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Altermagnetism has emerged as a promising ingredient for realizing nontrivial Josephson phases but so far
explored in single Josephson junctions. In this work, we consider the coherent coupling of two Josephson
junctions with spin-singlet s-wave superconductivity and demonstrate that d-wave altermagnetism gives rise
to spin-polarized Andreev molecules due to the hybridization of Andreev bound states of each junction when the
coupling is weak. Interestingly, these spin-polarized Andreev molecules induce anomalous nonlocal Josephson
effect, where the current flow across one Josephson junction due to phase changes across the other junction
develops 0 — m and ¢, transitions originating from altermagnetism. Furthermore, the nonlocal Josephson
current carried by spin-polarized Andreev molecules exhibits nonreciprocal critical currents, enabling a nonlocal
Josephson diode effect whose polarity is tunable by the altermagnetic strength and right phase. Our findings put
forward altermagnetism as a promising arena for designing nonlocal spin Josephson phenomena.
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I. INTRODUCTION

The advent of altermagnetism has provided an unexplored
front in the search for nontrivial superconducting phenomena
that are promising for quantum applications [1,2]. This is be-
cause altermagnets (AMSs) possess anisotropic spin-polarized
Fermi surfaces and zero net magnetization [3-14], origi-
nated from a collinear-compensated magnetic ordering in real
space that preserves inversion symmetry but breaks time-
reversal symmetry (TRS). While these properties enabled the
prediction of a number of unusual superconducting phases
[1,2,15,16], their role in Josephson systems is of particular
relevance because Josephson junctions (JJs) form the basis for
superconducting electronics and quantum computing [17-31].
In this regard, AMs in single JJs have already proven cru-
cial for inducing spin-polarized Andreev bound states (ABSs)
[32-35], anomalous supercurrents [32,34,36—43], and nonre-
ciprocal critical currents [44-50]. These advances show the
potential of altermagnetism in single JJs, and naturally make
us wonder about the impact of altermagnetism on coherently
coupled JJs.

The coherent coupling of JJs has already inspired several
theoretical [51-65] and experimental [66—77] efforts. Central
to these works is the formation of Andreev molecules
due to the hybridization of ABSs when coupling two
JJs [51], a phenomenon tunable by the superconducting
phase differences across each JJ. Andreev molecules form
similarly to how natural atoms bond to form chemical
molecules but based on the Andreev and Josephson physics.
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A unique property of the Andreev molecular regime is that
the supercurrent flow across one JJ can be manipulated by the
phase difference across the other JJ, enabling the so-called
nonlocal Josephson effect (JE) [S1]. At present, there already
exists experimental evidence of Andreev molecules and
of the nonlocal JE, thus supporting coherently coupled
JJs for creating fundamental states and intriguing material
properties. Despite this progress, however, the research on
Andreev molecules and nonlocal JE has mainly focused
on superconductor-semiconductor systems, leaving seldom
studied the role of the recently discovered altermagnetism.

In this work, we consider three coupled spin-singlet s-wave
superconductors with d-wave altermagnetism and demon-
strate the formation of spin-polarized Andreev molecules
when spin-polarized ABSs of each JJ hybridize across the
middle superconductor. Notably, we find that the spin-
polarized Andreev molecules enable anomalous phase-biased
nonlocal Josephson effects, whereby a phase difference across
one junction induces a supercurrent through the other. De-
pending on the altermagnetic crystal symmetries and strength
of altermagnetism, the nonlocal Josephson current develops
tunable transitions between 0-, -, and ¢g-junction behav-
iors. We also show that the nonlocal supercurrents carried
by spin-polarized Andreev molecules develop a nonrecipro-
cal behavior, thereby signaling the emergence of a nonlocal
Josephson diode effect. We find that the efficiency and polarity
of this diode effect exhibit a strong tunability by the type and
strength of altermagnetism. The core feature unifying these
diverse phenomena is the emergent, spin-polarized nature of
the Andreev molecules. Because d-wave altermagnetism spin
splits the Fermi surface in a momentum-dependent way while
maintaining zero net magnetization, the hybridized Andreev
bound states inherit a unique altermagnetic spin polarization.
This resulting spin polarization acts as the singular catalyst
for the anomalous nonlocal Josephson response, the 0-, 7 -,
and ¢p-junction transitions, and the nonlocal Josephson diode
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FIG. 1. (a), (f) Sketch of the studied Josephson setup, where three spin-singlet s-wave superconductors denoted by S, [« = L, R (pink)
and @ = M (gold)] are in contact with a d-wave altermagnet (blue); the superconductors have lengths L, and pair potentials A, = Ae™%«, with
¢m = 0. Panels (a) and (f) correspond to Sy with a long (Ly = 100a > &) and a short (Ly = 2a < &) length, where & is the superconducting
coherence length and a is the lattice spacing. Low-energy spectrum as a function of ¢ at ¢g = 0.77 and k, = 0.1z for (b), (c) Ly > &,
and (g), (h) for Ly < &. The blue (red) color in panels (b), (c), (g), and (h) indicates that such energy levels belong to the Nambu sector
formed by spin-1 electrons (holes) with spin-| holes (electrons), denoted by “+” (“—"). The light green curves are the energy levels without
altermagnetism. The filled yellow and green circles mark the positions where dispersionless levels of the right JJ cross with the dispersive
levels of the left JJ in the presence of the AM, while the filled gray circles mark the same but in the absence of the AM. Spin projection along z
in the left JJ at k, = 0.1 for (d), (e) Lm > £, and (i), (j) for Ly < &. Parameters: Ly, = Lg = 100a, u = 1.5, A =0.2¢,J, = 0.1z, J, = 0.1¢,

and ¢y = 0.

effect alike. Our work establishes the interplay between al-
termagnetism and coherently coupled JJs as an outstanding
ground for designing nonlocal Josephson phases with spin-
tronic functionalities.

The remainder of this work is organized as follows. In
Sec. II, we present the model of coherently coupled Josephson
junctions with d-wave altermagnetism. In Sec. III, we demon-
strate the emergence of spin-polarized Andreev molecules,
while in Secs. IV and V we discuss their impact on the
nonlocal Josephson effect and the nonlocal Josephson diode
effect, respectively. In Sec. VI, we present our conclusions.

II. COUPLED JOSEPHSON JUNCTIONS WITH d-WAVE
ALTERMAGNETISM

We consider the coherent coupling of two JJs with d-wave
altermagnetism, where two spin-singlet s-wave superconduc-
tors are coupled through a spin-singlet s-wave superconductor
[Figs. 1(a) and 1(f)]. The coupled JJs are assumed to be finite
along x and periodic along the y, and modeled by

Hi, (DL, dM, PR) = ZHky(¢a) +Hom + Hwr, (1)

where

H (¢o) = Y _ clhistky)ei + Y ¢ vijlky)e;

(@)
+ Y Agle] el —cf ol D+He (@
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describes the left (L), middle (M), and right (R) super-
conductor (¢ = L, M, R) with d-wave altermagnetism. Here,

ci = (cip, Ci, i)T, where c¢; 4+ annihilates an electronic state
with spin o =%, | at i. Moreover, h;(ky)=[—pn + 4t —
2t cos kylog — Jo cos kyo, and v;(ky) = —tog — iJ; sink,o, +
(J2/2)o, correspond to on-site and nearest-neighbor terms,
which are block diagonal in spin space, o; are the spin Pauli
matrices, ¢ denotes the hopping strength, u is the chemical
potential, while J; and J, represent the strength of the d,,-
and d,>_,>-wave altermagnetism. Furthermore, A, = Ae' is
the pair potential in o superconductor; by gauge symmetry
[65], we set ¢y = 0 and keep ¢ r # O characterizing the
superconducting phase differences across the left and right
JJs. We treat ¢ and ¢r as independent control parame-
ters, as in multiterminal Josephson structures [51,78], where
the superconducting phase differences are biased indepen-
dently by threading magnetic fluxes through superconducting
loops attached to the superconductors. We assume an in-
finitely wide junction geometry with perfect translational
invariance along the y axis, rendering k, a conserved quan-
tum number [37,38,79]. This approximation remains highly
accurate because any phase-biasing circuitry or loop bound-
aries are localized at the macroscopic edges, far from the
mesoscopic transport channel. Furthermore, since the alter-
magnetic spin splitting occurs at zero external magnetic field
[1], the local Hamiltonian remains strictly uniform along the
interface. The term Hymmr) couples the left and middle (mid-
dle and right) superconductors, having nonzero values only
between the sites adjacent to the interfaces. Next, we denote
Hi, (L, $r) = Hi (PL, oM = 0, ¢R).

Before going further, we discuss the symmetries
of the JJ setup in Eq. (1). Without the AM, the JJ
Hamiltonian preserves global time-reversal symmetry,
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TH(pr, pr)T ' = H(—¢r, —pr), but local TRS can be
broken, TH(¢r, dr)T ' # H(—pL, $r), where T denotes
the time-reversal operator. In the presence of an AM,
global TRS is broken. In addition, in the presence and
absence of AM, the JJ intrinsically breaks local spatial
inversion, ZH(¢r, pr)Z™" # H(—¢L, dr), with T the
inversion operator. Thus, breaking local time-reversal and
local inversion symmetries is very likely to lead to unusual
ABSs and supercurrents; in fact, the simultaneous breaking
of these symmetries satisfies the necessary conditions for
the Josephson diode effect [80-90], suggesting that our JJ in
Eq. (1) can host intriguing Josephson physics.

III. SPIN-POLARIZED ANDREEYV MOLECULES

We begin by inspecting the role of the superconducting
phase differences ¢ g in the low-energy spectrum of our
coupled JJs with altermagnetism [Eq. (1)]. For this reason,
Figs. 1(b) and 1(c) show the low-energy spectrum as a func-
tion of ¢, with d,2_.- and d,,-wave altermagnetism; in both
cases, ¢r = 0.77, ky = 0.17 for a middle superconductor
longer than the superconducting coherence length & (Ly; >
&). To contrast this regime, Figs. 1(g) and 1(h) show the low-
energy spectrum for a short middle superconductor (Ly < &).
These short and long middle superconductor regimes capture
the weak and strong couplings between JJs. To complement
the analysis in these two regimes, Figs. 1(d), 1(e), 1(i), and
1(j) show the spin polarization (S;) in the left JJ for the
first positive ABS. In the absence of altermagnetism, the left
(right) JJ hosts four spin-degenerate ABSs that depend on
¢rr and Ly, with a 2m-periodic energy spectrum that is
symmetric about ¢y = 7 [see light green curves in Figs. 1(b),
I(c), 1(g), and 1(h)]. For Ly > &, the left and right JJs
behave as independent [Figs. 1(b) and 1(c)]: The ABSs of
the left JJ exhibit a strong dependence on ¢, while the
ABSs of the right JJ remain dispersionless and intersect the
ABSs of the left JJ at ¢r = ¢, as indicated by the gray
circles in Fig. 1(b). In contrast, for Ly < & [Figs. 1(g) and
1(h)], the ABSs of both junctions hybridize, leaving only
a single pair of hybridized ABSs that strongly disperses
with ¢ r and is asymmetric with respect to ¢ = w. The
dependence of the hybridized ABSs on Ly resembles an
interatomic potential describing molecular formation, giving
rise to the so-called Andreev molecules [51]; see Fig. 4 in
Appendix A for the molecular energy dependence on Ly
and Fig. 5 in Appendix B for the real-space wave function
hybridization.

With altermagnetism, the low-energy spectrum develops
interesting changes in short and long middle superconductors
[see Figs. 1(b), 1(c), 1(g), and 1(h)]. First, a finite amount of
altermagnetism makes ABSs to split in spin, giving rise to
spin-polarized ABSs with a behavior that strongly depends
on the ratio between Ly and & as well as on the type of al-
termagnetism and ¢ . For Ly; > &, only the spin-polarized
ABSs of the left JJ disperse with ¢, while the spin-polarized
ABSs of the right JJ remain dispersionless and intersect the
ABSs of the left JJ at g = ¢.; owing to the 27 periodicity of
the spectrum, a similar intersection occurs at ¢gr = 2w — ¢,
[see Figs. 1(b) and 1(c) and yellow/green circles]. The fact

that ABSs of the left JJ disperse only with ¢ and those of
the right JJ remain dispersionless occurs because the left and
right JJs are weakly coupled due to Ly > &. Interestingly,
while d,,-wave altermagnetism splits ABSs shifting them to
distinct minima above and below ¢ = 7, d,>_,.-wave al-
termagnetism splits ABSs to higher and lower energies but
maintaining the same minimum at ¢ = . This dependence in
d,>_»-wave AMs makes ABSs to reach and cross zero energy,
as in Fig. 1(c). Moreover, the finite size of the setup naturally
induces a quasicontinuum, where, depending on the strength
and type of altermagnetism, the spin-polarized ABSs can leak
and/or touch the gap edges; for instance, under d,-wave al-
termagnetism, ABSs with distinct spin polarization touch the
gap edges at ¢, = 0, 27, while ABSs of the same polarization
reach the gap edges at ¢ = 0,27 with d._,2-wave alter-
magnetism. Despite these differences between altermagnetic
symmetries at Ly > &, the energy spectrum is symmetric
about ¢, = 7 for any ¢r.

When the middle superconductor is very short (Ly < £),
the spin-polarized ABSs of the left and right JJs undergo a
strong hybridization that gives rise to spin-polarized Andreev
molecules [see Figs. 1(g) and 1(h)]. These spin-polarized
Andreev molecules now constitute the subgap states of the
strongly coupled JJs, and are, therefore, extremely sensible
to variations of ¢ r. In fact, d,,-wave altermagnetism splits
the hybridized ABSs into spin-polarized Andreev molecules
along ¢, developing minima below and above ¢; [Fig. 1(g)],
with ¢ being the value of ¢, at which the Andreev molecule
has a minimum without altermagnetism. This behavior en-
ables JJs with d,,-wave AMs to host Andreev molecules with
distinct polarizations at the same energies with a behavior
that is asymmetric about ¢, = 7. For d,>_,.-wave altermag-
netism, the spin-polarized Andreev molecules are asymmetric
about ¢, = 7 and shifted in energy at ¢;; depending on the
altermagnetic strength, they can reach and cross zero energy
[see Fig. 1(h)]. This leaves spin-polarized Andreev molecules
with distinct spin polarizations crossing zero energy and at
higher energies. The zero-energy crossings of the Andreev
molecules are robust unless fields that couple distinct spins
are applied. It is worth noting that the hybridized ABSs also
leak into the quasicontinuum, but with subtle differences in
each altermagnetic symmetry: The quasicontinuum of the JJ
with d,,-wave altermagnetism is composed of mixed levels
having the same and distinct polarizations, which implies that
the spin-polarized Andreev molecule leaking into such qua-
sicontinuum also hybridizes with the quasicontinuum levels
of the same polarization [Fig. 1(g)]. In contrast, the quasi-
continuum of the JJ with d,>_,»-wave altermagnetism contains
spin-polarized subsets at distinct energies, which ensures that
the spin-polarized Andreev molecules leaking into the quasi-
continuum do not hybridize with the quasicontinuum levels
[Fig. 1(h)].

The spin-polarized nature is also supported by the behavior
of the spin polarization (S.), which we obtain in the left
JJ and show in Figs. 1(d), 1(e), 1(i), and 1(j) as a function
of ¢ r at k, # 0. Figures 1(d) and 1(e) show that (S;) for
Ly > & behaves as an odd function of ¢, for the d,,-wave
AMs ((S; (o)) = —(S,(—¢L))), whereas it behaves as an even
function for the d_2-wave AMs ((S;(¢L)) = (S.(—¢L))).
By close inspection, the profile of (S;) aligns well with the
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FIG. 2. Josephson current Z; across the left JJ as a function of
¢ r in the presence of dxz,yz -wave altermagnetism. 7 for (a) Ly =
100a > & and J,/t = 0.1, and (b), (c) for Ly = 2a < & and J,/t =
{0.1, 0.3}. (d), (e) Line cuts of Z;, in panel (b) as a function of ¢y,
at distinct ¢rr) in steps of 0.2z marked by color bars in panel (b).
Rest of parameters are same in Fig. 1.

spin-polarized nature of the ABSs shown in Figs. 1(b) and
1(c) [see dash-dotted line in Figs. 1(d) and 1(e)]. In contrast,
for Ly < &, (S;) acquires a distinct behavior that reflects
opposite spin polarization along ¢ = ¢r: This implies that
(S:(¢L, 9r)) = £(S:(—¢L, —¢r)) for the JJs with d,- and
d_p-wave altermagnetism, reflecting the key role of ¢r.
Still, (S,) determines the spin polarization of the emergent
Andreev molecules. Thus, Figs. 1(d), 1(e), 1(i), and 1(j) not
only support the spin-polarized nature of Andreev molecules
but also demonstrate the nonlocal phase control of spin polar-
ization in coupled JJs.

IV. ANOMALOUS NONLOCAL JOSEPHSON CURRENTS

Having shown the emergence of spin-polarized Andreev
molecules, we now focus on the phase-biased Josephson
current flowing across the left JJ, obtained for each
ky as I(ky. g dr) = (e/R) Y o DEu(ky L. dr)/0bL
[31,91,92]; this provides a way to pinpoint the contributions
of distinct energy levels [93-99]. The total Josephson current
flowing across the left JJ is then found as Zp (¢, ¢r) =
f I (ky, ¢r, pr)dk,, which accounts for the weight of all
transverse channels [1]. With this, in Fig. 2 we show
T1.(¢L, ¢r) as a function of ¢ r in the presence of d,>_,-
wave altermagnetism for long (Ly > &) and short (Ly < &)
middle superconductors; for d,,-wave altermagnetism, see
Fig. 6 in Appendix C. When Ly; > £, the current Zy (¢, ¢r)
is an odd function and 2m-periodic with respect to ¢ but
insensitive to ¢r, namely, Zp(¢r, ¢r) = —Zp(—¢L, ¢r)
and 727 + ¢r, ¢r) = LL(dL, ¢r)  [Fig. 2(a)]; these

dependences also appear in regular JJs [100]. This is an
expected behavior consistent with the ABSs in Fig. 1(c)
since the left and right JJs are effectively uncoupled and the
spin-polarized ABSs of the right JJ along with ¢r do not
affect the properties of the left JJ.

When Ly < &, the hybridization of spin-polarized ABSs
that leads to spin-polarized Andreev molecules strongly
affects the phase dependence of Z (¢, ¢r) [see Figs. 2(b)—
2(d)]. In particular, 7y (¢r, ¢r) is now strongly dependent
on ¢r, developing negative/positive values for ¢ < m and
¢ > m, which depend on the strength of altermagnetism and
are achieved after passing through zero values in both types
of the studied AMs [see Figs. 2(b), 2(c), 6(b), and 6(c)].
Interestingly, 7y (¢r, ¢r) # 0 at ¢ = nw, with n € Z, and
its oddness is now reflected by the simultaneous action of
both phases ¢ r as Zp(¢r, ¢r) = —ZL(—¢r, —¢r); this oc-
curs in dy2_y- and d,y-wave altermagnetism [see Figs. 2(b),
2(c), 6(b), and 6(c)]. As consequence of these properties
is that the current flowing across the left junction develops
¢o- and m-junction behaviors, as a function of either¢y or
¢r [see Figs. 2(d) and 2(e)]. It is thus possible to have
Ti(pr =0,9r #0) #0 or Z (¢ + 7, ¢r) = —I1(¢L, PR)
for a ¢ro junction or 7 junction, respectively. JJs with d,,-
wave altermagnetism can also host similar junction profiles
[see Figs. 6(d) and 6(e)].

The strong dependence of the current flowing across the
left JJ by varying the phase difference across the right JJ
signals the emergence of the nonlocal Josephson effect. This
effect in the left JJ is entirely determined by the spin-polarized
Andreev molecules shown in Figs. 1(g) and 1(h), with cur-
rent signals that can be directly tied to the respective energy
branch. For instance, the large values of the current for ¢ €
(0,7) and ¢ € (r,27) in JJs with d,»_,.-wave altermag-
netism are predominantly carried by Andreev molecules of
one type of spin polarization within the gap, while outside
it the opposite polarization also contributes [Fig. 1(h)]. In
contrast, the arc surface region with smaller current inten-
sities for ¢, € (7, 2mw) corresponds to a regime where the
Andreev molecules with distinct polarizations cross zero en-
ergy [Fig. 1(h)], leaving Andreev molecules with the same
polarization but opposite contribution that end up canceling
out; thus, the values of the current in this case are dominated
by the quasicontinuum. In a similar way, one can identify
the contribution of spin-polarized Andreev molecules on the
nonlocal Josephson effect in coupled JJs with d,,-wave al-
termagnetism [see Figs. 6(b) and 6(c) in Appendix C]. We
can therefore conclude that the formation of spin-polarized
Andreev molecules enables the emergence of a nonlocal
Josephson effect determining supercurrents with anomalous
profiles.

V. NONLOCAL JOSEPHSON DIODE EFFECT

The behavior of the nonlocal Josephson current 7y (¢r., ¢r)
also reveals its nonreciprocity since the maximum and min-
imum currents are not equal, I:i (pr) # I (¢r), where
IciL(¢R) = maxg, [£7; (¢r, ¢r)]. Using these definitions, in
Fig. 3(a) we show I:i(qsk) as a function of J, and ¢y for a very
short middle region Ly = 2a in the presence of d,>_,>-wave
altermagnetism. Figure 3(a) shows that IC’;_(¢R) # 1 (¢r)
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FIG. 3. (a) Critical currents Ici'L as a function of ¢r and J, under
d,2_,2-wave altermagnetism. (b) Quality factor . as a function of J,
and ¢r. (¢), (d) Line cuts of panel (b) for distinct values of J, and ¢g.
The values of ¢y for the line cuts in panel (c) are marked by color
bars in panel (b). Parameters: Ly; = 2a and the rest is the same as in
Fig. 1.

for any ¢r, except ¢r = nmr, with n € Z. The nonreciproc-
ity in the nonlocal critical currents signals the emergence of
the nonlocal Josephson diode effect. While ICiL(¢R) remains
sizable for J, below A, strong altermagnetic strengths tend
to reduce the critical currents; in JJs with d,»_,.-wave alter-
magnetism [Fig. 3(a)], the currents support stronger values
of altermagnetic fields than in JJs with d,,-wave AMs [see
Appendix D and Fig. 7(a)].

To assess the efficiency of the nonlocal Josephson diode
effect, we obtain its quality factor as np(¢r) = [IjL((bR) -
T (¢r)"1/IZ (9r) + I (¢r)] and show it in Fig. 3(b) as
a function of J, and ¢r for JJs with d,»_,.-wave altermag-
netism, while in Fig. 7(b) for thed,,-wave AM case. The first
observation is that 7 strongly depends on ¢y as well as on the
strength and type of altermagnetism. For ¢r = nmr, with n €
Z, the quality factor vanishes since Z} = Z ; in this case,
the Andreev spectrum is symmetric around ¢ = 7. Away
from these phase values, 1 reach efficiencies on the order
of 30% and notably develops an odd function dependence
with ¢r as a clear manifestation of the nonlocal Josephson
effect; this also means that the diode’s polarity sgn( ) can be
controlled nonlocally by ¢r [see Figs. 3(c) and. 7(c)]. Further-
more, the diode’s polarity can be controlled by the strength of
altermagnetism, as demonstrated in Figs. 3(c), 3(d), 7(c), and
7(d) at fixed ¢r. Under d,._,2-wave altermagnetism, changing
the diode’s polarity requires slightly stronger altermagnetic
fields than under d,,-wave altermagnetism but the former sup-
ports larger efficiencies at large fields. Nevertheless, in both
types of AMs, reaching measurable nonlocal Josephson diode
efficiencies requires the presence of spin-polarized Andreev
molecules, which is only attained for short middle supercon-
ductors, as demonstrated in Figs. 3(d) and 7(d).

VI. CONCLUSIONS

In conclusion, we have demonstrated the formation of spin-
polarized Andreev molecules in weakly coupled Josephson
junctions with zero net magnetization by utilizing alter-
magnetism. We showed that these spin-polarized Andreev
molecules give rise to phase-biased nonlocal Josephson cur-
rents capable of developing ¢o- and m-junction behaviors,
which are tunable by the type and strength of altermag-
netism. Moreover, we found that these nonlocal Josephson
currents exhibit nonreciprocal critical currents, originating a
nonlocal Josephson diode effect whose polarity is controllable
nonlocally by the superconducting phase difference across
the right Josephson junction as well as by the strength of
altermagnetism. These predictions are applicable to higher
angular momentum altermagnets, such as g and i wave, and
offer a very likely nonlocal phase control of recently reported
altermagnet-induced phenomena, such as exotic Cooper pairs
[15,101-113] and flat bands [114-116]. We emphasize that
the diverse phenomena reported here are not independent
effects, but rather distinct macroscopic manifestations of a
single microscopic origin. By combining a vanishing net
magnetization with momentum-dependent spin splitting, al-
termagnetism fundamentally spin polarizes the hybridized
Andreev molecules. This resulting molecular spectrum serves
as the unified engine driving the anomalous nonlocal cur-
rents, the junction-character transitions, and the tunable diode
polarity. Our results position altermagnetism as a founda-
tional building block for engineering spin-polarized Andreev
molecules and achieving anomalous Josephson states with
nonlocal spintronic functionalities.
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APPENDIX A: MOLECULAR BEHAVIOR OF THE
HYBRIDIZED ANDREEYV STATES

The molecular nature of the spin-polarized ABSs can be
directly seen in the dependence of the energy levels on Ly,
presented in Fig. 4 at ¢y = 0.7mr = ¢r and ¢ = 1.37w # ¢r
for altermagnetic strengths corresponding to Fig. 1. With-
out AMs, the energy levels are spin degenerate but already
here the levels develop an interesting behavior with Ly; [see
Fig. 4(a)]: Atlong Ly, each JJ hosts ABSs that are degenerate
but begin to split at Ly; ~ 50a, followed by a behavior that de-
pends on ¢, r. For ¢, = 1.3m # ¢r, the energy levels below
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FIG. 4. Lowest four positive levels of each = sector as a function
of Ly in the absence [panel (a)] and presence [panels (b), (c)] of
altermagnetism at ¢g = 0.77 and k, = 0.17. The dashed and solid
curves correspond to ¢ = 0.7m = ¢r and ¢ = 1.37 = —¢, re-
spectively. Parameters: J; , = 0 in panel (a), J; = 0.1f and J, = 0 in
panel (b), J; = 0 and J, = 0.1¢ in panel (c), and the rest as in Fig. 1.

Ly ~ 50a form bonding and antibonding molecular states,
with a clear minimum and an overall energy dependence that
resembles the interatomic potential describing molecular for-
mation [Fig. 4(a)]. For ¢ = 0.7m = ¢, the splitting between
ABSs induced by the hybridization is weaker below Ly; ~
50a, ultimately pushing both levels into the quasicontinuum.
Interestingly, in the presence of altermagnetism, ABSs are
split in spin and, interestingly, such spin-polarized ABSs still
develop the molecular formation profile for ¢y, = 1.37 # ¢r
and in both types of altermagnetism [see Figs. 4(b) and 4(c)].
This demonstrates the emergence of spin-polarized Andreev
molecules.

APPENDIX B: LOCALIZATION
OF ANDREEV MOLECULES

The hybridization of spin-polarized ABSs in the JJ setup
of Fig. 1(a) is due to the reduced length of the middle super-
conductor, which leads to a strong coupling between left and
right JJs. To see the real-space behavior of such hybridization,
Fig. 5 shows the space dependence of the wave function prob-
ability density of the first positive state for Ly = 100a and
Ly = 2a for distinct ¢, g. When Ly = 100a, the coupling
between left and right JJs is very weak, such that the ABSs
localized at each JJ do not hybridize [Fig. 5(a)]: As seen, the
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FIG. 5. Wave function probability density of the first positive
state for a JJ with d,2_,2-wave altermagnetism as a function of space
for Ly = 100a [panel (a)] and Ly, = 2a [panels (b), (c)], in both
cases with ¢gr = 0.77. The green and the red curves indicate two
different values of k,. Parameters: J; = 0 and J, = 0.1¢; the rest is

the same as in Fig. 1.
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FIG. 6. The Josephson current Z;, across the left JJ as a function
of ¢ r in the presence of d,,-wave altermagnetism. Z; for (a) Ly =
100a > & and J;/t = 0.1, and (b), (c) for Ly = 2a < & and J,/t =
{0.1, 0.3}. (d), (e) Line cuts of Z;, in panel (b) as a function of ¢y,
at distinct ¢ in steps of 0.2 marked by color bars in panel (b).
Parameters are same in Fig. 1.

ABSs are strongly localized at each JJ, with their wave func-
tions decaying toward the bulk of the middle superconductor
that depends on k, but without developing any spatial overlap.
In contrast, for Ly; = 2a, the wave functions of the ABSs of
the left and right JJs strongly hybridize, with a profile that
resembles that of an ABS localized at a single interface. The
wave function profile of this spin-polarized Andreev molecule
depends on k, and ¢ r, which can influence the decay itself
and its oscillations.

APPENDIX C: NONLOCAL JOSEPHSON CURRENTS
IN JUNCTIONS WITH d,,-WAVE ALTERMAGNETISM

In the case of d,,-wave altermagnetism, the total Josephson
current flowing across the left JJ, Z; (¢, ¢r), is presented in
Figs. 6(a) and 6(b) as a function of ¢ r for long (Ly > &)
and short (Ly < &) middle superconductors at J;/f = 0.1.
Figure 6(c) show Zy (¢r, ¢r) versus ¢p g for J;/t = 0.3, while
Figs. 6(d) and 6(e) shows line cuts of Fig. 6(b) as a function
of ¢ r at distinct ¢r . For Ly > &, Fig. 6(a) reveals that
Ti.(¢L, ¢r) is an odd function of ¢r but independent of ¢r;
this is because the left and right JJs are effectively uncoupled
(very weakly coupled) and the spin-polarized ABSs in each
JJ do not hybridize. When Ly < &, Z (¢, ¢r) exhibits large
intensities that strongly depend on both ¢p g and J; [see
Figs. 6(b)-6(d)]. First of all, Z; (¢, ¢r) is an odd function
under both ¢ g and develops nonzero values at ¢, = nm for
¢r # nm [Fig. 6(b)], similar to JJs with d,»_,>-wave altermag-
netism shown in Figs. 2(b), 2(d), and 2(e). As a result, the
current across the left JJ can develop ¢rp-junction behavior
as a function of ¢ g but 7w behavior only as a function of
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¢r [Figs. 2(b), 2(d), and 2(e)], hence establishing similarities
and differences with respect to JJs with d»_,.-wave alter-
magnetism. The different behaviors can be controlled by the
strength of d,,-wave altermagnetism [Fig. 2(c)].

The intriguing behavior of the anomalous Josephson cur-
rent 7 (¢, ¢r) discussed above can be directly traced back to
the behavior of the spin-polarized Andreev molecules shown
in Fig. 1(g). For instance, for ¢g = 0.77 in Fig. 1(g), the
Andreev molecules inside the gap with positive spin polar-
ization produce a negative supercurrent roughly below ¢ <
0.7, while above such a phase, the Andreev molecule with
opposite polarization dominates and gives a positive super-
current [Fig. 6(b)]; this explains the transition from a red
to green color in the intensities of the current in Fig. 6(b)
[see also region between orange and green horizontal mark-
ers in Fig. 6(b)]. The absence of a m-junction behavior as
a function of ¢ can also be explained with the behavior of
the Andreev molecules: Andreev molecules with both po-
larizations always share the contribution within the gap and
¢L € (0, 27) since d,-wave altermagnetism shifts the subgap
levels only in ¢ . This makes it challenging to accommodate
a single Andreev molecule giving a negative current for JJs
with dy,-wave altermagnetism. This is different from what
occurs in d,>_,2-wave altermagnetism [Figs. 2(b) and 2(d)]
since therein the altermagnetic field shifts the energy levels
in energy, which can leave a single Andreev molecule with
a phase dependence supporting a 7 junction. In sum, the
nonlocal Josephson currents across the left JJ under d,-wave
altermagnetism can develop ¢po- and m-junction behaviors
controlled by the superconducting phases and altermagnetic
strength.

APPENDIX D: NONLOCAL JOSEPHSON DIODE EFFECT
IN JUNCTIONS WITH d,,-WAVE ALTERMAGNETISM

The anomalous nonlocal Josephson currents flowing across
the left junction of Fig. 6 also exhibit regimes with distinct
critical currents IC+L(¢>R) # T (¢r), hence leading to a non-
local Josephson diode effect under d,-wave altermagnetism
characterized by a nonzero quality factor np(¢r) # 0. To
understand this behavior, in Figs. 7(a) and 7(b) we present
Iji(qu) and . (¢r) as functions of ¢r and J; for a short
middle superconductor (Ly < &); in Figs. 7(c) and 7(d), we
further show 1 (¢r) as a function of J; for distinct ¢ and as
a function of ¢y for different values of Ly;. First, the critical
currents IfL(gbR) exhibit values that do not follow the same
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FIG. 7. (a) Critical currents I:*'L as a function of ¢r and J; under
d.,-wave altermagnetism. (b) Quality factor n; as a function of J
and ¢g. (c), (d) Line cuts of panels (b) for distinct values of J; and
¢r. The values of ¢ for the line cuts in panel (c) are marked by color
bars in panel (b). Parameters: L), = 2a and the rest is the same as in
Fig. 1.

dependence as a function of ¢r and J;, and with a particular
asymmetric profile about ¢pr = 7 [see Fig. 7(a)]. By acquiring
distinct values, the critical currents become nonreciprocal and
signal the emergence of a nonlocal Josephson diode effect in
coupled JJs with d,-wave altermagnetism. This diode effect is
characterized by a finite quality factor nr, in Fig. 7(b), which
acquires an odd function dependence in ¢r that serves as a
knob to control the diode’s polarity. Notably, the nonlocal
diode’s polarity can also be controlled by the strength of d,,-
wave altermagnetism, which can be seen by noting the change
in the sign of 5 with J; in Fig. 7(b) [see also Fig. 7(c)]. This
implies that d,,-wave altermagnetism acts a switcher to turn
on and off the nonlocal Josephson diode effect, in the same
way as d,>_,2-wave altermagnetism shown in Figs. 3(b) and
3(c). While there exist some similarities in how the diode’s
quality factor responds to both types of altermagnetic symme-
tries, the field strengths needed for manipulating the polarity
are lower in coupled JJs with d,,-wave altermagnetism, but
larger efficiencies are supported with d,>_,.-wave altermag-
netism.
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