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Our eyes are never still. Even when fixating, they exhibit small, jittery motions. While it has long been argued
that these fixational eye movements (FEMs) aid the acquisition of visual information, a complete theoretical
description of their impact on the information available in the early visual system has been lacking. Here, we
consider the drift component of FEMs. We describe these FEMs as a diffusive process and build a minimal
theoretical model of the early visual response, including the critical process of adaptation (a fading response
to a fixed image). We establish the effect of FEMs on the mutual information between a visual stimulus and
this response. Our approach identifies the key dimensionless parameters that characterize the effect of fixational
eye movements and reveals the regimes in which this effect can be beneficial, detrimental, or negligible. Taking
parameter values appropriate for human vision, we show that the spatiotemporal couplings induced by fixational
eye movements can explain the qualitative features of the human contrast sensitivity function as well as classic
experiments on temporal integration. To our knowledge, the consideration of fixational eye movements in this
latter context is unique, and our results suggest the need for future experiments to determine the mechanisms by

which spatial and temporal responses are coupled in the human visual system.
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I. INTRODUCTION

Human vision is a dynamic process, and our eyes are in
constant motion [1]. At the largest scales, as we look around a
scene, jumplike movements of the eye called saccades locate
the images of targets of interest on the high-resolution fovea
in the center of the retina [2]. In between saccades, we fixate
on a target, and yet our eyes still move. These fixational eye
movements (FEMs) comprise occasional small jumps of order
10 arcmin known as microsaccades, but for the majority of
the time the eye undergoes a seemingly random, diffusionlike
motion referred to as drift [1,3,4]. Superimposed on drift is a
small oscillatory motion known as tremor that can be difficult
to measure [5]. In this paper, we focus on the drift that occurs
in approximately 0.5-1 s intervals [3,6,7] between microsac-
cades. We neglect tremor as recent measurements made using
high-resolution retinal tracking indicate that it is small relative
to the size of cone entrance apertures [8]. In the remainder of
this paper, we will use the term fixational eye movements to
refer to the drift component of fixational eye movements.
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That the eye performs fixational movements has been
known for over 250 years, thanks to the observations of Jurin
[9], Darwin and Darwin [10], and Helmholtz [11], who made
reference to the “wandering of the gaze.” As to why these
movements occur, a pessimistic view is that FEMs are merely
involuntary motions resulting from imperfect motor control of
the eye that simply blur or degrade an image [12]. However,
this view seems unlikely to provide a full explanation, given
the many aspects of vision that have evolved to achieve opti-
mal performance given some physical constraint [13,14], such
as single photon detection [15-17], the diffraction-limited
construction of insect eyes [18], discussed by Feynman et
al. [19] and McLeish [20], and the use of Cartesian ovals in
Trilobite eyes to correct aberration [21]. Indeed, the idea that
FEMs may be beneficial dates back to 1899 [22] and there
has been growing empirical evidence that they can improve
visual acuity [23-25]. Further, it has been suggested that the
magnitude of drift can be tuned [26-28], such that the view of
FEMs has developed from that of an aimless “wandering eye”
to a more purposeful, controlled “active vision” [29,30].

How, then, might FEMs be beneficial, how should this ben-
efit be optimized, and in what fashion does it depend on the
features of the visual stimulus? The visual system is designed
to detect changes. So much so that, were the environment
completely static and our eyes completely still, we would not
see anything at all. This visual adaptation, which functions
as a bandpass temporal response, has been well established
[31,32] and opens the door for FEMs to beneficially refresh
the image by moving the stimulus over the retina. However,
the effect of FEMs is not uniform for all spatial frequencies
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with an image. Rather, they cause the spatial structure of a
static image to be converted into spatiotemporal structure in a
manner that depends on the spatial frequency [1,33]. Accord-
ingly, it has been hypothesized that FEMs serve not simply to
overcome adaptation by refreshing the image, but to encode
visual information within a spatiotemporal structure to which
subsequent processing stages are most sensitive [22,34-38].
Some early psychophysical experiments [39] did not support
this view, however, and there remains debate as to the degree
to which human visual performance can be understood with
or without considering FEMs [30,40].

To address the issue of how FEMs might be expected to
affect visual performance, here we develop an analytically
tractable model of the effect of drift on the information about
a stimulus available in the early visual system. The model
exposes basic principles of how stimulus properties (spatial
frequency, temporal frequency, duration), spatial and temporal
filtering in the visual pathways, and properties of fixational
eye movements (rate of drift) interact to shape the limits
of visual performance. Related to this, the model derives
key dimensionless quantities that capture aspects of these
interactions and allows quantitative prediction of how visual
performance depends on both the stimulus and key compo-
nents of the neural processing chain. One key implication
of the model is that across a range of stimulus parameters
(e.g., duration and spatial frequency), it is possible to find
regimes in which FEMs enable increased performance and
other regimes in which they are deleterious. The existence of
both types of regimes illustrates the richness of the interplay
between FEMs and the visual information available for per-
ceptual decisions, and clarifies why effects of both signs can
potentially be observed in experimental data.

The thread that runs through this paper is that spatial vari-
ation in a stimulus combined with retinal motion produces a
time-dependent visual signal. Although simple, we find this
principle to have great expository power. We make it quanti-
tative in Sec. II by constructing a minimal model for the early
stages of the visual system, allowing theoretical investigation
of the influence of ocular drift on information acquired about
an external stimulus.

In Sec. IIT A, we use the model to determine the optimal
form of diffusive eye motion to gain information from a
given spatial wave vector. Taking this further, we establish
the combinations of stimulus presentation time and spatial
frequency for which ocular drift is beneficial, detrimental, or
has negligible effect on sensitivity to individual spatial wave
vectors. Although we do not attempt a detailed account of
specific experiments on human contrast spatial sensitivity, by
employing reasonable numerical estimates of properties of the
human visual system we find that measured rates of fixational
ocular drift are tuned so as to provide maximum benefit given
the presence of optical blur—an indication that once again
a biological process is operating near a limit imposed by
physical principles.

In Sec. III B, we incorporate temporal modulation of the
stimulus. Here, we find that the fact that eye movements
convert spatial variations into temporal ones, in conjunction
with temporal adaptation and blur, is able to account qualita-
tively for the features of the spatiotemporal contrast sensitivity
function without the need to invoke a bandpass spatial filtering

stage. This is not to imply that such stages do not exist nor that
a quantitative account can be achieved without incorporating
them, but rather to again illustrate the range of effects that
can be understood when the interactions between FEMs and
visual system filtering are jointly considered in a systematic
framework.

We consider a second example in Sec. IV, the extent to
which the experiments of Barlow [41] support the notion
that the temporal adaptation of the human visual system is
dependent on the scale of the stimulus, as has been understood
previously. By using a theoretical model of detection [42], we
again find that the modulation of information caused by ocular
drift is sufficient to explain the observations, without incorpo-
rating additional layers of postreceptoral processing. A given
form of eye motion will induce temporal signal variations at
a frequency dependent on the spatial scale of the stimulus,
and this results in an effective scale-dependent adaptation that
allows the features of the experimental observations to be
reproduced. As with our analysis of spatiotemporal contrast
sensitivity, our point is not that the inferred effects are nec-
essarily absent, but rather that caution is required before the
inferences are secure. Our analysis in this case suggests the
structure of future experiments that might be decisive.

We close with a brief Discussion.

II. INFORMATION IN THE EARLY VISUAL SYSTEM

A. Minimal model of the early visual response

Our aim in this paper is to understand the role that
fixational eye movements play in determining the visual in-
formation available at the retina. Our approach is to employ
a minimal model of the early visual system. We take the
position that much of the impact of FEMs stems from their
coupling of spatial and temporal properties, specifically the
spatial structure of the stimulus and a bandpass temporal
response. Therefore, while we incorporate a temporal adap-
tation filter, we neglect any additional aspects of postretinal
signal processing, although these could be incorporated into
our model, as discussed in Sec. V. To further simplify the
theoretical description, we treat the photoreceptor array as a
homogeneous continuum of constant photoreceptor density,
neglecting that photoreceptors are discrete objects and also the
preferential response of L, M, and S cones to long, medium,
or short wavelengths. We consider only contrast stimuli, to
which we assume all photoreceptors have an identical re-
sponse. While the bandpass temporal response does not occur
in the photoreceptors, in the interest of concision, we shall
refer to our minimal model of the response of the early visual
system as the “photoreceptor response.”

The key components of our model of photoreceptor re-
sponse are laid out in Fig. 1. There are three ways in which
time dependence of the photoreceptor signal, y, can be in-
duced: temporal modulation of the external stimulus, x, retinal
motion, and adaptation. The first of these is described by an
amplitude A(¢'), with the example shown in Fig. 1(b) cor-
responding to a stationary external stimulus presented with
constant amplitude for a time 7. Note that we take this
modulation to be uniform across the stimulus, a common
experimental protocol, such that the spatial and temporal vari-
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FIG. 1. A schematic of our minimal model for the visual information acquired from a stimulus. (a) An external stimulus is related to a
photoreceptor response through optical blur, eye motion, adaptation, and Gaussian noise. Setting aside blur for the moment, in our minimal
model the central elements of the stimulus, eye motion, and retinal physiology are captured by the stimulus amplitude, diffusive trajectories,
and a linear adaptive response, which are shown in panels (b), (c), and (d), respectively. (Although we focus on diffusive eye motion in the
paper, our model allows more general motion to be incorporated.) In particular, it follows from a calculation presented in the Supplemental
Material [49] that the aspects of the stimulus, eye motion, and adaptive response that are relevant for the acquisition of visual information are
the functions shown in panels (e), (f), and (g), where C44 and Cxg denote the autocorrelations of the stimulus and adaptive filter and 4Dt is
the mean squared displacement of the retina, with D the diffusion constant. The solid, small dashed and large dashed curves correspond to a
medium, small, and large value of k>D, where k is a spatial wave number of the stimulus. The product of the functions shown in panels (e)—(g)
produces the curves shown in panel (h), the integral of which gives the visual information acquired from the stimulus at wave number k, up to a
given time, modulo additional effects due to blur as discussed in the main text. The different curves in panel (h) result from the corresponding
curves in panel (f).

ation separate and hence appear as the product x(r')A(¢’) in
Eq. (1). As a convention, we take |[A(z')| < 1, with the overall
stimulus amplitude incorporated into x(r’).

Second, retinal motion will convert spatial variation of
the stimulus into temporal variation of the photoreceptor re-
sponse. A photoreceptor initially located at r will, at some
later time t’, have moved to a new position r + R(#’) via

retinal motion encoded by R(#’). Due to the optical blur of
the eye’s lens, and because of its finite size, a photorecep-
tor will collect photons originating from a distribution of
positions within the stimulus. We represent this distribution
by a blurring function F centered on the current photorecep-
tor position, leading to the convolution between the stimulus
and blurring function shown in Eq. (1). In what follows, we
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assume that the path R(#’) taken by the eye is “known” to the
neural processors, either via mechanical or electrical signals
or by inference from a wider set of visual cues, and hence
this motion is not itself a source of noise. The inference of
motion is itself an interesting area of study [43,44]. Here, we
simply assume that there are sufficient data available for this
inference to be accurately made.

Finally, the temporal response of photoreceptors (and
early-stage signal processing in the retina) is not instan-
taneous. These early components of the visual signaling
pathway integrate an incoming signal over some past time to
accumulate a response [42] and adapt to steady stimuli such
that a constant stimulus will eventually produce a zero, or
near zero response. This can be modeled by a linear tem-
poral response function, or memory kernel, K(t — ') [42].
The present photoreceptor response at time ¢ corresponds to
integration over the past signal from earlier times ¢, weighted
by the memory kernel, as can be seen below in Eq. (1).
Typically, the memory kernel is considered to be positive for
small # — ¢/, to model the accumulation of input signal at short
times, before becoming negative for larger t+ — ¢’ to model
the adaptation process. For perfect adaptation, that is, zero
response to a constant signal in the long time limit, the integral
of K should be zero. These features are apparent in the exam-
ple shown in Fig. 1(d), which takes K to be biexponential. We
shall use this form of memory kernel throughout this work and
will describe it more fully shortly.

The preceding elements, with the inclusion of additive
noise, combine to give the following minimal model for the
photoreceptor array response:

y(r, 1) = / K@t —1) / F(r+R(@) —r)x()
0
x A@")d’r'dt’ + n(r, 1), (D)

as has been used previously in the context of motion estima-
tion [43]. We reiterate that Eq. (1) provides the response at
time ¢ of a photoreceptor initially located at r. We take the
noise n(r,?) to be Gaussian white noise, i.e., uncorrelated
between different points in space or time. One could also
include noise on the stimulus x(r"), for example, due to photon
shot noise, which becomes a significant factor at low light
levels [45-48], or noise in the early stages of photoreceptor
excitations. Such noise would be passed through some of the
temporal and spatial filtering represented by the functions K
and F, resulting in colored noise at the final signal. We neglect
this for simplicity.

B. Quantifying visual information

We are now in a position to consider the rate at which
visual information can be gained about the external stim-
ulus x from the photoreceptor response y. This process is
hindered by noise, adaptation, and optical blur. A central
question, which our model allows us to address, is to what
extent eye movements mitigate these factors. It is convenient
to take the spatial Fourier transform of Eq. (1) and to con-
sider the photoreceptor array response at wave vector k
(i.e., with a spatial frequency |k|/27). Denoting the Fourier
transform by o, this gives 9y (t) = Fiibk(f) + ik (t), where

b(t) = f(; dt'K(t — t")e™ROA(1"). Maximizing the informa-
tion transmitted at wave vector Kk corresponds to making b(¢),
in some sense, as large as possible. We have found that the
appropriate measure of the magnitude of by(¢) is the quantity

Yo = / b ()12t P
0

Making Y large corresponds to making the signal at wave
vector k large, in a time integrated sense. Once the other
components of the visual system have been specified, the
only remaining optimization problem is how to maximize this
quantity via eye movements. In Sec. I of the Supplemental
Material [49], we analyze multiple different ways of quanti-
fying the process of learning about external stimulus x from
the photoreceptor response y, and in each case demonstrate
that ¥, emerges as the correct quantity to consider. We show
that maximizing 1 minimizes the mean square error when
estimating the stimulus Xk from the response Jx(¢). A robust
and often-used measure is the mutual information: Assuming
a Gaussian prior distribution of the stimulus &k, we show that
maximizing g gives maximal mutual information between
stimulus x and photoreceptor response y at wave vector k.
We finally show that this same quantity Y emerges from
an existing model of signal detection [42], which we will
employ in Sec. IV. Note that in all cases that the information
transmitted depends on the product wklﬁklz, and in this way
depends also on the optical blur. This simple dependence on
the blur function arises because we assume F does not have a
temporal component (i.e., there is a factorization into separate
functions governing spatial (F) and temporal (K) response).

The value of ¥, depends on the specific path R(z") of the
eye motion; i.e., it takes a different value for different paths. In
the present work, we focus on its average () across multiple
paths, reasoning that forms of eye motion that maximize the
average are likely to be beneficial. Here and throughout, we
use (o) to denote an average over the ensemble of possible
paths taken by the eye. Under the assumption that the eye
movements are a statistically stationary process, meaning that
there is no special reference time and so the statistical prop-
erties of the motion do not vary over time, we show in Sec. 11
A of the Supplemental Material [49] that the average value of
Yk can be conveniently written as

2 oo
W:? / Cu(Ckr(DSK()dT, ()
0

t(l a

Xk =

where Cyy denotes the autocorrelation of the function f,

Crp(r) = / f@+o)f(r)de, 4)

Sk(t) = (explik - (R(z 4+ ) — R(¢))]) and ¢, is an adaptation
time that we define in the following paragraph. The three
terms under the integral for xx in Eq. (3) capture the effect on
information gain of the three sources of time dependence in
the photoreceptor response, these being temporal modulation
of the stimulus, adaptation, and eye movements, as discussed
previously. Typical forms of these three terms are shown in
Fig. 1, and we now describe each in turn.

We begin with the contribution to the retinal information
due to the memory kernel. Since, in our minimal model, the
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memory kernel captures the retinal physiology, it provides
the relevant timescale by which to normalize all others. As
mentioned in Sec. IT A, throughout this work we take the
memory kernel to be biexponential, as shown in Fig. 1(d). It is
composed of an excitatory response on a short timescale z; and
an inhibitory one on a long timescale #;. From these, we define
two auxiliary parameters: an “adaptation time” 7, = 4/%f; and
a “shape parameter” o = 4/1;/t,. The adaptation time sets the
characteristic timescale for the memory kernel and it is useful
to use it to nondimensionalize other times in the system, which
we shall denote with a tilde, for example, 7 = ¢ /t,. The shape
parameter encodes the separation between short and long time
responses of the temporal filter (so, ¢, =1,/0 and t; = t,0).
With this choice of parameters, the memory kernel is rendered
pleasingly symmetric

K@) = l[oef’f — lef/”], (5)
ty o
for 7 > 0, with K(f) = 0 for 7 < 0. As presented in Eq. (5),
the memory function exhibits perfect adaptation; the exci-
tatory and inhibitory components are balanced such that at
long times the response to a constant stimulus will van-
ish. Imperfect adaptation can be incorporated by giving the
two components different weightings. We discuss the con-
sequences of this in Sec. IV of the Supplemental Material
[49]. For a biexponential memory kernel, the autocorrelation,
as calculated via Eq. (4), produces a scaled version of the
original function
Con(i lo?— lK N 6
kx(T) = 29711 azh, (6)

as illustrated in Fig. 1(g). The prefactor of Cgg reflects that
when o =1 the two timescales are equal and the memory
kernel vanishes.

Some previous studies have used a higher-order memory
kernel as results from successive application of exponential
filters [42,50]. This can result in a markedly different memory
kernel for which K(0) = 0. We note, however, that this dif-
ference is suppressed in the autocorrelation function, which
remains qualitatively similar in profile to the biexponential in
Eq. (6), as illustrated in Sec. III of the Supplemental Material
[49] for a memory kernel of the form given by Watson [42]. In
particular, the autocorrelation function in both cases is max-
imal at the origin and has a single minimum. Consequently,
none of the results presented in this paper are qualitatively
changed by using a higher-order memory kernel.

The contribution of the stimulus temporal modulation to
the retinal information is also captured via its autocorrelation
function, again calculated via Eq. (4). For a constant ampli-
tude stimulus presented for time 7', we take A(¢) to be 1 when
0 <t < T and zero otherwise. For nondimensional time 7 =
t/t, and presentation time 7 = T /t,, this gives A(f) = 1 when
0 <7< T and zero otherwise, as shown in Fig. 1(b). The
resulting autocorrelation function is

Con(E) = {g,(T— 1ZD).

which has the decreasing triangular form shown in Fig. 1(e).
The autocorrelation function for sinusoidal stimulus modula-
tion is shown in Sec. V of the Supplemental Material [49].

0< |7 <T,
otherwise,

(N

We provide motivation for these particular forms of temporal
modulation at the start of Sec. III.

The impact of retinal motion on gaining visual information
is captured by Sy (1) = (e RU+D-R@)y This path “structure
factor” involves summing the signal amplitudes due to dif-
ferent retinal positions, averaging over all paths that might
occur and averaging over time, r. We emphasize that this
expression for Sk is valid for all forms of eye movement that
are statistically stationary (i.e., whose statistical properties are
independent of time). In the present work, following earlier
studies [1], we treat the eye’s motion as diffusive [Fig. 1(c)]. In
reality, FEMs are probably not purely diffusive: Other studies
have revealed a tendency for the eye to drift toward a preferred
retinal location [51,52] and have detected a tendency toward
short time persistence and longer time antipersistence [53,54].
Nevertheless, we consider diffusive motion to be an appropri-
ate minimal model that allows us to elucidate key features of
the interaction between FEMs and other components of visual
processing, while retaining analytical simplicity.

The assumption of diffusive motion means that the proba-
bility distribution of motion vectors is zero-mean Gaussian, so
that the path structure factor is specified wholly by the mean

squared displacement (MSD) as Sy = e~ MSD®) Diffusive
motion is additionally constrained so that MSD is propor-
tional to time, MSD(t) = 4Dt, with D the diffusion constant.
Hence, the expression used throughout this paper is

Sk =e ", ®)

where we define the dimensionless parameter I' =
k*MSD(t,)/4 = k>Dt,, the square of the spatial frequency,
made dimensionless by the diffusion constant and adaptation
time. At fixed diffusion constant D, increasing I" corresponds
to increasing the square of the spatial frequency k; at fixed
spatial frequency, increasing I corresponds to increasing the
diffusion constant.

The logic behind the exponential decay, shown in Fig. 1(f),
is then clear. The dimensionless number I" quantifies the typi-
cal magnitude of diffusive motion relative to the wave number
k during the adaptation time 7,, and hence determines the
rapidity of the temporal variation of the photoreceptor signal
induced by diffusive eye motion. The faster this variation, the
smaller the amplitude that is produced upon averaging over
time 7, giving the exponential decay. We illustrate this in
Fig. 1(f) by showing Sx(t) for small I" (small dash), inter-
mediate I" (solid line), and large I" (large dash).

We have now introduced all components of our minimal
model. For ease of reference, in Table I we summarize the key
elements of our notation.

As stated earlier, the three aspects of adaptation, modula-
tion, and motion combine to produce the gained information.
The product of the curves in Figs. 1(e)-1(g) gives the three
curves in Fig. 1(h). Following Eq. (3), the integral of the
curves in Fig. 1(h) gives the information gain as encoded
in xx. Different aspects of the system dominate for differ-
ent parameter choices. For example, when I' is large the
exponential decay of Sk in Fig. 1(f) is much faster than that
the memory kernel autocorrelation in Fig. 1(g), and so Sk
is almost perfectly reproduced in the large I' (large dash)
curve in Fig. 1(h). Conversely, when I' is small, the slow
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TABLE I. A summary of the key notation used in this paper.

Notation

Meaning

X 1T=Q &

Adaptation time: \/t;f;, with t; and 1; the short and long timescales of the memory kernel
Shape parameter: \/1;]t;, with ¢, and #; the short and long timescales of the memory kernel
Dimensionless presentation time: T /t,, with T the presentation time

k*Dt,, with 27 /k a signal wavelength and D the diffusion constant of the retinal motion
Measure of retinal information: defined in Eq. (3) and surrounding text

decay of Sk in Fig. 1(f) means that the corresponding small
I' (small dash) curve in Fig. 1(h) bears the imprint of the
memory autocorrelation function. For all regimes, the finite
presentation time, as encoded by the autocorrelation function
in Fig. 1(e), provides a cutoff for the curves in Fig. 1(h). A
particular case worth highlighting is that of very short presen-
tation times (i.e., shorter than both the excitatory response of
the memory kernel and the exponential decay of Sx). Then, for
a constant amplitude stimulus, we can approximate the gained
information by

1 -
Xk~ t—cKK<0>T2. ©)

This quadratic dependence on presentation time will be rele-
vant to our discussion of detection thresholds in Sec. I'V.

In the remainder of this paper, we first use the above model
to consider contrast sensitivity at a specified wave vector for
both constant and modulated stimuli. Then, in Sec. IV we
provide a more holistic view of detection thresholds, incor-
porating the sum over wave vectors present in most realistic
stimuli. At certain points, we present the consequences of
our model with parameters appropriate for human vision. For
the adaptation time and shape parameter, we take 7, = 40 ms
and o = +/2, based on achieving approximate agreement be-
tween the autocorrelation of our memory kernel and that of
a more involved one that has been shown to accord with the
human visual system [42]; see Sec. III of the Supplemental
Material [49] for details. There is variability in the values
given in the literature for the diffusion constant, and care is
needed to ensure that microsaccades and head movements
are not incorporated, but values of 0.01—0.04 arcminz/ms
have been reported [25,55]. Based upon this, we take D =
0.02 arcmin? /ms unless otherwise stated. Finally, we take
blurring function F to have the form |Fi| ~ e_%m‘z, with
A ~ 1 arcmin [56,57].

III. EFFECTS OF RETINAL MOTION
ON CONTRAST SENSITIVITY

With all the components in place, we now calculate ex-
plicitly the information gained from a stimulus presented at
a particular wave vector, in terms of xx. The results of this
section can also be viewed in terms of the contrast sensi-
tivity as a function of the spatial frequency, |k|/2m, of a
stimulus. The contrast sensitivity is proportional to |Fk|\/x_ ,
with Fi the Fourier transform of the blurring function. There-
fore, ./Xx gives the contributions to contrast sensitivity from
eye movement and signal modulation when passed through
the temporal response. The contrast sensitivity function is a
quintessential measure of the system-level performance of the

visual system [58-62]. Although the classic experiments of
Kelly [61] attempted to stabilize stimuli on the retina, it is now
widely accepted that FEMs contribute to the contrast sensitiv-
ity function, and there have been a number of computational
works investigating the role they play in this regard [1,33,63].

A widely used experimental approach to characterizing vi-
sion has been to probe it with simple, well-controlled stimuli,
for which key parameters can be varied to provide information
about how fundamental properties such as the spatial and
temporal scale of the stimuli affect performance. Chief among
such stimuli are those with constant amplitude and those with
sinusoidal amplitude modulation. Considering these forms of
stimuli is especially natural in the context of our theory since,
having modeled the visual response as stationary and linear,
the sinusoids form an eigenbasis for the system. Doing so
amounts to taking the Fourier transform of the system re-
sponse, as is employed near-ubiquitously in signal processing.
We therefore consider first stimuli with constant amplitude,
before moving onto sinusoidally modulated stimuli, for which
the former is of course a limiting case.

A. Constant amplitude

Taking our generic expression for yi (3), substituting the
particular forms of Ckg, Caa, and Sk appropriate to a biex-
ponential memory kernel, constant amplitude, and diffusive
retinal motion, and nondimensionalizing yields

02—1/T(T %) ot 1 ~t/o [o~TT 4z
= —7)|oe — —e e T
Xk or+1J o

o?—1 o 1 .

= — T

02+ 1|\I'+o 1+To

n o

(T +0)?

(ef(r+U)T _ 1)

_ o —r+HT _
q +ra)2(e 1)]. (10)

This is plotted as a function of I" in Fig. 2(a) foro = V2anda
range of stimulus presentation times 7', while in Fig. 2(b) we
show xx as a function of T for several choices of I'. There
are several regimes of behavior, which we now delineate.
Figure 3(a) is a phase diagram indicating the values of I and
T where each regime of behavior applies. In what follows, it
helps to define two constants that depend only upon the shape
of the temporal response, parametrized via o

(02— 1)
IZM7 (11)
5= 2! (12)

2T sy
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FIG. 2. The retinal information gained from a constant amplitude signal with diffusive ocular drift. (a) The information gained is captured
by x, given in general in Eq. (3) and in the particular case of a constant amplitude stimulus in Eq. (10). This is shown as a function of I,
that is, how far the eye diffuses in the adaptation time, measured in the wavelength of the signal (2 /k). The stimulus is presented for a time
T = Tt,, with T varying from 0.01 (cyan) to 100 (magenta) in powers of 10. The shape parameter, defined in terms of the long and short
timescales of the memory function (#; and t,) as /1, /%;, is 0 = V2. (b) Schematic illustrations of different values of I", showing a gray scale
stimulus with the path taken by the retina within the adaptation time. We emphasize that there is no absolute scale associated with these plots,
and an increase in I' = k?Dt, may result from either increasing the spatial frequency in the stimulus, k, or increasing the diffusion constant,
D. (c) The information gained as a function of T for three choices of T, highlighting the different power laws that arise. (d) The asymptotic
rate of information gain, x *°. The solid curve corresponds to the same adaptive memory kernel as in panel (a). The dashed curve illustrates the
effect of a larger shape parameter o = /1, /,, corresponding to a greater separation between the timescales of excitation and inhibition.

We note that for a stimulus at wave vector k, diffusive
eye motion produces a temporal signal variation on timescale
(k*D)~!'. Comparing this with the presentation time T, we
distinguish long presentation times (7 > (k*D)~!, so that
T > 1/I') in which there is significant retinal motion over
the spatial scale of the signal during stimulus presentation,
and short presentation times (T < 1/T") when retinal motion
is small on the spatial scale of the signal during stimulus
presentation.

For long presentation times, T > 1/T", the first term of Eq.
(10) dominates and the information gain grows linearly with
time, which is the behavior seen in the upper right part of
Fig. 2(a) for large T. Schematic illustrations of different T
values are shown in Fig. 2(b), and the corresponding time
dependence of i is shown in Fig. 2(c), with all curves ex-
hibiting linear growth at large times. The resultant rate of
information gain x> = lims_, . (xx/7T) is shown in Fig. 2(d),
giving the shape of the peak in xx that emerges at large
presentation times. This depends on the extent to which the
eye motion can drive information through the adaptive tem-
poral response function. To assess this, we compare the signal
variation timescale (k*D)~! with the two timescales in the
memory kernel for retinal response, #; and #,. This gives rise to
three regimes of behavior: (1) The temporal signal variation
is slower than the inhibitory component of retinal response
(k*Dt; < 1sothatT" « 1/0), (2) temporal variation is slower
than the excitatory response but faster than the inhibitory com-
ponent (k*Dt; > 1 but k*Dt; < 1 so that 1/o0 < T < o),
or (3) temporal variation is faster than both excitatory and

inhibitory responses (k*Dt; < 1 so that I' 3> o). We briefly
describe the rate of information gain in each of these regimes.

When I' <« 1/0, the signal variation at a receptor due to
eye motion is slower than any component of the temporal
response function. In the absence of any eye movement, when
I' = 0, adaptation is perfect and there is no component of xk
proportional to 7, meaning increasing the presentation time
has no further effect on the transmitted information. For small
nonzero [', the eye movement marginally offsets the adapta-
tion, so that some signal is transmitted through the temporal
filter. The extent to which this occurs is proportional to I, so
that

x> ~ % ~ §T.

This appears in Fig. 2(d) as a gradient of 1.

For 1/0 « " « o, the short-time initial exponential de-
cay of the temporal response dominates, yet the eye motion
decorrelates the signal before the negative, adaptive part of the
temporal response can take effect; hence, the eye movement
overcomes adaptation. Within this regime, the rate becomes
independent of I', with

13)

(14)

For this regime to be well defined, we must have o > 1; that
is, the short and long timescales of the temporal filter, ¢, and
t;, must be well separated. We illustrate this in Fig. 2(d) by
showing the rate of information gain for o = 10, so that we
can see an intermediate plateau beginning to open up between
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FIG. 3. The phase diagram of fixational eye motion. (a) The logarithm of y, given in Eq. (10), as a function of I' = k>Dt, and the
dimensionless presentation time 7 = 7 /t,. The white lines are contours of xi and the labels indicate its behavior in each region, with S| and
S, the constants defined in Egs. (11) and (12). (b) A simplified version of the same phase space as in panel (a), indicating the regions in which
eye motion is beneficial, detrimental, or neutral in its effect. The dashed line at 7 = 1 corresponds to the adaptation time. (c) The eye motion
phase diagram as appropriate for human vision, shown in terms of spatial frequency, f;, and presentation time 7. In converting to dimensional
units, we have taken the adaptation time 7, = 40 ms (again indicated by a dashed line), the diffusion constant D = 0.02 arcmin® /ms, and

the shape parameter o = /2. We have also assumed a blurring function of the form |F| ~ e

-3 with A ~ 1 arcmin. The hatched region

indicates the spatial frequencies for which information is lost due to this blur.

I'=1/0 and T = o, for which xx &~ T. Physiologically, it
seems unlikely that there is such strong separation in the
temporal filter [42,50], and so this intermediate plateau is not
so well defined, as is clear when o = +/2. In practice, Eq.
(14) then represents an upper bound of the degree to which
eye motion can overcome adaptation.

Finally, when I"' 3> o the retinal motion is so rapid as to
vary the incoming signal faster than the short-time positive
component of the temporal response. Hence, the temporal re-
sponse becomes irrelevant and the result depends only on the
signal decorrelation due to eye motion, so that i decreases
with I as

&~ % ~ ST (15)

This appears as a gradient of —1 in Fig. 2(d).

In summary, for long presentation times 7 > 1/T" the rate
of information gain is proportional to I" for small I', pro-
portional to 1/T" for large I' and, if the short and long time
components of the temporal response are well separated, con-
stant for intermediate values of I'. This large T limit for the
contrast sensitivity, exhibiting a peak at a given spatial wave
number, has been described in computational work [33,55,63]

and is consistent with experimental observation of contrast
sensitivity functions [50].

We now consider how this picture is changed by shorter
presentation times, 7 < 1/T", paying particular attention to
the dependence of xx on T, since, as highlighted at the end of
Sec. II B, this relationship will not always be linear. For short
presentation times, there is no significant retinal motion on the
spatial scale of the signal and the response due to switching
the stimulus on and off dominates over those induced by eye
motion. Hence, the retinal motion can be neglected and the
information gained becomes independent of I', leading to the
horizontal lines on the left of Fig. 2(a), the heights of which
depend only on the presentation time. Focusing on this short
presentation time limit, there are three subregimes, which,
in analogy with those for I' presented above, are defined by
whether the presentation time is shorter than both adaptive
timescales, T <« 1/o, intermediate to them, 1/0 < T <o,
or longer than both, 7 > o. We find that these three regimes
cause the information gained to first increase quadratically
with presentation time, then increase linearly, and finally stag-
nate to a constant value, as we now briefly explain.

When the presentation time is shorter than the short-time
response of the adaptive filter, the stimulus is being integrated
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such that the transmitted signal grows linearly with presenta-
tion time. Since xx depends on the square of the transmitted
signal, it grows quadratically with presentation time

S
Xk ~ ETZ, (16)

displayed by all curves in Fig. 2(c), this being the scenario
highlighted at the end of Sec. IIB. If the adaptive shape
parameter is sufficiently large, then there will a regime where
the presentation time is between the short and long adaptive
timescales, meaning the signal disappears before the negative,
adaptive part of the temporal response can take effect. This
is analogous to the situation yielding Eq. (14), and so again
xx ~ S, T . It is not seen in Fig. 2(c), since for all these curves
o = /2. Finally, when 0 <« T « 1/T" (which requires that
I' « 1/0) the gained information saturates to a constant value
given by

Xk & Si. (17)

This saturation of information gain is due to the observation
time being long enough for adaptation to occur, but not long
enough for the retinal motion to circumvent this adaptation
by changing the signal received by the photoreceptors. This
can be observed for the pink curve in Fig. 2(c), this being
the only one with a small enough value of I' to allow this
regime to arise. As expected, the information plateau spans
V2 « T « 100, with the asymptotic information rate dis-
cussed earlier emerging for 7 > 100, in this case given by
Eq. (13).

As noted above, Fig. 3(a) presents a phase plot indicating
the values of I" and 7 where each regime of behavior in
applies. This delineates the region for 7 < 1/T", where the
response is dominated by transients arising from temporal
modulation of the external stimulus via A(¢), and the region
for T > 1/T" where the eye motion begins to have significant
effect on information gained, and where a peak in xx emerges
atl' = 1.

Having determined the behavior of xx across this phase
space, we can naturally establish the regions in which fix-
ational eye movements have a beneficial, detrimental, or
neutral effect on the acquisition of visual information, as
shown in Fig. 3(b). To construct this diagram, at each presen-
tation time T, we compare yx; with its value Xkr=o atI'=10
that corresponds to zero eye motion. When xx > xk r—o, then
eye motion can be said to enhance the transmitted infor-
mation, and so is beneficial. When xx < xk.r—o, then eye
motion is detrimental to transmitted signal, while equality
Xk = Xkx.r—o implies a neutral effect. This procedure gives
rise to the regions sketched in Fig. 3(b). Given the long-
running debate as to whether fixational eye movements have
a negative, blurring, impact [12,64] or usefully modify the
spatiotemporal structure of the stimulus [22,33-36,38,65,66],
it is striking that all three of these regions exist.

To understand what this phase diagram implies for hu-
man vision, we convert to dimensional quantities, taking
the adaptation time #, = 40 ms, the diffusion constant D =
0.02 arcmin®/ms, and the shape parameter ¢ = /2. This re-
sults in the phase diagram shown in Fig. 3(c) in terms of
stimulus spatial frequency, f, in cycles/arcmin and presen-
tation time in milliseconds. We have also assumed a blurring

function of the form |Fy| ~ e’%lzkz, with A &~ 1 arcmin. Tak-
ing $2%k? ~ 1 as the criterion for blur having a significant
effect, we find that blur eliminates the information at high
spatial frequencies with f; 2 0.2 cycles/arcmin, this being the
hatched region in Fig. 3(c).

The practical consequence of the above is that for presenta-
tion times that are long compared to the adaptive timescales,
that is, T = 50 ms with the assumed parameter values, cor-
responding to T > o, there is clear benefit from eye motion
within the green portion of Figs. 3(b) and 3(c), with a pro-
nounced peak in the gained information emerging at I' = 1 for
the magenta curves in Fig. 2(a) and an associated hotspot in
Fig. 3(a). The height of the peak is proportional to the presen-
tation time, with a shape given by Egs. (13)—(15). Once again,
when I' « 1/T the eye motion becomes insignificant and the
gain of information saturates due to adaptation, according to
Eq. (17). The overall shape of the emergent peak is consistent
with the prior numerical analysis [33,55,63]. Not only do we
reproduce this peak, but our theory provides a simple predic-
tion for where it occurs. The peak exists for long presentation
times because, once adaptation has set in, it is possible to have
retinal motion that is neither irrelevant, nor purely decohering,
but rather of appropriate magnitude to offset the adaptive
effects. This is at the heart of the peak’s location. It occurs
when I = 1, that is, when the retinal motion induces temporal
variation matched to the frequency of the bandpass adaptive
filter. It should be highlighted that, as per our definition of
I', the optimal eye motion is inherently stimulus-dependent,
since the induced time variation is a product of both the eye’s
motion and the spatial variation of the stimulus. This will
be important for our discussion of detection thresholds in
Sec. IV.

On the other hand, for presentation times shorter than ~50
ms, that is, T < o with our choice of physical parameters,
eye motion can only be deleterious toward signal perception.
This is illustrated by the cyan curve in Fig. 2(a). On such
timescales, adaptation is incomplete, and so the retinal motion
is either insignificant or simply impeding the integration of
the signal. The former produces the horizontal lines and flat
contours to the left of Figs. 2(a) and 3(a), respectively, with
the gained information following Eq. (14) or Eq. (16). In
the latter case, information gain falls according to Eq. (15),
leading to the gradients of —1 on the right of Fig. 2(a), and
correspondingly gradients of 1 in the contours to the right
of Fig. 3(a). This decrease occurs once the retinal motion
is significant over the presentation window, I' > 1/T, and
dominates the adaptive timescales I" > o. Again, this pair
of requirements means that for short presentations the eye
motion is either irrelevant or dominating the decoherence of
the signal; there is no regime in which they provide a benefit.
This is made apparent in the red portion of Figs. 3(b) and 3(c),
and can also be seen in the monotonic behavior of the contours
in Fig. 3(a) for T < o and the lower three curves in Fig. 2(a),
for which the same condition holds.

However, this falloff in signal perception may not be of
great consequence if it occurs for spatial wavelengths that
are already suppressed due to optical blur or finite size of
receptors, incorporated in our description through the blurring
function F in Eq. (1). As noted above, we take this blurring
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FIG. 4. The retinal information gained from a signal modulated sinusoidally at frequency w = @/t, with diffusive ocular drift. (a)—(c) For
the colored curves, 0 = +/2 and T varies from 0.01 (cyan) to 100 (magenta) in powers of 10. (d) The asymptotic rates of information gain for

o=+2and® varying from 0.01 (green) to 100 (red) in powers of 10.

function to have the form |Fi| ~ e_%kzkz, with A &~ 1 arcmin.
As shown in Fig. 3(c), this means that with parameter values
appropriate to human vision, the region in which eye motion
is detrimental is essentially covered by the region in which
information is already lost due to blur. This means that the
magnitude of diffusion observed in human vision [25,55] is
optimal to provide informational benefit, given the presence of
optical blur and hints at another instance of biological systems
achieving physically imposed performance limits [13,14].

B. Sinusoidal modulation

We now consider a stimulus whose amplitude is modulated
sinusoidally, such that A(#) = cos(wt). The resulting behavior
depends on how the oscillation frequency compares to the
adaptation time, so we find it convenient to define a nondi-
mensional oscillation frequency @ = wt,, and to consider a
range of values of @. Figure 4 shows the impact of modu-
lation frequency on the information gain. The corresponding
expression for xx and its derivation is given in Sec. V of
the Supplemental Material [49]. For very short presentation
times, so that @7 < 1, A(¢) is approximately constant during
the presentation time and so the results match those of the
previous section. Otherwise, there are several key differences
compared to the constant amplitude case. One minor differ-
ence is that the information gained does not always increase
monotonically with presentation time 7', since an alternating

positive and negative signal can cancel when passed through
the temporal filter [42]. Typically the nonmonotonic behavior
occurs for small I', where retinal motion is insignificant, and
at ®T ~ 1, where the effects of alternating signal become
apparent, as seen, e.g., in Figs. 4(a) and 4(c).

It is helpful to first consider the effect of sinusoidal modu-
lation in the absence of eye motion (I' = 0), before discussing
how eye motion perturbs the result. Here, the signal modu-
lation provides a nonconstant signal to the temporal response,
so that perfect adaptation no longer occurs. In the limit of long
presentation times, 7 >> 1, this gives rise to a constant rate of
information acquisition, so that
N (02 —1)’&* -
T 402 + @)1 + o2a?)
This is maximized at @ = 1 (and is almost constant for
1/o « & < o), indicating that the transmission of informa-
tion through the temporal response is optimized when the
oscillation frequency is matched to the adaptation time. In this
case, the oscillations of C44 in Fig. S3 from the Supplemental
Material [49] match well the positive and negative portions
of Ckg in Fig. 1(g). Then, given that the signal modulation
is optimally overcoming adaptation, adding eye motion can
only make things worse. Hence, in Fig. 4(b), xx is always a
decreasing function of T, transitioning from a constant value
toward yi ~ T /T above a critical value of I" (whichis ' = 1
forT > l,orT'=1/T for T < 1).

Xk (18)
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FIG. 5. Spatiotemporal contrast sensitivity functions. The contrast sensitivity function, given in Eq. (20), is presented as a function of
spatial and temporal stimulus frequencies, f; and f;, for (a) no eye motion, and (b) D = 0.02 arcmin?/ms. In both cases, the adaptation time
has been taken as #, = 40 ms, the shape parameter as o = /2, and the blur length scale as A = 1 arcmin. The white lines correspond to

contours of the contrast sensitivity function.

For smaller frequencies @ < 1/o, the modulation is too
slow to optimally overcome adaptation. In this case, eye
movement still helps, so that a peak in xx at ' = 1 emerges
when T > 1, as can be seen in Fig. 4(a). This is qualitatively
similar to the constant amplitude case in the previous section,
except that in the limit of low eye movement, ' — 0, the
plateau in xj continues to increase when 7 > 1 because of
the signal modulation.

Finally, for high-oscillation frequencies, & > o, the signal
modulation is more rapid than the integration time of the fast
component of the temporal response. Hence, the temporal
response averages over the modulated signal, giving a low
output in the absence of eye movement. In this case, eye
movement can help, not by overcoming adaptation, but rather
by spatially decorrelating the signal faster than the amplitude
modulation. This occurs when the decay of Sk in Fig. 1(f)
matches well the oscillations of Cys4 in Fig. S3 from the Sup-
plemental Material [49], cutting out the negative portion of
Caa. The optimum is when the rate of eye movement matches
the signal modulation, giving a peak in xx at ' = @ that
emerges for T > 1/a, as illustrated in Fig. 4(c).

Hence, for long presentation times 7 > 1 we find that eye
motion helps both when @ < 1/0 (when the motion contin-
ues to help overcome adaptation) and for @ > o (when the
eye movement offsets the signal modulation). For @ ~ 1, the
eye movement is no longer beneficial. With eye motion now
included, the long time behavior is given by

N (0> =17
X 0+ DT+ o) + a2
2, ~2
[1 (1+To)T* + & ”}T, (19)
(14+To) 4+ (od)*

the corresponding rates being the curves shown in Fig. 4(d).
Recalling that the contrast sensitivity is proportional to ,/xx,
Eq. (19) and Fig. 4(d) can be considered to represent the con-
tributions of eye movement, signal modulation, and temporal
response to the spatiotemporal contrast sensitivity function
[58-61,63]. The symmetry between a frequency and its in-
verse for small I is a consequence of our choice of temporal
response function, although the power laws for small and large
frequencies are generic. A similar symmetry is apparent in
Fig. 2(b).

The full spatiotemporal contrast sensitivity function,
CSF(I", T), is attained by incorporating blur, which, as in the
construction of Fig. 3(c), we take to be of the form |Fi| ~

e 2¥F giving

(02 =1y
402+ DT +0)* + @?]
y [1 (14+To)I?+ &

1)“'/2e e
(14+To) 4 (ci)? '
(20)

CSF(, T) = {

This is shown in Fig. 5 as a function of spatial frequency,
f5» in cycles/arcmin and temporal frequency, f;, in cycles/ms.
In converting to dimensional units, we have used the same
parameter values as in Fig. 3(c), namely, t, = 40 ms, o = «/E,
and A = 1 arcmin. The case with no eye motion, D = 0, is
shown in Fig. 5(a) and exhibits a bandpass response in tem-
poral frequency, owing to the adaptive linear response, and
low-pass behavior in spatial frequency, due to blur.

The case with eye motion is illustrated in Fig. 5(b) for D =
0.02 arcmin?/ms. The contrast sensitivity function is now
bandpass in both temporal and spatial frequencies. When the
temporal frequency is below its bandpass value, the optimal

023083-11



HOUSTON, BRAINARD, SMITHSON, AND READ

PHYSICAL REVIEW RESEARCH 8, 023083 (2026)

spatial frequency is constant. However, for higher temporal
frequencies, the optimal spatial frequency is shifted upward,
as indicated by the outward bowing contour in Fig. 5(b). This
behavior mirrors that shown in Fig. 4(d), where x*° peaks at
I'=1 for & < 1, but for @ > 1 the peak moves to the right,
occurring at I' ~ @.

We have considered the contrast sensitivity function in
the limit of infinite presentation time, that is, using x°°,
but we can infer the effect of finite presentation times from
Figs. 4(a)-4(c). Reducing the presentation time flattens the
rise in yg, such that the peak is diminished relative to its value
for low I'. In the context of Fig. 5, this corresponds to filling in
the region where both f; and f; are low. For sufficiently short
presentation times, the bandpass spatial response vanishes, as
indicated by the cyan curves in Figs. 4(a)—4(c).

The key message from Fig. 5 is that, by converting spatial
variation in a stimulus into temporal variation in the pho-
toreceptor signal, eye movements can transmute the adaptive
bandpass response for temporal frequencies into a bandpass
response for spatial frequencies. Even though it has been
established that retinal ganglion cells also produce a spatial
bandpass effect [67-71], it is striking that such mechanisms
are not required to reproduce the features of the spatiotem-
poral contrast sensitivity function; this can be done with eye
motion alone.

With this eye-motion-mediated connection between tem-
poral and spatial adaptation in hand, we are now in a position
to consider whether the apparent scale-dependent adaptation
seen in experiments of Barlow [41] may also be explained by
eye movements.

IV. DETECTION THRESHOLDS

In the previous section, we determined the impact of retinal
motion on the eye’s ability to gain information from a signal
with a given spatial frequency. We now extend this to consider
the impact of this movement on the threshold amplitude for
detection of a target, in which many spatial frequencies are
superposed. In doing this, we employ a model of detection
probability, p, proposed by Watson [42]. The underlying prin-
ciple of the model is that detection of a stimulus requires
only that the stimulus be detected above the background by
at least one of the available receptors, at one or more times
during the observation window. As shown in Sec. I D of
the Supplemental Material [49], this model gives a detection
probability of

o A2
p=1—exp [—Azm / d2k|Fk|2|xk|2in|7 (21

where « is a normalization constant and we have described the
stimulus in terms of a spatial form %k and an overall intensity
A. The stimulus intensity A can be varied to find the threshold
for detection, which, from Eq. (21), is

1 2117 1214, 12 e
Awoc| o | CRAP G| - @)

We consider the experimental paradigm employed by Bar-
low [41], in which detection thresholds were measured for
circular stimuli of two different sizes: a large target of ra-
dius 177 arcmin and a small one of radius 3.5 arcmin.

For both targets, it was found that the threshold intensity
initially decreased with the inverse of the presentation time.
For large stimuli, the threshold intensity then did not change
with further increases in presentation time, due to adaptation.
However, for a small stimulus the threshold intensity contin-
ued to decrease, but at a reduced rate.

To explain this behavior, it has been suggested that the
intrinsic retinal response has a form of temporal adaptation
with some spatial dependence, such that low spatial fre-
quencies are perfectly adapted, but high spatial frequencies
are imperfectly adapted [42]. Such a retinal response can-
not be modeled within the simple framework presented in
this paper, as presented in Sec. Il A, using a separate tem-
poral response function K and spatial blurring function F.
Instead, this explanation requires that the functions K and
F should be combined into a nonfactorizable spatiotempo-
ral retinal response function (i.e., this explanation requires
that the intrinsic spatiotemporal contrast sensitivity function
of the retina cannot be separated into the product of spatial
and temporal functions). It is certainly possible that the reti-
nal ganglion cells produce such a complex spatiotemporal
response, for example, by giving rise to multiple channels
of spatial response, each with their own temporal behav-
ior [42,72]. However, we shall show that all features of
the experiments can be explained without invoking such
scale-dependent adaptation. The necessary spatiotemporal
complexity arises naturally within our minimal model, via
the interaction of retinal motion with an adaptive temporal
response function.

For a signal with constant intensity within a circle of ra-
dius R, and zero outside this, a standard calculation gives
Xk = %Jl (kR), with J; a Bessel function of the first kind.
Additionally, we once again assume an exponential blurring
function, |Fx|> ~ e~*'¥*. Consequently,

2 * 1 —2\2k2 2 -2
Am o | 27R LGB dk | @3
0

The integral is a sum over xx, the rate of gaining information
from a wave vector k, weighted by the prevalence of that
wave vector in the signal and the blurring function. In Fig. 6,
we plot this threshold intensity Ay, as a function of stimulus
presentation time 7', both for (a) the large target of radius
177 arcmin and (b) the small one of radius 3.5 arcmin. Here,
we use the same parametrization as in previous figures, i.e.,
adaptation time 7, = 40 ms, shape parameter o = /2, and
blur length scale A = 1 arcmin, but we show results for a
range of diffusion constants D from 0.001 25 min?/ms (cyan)
to 0.04 min’/ms (magenta).

Although there does not exist a closed form for Ay, we
can understand all its essential features from a few simple
arguments. As shown in Sec. Il A, at short times x; ~ T2,
while at long times yx; ~ 7, in both cases for all k. This
immediately produces the short time Ay, ~ % behavior seen in

Ref. [41], as well as an Ay, ~ # dependence at long times.
Both these regimes are indicated with black dashed lines in
Fig. 6. At intermediate times, there is a plateau due to adapta-
tion causing the gain of information to stagnate. In Sec. III A,
we showed that this stagnation begins after full adaptation,

when T ~ o, ie., T =1, the long adaptation time (of order
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FIG. 6. The contrast detection threshold, Ay,, for a circular stimulus of radius R (measured in arcmin) as a function of observation time,
T, (in ms). The dots show the data from Barlow’s experiments [41], with the dashed lines added to guide the eye, and the solid lines the
prediction of Eq. (23) for (a) the large target (R = 177 arcmin) and (b) the small target (R = 3.5 arcmin). The occular drift is taken to be
diffusive with diffusion constant D (measured in min?/ms). In both panels, D is varied in powers of 2 from 0.001 25 min?/ms (cyan) to 0.04
min?/ms (magenta). The data from Barlow’s experiments have been colored according to the background intensity, the logarithm of which is
7.83 (cyan), 5.94, 4.96, and 3.65 (purple). Since our theory predicts only the dependence of Ay, with T, not its absolute value, we have applied

an overall shift to the datasets to ease presentation.

60 ms for our parametrization). This stagnation is apparent
in both Figs. 6(a) and 6(b), as the time at which the plateau
commences. The information stagnation ends once there has
been significant retinal motion to overcome adaptation, that
is, when 7 = @, e, T = ﬁ. Hence, irrespective of the
stimulus size, we expect the plateau to shorten as the diffu-
sion constant D increases, which is again apparent in both
Figs. 6(a) and 6(b).

The crucial point is that a given eye motion does not affect
all spatial scales in the stimulus equally, and this inherent scale
dependence replaces the need for any scale dependence in the
form of adaptation. Making the target smaller, i.e., decreasing
R, puts the relevant visual information at smaller length scales,
or larger spatial frequencies k. Hence, T = ﬁ is smaller at
the relevant scale and so decreasing R shortens the plateau, as
is clear when comparing Figs. 6(a) and 6(b). Indeed, for the
small stimulus size of radius 3.5 arcmin in Fig. 6(b), when D
is sufficiently large (0.01 arcmin?/ms or larger) the plateau
almost entirely vanishes, so that one finds only a transition

region of indeterminate slope between the regimes of Ay, ~ %

1
and A[h ~ Tz

Figures 6(a) and 6(b) also show the results of Barlow [41].
In these experiments, the contrast threshold for the large and
small stimuli were measured for various background light
intensities, shown as separate datasets on the plots. We have
omitted data from the lowest light intensity, since visual re-
sponse is known to be altered at low intensities [50,73,74].
Since our theory predicts only the dependence of Ay, with 7',
not its absolute value, we have applied an overall shift to the

datasets to ease presentation. It is clear that with a reasonable
choice of diffusion constant (say D = 0.02 arcminz/s), and
with the reasonable choices for other parameters described
above, our minimal model matches the temporal behavior of
the experiments extremely well. In particular, we reproduce
the central result of stagnation of contrast detection threshold
for the large stimulus, but that the contrast detection threshold
continues to decrease for the smaller stimulus.

In practice, it would be impractical to run sufficiently long
experiments to see the fully established Ay, ~ # regime, and
indeed additional physiology may obscure it. Hence, the time
axis in Fig. 6(a) is truncated in the experiments by Barlow, and
we believe that what was observed is perfect adaptation for
large targets, and the transition toward the Ay, ~ # regime
for smaller targets.

The experimental observations of the qualitative difference
in contrast threshold with stimulus size can thus be explained
solely via the space-time coupling produced by fixational eye
movements. These effects are seen even within our minimal
model. It is thus not necessary to invoke complex length
scale dependence of the temporal adaptive response to explain
these data. However, as noted above, such conjectures exist in
the literature [42,72]. This points to the need for additional
experiments that would tease apart these two possibilities. A
suitable investigation could involve comparing contrast detec-
tion thresholds as a function of presentation time, for stimuli
that are either stabilized or unstabilized on the retina. Here,
if the effects observed by Barlow are accounted for by eye
movements, then with the effects of eye movement removed
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via stabilization the temporal response to small stimuli should
more closely match those of large stimuli.

V. DISCUSSION

We have formulated an analytic framework for determining
the impact of ocular drift on the information acquired from
a stimulus. Our measure of the acquired information may be
derived from the mutual information between the stimulus and
a minimal model for the response of the early visual system,
which incorporates drift, along with blur and a bandpass tem-
poral response. Taking the drift to be diffusive, we identify the
key dimensionless parameters that underpin the interactions
between the stimulus structure, temporal response, and ocular
drift. These interactions are phenomenologically rich, as we
summarize in a phase diagram, and have the consequence that
ocular drift may be beneficial, detrimental, or negligible in its
impact on the acquisition of visual information. We find that
optimal performance is achieved when k%Dt, ~ 1, where k is
the wave vector of the stimulus, D is the diffusion constant
of the drift, and ¢, is a timescale characterizing the adaptive
temporal response.

Working with parameters appropriate for human vision,
our model reveals that the stimulus wave vector for which
the observed degree of drift has the greatest benefit and the
wave vector above which information is lost due to blur are the
same. This suggests that, far from merely being noise, ocular
drift is tuned to maximize the gain of visual information given
the constraint of optical blur. Although such a statement exists
in the literature [33], our work shows concretely how this
arises from different components of the model. Additionally,
a key emergent principle is that retinal motion combined with
a bandpass temporal response produces an effective band-
pass spatial response, even though such a response is not
an explicit component of the model. This is shown most
fundamentally in the modeled contrast sensitivity function.
Although the existence of neural spatial receptive fields with
a so-called center-surround (biphasic) structure is well estab-
lished [67-71], we believe it important to note that the data
at the system level can be qualitatively explained without this.
Furthermore, the model provides an alternative qualitative ex-
planation for Barlow’s data on threshold detection amplitudes
for stimuli of different sizes as a function of time [41]. These
data have been taken as evidence for multiple spatial mecha-
nisms that differ in their temporal response, such that smaller
stimuli are postulated to recruit detection mechanisms with
more sustained temporal impulse response, meaning that the
integral of the linear temporal response function is not zero,
but positive [42]. The model instead shows that the observed
behavior can emerge from the combination of eye movements
and a biphasic temporal response. Indeed, our work indicates
a need for further experiments, repeating those of Barlow but
with the stimulus stabilized on the retina, to distinguish the
roles that ocular drift and spatiotemporal tuning of neural
mechanisms play in producing the observed behavior.

There are various ways in which our calculational approach
could be extended. For example, one could relax the condition
that the spatial and temporal variation of stimulus be separa-
ble, or consider a prior distribution of stimuli consistent with
the statistics of natural images [75—77]. In this latter context,

it would be interesting to turn the calculation on its head, such
that rather than calculating the effect of a prescribed ensem-
ble of retinal motion on the available visual information, we
instead determine the optimal form of ocular drift on the basis
that optimality corresponds to whitening the power spectrum
[1,33,45,78].

In this paper, we have taken a minimal approach to phys-
iological details, both by neglecting certain features and in
the modeling of those we retain. However, our framework is
sufficiently generic to allow more detail to be incorporated as
desired. As one example of this, we assumed the FEMs to be
purely diffusive yet, as noted earlier, true eye motion paths
may be biased toward a preferred retinal location [51,52], and
could have short term persistence and longer-term antipersis-
tence [53,54]. There is no need to take the form of ocular drift
to be diffusive and indeed, although not explored here, our
theory indicates that a degree of persistence may be beneficial.
The heuristic argument for this is that persistence increases
the power law of the mean squared displacement for the time
interval over which motion is persistent, meaning that the
path structure factor Sx(7) has a more pronounced step, i.e.,
decaying more slowly at short times and more rapidly at long
times. This enhances the positive parts of the memory kernel
autocorrelation function while allowing greater suppression of
the negative parts. Initial tests suggest this tends to increase
Xk at larger wave vectors beyond the peak that emerges in
Fig. 2(a), i.e., for I" > 1. However, we believe care remains
to be taken to ensure that the ensemble averages employed in
deriving Eq. (3) remain valid for persistent motion with finite
stimulus presentation times.

There are several other ways that the details of our model
may be made more realistic within the existing overall frame-
work. While we have taken the spatial response to be a
low-pass filter originating from optical blur, there is no ob-
struction to incorporating a bandpass spatial response. It
would then be interesting to study both separable and nonsep-
arable forms of spatial-temporal response, particularly given
the latter’s relevance to attempts to connect Barlow’s data
[41] to postulated underlying physiological mechanisms, as
described above. We have taken the photoreceptor array to
be continuous and homogeneous, neglecting, among other
things, the discrete nature of photoreceptors and the high-
acuity foveola in the center of the retina. Incorporating these
features into our model would provide insight into other hy-
potheses for the function of FEMs, such as that they act to
maintain a preferred retinal location [51], or achieve super-
resolution through appropriate sampling of an image [52,79].

Nonetheless, we maintain that this work does not suffer
by omitting such details. This allows us to expose the basic
principles underpinning the function of ocular drift in vision.
Moreover, it lets us trade specificity for universality and see
that, while the effects we have described apply to vision,
they are not limited to that context. Motion and some form
of adaptive response to the environment are near-ubiquitous
signatures of life and our results indicate how these may
interact nontrivially when an organism tries to learn about its
surroundings. As one example, bacteria employ a bandpass
filter to detect chemical gradients, which they traverse via runs
interrupted by stochastic tumbles. Though the mechanisms
behind the two are different, one might wonder whether these
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tumblings have a similar impact on sensing chemical signals
as ocular drift has on detecting visual ones.
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