limit /, < [, given
by (A2 = SAHK(1 =A%) = (2 =5 2 —AHE( — A?), with E
and K the complete elliptic integrals, i.e., A &~ 1.964. We
also find that all our eGPE results for ¢y = 0, which we
have computed for 1.25 < 2 < 6 and 10> < N < 10°, have
ly/l, € 2 £ 0.1. Properties of the droplets are shown in Fig. 4.
The long width(s) increase significantly from N = 1000 (red)
to N = 5000 (blue), whereas the shortest width(s) show a
smaller increase and sometimes decrease. Figure 4(b) shows
the widths starting from a cylindrically symmetric (x = y)
prolate droplet on the left at €9 = 3, e, = 0 progressing to
a cylindrically symmetric (y = z) oblate droplet in the mid-
dle at €g = 3/4, €; = 3+/3/4, and ending on a cylindrically
symmetric (x = z) prolate droplet on the right at g = —3/2,
€ = 33 /2. The minimum width in our results is the axial
width of the oblate droplet for €y ~ —2 with /(z2) ~ 5a.
The possibility of a self-bound droplet entering a crossover
two-dimensional regime is of interest.

Figure 4(c) shows the energy per particle, which decreases
sharply from E = 0 at the phase boundary before quantum
fluctuations dominate; i.e., Qs dominates over €, in Eq. (8).
In Figs. 4(b), 4(d), and 4(f), €;m = 3 is constant, so the
variation in Egs. (8) and (10) is entirely due to quantum fluctu-
ations. Figure 4(e) shows the peak density increase steeply as
|€o| increases away from the critical point. However, for larger
legl = 2 the peak density decreases, due again to quantum
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FIG. 3. Profiles for N = 5000 and (a) ¢y = 3, €, =0, (b) ¢y =
—1.5,6,=0,and (c) ¢ =0, €, = /3 for the x axis (solid), y axis
(dash-dotted), and z axis (dashed). On the right (not to scale) are
isodensity surfaces at 90% (red) and 5% (blue) of peak density.

fluctuations. In Fig. 4(f), the peak density is largest for a
cylindrically symmetric oblate droplet. Figures 4(e) and 4(f)
show that our results are in the dilute gas regime as
npeak|as€i|3 < L

VI. CONCLUSIONS

We analyzed the symmetry landscape of degenerate molec-
ular gases dressed by elliptically polarized microwave fields
and showed that states form sextets under D3 symmetry that
tile the interaction plane, representing the same state with
permuted coordinates, capturing the degeneracies of the dipo-
lar interaction landscape. We identified where the system
has cylindrical symmetry, and when such a gas is prolate or
oblate, and partitioned parameter space by the ordering of
the principal widths of the cloud. We identified three axes
in parameter space (prolate, oblate, and asymmetric), which
together represent every 30° in parameter space, due to the
symmetry. We used the symmetries to classify the solutions
of the eGPE, and to derive the analytic variational interaction
energy. Then, focusing on self-bound droplets with a; > 0 and
in the dilute gas regime, we identified the phase diagram in
the thermodynamic limit, and computed the finite N phase
boundary. We found a limiting form of the energy and peak
density of a self-bound droplet, and compared it to numerical
results at finite number. We found the asymptotic aspect ratio

023219-4



SYMMETRY AND SELF-BOUND DROPLETS IN DIPOLAR ...

PHYSICAL REVIEW RESEARCH 8, 023219 (2026)

3
]

npeakaa

€0 60:3—\/362

FIG. 4. Properties of droplets for N = 1000 (red) and N = 5000
(blue); thick curves are eGPE and thin curves are variational. (a), (b)
RMS widths along the x (solid), y (dash dotted), and z (dashed) axes
[in panel (a) \/(yT) is equal to and obscured by \/@ ; for variational
\/@ =1 /\[2]. (c), (d) Energy per particle, also showing Eq. (8)
(black dashed). (e), (f) Peak density, also showing Eq. (10) (black
dashed). In panels (a), (c), and (e), results are for €, = 0, and panels
(b), (d), and (f) for €y + /3¢, = 3.

of the two long widths of our key asymmetric case, ¢y = 0. We
illustrated the profiles of self-bound droplets and their widths,
energy, and peak density.

The tiling of the interaction plane invites direct experi-
mental verification by scanning (€, €;), relating self-bound
profiles at different elements of the sextet, and/or by inter-
changing trap frequencies relative to the polarization direction
for trapped gases. Further work will investigate the excitation
spectra [57] of self-bound droplets of molecules.

ACKNOWLEDGMENTS

We acknowledge useful discussions with Blair Blakie, use
of NZ eScience Infrastructure (NeSI) high-performance com-
puting facilities, and support from the Marsden Fund of the
Royal Society of New Zealand.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [58].

APPENDIX A: MOMENTUM-SPACE INTERACTION

We use a grid that is shaped to amply cover our density,
which is generally a different size in each direction, and trans-
form onto a zero-padded grid in momentum space to use a
spherical cutoff for the dipolar interaction. The cutoff Fourier
transform is found using the spherical wave expansion of the

plane wave [59]:

; 3
/ dr e—zk-r_
r<R 47Tr3

Y et 6 ) / dri-ljr)  (AD)

m=-—2

2
Y nls'6.¢)
m=-2

(A2)

2
—s(kR) Z Y™

m=-—2

Ok, ér)

where s(k) = 1 + 3k =2 cosk — 3k 3 sink, 6 is the angle be-
tween k and k, and ¢ is the angle between (k,, k,) and the k,
axis. Using ¢, for our interaction gives [38,60]
U*(k)
s(kR)
For R — 00, s(kR) — 1 and UR(k) — U (k).

(A3)

= ¢0(3 cos? O —1)— \/562 sin® Ok coS 2¢y.

APPENDIX B: QUANTUM FLUCTUATION COEFFICIENT

The function U (K) is real, so for a given k, the principal
root [1 4+ U (k)]*/? is positive real or positive imaginary, and
Os(eg, €2) is complex with positive real and imaginary parts if
in the region (5), and real otherwise. First, we consider €; = 0:

S5(x — ln(l Xx)
TV [1 (VT+2x —/3x) — ]

+ E(“ + 4x + ) V1 + 2x.

Qs(x,0) =

B

For €; # 0, we pull out a ¢, dependent factor that is
imaginary for some parameters, before integrating over 6,
so we must take the absolute value of the real part before
numerically integrating over ¢y:

2 /2
Re(Qs(eo, ) = = fo dgiRell(@0))l.  (B2)

€

FIG. 5. Quantum fluctuations coefficient along €, = 0 (solid)
and €y =0 (dashed). Shown are Re{Qs} (blue), Im{Qs} (red),
Q5 (B6) (green), and the small parameter approximation (B7) (thin
black).

023219-5



D. BAILLIE

PHYSICAL REVIEW RESEARCH 8, 023219 (2026)

2 /2
Im{Qs(€0, €2)} = ;/0 dop Im{I(¢)},  (B3)

5/2
1(¢pp) = (1 — iéz cos 2¢k> QS(\/gEO‘i‘ €) COS 2¢k 0)

V3 V33— 2€, coS 2¢ ’
(B4)

The integral can be evaluated for these two cases:

Qs(€g, €2)

€ =0,
57 (3 5/2 5 1.1. _4el _ 1
FG+V3al) (-3 5l 2s). =3
(B5)

The real part of Qs retains the real terms in the integrand
of Eq. (A2) of Ref. [21] even where the Bogoliubov energy
term is imaginary. An alternative is to exclude the entire
contribution of unstable modes to that integral [61], i.e., to
use Cutoff III of Ref. [21] generalized to include €, (evaluated
using Eq. (A10) of Ref. [21], noting [62]). This defines Qf,
which we evaluate analytically. With o = Im{Qs}/ Re{Qs},
Qeper) _, 1 {0.93, o=t

~
~

s o 10 (B6
Re{Qs(ep, €2)} 16 0.83, a=r1. (B6)

The results for Qs along the axes are shown in Fig. 5, along
with the small ¢ and €, limit [63]:

Qs(ep, €2) ~ 1 + 3 (f + &3). (B7)

APPENDIX C: ANISOTROPY FUNCTIONS

These are given by

o [du 3cos? O, _
fx,y)= / e g¢+ SiH29k+902929k 1), (C1)
k ¢_ sin” 6
e y) = f (€2)

47 ¢ sin® O + cos? 6

where ¢4 = x2 cos” ¢ £ y~2 sin® ¢y.

APPENDIX D: LARGE N LIMIT

The droplet profile becomes increasingly flat topped so that

[dx|y|P — nggl: 'N, kinetic energy becomes insignificant,

and we find npeqi that minimizes

E L la- €lim Mpeak + %yQank. (D1)
N 2% 5 pea
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