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Given the rapid advances in quantum computing hardware, establishing strategies for verifying the correctness
of quantum computations has become increasingly important. Exploiting the fact that the axial anomaly in gauge
theories is exact to all orders in perturbation theory, we propose the axial anomaly as a nontrivial benchmark for
quantum simulations of lattice gauge theories. We simulate axial charge production in ZN lattice gauge theories
on the trapped-ion quantum computer “Reimei.” After taking the U(1), infinitesimal time, and infinite volume
limits, we successfully reproduce the anomaly coefficient within statistical uncertainties, even without error
mitigation. Our results demonstrate that the axial anomaly can be simulated on current quantum computers and
serves as a verification test of quantum computations.
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I. INTRODUCTION

Quantum computing is expected to play a central role in
the future development of quantum field theory. Quantum
hardware has rapidly advanced and the number of qubits in
available devices has increased year by year, although har-
nessing their full performance remains challenging due to
device noise. For small-scale quantum computations, their
validity can be established through comparison with exact
solutions obtained on classical computers [1–13]. On state-
of-the-art quantum devices, however, the number of qubits
has exceeded 100, rendering exact calculations infeasible
for classical computers. In this regime, validation must rely
on comparisons with approximate methods, such as tensor
network approaches [14–17]. While previous quantum com-
putations of lattice gauge theories are finite dimensional
[1–17], appropriate limits must eventually be taken to study
quantum field theory with an infinite-dimensional Hilbert
space. Thus, benchmarking quantum computations for quan-
tum field theory is much more challenging. An ideal test case
would be nontrivial (i.e., interacting) but exactly solvable in
the infinite-dimensional Hilbert space, accessible to current
devices, and scalable to future larger devices. Quantum field
theory provides such a benchmark: the axial anomaly.

The axial anomaly relation is expressed as ∂μ jμ5 (x) =
1
π

eE (x) in quantum electrodynamics in 1 + 1 dimensions
[18]. This operator relation is exact to all orders in

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

perturbation theory. In particular, the coefficient 1
π

is one-loop
exact and remains protected against higher-order corrections.
Consider externally applying a spatially uniform electric field
Eext. The classical contribution dominates the right-hand side
and quantum corrections are of higher order and drop off. Tak-
ing the expectation value of the above relation and integrating
over a periodic box, we get

d

dt
〈Q5〉 = 1

π
LeEext, (1)

with the box size L. This relation provides a direct benchmark
for quantum computation. The left-hand side can be evaluated
by simulating the time evolution of the axial charge Q5. By
varying the magnitude of the external electric field and com-
puting the left-hand side, we can extract the coefficient on the
right-hand side. If the extracted coefficient matches the correct
value 1

π
, we can conclude the correctness of the quantum com-

putation. Quantum electrodynamics is infinite dimensional,
but each simulation is finite dimensional. Equation (1) is
reproduced only if all the necessary limits are successfully
taken. In this sense, this benchmark is not simply a check for a
single simulation, but a verification that infinite-dimensional
quantum field theory can be quantitatively reproduced from
finite-dimensional simulations on an actual device.

The axial anomaly in lattice gauge theory has a long
history. Originally, the Nielsen-Ninomiya theorem posed a
fundamental obstacle to formulating axial symmetry on lat-
tices [19]. After the discovery of a Hamiltonian formulation
with exact axial symmetry [20], theoretical understanding
of the axial anomaly has advanced [21–26]. In particular,
it has been recognized that a conserved axial charge in
1 + 1 dimensions can be locally defined and simplifies prac-
tical calculations of the axial anomaly [27,28]. Because time
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FIG. 1. Left: lattice geometry. The two-component fermions | f1(x)〉 and | f2(x)〉 are defined on sites (black open circles). The gauge fields
|g(x)〉 are defined on links (red filled circles). Periodic boundary conditions are imposed. Right: quantum circuit. The first stage is the initial
state preparation implemented by the free fermion creation C(k) and the inverse fermionic Fourier transform FFT†

i . The second stage is the
time evolution e−iHgδt with the quantum Fourier transform (QFT) and its conjugate QFT†. The third stage is a projective measurement after the
basis transformation B to the measurement basis.

evolution is obstructed by the sign problem in classical Monte
Carlo simulations, a direct simulation of Eq. (1) constitutes
not only a validity test of quantum computation but also a
long-standing challenge in lattice gauge theory.

II. THEORETICAL BACKGROUND

The axial anomaly is expected in U(1) gauge theory, but
U(1) gauge theory requires an infinite-dimensional Hilbert
space. We formulate ZN lattice gauge theories with finite-
dimensional Hilbert spaces, and then take the U(1) limit N →
∞. We work in lattice units, where the lattice spacing is set to
1, for notational simplicity.

The Hamiltonian is given by the sum of the gauge and
fermion parts, H = Hg + Hf . In ZN gauge theory, the N-
dimensional gauge link operator U (x) and the conjugate
operator �(x) obey the commutation relation �(x)U (x) =
ei 2π

N U (x)�(x) [29]. The gauge field Hamiltonian is

Hg = −e2

2

∑
x

{�(x) + �†(x)}, (2)

with the gauge coupling constant e. This becomes the standard
electric field Hamiltonian, up to an irrelevant constant, in the
U(1) limit. The Wilson fermion is adopted for its lower com-
putational cost compared with the Kogut-Susskind fermion.
The two-component fermion creation and annihilation oper-
ators satisfy {ψ†

i (x), ψ j (x)} = δi j . With the gamma matrices
γ 0 = σ1 and iγ 1 = σ3, the massless fermion Hamiltonian
takes a simple form

Hf =
∑

x

{ψ†
1 (x)ψ2(x) + ψ

†
2 (x)ψ1(x)

− ψ
†
1 (x)U (x)ψ2(x + 1) − ψ

†
2 (x + 1)U †(x)ψ1(x)}

(3)

on a one-dimensional chain illustrated in the left panel of
Fig. 1. The theory is formulated on a one-dimensional lattice
with periodic boundary conditions.

This Hamiltonian has two charge operators. One is the
vector charge

Q =
∑

x

{ψ†
1 (x)ψ1(x) + ψ

†
2 (x)ψ2(x) − 1}. (4)

The vector charge commutes with the total Hamiltonian,
which leads to the conservation law d

dt Q = i[H, Q] = 0. The
other is the axial charge

Q5 = QM + QU , (5)

which is decomposed into the U -independent term

QM =
∑

x

i

2
{−ψ

†
1 (x)ψ2(x) + ψ

†
2 (x)ψ1(x)} (6)

and the U -dependent term

QU =
∑

x

i

2
{−ψ

†
1 (x)U (x)ψ2(x + 1)

+ ψ
†
2 (x + 1)U †(x)ψ1(x)} (7)

for later use. The axial charge commutes with the fermion
Hamiltonian, [Hf , Q5] = 0, but does not commute with the
gauge Hamiltonian, [Hg, Q5] �= 0. Thus, it is conserved only
for e = 0. The gauge interaction violates axial charge conser-
vation, d

dt Q5 = i[H, Q5] �= 0, and results in the axial anomaly
(1) in the U(1) limit. In Ref. [24], it was analytically proven
that, if the axial charge satisfies [Hf , Q5] = 0, infinitesimal
time evolution can reproduce the axial anomaly (1). This prop-
erty is useful for quantum computing because simulations can
be implemented using very shallow circuits. (Note that, for
open boundary conditions, [Hf , Q5] = 0 is violated and axial
symmetry is artificially broken. Periodic boundary conditions
are essential for our simulation.)

We simulated the Hamiltonian time evolution of the axial
charge (5). The right panel of Fig. 1 shows an overview of our
quantum circuit. The circuit was simplified in various ways
to avoid device limitations. Each step is explained below and
further details are explained in the Appendix.
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III. INITIAL STATE PREPARATION

The initial state is the noninteracting vacuum given by a
direct product of gauge and fermion state vectors,

|	(0)〉 = |g〉 ⊗ | f 〉. (8)

The gauge part corresponds to the weak coupling limit

U (x)|g〉 = |g〉 for ∀x. (9)

The gauge register for each link is composed of log2 N qubits,
and all the qubits are initialized to |0〉 in the U -diagonal basis.
The fermion part is constructed by solving the noninteracting
Wilson-Dirac equation and occupying the Dirac sea, i.e., all
the single-particle states with negative energy. (Zero-energy
single-particle states are doubly degenerate and one of them
must be occupied in the charge-neutral vacuum. The occupied
state is selected by introducing an infinitesimal fermion mass
and then taking the massless limit.) The vacuum satisfies
Q| f 〉 = 0 and Q5| f 〉 = 0, and its total energy is Hf | f 〉 =
−∑k 2 sin ( π

L k)| f 〉. The momentum space representation is

| f ′〉 =
∏

k

1√
2
{ψ†

1 (k) − eiθ (k)ψ
†
2 (k)}|empty〉, (10)

with the phase angle

θ (k) =
{

0 (k = 0),
π
2 − π

L k (k = 1, 2, . . . , L − 1)
(11)

and the empty state |empty〉. The coordinate space represen-
tation is obtained by

| f 〉 = FFT†
2FFT†

1| f ′〉, (12)

where FFT†
i is the (inverse) fermionic Fourier transform for

the ith spinor component. The fermionic Fourier transform is
implemented using a circuit of sequential basis rotations [30].

IV. TIME EVOLUTION

Starting from the above initial state, we simulated time
evolution including the gauge interaction. For t > 0, the gauge
field consists of an external classical background and quantum
fluctuations. The gauge link operator is replaced as U (x) →
U (x)eiAext with a spatially uniform background Aext. In ZN

gauge theory, the external field can take discrete values Aext =
2π
N , 4π

N , . . . , 2π (N−1)
N . Such discrete jumps become continuous

as N → ∞ and lead to the standard setup Aext = eEextt , which
is used to derive the axial anomaly (1).

Time evolution is implemented by a single second-order
Suzuki-Trotter step

|	(δt )〉 = e−iHf
δt
2 e−iHgδt e−iHf

δt
2 |	(0)〉, (13)

with a small time step δt . In taking the expectation value
of Q5, the fermionic evolution operators e−iHf

δt
2 can be

omitted because Q5 commutes with Hf and |	(0)〉 is an
eigenstate of Hf ,

〈	(δt )|Q5|	(δt )〉 = 〈	(0)|eiHgδt Q5e−iHgδt |	(0)〉. (14)

In applying the evolution operator e−iHgδt , the gauge register
is transformed from the U -diagonal basis to the �-diagonal

basis via the quantum Fourier transform (QFT) [31]. After
executing the evolution circuit, the basis is transformed back
to the U -diagonal one by its conjugate QFT†.

V. MEASUREMENT

Qubits are measured to compute the expectation value at
the end of the simulation. We can analytically show that
〈Q5〉 = 〈QM〉 = 〈QU 〉 = 0 at t = 0. Since 〈QM〉 does not
evolve in a single Suzuki-Trotter step due to U independence,
it is still zero at t = δt . The axial charge at t = δt is therefore
given by

〈Q5〉 = 〈QU 〉 = iL

2
〈−ψ

†
1 (0)U (0)eiAext ψ2(1)

+ ψ
†
2 (1)U †(0)e−iAext ψ1(0)〉. (15)

The second equality is a consequence of translational invari-
ance. The number of gauge registers, as well as the number of
gate operations, can be reduced by computing the expectation
value only at x = 0 and multiplying it by the volume factor L.

VI. SIMULATION RESULTS

We utilized the trapped-ion quantum computer “Reimei,”
which was built by Quantinuum and deployed at RIKEN.
Reimei has 20 physical qubits and all-to-all connectivity. We
need to take four limits: the U(1) limit N → ∞, the infinites-
imal time limit δt → 0, the infinite volume limit L → ∞,
and the continuum limit e2 → 0. The infinitesimal time and
continuum limits are, however, equivalent because the circuits
depend only on a combination e2δt . We executed 1000 shots
for each of the 27 parameter sets N = {4, 8, 16}, L = {3, 4, 5},
and e2δt = {0.1, 0.2, 0.3}. The number of qubits scales as
Nbit = 2L + log2 N .

First, we estimated the U(1) limit from the simulations of
Z4, Z8, and Z16 gauge theories. The external field is set to a
minimal nonzero value Aext = 2π

N . On a lattice, a simulation
result must be a periodic function of Aext because of the 2π

periodicity of eiAext . As shown in Fig. 2, we used a fit function

〈Q5〉 = CL sin Aext (16)

and obtained best-fit values of the numerical coefficient C.
This estimates the anomaly coefficient of

〈Q5〉 = CLAext = CLeEextδt (17)

in U(1) gauge theory. Next, we extrapolated the obtained
values to the infinitesimal time limit. Given the weak depen-
dence on δt in Fig. 3, a linear extrapolation is justified. Using
the results of the infinitesimal time extrapolation, we finally
took the infinite volume limit. As shown in Fig. 4, the linear
extrapolation yields the correct anomaly coefficient 1

π
within

the error band. The final result after all the extrapolations
is C = 0.33 ± 0.04. This demonstrates the validity of our
simulation.

No error mitigation was used in the above analysis. This
is due to the high fidelity of the device and the simplicity
of the circuit. The dominant source of noise is two-qubit
gate errors, whose error rate is p = 1.30 × 10−3. Owing to
substantial simplification of the circuits, the number of two-
qubit gates is N2Q = 27 for the minimal case (Z4 with L = 3)
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FIG. 2. Axial charge 〈Q5〉 produced by the external gauge field
Aext = 2π

N . The data of e2δt = 0.1 are shown. Error bars represent
statistical uncertainties due to finite shots.

and N2Q = 106 for the maximal case (Z16 with L = 5). The
infidelity is therefore estimated by assuming a depolarizing
channel as 1 − (1 − p)N2Q = 3.5%–12.9%, which is smaller
than the fitting uncertainty arising from statistical errors.

VII. EXTENSIBILITY AND SCALABILITY

We have demonstrated that the axial anomaly can be simu-
lated on a current quantum computer without error mitigation.
The required computational resources are surprisingly small.
The maximum number of qubits used in our simulations
is Nbit = 14. Such small-scale simulations are tractable on
classical computers, and we checked the consistency of the
results there. The same analysis can be extended to large-
scale simulations involving Nbit > 100, which are beyond the
reach of classical computers, although error mitigation will be
necessary.

FIG. 3. Infinitesimal time extrapolation δt → 0. Error bars rep-
resent fitting uncertainties from Fig. 2.

FIG. 4. Infinite volume extrapolation L → ∞. Error bars repre-
sent fitting uncertainties from Fig. 3 and the error band represents the
uncertainty of the linear extrapolation. The star denotes the correct
anomaly coefficient 1

π
.

The analysis can be extended in three directions. (1) As
the volume L increases, the number of qubits increases lin-
early. The two-qubit gate count of the fast fermionic Fourier
transform scales as O(L log L), while that of a Pauli string
scales as O(L) in the Jordan-Wigner encoding and O(log L)
in the Bravyi-Kitaev encoding. Naive multiplication gives
O(L2 log L) and O(L log2 L), respectively, although this often
overestimates the actual cost. (2) As the gauge field dimension
N increases, the number of qubits increases logarithmically.
The two-qubit gate count is O(log N ) for QFT and remains
subleading for the gauge Hamiltonian evolution. (3) Although
the infinitesimal time and continuum limits are equivalent for
a single Suzuki-Trotter step, they are independent in general.
The systematic error can be estimated by employing higher-
order formulas or multiple steps. This broadens the causal
cone in time evolution and increases the computational cost
in a nontrivial manner.
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APPENDIX: SIMULATION DETAILS

In this Appendix, we describe the details of the quantum circuits used in our simulations. Circuit implementations are defined
up to a physically irrelevant global phase.

1. Fermionic vacuum in momentum space

We adopt the Jordan-Wigner transformation

ψ
†
i (x) = Xi(x) + iYi(x)

2

∏
( j,y)<(i,x)

{−Zj (y)}, (A1)

where the ordering is taken along the one-dimensional chain of fermions. In this convention, |0〉 is an occupied state and |1〉 is an
empty state. We define C(k) as the operator to create a noninteracting Wilson fermion with momentum k and energy −2 sin ( π

L k).
It acts on the initial fermion qubits | f2(k) f1(k)〉 = |00〉 as

C(k)|00〉 = 1√
2
{ψ†

1 (k) − eiθ (k)ψ
†
2 (k)}|11〉, (A2)

with

eiθ (k) =
⎧⎨
⎩

1 (k = 0),

1−e−i 2πk
L

|1−e−i 2πk
L |

(k = 1, 2, . . . , L − 1).
(A3)

The circuit is given by

(A4)

2. Fermionic Fourier transform

The fermionic Fourier transform is defined by

FFT†
i = exp

{
−
∑

xk

ψ
†
i (x)(ln F )xkψi(k)

}
, (A5)

where F is the Fourier matrix

ψi(x) =
∑

k

Fxkψi(k) = 1√
L

∑
k

ei 2πkx
L ψi(k). (A6)

The Fourier matrix F can be decomposed into L(L − 1)/2 Givens rotations and a diagonal phase giving det F �= 1.
For L = 3, the matrix is decomposed into three rotations and a diagonal phase

F = 1√
3

⎛
⎜⎝

1 1 1

1 ω ω2

1 ω2 ω

⎞
⎟⎠ =

⎛
⎜⎝

1√
2

− 1√
2

0
1√
2

1√
2

0

0 0 1

⎞
⎟⎠
⎛
⎜⎜⎝

√
2√
3

0 − 1√
3

0 1 0

1√
3

0
√

2√
3

⎞
⎟⎟⎠
⎛
⎜⎜⎝

1 0 0

0 − i√
2
ω2 − 1√

2
ω

0 1√
2
ω2 i√

2
ω

⎞
⎟⎟⎠
⎛
⎜⎝

1 0 0

0 1 0

0 0 −i

⎞
⎟⎠, (A7)

with ω = exp (i 2π
L ). For convenience, we introduce some notation: the real rotation matrix in the i, j plane, ri j (θ ), the complex

rotation matrix in the i, j plane, ui j , and the diagonal matrix d (α, β, γ ) = diag(eiα, eiβ, eiγ ). Using this notation, Eq. (A7) is
rewritten as

F = r01

(
π

4

)
r02

(
arccos

√
2√
3

)
u12d

(
0, 0,−π

2

)
. (A8)

Since an SU(2) matrix is generally written as(
ceiα −seiβ

se−iβ ce−iα

)
=
(

1 0

0 e−i(α+β )

)(
c −s

s c

)(
eiα 0

0 eiβ

)
, (A9)

the complex rotation is further decomposed as

u12 = d

(
0, 0,

π

2

)
r12

(
π

4

)
d

(
0,

5π

6
,

2π

3

)
. (A10)
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Thus, the final form of the decomposition is

F = r01

(
π

4

)
r02

(
arccos

√
2√
3

)
d

(
0, 0,

π

2

)
r12

(
π

4

)
d

(
0,

5π

6
,

2π

3
− π

2

)
. (A11)

The fermionic Fourier transform is constructed by using these rotation angles and diagonal phases:

FFT†
1 = R01

(
π

4

)
R02

(
arccos

√
2√
3

)
D

(
0, 0,

π

2

)
R12

(
π

4

)
D

(
0,

5π

6
,

2π

3
− π

2

)
, (A12)

with

R01(θ01) = exp[−θ01{ψ†
1 (0)ψ1(1) − ψ

†
1 (1)ψ1(0)}], (A13)

R02(θ02) = exp[−θ02{ψ†
1 (0)ψ1(2) − ψ

†
1 (2)ψ1(0)}], (A14)

R12(θ12) = exp[−θ12{ψ†
1 (1)ψ1(2) − ψ

†
1 (2)ψ1(1)}], (A15)

D(φ0, φ1, φ2) = exp[iφ0ψ
†
1 (0)ψ1(0) + iφ1ψ

†
1 (1)ψ1(1) + iφ2ψ

†
1 (2)ψ1(2)]. (A16)

The same goes for FFT†
2, except that ψ

†
1 and ψ1 are replaced by ψ

†
2 and ψ2, respectively. By the Jordan-Wigner transformation,

we get

R01(θ01) = exp

[
−i

θ01

2
{X1(0)Y1(1) − X1(1)Y1(0)}Z2(1)

]
, (A17)

R02(θ02) = exp

[
−i

θ02

2
{X1(0)Y1(2) − X1(2)Y1(0)}Z2(1)Z1(1)Z2(2)

]

= exp

[
−i

θ02

2
{X1(0)Y1(2) − X1(2)Y1(0)}Z2(0)

]
,

(A18)

R12(θ12) = exp

[
−i

θ12

2
{X1(1)Y1(2) − X1(2)Y1(1)}Z2(2)

]
, (A19)

D(φ0, φ1, φ2) = exp

[
i
φ0

2
{Z1(0) + 1} + i

φ1

2
{Z1(1) + 1} + i

φ2

2
{Z1(2) + 1}

]
. (A20)

In Eq. (A18), we used the equality Z2(1)Z1(1)Z2(2) = (−1)Q+L−1Z2(0), which is derived from the periodicity of the lattice. The
Givens rotation operators Ri j are implemented by the circuit

(A21)

and the diagonal phase operator D is implemented by RZ gates on individual qubits.
For L = 4, the Fourier matrix is decomposed as

1

2

⎛
⎜⎜⎝

1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i

⎞
⎟⎟⎠ = r01

(
π

4

)
r02

(
arccos

√
2√
3

)
r03

(
π

6

)
r12

(π

3

)
r23

(
− arccos

√
2√
3

)
u13d

(
0, 0, 0,−π

2

)
, (A22)

with

u13 =

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 − 1√
2

0 − i√
2

0 0 1 0

0 − i√
2

0 − 1√
2

⎞
⎟⎟⎟⎟⎠. (A23)
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Based on this decomposition, we can construct the operators and the circuit as in the case above, although we omit their explicit
forms. A difference is that one of the Givens rotation operators contains a string of ZZZ as

R02(θ02) = exp

[
−i

θ02

2
{X1(0)Y1(2) − X1(2)Y1(0)}Z2(1)Z1(1)Z2(2)

]
. (A24)

The ZZZ string can be implemented by sandwiching by CNOT ladders,

(A25)

Another rotation operator contains a string of ZZZZZ , but it can be reduced as

R03(θ03) = exp

[
−i

θ03

2
{X1(0)Y1(3) − X1(3)Y1(0)}Z2(1)Z1(1)Z2(2)Z2(1)Z2(3)

]

= exp

[
i
θ03

2
{X1(0)Y1(3) − X1(3)Y1(0)}Z2(0)

]
(A26)

because of Z2(1)Z1(1)Z2(2)Z1(2)Z2(3) = (−1)Q+L−1Z2(0).
For L = 5, the decomposition is

1√
5

⎛
⎜⎜⎜⎜⎝

1 1 1 1 1
1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω

⎞
⎟⎟⎟⎟⎠ = r01

(
π

4

)
r02

(
arccos

√
2√
3

)
r03

(
π

6

)
r04

(
arccos

2√
5

)
u12u13u14u23u24u34d (0, 0, 0, 0, π ),

(A27)

with

u12 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0
√

3√
15−√

5
(ω − 1) − 1√

15−√
5
(3ω3 + ω2 + ω) 0 0

0 1√
15−√

5
(3ω2 + ω3 + ω4)

√
3√

15−√
5
(ω4 − 1) 0 0

0 0 0 1 0

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A28)

u13 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0
√

2(15−√
5)

3
√

5
0 − 1

3
√

5

(
4ω2 + ω

)
0

0 0 1 0 0

0 1
3
√

5

(
4ω3 + ω4

)
0

√
2(15−√

5)

3
√

5
0

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A29)

u14 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0
√

3
2 0 0 − 1

2ω

0 0 1 0 0

0 0 0 1 0

0 1
2ω4 0 0

√
3

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (A30)
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u23 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0 1 0 0 0

0 0
√

3√
15−√

5
(ω − 1) − 1√

15−√
5
(3ω4 + ω3 + ω2) 0

0 0 1√
15−√

5
(3ω + ω2 + ω3)

√
3√

15−√
5
(ω4 − 1) 0

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A31)

u24 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0 1 0 0 0

0 0
√

2√
3

0 − 1√
3
ω2

0 0 0 1 0

0 0 1√
3
ω3 0

√
2√
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A32)

u34 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0
√

10
15−√

5
(3ω + 3ω2 + 2ω4) −

√
2

15−√
5
(1 + 8ω3 + ω)

0 0 0
√

2
15−√

5
(1 + 8ω2 + ω4)

√
10

15−√
5
(3ω4 + 3ω3 + 2ω)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (A33)

The corresponding operators are written by up to a string of ZZZ , so practical implementation is the same as L = 4.

3. Quantum Fourier transform

Let |g0g1 · · · 〉 denote a gauge register: |g0g1〉 for Z4, |g0g1g2〉 for Z8, and |g0g1g2g3〉 for Z16. The gauge register is initially
prepared in the U -diagonal basis as

U |00 · · · 〉 = exp
{
i2π
(

1
2 g0 + 1

4 g1 + · · · )}|00 · · · 〉 = |00 · · · 〉. (A34)

Before the time evolution, it is transformed to the �-diagonal basis by the QFT. Since all the qubits are initially set to |0〉, we
can easily get

QFT|00 · · · 〉 =
{

1√
2

(|0〉 + |1〉)

}log2 N

= H0H1 · · · |00 · · · 〉. (A35)

The circuit is just parallel Hadamard gates. After the time evolution, it is transformed to the U -diagonal basis by QFT† in a
general form. Although the circuits are well known, we write them down for completeness:

(A36)

for Z4,

(A37)
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for Z8, and

(A38)

for Z16. Note that the qubit order is swapped after QFT†.

4. Time evolution

The time evolution operator is

e−iHgδt = exp

[
i
∑

x

e2δt

2
{�(x) + �†(x)}

]
. (A39)

We only consider the time evolution at x = 0 and omit the argument x. In the �-diagonal basis,
1
2 (� + �†) = cos

{
2π
(

1
2 g0 + 1

4 g1 + · · · )} = cos
{
π
(

1
2 (1 − Z0) + 1

4 (1 − Z1) + · · · )} (A40)

is a function of Pauli-Z operators. This can be expanded in a finite power series of Pauli-Z operators. In Z4 gauge theory, the
expansion is

1
2 (� + �†) = 1

2 Z0(1 + Z1) (A41)

and the circuit is simply given by

(A42)

The expansion for Z8 is

1
2 (� + �†) = 1

4 Z0{1 + (1 +
√

2)Z1 + Z2 + (1 −
√

2)Z1Z2} (A43)

and the expansion for Z16 is

1
2 (� + �†) = 1

8 Z0{1 + (1 + c+ + c− +
√

2)Z1 + (1 + c+ − c−)Z2 + Z3 + (1 −
√

2)Z1Z2

+ (1 − c+ − c− +
√

2)Z1Z3 + (1 − c+ + c−)Z2Z3 + (1 −
√

2)Z1Z2Z3} (A44)

with c+ = 2 cos ( π
8 ) =

√
2 + √

2 and c− = 2 cos ( 3π
8 ) =

√
2 − √

2.

5. Measurement basis transformation

To compute the expectation value of the operator

q = i

2
{−ψ

†
1 (0)U (0)eiAext ψ2(1) + ψ

†
2 (1)U †(0)e−iAext ψ1(0)}, (A45)

we finally perform a basis transformation to the measurement basis. For example, the circuit to diagonalize q for Z16 is

(A46)

where the qubit order in the gauge register is swapped after QFT†. Since the circuit absorbs the U(1) phase of the gauge register
into f2, only the fermion qubits | f1 f2〉 are measured.
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TABLE I. Circuit properties. The number of qubits is Nbit =
2L(fermion) + log2 N (gauge). The number N2Q and depth D2Q of
ZZPhase gates on the compiled circuits are also listed. The depth
is defined by the number of gates in the longest acyclic path through
the circuit from the qubit initializations to the final measurements.

Nbit N2Q D2Q

Z4 8 27 13
L = 3 Z8 9 33 13

Z16 10 44 16
Z4 10 49 26

L = 4 Z8 11 55 27
Z16 12 67 27
Z4 12 88 47

L = 5 Z8 13 94 46
Z16 14 106 49

6. Computational cost

Table I summarizes the computational cost to simulate the
circuits. The circuits were compiled by the TKET compiler
with optimisation_level = 3 [32].

7. Classical simulation

Since the computational cost is sufficiently small for the
system sizes considered in this work, we cross-checked the

FIG. 5. Classical simulation results corresponding to Fig. 4. The
data are obtained by noiseless simulations with 10 000 shots.

validity of our analysis using a classical computer. We exe-
cuted the same circuits and performed the same fitting analysis
as in the quantum simulations. The classical simulations are
free from device errors and have ten times more shots than
the quantum simulations. Figure 5 shows the final result of
the infinite-volume extrapolation. The classical simulations
reproduce the anomaly coefficient 1

π
with better accuracy, and

thus support the analysis in the main text.
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