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Near-bandgap harmonic generation in solids from multiple scattering revealed
by complex quantum trajectories
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High-harmonic generation in solids enables probing of strong-field electron dynamics in condensed matter and
the development of compact ultrafast light sources. Whereas most studies have focused on above-bandgap high-
order harmonics, which are usually interpreted through short electron-hole trajectories that recombine within one
optical cycle, the microscopic origin of low-order emission near the bandgap remains poorly understood. Here,
we investigate near-bandgap harmonic generation in ZnO by combining semiconductor Bloch equations with
a complex-time quantum-trajectory analysis. Our results indicate that these harmonics are not a continuation
of the short trajectory. Rather, they originate from multiple-scattering trajectories, in which the electron-hole
pair undergoes repeated Bragg scattering at the Brillouin-zone boundary and electron-hole reencounter near
the � point before the actual recombination occurs. We identify that the imaginary part of the electron-hole
displacement provides a practical diagnostic of the residual tunneling memory. Real-space electron-hole overlap
alone does not imply coherent recombination unless the full complex displacement vanishes. These results clarify
the microscopic picture of near-bandgap harmonic emission in ZnO and offer a framework for interpreting
phase-resolved strong-field dynamics in solids.
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I. INTRODUCTION

High-harmonic generation (HHG) is a central nonlinear
process in strong-field physics, producing coherent extreme-
ultraviolet radiation and attosecond pulses [1–4]. In gases,
HHG is well described by the three-step model [5]. Extending
HHG to crystalline solids has opened a rich research fron-
tier, where the periodic lattice potential and electronic band
structure introduce qualitatively new dynamical channels.
Solid-state HHG has become a powerful probe of ultra-
fast carrier dynamics in condensed matter and a promising
route toward compact attosecond light sources [6–13]. Most
previous work has focused on above-bandgap higher-order
harmonics [14–17]. The microscopic origin of low-order har-
monics near the bandgap, however, remains much less clear,
despite their prominence in semiconductors and dielectrics.

In atomic and molecular systems, near-threshold and
below-threshold harmonics are known to originate from
mechanisms beyond the standard three-step picture [5],
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including multiple rescattering [18–25], excited-state chan-
nels [19], and Rydberg-mediated pathways [26–28]. These
studies indicate that near-threshold harmonic emission can
encode dynamics that are qualitatively different from those
responsible for above-threshold harmonics.

In solids, HHG is commonly described in terms of
interband polarization associated with electron-hole recom-
bination and intraband motion driven by Bloch oscillations
[14–17,29]. Strong-field-induced injection currents associ-
ated with subcycle population transfer across the bandgap
constitute an additional source of low-order, below-bandgap
harmonics [30]. This contribution is generated during the
tunneling-induced carrier-injection step itself and is therefore
distinct from the interband-recombination process considered
here. The solid-state extension of the semiclassical three-step
model has provided a useful framework for interpreting many
features of HHG in crystals. However, conventional semiclas-
sical treatments often neglect the dynamics of the tunneling
[14,15,31], an approximation that becomes problematic for
phase-sensitive observables such as two-color interferometry
[32–38]. Complex quantum-trajectory approaches that explic-
itly retain tunneling dynamics have substantially improved the
description of solid-state HHG, yet noticeable discrepancies
remain in the near-bandgap region [38,39].

A key insight from the theory of atomic HHG is that
strong-field tunneling naturally leads to complex saddle-point
variables [40]. In the solid-state extension, the ionization time,
canonical momentum, and relative electron-hole displacement
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generally become complex valued. The imaginary part of the
displacement carries the memory of underbarrier motion and
imposes an additional constraint on coherent recombination.
Crucially, in HHG, it is the photon energy that must be real,
not the electron momentum [40]. Consequently, the imag-
inary part of the canonical momentum can be substantial,
and the active electron is not a free photoelectron but re-
tains an evanescent character from the tunneling step. These
insights provide the conceptual basis for applying complex
quantum trajectories to solid-state HHG. Here, the bandgap
assumes the role of the ionization potential. The central
question addressed here is how this complex displacement
should be interpreted in a periodic crystal, where, unlike in
atoms, the electron-hole motion is governed by Bloch-band
dynamics and Bragg scattering rather than by Coulomb-driven
recollision.

In this paper, we combine semiconductor Bloch equa-
tions (SBEs) with a complex-time saddle-point analysis to
identify the trajectory origin of near-bandgap harmonic gen-
eration in ZnO. We show that the short trajectory, where
tunneling and recombination occur within the same optical
cycle, accurately describes higher-order harmonics but fails
in the near-bandgap region. The missing contribution is asso-
ciated with a delayed multiple-scattering trajectory, in which
the electron-hole pair is born one optical cycle earlier and is
repeatedly redirected by the periodic band structure through
Bragg scattering at the Brillouin-zone (BZ) boundary and
field-driven electron-hole reencounter near the � point be-
fore recombination. We further show that the imaginary part
of the relative electron-hole displacement provides a practi-
cal criterion for distinguishing coherent recombination from
scattering-induced real-space overlap. This analysis yields a
unified microscopic picture of near-bandgap HHG in solids.

II. THEORETICAL METHODS

A. Semiconductor Bloch equations

We analyze HHG in solids within an SBE framework, the
standard theoretical description of laser-driven electron-hole
dynamics and interband transitions in crystals [14,15,41,42].
The SBEs read

π̇ (K, t ) = − 1

T2
π (K, t ) − i�(K, t ) w(K, t ) e−iS(K,t ), (1)

ṅm(K, t ) = ism �∗(K, t ) π (K, t ) eiS(K,t ) + c.c., (2)

where π (K, t ) denotes the interband polarization and nm(K, t )
is the population in band m. The dephasing time T2 char-
acterizes the coherence decay of electron-hole pairs. The
Rabi frequency is �(K, t ) = E(t ) · d[K + A(t )], where d(k)
is the interband transition-dipole vector and E(t ) is the driv-
ing electric field. The population difference is w(K, t ) =
nC (K, t ) − nV (K, t ), where C and V denote the conduction
and valence bands, respectively. Here, sm = −1,+1 for the
VB and CB, respectively. The classical action is S(K, t ) =∫ t
−∞ εg[K + A(t ′)] dt ′, where εg is the interband transition

energy. The crystal momentum k has been transformed into a
frame comoving with the vector potential A(t ) = − ∫

E(t ) dt ,
so that K = k − A(t ).

The total harmonic spectrum contains both intraband
and interband contributions, with the total current jtot (t ) =
jintra (t ) + jinter (t ). The intraband current, induced by carrier
motion within individual bands, is

jintra (t ) =
∑

m=c,v

∫
BZ

vm[K + A(t )]nm(K, t ) d3K, (3)

where vm(K) = ∇kEm(K) is the carrier group velocity in
band m, and the integral runs over the first BZ. The interband
current is obtained from the time derivative of the interband
polarization:

jinter (t ) = d

dt

∫
BZ

d[K + A(t )]π (K, t )eiS(K,t )d3K + c.c. (4)

In the one-dimensional (1D) two-band model along the
�-M direction, the field-driven crystal momentum evolves
as k(t ) = K + A(t ), and the emitted interband current is
j‖inter (t ) = ê · jinter (t ), where ê denotes the laser-polarization
direction. Interband transitions dominate the harmonic emis-
sion in ZnO, consistent with previous studies [6,14,43–
45]. The corresponding interband harmonic spectrum is
therefore given by the Fourier transform of the interband
current, |F[jinter (t )]|2.

Within the Keldysh approximation [w(t ) ≈ 1], the SBEs
can be decoupled, and the interband transition can be
expressed in the integral form

jinter (ωH) = ωH

∫
BZ

d3k d(k)
∫ ∞

−∞
dt e−iωHt

×
∫ t

−∞
dt ′ E(t ′) · d∗(kt ′ )e−iS(k,t ′,t )−(t−t ′ )/T2 + c.c.

(5)

Here, ωH denotes the emitted harmonic frequency, kt ′ = k +
A(t ′) − A(t ). The numerical implementation is benchmarked
against the experimentally validated ZnO SBE calculations
of Ref. [8].

B. Complex solutions of saddle-point equations

The saddle-point equations provide a quantitative frame-
work for interpreting the microscopic mechanisms of solid-
state HHG [14,15,39]. We analytically continue the real-
valued interband integral in Eq. (5) into the complex domain
using the stationary-phase approximation. The dominant con-
tributions to the integral then arise from stationary points
of the total phase. This analytical continuation establishes a
direct link between the strong-field carrier dynamics encoded
in the complex quantum trajectories and the macroscopic har-
monic response obtained from the full SBE integration.

∂

∂ti
S(K, ti, tr ) = εg[k(ti )] − i

T2
= 0, (6)

∇KS(K, ti, tr ) =
∫ tr

ti

dτ∇Kεg[k(τ )] = 0, (7)

∂

∂tr
S(K, ti, tr ) = εg[k(tr )] − ωH + i

T2
= 0, (8)

where S(K, ti, tr ) = ∫ tr
ti

dτ εg[k(τ )] is the semiclassical ac-
tion, and ti and tr denote the ionization and recombination
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times of the electron-hole trajectory. The crystal momen-
tum evolves as k(t ) = K + A(t ), with K the canonical
momentum and A(t ) = −A0 sin(ωt ) the vector potential
of the driving field. The interband transition energy is
εg[k(t )] = εc[k(t )] − εv[k(t )]. For the 1D two-band ZnO
model along �-M, the band structure is expanded as εg(k) =
Eg + ∑5

j=0 α
j
x cos( jka0), with lattice constant a0 = 5.32 a.u.

and coefficients α
j
x taken from Ref. [15].

The complex saddle-point solutions are written as ti = t ′
i +

it ′′
i , tr = t ′

r + it ′′
r , and K = K′ + iK′′ [38,40,46]. The ioniza-

tion phase is φi = ωti = φ′
i + iφ′′

i . Substituting ti into Eq. (6)
yields

Eg +
5∑

j=0

α j
x cos ( jx1 + i jy1) − i

T2
= 0, (9)

where x1 = a0(K′ − A0 sin φ′
i cosh φ′′

i ) and y1 = a0(K′′ −
A0 cos φ′

i sinh φ′′
i ).

We directly solve for (x1, y1) that satisfy Eq. (9). The
canonical momentum components then read

K′(φ′
i, φ

′′
i ) = A0 sin φ′

i cosh φ′′
i + x1

a0
, (10)

K′′(φ′
i, φ

′′
i ) = A0 cos φ′

i sinh φ′′
i + y1

a0
. (11)

Similarly, substituting the recombination phase φr =
ωtr = φ′

r + iφ′′
r into Eq. (8) gives

Eg − ωH +
5∑

j=0

α j
x cos( jx2 + i jy2) + i

T2
= 0, (12)

with x2 = a0 (K′ − A0 sin φ′
r cosh φ′′

r ) and y2 = a0 (K′′ −
A0 cos φ′

r sinh φ′′
r ). For ωH = nω � Eg, where n is the

harmonic order, we obtain

K′(φ′
r, φ

′′
r ) = A0 sin φ′

r cosh φ′′
r + x2

a0
, (13)

K′′(φ′
r, φ

′′
r ) = A0 cos φ′

r sinh φ′′
r + y2

a0
. (14)

Combining Eqs. (10) and (11) with Eqs. (13) and (14), we
derive

φ′
i (φ

′
r, φ

′′
r ) = arcsin

√
P − D

2
, (15)

φ′′
i (φ′

r, φ
′′
r ) = arcosh

√
P + D

2
, (16)

where

P =
(

K′ − γ ′

A0

)2

+
(

K′′ − γ ′′

A0

)2

+ 1,

D =
√

P2 − 4

(
K′ − γ ′

A0

)2

, (17)

with γ ′ = x1/a0 and γ ′′ = y1/a0.
The physical origin of these complex quantities follows

from the atomic HHG framework [40]. Equation (7) requires a
condition satisfied trivially by classical trajectories but which
carries nontrivial implications for quantum ones. The ioniza-
tion condition εg[k(ti )] − i/T2 = 0 forces the electron kinetic
energy at ti to be close to the bandgap, so ti is complex.

FIG. 1. Schematic illustration of the three-step model for solid-
state HHG on the complex-time plane. (1) Tunneling: An electron
tunnels from the VB to the CB. (2) Acceleration: The electron-hole
pair is driven by the laser field. (3) Recombination: The pair recom-
bines and emits a harmonic photon.

The displacement accumulated during underbarrier evolu-
tion from ti to the real-time axis t ′

i then yields a complex

exit position:
∫ t ′

i
ti

v(K, τ ) dτ = r′
ex + ir′′

ex [40]. This imaginary
exit displacement is a quantum signature of the tunneling
process—It measures the spatial extent of wavefunction pene-
tration through the classically forbidden bandgap region. To
satisfy the zero-displacement recollision condition (7), the
return time tr and the canonical momentum K must acquire
imaginary parts to compensate for r′′

ex. In the solid-state con-
text, K′′ reflects the fact that the electron-hole pair has not
been promoted to the conduction band as a free carrier; it
retains an evanescent character linked to its tunneling birth.
Unlike in photoelectron spectroscopy, where the detected
electron momentum is real, in HHG the observable is the
photon energy, so the electron canonical momentum may stay
complex throughout the entire trajectory [40].

Figure 1 illustrates the resulting three-step picture on
the complex-time plane. During tunneling, the electron is
promoted from the VB to the CB, starting at the tunnel en-
trance ti = t ′

i + it ′′
i . The imaginary part of the ionization time

encodes the tunneling duration, and the electron-hole pair
emerges at the tunnel exit on the real-time axis t ′

i . During
acceleration, the pair is driven by the laser field along the
real-time axis from t ′

i to t ′
r . Finally, recombination occurs at

the complex saddle-point time tr = t ′
r + it ′′

r , where the emitted
photon contributes a single harmonic to the HHG spectrum.

III. RESULTS AND DISCUSSION

In this paper, we consider a 1D two-band model along
the �-M high-symmetry direction of ZnO. Additional cal-
culations along the �-K direction yield the same qualitative
trajectory assignment as those along �-M. Two-color fields
provide a phase-sensitive interferometric probe of quantum
trajectories in solids [32]. When a weak second-harmonic
(SH) field is added to the fundamental field, inversion sym-
metry is broken, and even-order harmonics are activated. The
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ω-2ω interferometric scheme requires the even-harmonic re-
sponse to be nearly suppressed before the weak SH field is
introduced. In the effective one-dimensional �-M geometry
considered here, single-color excitation produces predomi-
nantly odd harmonics, so the weak SH field provides the
dominant controlled symmetry breaking. Without this dy-
namical symmetry breaking, the even-order harmonics would
remain suppressed, and no phase-delay maximum could be
extracted. Along an intrinsically asymmetric direction such
as �-A, medium-induced even harmonics would coexist with
the SH-induced contribution, and the simple relation I2N ∝
| sin σ |2 would no longer apply. The phase accumulated by
an electron-hole trajectory due to the weak SH perturbation is
written as

σ (K, ti, tr, φ) = −
∫ tr

ti

v(τ, K) · A2ω(τ, φ) dτ. (18)

Here, A2ω is the vector potential of the SH field, and v(k) =
∇kεg(k) denotes the relative velocity of the electron with
respect to the hole. Here, φ denotes the relative phase of the
2ω field. Within the quantum-trajectory model, the odd- and
even-order yields follow | cos σ |2 and | sin σ |2, respectively
[8,34,38]. As a result, the even-order harmonics are much
more sensitive to the relative two-color phase, whereas the
odd-order response varies only weakly near the modulation
extrema:

I (nω) ∝
{|cos [σ (K, ti, tr, φ)]|2, n is odd,

|sin [σ (K, ti, tr, φ)]|2, n is even.
(19)

Equation (19) determines the relative phase φmax at which
the even-order harmonic yield is maximal. This framework
establishes a quantitative link between the measured harmonic
modulation and the underlying ionization-recombination tra-
jectory. Previous studies showed that quantum-trajectory
calculations reproduce two-color interferometry and SBE
results well for higher-order harmonics [38,39], but notice-
able discrepancies remain in the low-order region. Here,
we focus on these near-bandgap harmonics. To enable di-
rect comparison, we adopt the same laser parameters as
in the experiment and in earlier theoretical work [8,39].
We use a linearly polarized driving field E (t ) = E0 cos(ωt )
with an amplitude of E0 = ωA0 = 0.008 a.u., consistent
with A(t ) = −A0 sin(ωt ). The ω-2ω interferometric scheme
requires a multicycle fundamental field with approximate
half-cycle symmetry, Eω(t + T/2) � −Eω(t ). We therefore
employ a 16-cycle flat-top pulse to enable a clean extrac-
tion of the trajectory-dependent phase-delay maximum φmax.
Additional truncated-Gaussian calculations confirm that the
trajectory assignment and φmax remain robust within the
multicycle regime. The laser wavelength is λ = 3250 nm
(h̄ω � 0.38 eV), while the minimum direct bandgap of ZnO is
Eg � 3.37 eV, corresponding approximately to the ninth har-
monic. We therefore focus on the 10th–12th harmonic region,
particularly the even 10th and 12th harmonics, which pro-
vide the most sensitive above-gap observables for the present
interband trajectory analysis. In the selected 10th–12th har-
monic region, the interband contribution dominates the total
harmonic response. The intraband current may modify the
absolute yield and modulation contrast, but the phase-delay
maxima are therefore expected to remain governed by the

FIG. 2. (a) Harmonic yield as a function of harmonic order and
relative phase delay between the fundamental and SH fields, where
the delay is given in units of the SH optical period T2ω. The color
scale shows the normalized harmonic intensity. (b) Time-frequency
analysis of harmonic emission from ZnO. The color scale shows the
logarithm of the harmonic intensity in arbitrary units. Time is given
in optical cycles. The discrete magenta and cyan markers denote the
relative phases φmax corresponding to the maximum even-harmonic
intensities predicted by the conventional short and delayed multiple-
scattering trajectories, respectively. These markers are compared
directly with the bright modulation maxima in the SBE map.

interband dynamics and to retain the same trajectory assign-
ment. Using the saddle-point solutions, we determine the
ionization time ti, recombination time tr , and canonical mo-
mentum K for each trajectory branch. The relative phase
φmax corresponding to the maximum even-harmonic inten-
sity is then calculated from Imax

2N ∝ | sin [σ (K, ti, tr, φmax)]|2.
In Fig. 2(a), the bright ridges indicate the SBE modulation
maxima, while the discrete magenta and cyan markers denote
the corresponding normalized delay positions predicted by the
conventional short and delayed multiple-scattering trajecto-
ries, respectively. The short-trajectory markers agree with the
SBE maxima at higher orders but deviate in the near-bandgap
region, whereas the multiple-scattering markers agree with
the near-bandgap harmonics but not with the higher orders.
Figure 2(b) shows the time-frequency distribution of the har-
monic emission at the center of the monochromatic-field
plateau. For higher orders (n � 14), the emission concentrates
along the short trajectory. The near-bandgap harmonics, in
contrast, have a broader emission window and are not cap-
tured by the short-trajectory picture, pointing to a delayed
dynamical channel beyond the simplest return process. Pump-
power scaling supports the nonperturbative character of both
near-bandgap and higher-order harmonics but cannot distin-
guish their microscopic trajectories. Unlike power scaling,
the ω-2ω interferometer is sensitive to the ionization and
recombination times through the trajectory-dependent phase
σ = −∫ tr

ti
v(τ, K) · A2ω(τ, φ) dτ , enabling the conventional
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FIG. 3. Time-dependent quantum trajectories of the electron-hole pair for a short trajectory [left column, panels (a)–(d)] and a rescattering
trajectory [right column, panels (e)–(h)]. (a), (e) Normalized electric field E (t ). (b), (f) Real-time velocities of the electron (green) and hole
(red) during the acceleration step. (c), (g) Real part of the electron and hole displacements, Re[r(t )]. The shaded regions indicate the three
dynamical stages: tunneling (blue, t ′′

i → 0), acceleration (pink, t ′
i → t ′

r), and recombination (lavender, 0 → t ′′
r ). (d), (h) Same as panels (c) and

(g), but for the imaginary part of the displacements, Im[r(t )].

short and delayed multiple-scattering trajectories to be dis-
tinguished by their phase-delay maxima. Independently, the
time-frequency analysis shows that the near-bandgap harmon-
ics have a broader and delayed emission window, whereas
the higher-order harmonics follow the short-trajectory branch.
Such a timing difference is not accessible from pump-power
scaling alone, but is resolved by the time-frequency and ω-2ω

phase-delay analyses.
To clarify the physical origin of the near-bandgap har-

monics, we further analyze electron-hole trajectories that
are launched in the preceding optical cycle. These delayed
trajectories undergo extended laser-driven motion before re-
combination and are repeatedly redirected by the periodic
band structure and the laser field. As shown in Fig. 2(a),
such an earlier-born trajectory provides the missing contribu-
tion to the near-bandgap harmonic emission. This comparison
motivates the detailed analysis of the earlier-born multiple-
scattering trajectory below. In the time-frequency domain
[Fig. 2(b)], the multiple-scattering trajectory captures the
overall delayed emission structure of the near-bandgap har-
monics, although residual deviations from the full SBE
result remain. These deviations are expected because the
present two-trajectory description does not include interfer-
ence among all contributing quantum paths, all of which
can broaden and reshape the low-order emission window. In
this sense, near-bandgap harmonics in solids are analogous
to near-threshold harmonics in atoms—both require a return
picture beyond the short trajectory [18–25]. The underlying

mechanism, however, is fundamentally different. In atoms,
rescattering is governed by the long-range Coulomb potential
of the parent ion. In the crystal studied here, the delayed return
is instead induced by the periodic band structure and consists
of repeated Bragg scattering at the BZ boundary together
with electron-hole reencounter near the � point, where their
relative motion is reversed before final recombination.

Figure 3 compares the time-dependent dynamics of the
short and rescattering trajectories. In both cases, the electron-
hole pair acquires a nonzero initial velocity [see Figs. 3(b) and
3(f)], a finite initial real-space separation [see Figs. 3(c) and
3(g)], and a substantial imaginary displacement [see Figs. 3(d)
and 3(h)] during the tunneling process. Upon completion of
the tunneling process, the initial electron and hole displace-
ments can be determined as r0,[e,h] = ∫ t ′

i
ti

v[e,h](K, τ ) dτ =
r′

[e,h] + ir′′
[e,h]. The electron (green) and hole (red) are born at t ′

i

with initial real displacements r′
0,e and r′

0,h [dashed blue lines
in Figs. 3(c) and 3(g)] and initial imaginary displacements r′′

0,e
and r′′

0,h [dashed blue lines in Figs. 3(d) and 3(h)]. The real
part describes the laser-driven electron-hole separation in real
space, whereas the imaginary part carries the residual memory
of the tunneling process.

For the short trajectory [Figs. 3(a)–3(d)], tunneling and
recombination occur within the same optical cycle. During the
acceleration stage from t ′

i to t ′
r , the imaginary displacement

remains nearly constant, while the real-space separation first
increases and then decreases. At the real time t ′

r , i.e., Re(tr ),
however, the electron and hole do not exactly overlap in real
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FIG. 4. Band-resolved k-space trajectories (upper row) and time-dependent crystal momentum k(t ) (lower row) along the M-�-M direction
for a short trajectory [left column, panels (a) and (b)] and a rescattering trajectory [right column, panels (c) and (d)]. The band-resolved
trajectories in panels (a) and (c) show the electron-hole dynamics on the CB (green) and VB (red) structures. The three dynamical processes
are labeled as (1) tunneling, (2) acceleration, and (3) recombination. In the short trajectory [panels (a) and (b)], (2.1) marks the single Bragg
scattering at the BZ boundary. In the rescattering trajectory [panels (c) and (d)], (2.1) and (2.3) indicate successive Bragg scatterings, whereas
(2.2) and (2.4) mark electron-hole reencounter events near the � point.

space. This is consistent with earlier treatments of “imper-
fect recollisions” [47,48]. However, in those treatments, the
electron-hole separation at recollision is usually inferred from
a real-time semiclassical estimate, whereas here we explic-
itly obtain the real-time electron and hole positions from
the complex saddle-point construction. As seen in Fig. 3(c),
the electron and hole displacements at t ′

r are −0.65 and
−0.77 a.u., respectively, corresponding to a finite real-space
separation of about 0.12 a.u. between the electron and the hole
at the real recombination time, which is not the final recombi-
nation point. It is further compensated during the subsequent
quantum recombination step, which is the inverse process of
tunneling ionization and takes place along the imaginary-time
axis. This stage has no classical real-time counterpart and
should therefore be regarded as a purely quantum part of
the HHG trajectory, as sketched in Fig. 1. Thus, the HHG
trajectory contains two quantum steps associated with real-
space displacement: Tunneling creates a finite electron-hole
separation, while recombination removes the electron-hole
separation and brings the real-space electron-hole displace-
ment exactly back to zero after photon emission.

The multiple-scattering trajectory [Figs. 3(e)–3(h)] be-
haves differently. Because the electron-hole pair is born one
optical cycle earlier, it accumulates larger real and imaginary
displacements before final recombination. More importantly,
Fig. 3(g) shows that the real part of the relative displace-
ment first reaches zero at trec,1 ≈ 0.289 o.c., indicating that
the electron and hole overlap in real space at this instant.
However, Fig. 3(h) shows that a large imaginary displacement

still remains. This means that the electron and hole have not
truly recombined in the full complex trajectory. Instead, they
merely pass by each other in real space, which is analogous
to the rescattering of an electron with the core in atomic gases
[18–25]. Another real-space reencounter of the electron-hole
pair occurs again at trec,2 ≈ 0.704 o.c., also with a nonzero
imaginary displacement, indicating that it is still a rescattering
process rather than recombination.

This perspective yields a physically transparent criterion
for coherent recombination. True stationary-phase recombina-
tion occurs only during the final complex-time recombination
step, where the real and imaginary parts of the relative dis-
placement vanish simultaneously. If the imaginary component
is still finite when the real displacement vanishes, as seen
in the rescattering trajectory at trec,[1,2], the pair has merely
undergone scattering-induced spatial overlap and does not
satisfy the full complex saddle condition.

The reciprocal-space trajectories in Fig. 4 clarify the origin
of these electron-hole rescattering events. For the short tra-
jectory [Figs. 4(a) and 4(b)], the crystal momentum reaches
the BZ boundary only once, as labeled by process (2.1). This
event is a Bragg scattering in which the periodic crystal po-
tential folds the crystal momentum back into the first BZ and
reverses the relative electron-hole motion, thereby driving the
pair back toward recombination.

For the multiple-scattering trajectory [Figs. 4(c) and 4(d)],
the electron-hole pair undergoes a sequence of momentum-
space redirections before final recombination. The processes
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FIG. 5. Same as Fig. 2, except that the driving wavelength is set
to λ = 2800 nm. The overlaid magenta and cyan markers denote
the conventional short and delayed multiple-scattering trajectories,
respectively.

labeled as (2.1) and (2.3) occur at the BZ boundary and
correspond to Bragg scattering. These boundary events fold
the crystal momentum back into the first BZ and redirect the
relative electron-hole motion [49]. The electron-hole rescat-
tering mainly occurs in the subsequent � point-turning stage,
i.e., during the processes (2.2) and (2.4). This stage corre-
sponds to the real-space electron-hole reencounter. However,
as shown in Fig. 3(h), a large imaginary displacement still
remains. The electron and hole therefore only pass by each
other in real space rather than recombine. True stationary-
phase recombination occurs only later, when both the real and
imaginary parts of the relative displacement vanish simultane-
ously.

To test the robustness of this interpretation, we fur-
ther consider a shorter driving wavelength of 2800 nm, as
shown in Fig. 5. Again, the rescattering trajectory reproduces
10th- and 12th-order harmonics, while the short trajectory
continues to describe the higher-order harmonics. The time-
frequency analysis in Fig. 5(b) shows that the near-bandgap
harmonics retain a delayed and broader emission window,
with the delayed multiple-scattering component appearing
approximately 0.05–0.10 optical cycles later than the short-
trajectory emission. These results are consistent with the same

trajectory assignment at the shorter driving wavelength. A
quantitative decomposition of the relative intensities of
different trajectories, however, requires reliable complex
saddle-point prefactors that incorporate transition dipoles, de-
phasing, and interference between quantum paths. Developing
such an amplitude-resolved trajectory framework remains an
important direction for future work.

IV. CONCLUSION

We have investigated the microscopic origin of near-
bandgap harmonic generation in ZnO using a complex-time
quantum-trajectory framework combined with semiconductor
Bloch equations. By retaining both tunneling and multiple
scattering, we find a clear dynamical distinction between
higher-order and near-bandgap harmonics.

Near-bandgap harmonics are associated with delayed
multiple-scattering trajectories involving Bragg scattering
at the BZ boundary and electron-hole reencounters near
the � point. A vanishing real-space separation is not, by
itself, sufficient for coherent recombination. Within the two-
band framework, stationary-phase recombination requires the
imaginary component of the relative displacement to simul-
taneously decay to zero. This criterion extends to solid-state
HHG the complex-trajectory insight of Smirnova and Ivanov
[40]: The imaginary displacement is a persistent quantum
fingerprint of tunneling, and its compensation is a prerequisite
for coherent emission.

These results provide a clear physical picture of near-
bandgap HHG in solids and highlight the value of complex
quantum trajectories for analyzing phase-resolved strong-
field dynamics. The imaginary part of the electron-hole
displacement may also serve as a diagnostic for identifying
recombination pathways in other semiconductor systems.
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