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Solitons, chaos, and quantum phenomena: A deterministic approach to the Schrodinger equation
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We show that the Schrodinger equation describes the ensemble mean dynamics of solitons in a Galilean
invariant field theory where we interpret solitons as particles. On a zero background, solitons move classically,
following Newton’s second law; however, on a nonzero amplitude chaotic background, their momentum and po-

sition fluctuate fulfilling an exact uncertainty relation, which gives rise to the emergence of quantum phenomena.
The Schrodinger equation for the ensemble of solitons is obtained from this exact uncertainty relation, and the
amplitude of the background fluctuations is what corresponds to the value of 7i. We confirm our analytical results
running simulations of solitons moving against a potential barrier and comparing the ensemble probabilities with

the predictions of the time-dependent Schrodinger equation, providing a deterministic version of the quantum
tunneling effect. We conclude with a discussion of how our theory does not present statistical independence

between measurement and experiment outcomes.

DOI: 10.1103/13xp-yrrv

I. INTRODUCTION

The interpretation of quantum mechanics has been a sub-
ject of intense debate since its inception in the mid-1920s,
largely due to its probabilistic nature and the concept of
wave-particle duality. The Copenhagen interpretation, which
is the most widely accepted, posits that quantum mechan-
ics is fundamentally indeterministic, with the wave function
amplitude serving as a probability distribution for potential
measurement outcomes. In this ontic view, the wave function
is the primary entity, and there are no actual particles with
defined trajectories until we measure. Despite its widespread
acceptance, this statistical description that lacks an underlying
physical reality remains controversial [1-4].

An alternative to the Copenhagen interpretation is the set
of hidden variable theories that seek to provide a determin-
istic framework consistent with the statistical predictions of
standard quantum mechanics. Several deterministic interpre-
tations of quantum mechanics have been proposed in the
literature [5], including those based on Bohmian mechanics or
quantum pilot-wave theories [6]. These approaches describe
particles as moving under the influence of a background field
and successfully replicate certain quantum mechanical fea-
tures. Notably, even macroscopic hydrodynamic pilot-wave
systems have been shown to exhibit quantumlike behavior
[1]. However, the separation of the concept of a point particle
from the background field in these theories and their explicit
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nonlocal character introduce certain technical difficulties to
make them compatible with special relativity [7,8].

A more natural approach could involve solitons, which are
solutions to nonlinear field equations and can embody both
particle and field characteristics simultaneously. Although
solitons have been interpreted as particles within quantum
field theory, this has traditionally been done from a standard
quantum mechanics perspective [9—-15]. The idea of treat-
ing solitons as classical particles whose collective dynamics
reproduce standard quantum behavior has been relatively un-
explored, with only recent studies considering solitons in a
pilot-wave context [7].

In this paper, we demonstrate that the solitons of a
Galilean-invariant nonlinear field can reproduce aspects of the
quantum dynamics of microscopic particles in one dimension,
as described by the Schrodinger equation (SE), without
invoking a pilot wave. Building on an exact soliton uncertainty
relation [16], we show that the SE accurately captures the
ensemble behavior of these solitons, with excellent agreement
between averages over deterministic soliton trajectories and
the predictions of the time-dependent SE. This provides a
local, realistic interpretation of selected quantum features
within the scope of our approximations. We further discuss
how our framework might remain consistent with violations
of Bell inequalities if the assumption of measurement inde-
pendence is relaxed—an idea that arises naturally here due to
the chaotic nature of the background field [17-19]. Overall,
our results contribute to the ongoing discussion surrounding
deterministic interpretations of quantum mechanics and offer
an alternative perspective that warrants further investigation.

II. MODEL AND SOLITON SOLUTIONS

Starting from a relativistic complex scalar field theory with
global U(1) symmetry supporting solitons [13], in which a
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complex field ¢ (x, ¢) can be defined by the Lagrangian density
1

L= ——

1—gl?

one can obtain from the corresponding equations of motion a
Galilean version of the complex sine-Gordon equation (GC-
SGE) in 1 4+ 1 dimensions [14]:

2m'dp = — i(1 — 191" +i(1 — |p1*)dp
+ ip* (:9)* — iV (x)¢, 2)

where m' is a parameter of the ansatz used in the projection
to obtain Galilean invariance from the relativistic Lagrangian
density and V (x) is an external potential acting on ¢. In the
following, we set m’ = 1/2 without loss of generality. Equa-
tion (2) has a Noether charge associated with the global U (1)
symmetry that provides robustness to nontopological solitons.
With V (x) = 0, given the Galilean invariance, a soliton mov-
ing at an arbitrary velocity can be obtained from a boost of
a stationary solution [13,14]. A soliton with amplitude w’,
moving at velocity vy, is given by

bs(x, 1, w', v9) = w'sech[w’(x — X;)]e' /%)

% ei[71+w’2+(v§/4)|t’ (3)

[0.0%3"¢ + 191> — 16" + V(D)lo*l, (1)

where X;() = X;(0) + vot is the soliton position. The width
of the soliton is 7 /+/6w’ and its wavelength 47 /vy. Solutions
such as Eq. (3) are known as Q-balls in field theory [13,14],
where they are used to describe condensates of a large number
of squarks or slepton particles. Here, we interpret solitons
differently, literally as individual finite-size particles [12], in
a deterministic way.
The momentum density of field ¢ is

p@) =3 (90:p"™ — ¢*0:9). “

i
(1—191*)
Evaluating Eq. (4) for soliton (3) and integrating over space,
we obtain that the soliton momentum is given by

Po= [ pgodx=mu, )
—00
where m = (1/2) ffooo[|¢s|2/(1 — |¢s|*)]dx is the mass of the
soliton.

In the presence of a nonzero external potential gradient,
9,V (x) # 0, from the stress-energy tensor and conservation
theorems one obtains

|51

1 — lgs/?
where J? is the current associated with the momentum density
[13,20]. For simplicity, in the rest of this work we consider
small particles (w’ < 1) and gentle potential gradients. Under
the latter approximation, the main effect of the potential is
changing the soliton velocity, and deformations of the soliton
profile can be disregarded. Thus, integrating Eq. (6) over
space, we obtain Newton’s second law:

O p(Ps) = 0xJ"(s) — 0V, (6)

Py = mup = —x.V,(X,), (7
where
_ o |ps(x — Xs)|2
Vpo(Xy) = /_oo mv(x)dx (®)
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FIG. 1. Newton’s second law for solitons. Panels (a) and
(b) show two snapshots of a simulation where a soliton moves on a
linear piecewise potential, V (x), with different slopes. The potential
is plotted with a dotted line (right scale). The solid black and orange
lines show the amplitude and real part of the field ¢, respectively
(left scale). Panel (c) shows the velocity, vy (solid line, left scale),
and acceleration, a = v, (dotted line, right scale), of the soliton as
a function of position. Note how the envelope of the soliton remains
almost unchanged during the acceleration, but the wavenumber of the
inner traveling wave increases with the velocity as k = vy/2, as pre-
dicted by Eq. (3). Here, w’ = 0.2, and the initial position and velocity
of the soliton were X; = 100 and vy = 0.1, respectively. Simulations
were performed on a domain with periodic boundary conditions
of size L = 628.32 and 4096 grid points, using a pseudospectral
method. All quantities are dimensionless. A movie of the time evo-
lution is available in the Supplemental Material [21].

is the particle’s potential energy at position Xj.

Newton’s second law commonly appears in field theories
as an emergent property of solitons [11]. To illustrate this
Newtonian mechanics, we show in Fig. 1 the dynamics of
a soliton moving on a linear piecewise potential with differ-
ent slopes. We observe how it gets accelerated according to
Eq. (7). As the slope of the potential is gentle, the soliton
does barely get deformed by the acceleration, and the only
visible effect at naked eye is the increase of the wavenumber
k of the field inside the soliton with the velocity as k = vy/2,
as predicted by Eq. (3). Higher accelerations can deform the
soliton envelope and induce oscillations, or, if the energies
involved are high enough, even destroy it, indicating a natural
frontier between low- and high-energy regimes [11]. In the
latter case, the approximations taken to derive Eq. (7) do not
hold. Also, the relativistic version of the CSGE [13,14] would
be more adequate to describe such regimes.

III. DYNAMICS OF SOLITONS IN A CHAOTIC
BACKGROUND

So far, we have proved that in a zero background solitons of
field theory [Eq. (2)] follow classical mechanics. Assuming,
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FIG. 2. Soliton moving in a chaotic background. Panels (a) and
(b) show snapshots of the amplitude and real part of the field ¢,
respectively. Panel (c) shows the velocity, v (solid line), and accel-
eration, a (dotted line), of the soliton as a function of time. Here,
V(x) =0, € =0.02, and the soliton moves at a constant average
velocity vy = 1. Other parameters as in Fig. 1.

however, that microscopic particles move in a perfect zero
background is not justified a priori. If the background field
is nonzero, the dynamics of solitons changes qualitatively.

Let us consider now how a soliton behaves when placed in
a chaotic background. For that, we start a simulation of Eq. (2)
from an initial condition consisting of a soliton in an arbitrary
(noisy) background:

¢)()C, O) = ¢S(xv Os w/v UO) + C(x)9 (9)

where ¢(x) is a complex white Gaussian noise with cor-
relations (£ (x)¢(x)) = 0 and (¢(x)¢*(x)) = €8(x —x') ()
stands for average over noise realizations). This noise mimics
an arbitrary initial state of the background. We take here
€ < o'. Starting from such initial condition, the background
evolves in a spatiotemporally chaotic manner. This is due to
the fact that all plane wave solutions of Eq. (2) are unstable,
a condition typically leading to spatiotemporal chaos [22,23].
See Appendix A for the stability analysis of plane waves. The
full characterization of the spatiotemporal chaos in Eq. (2) is
left for future studies. Assuming the field can be decomposed
at any time in a soliton part and a small amplitude background,

P(x, 1) = ds(x, 1, w', vo) + n(x, 1), 10)

from energy conservation, the average squared amplitude of
the background is (|n(x,?)|?) = €2, determined by the initial
condition. The soliton remains stable during the evolution and,
although slightly deformed by the background field fluctua-
tions, it moves at a constant average velocity vy (Fig. 2). Its
instantaneous velocity, however, fluctuates in time as a result
of the interaction of the soliton with the chaotic background,
so does the acceleration around zero. The acceleration fluctu-

ations are an indication of the force exerted by the background
on the soliton.

In the following, we consider that the background
field component 7(x, ¢) has correlations (n(x, f)n(x’,t')) =0
and (n(x, Hn*(', 1)) = €28(x — x')8(t — ¢'). This is, strictly
speaking, not correct, as n(x, ¢) evolves deterministically ac-
cording to Eq. (2). However, if the spatiotemporal chaotic
dynamics is fast compared to the soliton dynamics, the decay
of correlations over sufficiently short space and timescales
can make deterministic fluctuations effectively behave as
uncorrelated noise. Such coarse-grained approximations are
commonly employed, for example, in modeling turbulent
flows [24], where microscopic determinism generates macro-
scopic behavior well described by random processes. In this
sense, the assumption of delta-correlated fluctuations is not
fundamental but rather an effective description valid when the
soliton dynamics averages over the underlying chaos. This
randomness assumption is key to obtain statistical predictions
equivalent to those of the Schrodinger equation. Under this ap-
proximation, on average, the force exerted by the background
on the soliton has zero expectation value and is uncorrelated
with the soliton location. Therefore, it does not perform work
on average, hence the constant average velocity. The charac-
teristics of this force recall the concept of quantum force in
the Madelung hydrodynamic formulation of the Schrodinger
equation [1,25,26], and the resulting momentum fluctuations
resemble those postulated in stochastic quantum dynamics
[27].

A. Solitons’ uncertainty principle

The velocity fluctuations described above indicate that the
momentum of a soliton moving in a spatiotemporally chaotic
background fluctuates. To evaluate the standard deviation of
the momentum fluctuations, op, we first substitute Eq. (10) in
Eq. (4) using ¢ = & + £/ @+ where ¢ = /E;e® and £
and 6 are the amplitude and phase fluctuations, respectively.
Note that (£) = €2, (8) = 0, and (6%) = O(e?/w'?). At lead-
ing order with w’ and €, we obtain that the momentum density
fluctuations around the soliton, §p = p(¢) — p(¢y), are

Sp~ 0,0, (1n

Therefore, the soliton’s momentum fluctuations can be evalu-
ated as 6P = f_oooo 8 pdx, which leads to (see Appendix B)

4
op = (8P?) = gw/362. (12)

Similarly, to evaluate the position fluctuations, we define
the position X of a soliton in a chaotic background as

1 X+1/2
X =5- / X x(|p(x, ) — €*)dx, (13)

X—l/

so that (X(t)) = X,(t). Here, we have used that
ffooo |p(x,1)|?dx = 2w’. As the variance of the position
fluctuations, a)%, diverges for [ — oo, here / must be
an appropriate integration domain size, larger than the
soliton width but small enough to avoid the divergence (see
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Appendix C). Then, we can calculate o3 as

2 2 7 2
oy = (6X°) = 12&)/36 , (14)

where 86X =X — X, = (1/2w’) f;(fll/zz x(& — €®)dx. Thus,

one obtains an exact uncertainty principle for the solitons of
Eq. (2):

ox0p = gnez. (15)

B. Solitons’ Schrodinger equation

Alternatively to the standard quantum mechanics in-
terpretation, the Schodinger equation is equivalent to the
Hamilton-Jacobi formulation of the mechanics of an ensemble
of classical particles subject to random momentum fluctu-
ations. However, in order to find an exact correspondence
between classical and quantum mechanics, the strength of
these momentum fluctuations must be precisely determined
by the uncertainty in position of the particles, in such a way
that they fulfill the exact uncertainty principle [16]:

Ox0Op = E (16)
2

Thus, hypothetical classical particles of mass m whose
momentum and position fluctuations fulfill [Eq. (16)] follow,
as an ensemble, the Schrodinger equation

h 1
811/f = lgaxxl[f - lﬁvp(x)w- (17)

Here, V,(x) is the potential energy of a particle at po-
sition x and the wave function is written as v (x,t) =
VoG, )eS®D/M where p(x, t) is the probability density func-
tion (PDF) of finding a particle at position x at time ¢ and
S(x, t) is the momentum potential, related to the local mean
velocity field u(x, t) that describes the motion of the particles
by

u(x, 1) = laxs. (18)
m

Note that Eq. (17) is obtained from Eq. (16) under very
general assumptions regarding randomness and causality and
provides a description of the particle dynamics in terms of
ensemble mean equations. In Ref. [16], momentum fluctua-
tions are introduced as a means of effectively eliminating the
notion of trajectories, but no attempt is made to provide a
realistic model for such fluctuations. Similarly, the stochastic
interpretation of quantum mechanics [27] is agnostic about the
origin of the momentum fluctuations of microscopic particles.
In contrast, the theory presented here shows that such momen-
tum fluctuations arise naturally in solitons moving in a chaotic
background. This chaotic background plays a role analogous
to that of the thermal fluctuations driving Brownian motion,
where the collisions of fluid molecules impart random kicks to
the Brownian particle. In this analogy, the soliton corresponds
to the Brownian particle, while the background field acts like
the thermal bath, transferring momentum in a deterministic
yet unpredictable manner.

Therefore, comparing Eq. (15) with Eq. (16), one can con-
clude that the ensemble dynamics of the solitons governed by

Eq. (2) follow the Schrédinger equation with

2,
hi=-me’. (19)
3
The soliton’s Schrodinger equation then reads
et .3
Oy = lﬁ%lﬂ - lmvp(x)w~ (20)

Here, we have used that, for w’ <« 1, the soliton mass can
be approximated by m = w’. Within this approximation the
potential energy is V,(x) = [ |¢,(x — x)|*V (x')dx’.

To compute the wave function of the soliton ensemble from
soliton trajectories, we repeat a simulation starting from initial
condition (9) a large number of times, each with a different
realization of the initial noise ¢(x). We compute the PDF,
p(x, 1), of finding a soliton at position x at time ¢ as

plx, 1) = (8(x — X (1)), (2D
and the local mean velocity, u(x, t), as [25]

S(x —X(t
u(x 1) = (8 (x — X ( )))’ 22)
P
where, from Eqgs. (4) and (5), we evaluate the instantaneous
soliton velocity v as
—1 Xtz
V= —

, 3 (6 + 0)(|p(x, 1) — €)dx.  (23)
W Jx,—1/2

Then, the wave function of an ensemble of solitons is given by
¥ = /pe'®/27€) with 3§ = w'u. Note that the de Broglie
wavelength of a soliton moving with a momentum P, = w'vg
reads in our case A = h/P, with h = (4/3)m2€?, as expected.

IV. SOLITON “QUANTUM” TUNNELING EFFECT

To confirm our analytical results, we have launched 4500
solitons against a bell-shaped potential barrier performing nu-
merical simulations of Eq. (2) starting from initial condition
(9) with a different realization of the initial noise ¢ (x) each
time. The potential barrier we have used is

V(x) = Voe /297 (24)

where Vj and oy are the height and width of the barrier,
respectively. We chose an initial velocity of the solitons such
that their average kinetic energy, Ex = (1/2)mvg, is lower
but close to the potential energy of the soliton on top of the
barrier. Then, more than half of the solitons bounce off the
barrier but a fraction tunnel through. Figures 3 and 4 show ex-
amples of trajectories of a reflected and a transmitted soliton,
respectively. Whether a soliton bounces off or passes through
depends on the specific realization of the spatiotemporally
chaotic background fluctuations.

Using the set of all 4500 simulations, we compute the
PDF, p, and local mean velocity, u, using Egs. (21) and (22),
respectively. The obtained ensemble mean dynamics is shown
in Fig. 5 with black solid lines. Simulations of Eq. (2) start at
t = 0 with a soliton located at X; = —110. Due to the noise
in the initial condition, the initial PDF is given by p(x,t =
0) = [1/(ox~/27)]e~%)*/29%  with the position uncertainty
ox given by Eq. (14). The initial average velocity of solitons is
vg = 0.0604. The momentum uncertainty is given by Eq. (12).
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FIG. 3. Soliton bouncing off a potential barrier. Panels (a) and
(b) show snapshots of the field amplitude squared, |¢|?, before and
after bouncing off. The potential V(x) (dotted line) is given by
Eq. (24) with V; = 0.001 and oy = 20. Panel (c) shows the velocity
v(t) (solid line) and position X (¢) (dotted line) of the soliton as a
function of time. Solitons are initialized at position X;(0) = —110
with a velocity vy = 0.0604, such that their kinetic energy is just
below the potential energy of the soliton on top of the barrier. For
the chosen parameters, the critical velocity to overcome the barrier is
Ve A 24/Vy = 0.063. Here, w’ = 0.1, € = 0.01, L = 1256.636, and
the simulation is done with 1024 grid points. A movie of the time
evolution is available in the Supplemental Material [21].
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FIG. 4. Same as in Fig. 3 for a soliton tunneling through the bar-
rier. A movie of the time evolution is available in the Supplemental
Material [21].
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FIG. 5. Quantum tunneling: comparison of the ensemble mean
dynamics obtained integrating Eq. (2) and averaging for 4500 soli-
ton trajectories (solid black lines), and using the SE (20) (orange
lines). We plot the probability density function p and the local mean
velocity u at different times during the evolution. The dotted line
shows the potential barrier (24) in an arbitrary scale as reference.
Parameters as in Fig. 3. Simulations of the SE are done in a domain
of size L = 628.32 with 16 384 grid points. A movie of the time
evolution is available in the Supplemental Material [21].

First, we observe that solitons move toward the barrier
at the given initial average velocity. As they propagate, the
PDF spreads due to momentum uncertainty—faster solitons
advance, while slower ones lag behind. This effect is reflected
in the tilted local mean velocity [Figs. 5(a) and 5(b)]. The
mean velocity at the PDF maximum is # = vy. For practical
reasons related to plotting, we set u = 0 at the locations where
we do not find any particle in the simulations.
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When the solitons reach the potential barrier, they either
bounce off or overcome it. Due to the slowing down of
solitons in between the classical returning point and the po-
tential maximum, there is a large dispersion in the amount
of time they spend in that region. For example, compare the
time solitons spend around x = 0 in Figs. 3 and 4. These
dynamics could shed light on the time spent by tunneling
particles within the barrier region [28]. As a result, p spreads
considerably in this region and eventually splits in two distinct
lumps [see panels (c) and (d) in Fig. 5]: one corresponding to
solitons that have bounced off and another to those that have
tunneled through. These two lumps move with opposite ve-
locities as indicated by u, which goes through zero in between
the returning point and the maximum of the potential. The
transmission coefficient is given by the area of the transmitted
part of the wave function, which for the parameters considered
in Fig. 5 is 0.495.

In orange we plot the results of integrating the SE (20)
starting from the corresponding initial condition ¥ (x, 0) =
Vp(x, 0)el®w'/2nemx In this case, we plot u only where ||
is large enough, otherwise the error in computing the phase
S is very large. We observe an excellent agreement between
the ensemble dynamics and the results from the SE, being the
small discrepancies attributable to the limited statistics. The
transmission coefficient obtained from the SE is 0.492. We
recall that the derivation of the SE is very general, provided
the exact uncertainty principle (15) holds [16]. Differences
could arise for larger values of w’, vy, or €, as higher-order
corrections beyond the leading order considered to derive Eq.
(15) should be taken into account. These nonlinear effects
could manifest as deviations from the SE.

V. STATISTICAL DEPENDENCE BETWEEN
MEASUREMENT AND EXPERIMENT OUTCOME

We have proposed a deterministic, local theory that repro-
duces certain features of quantum mechanics as described by
the Schrodinger equation in one dimension. Under specific
approximations, the SE can be derived from this framework.
While Bell’s theorem precludes local hidden-variable mod-
els from reproducing all quantum predictions under standard
assumptions, we point out that the assumption of statisti-
cal independence between measurement settings and hidden
variables may not hold in our model due to the influence
of the chaotic background. This raises the possibility that
Bell inequality violations might still be consistent with the
framework, as suggested in earlier studies [17-19].

To illustrate how correlations between measurement and
experiment outcome arise in this theory, consider the simula-
tion in Fig. 3, where a soliton collides with a potential barrier
and is reflected. The outcome—whether the soliton bounces
off or crosses the barrier—is determined by the fluctuations in
the background field (i.e., the hidden variables). For example,
in Fig. 4, a different realization of background fluctuations
causes the soliton to pass through the barrier instead of being
reflected.

To demonstrate statistical dependence between measure-
ment and outcome, we conducted paired simulations with
identical initial conditions. However, in one of the simula-
tions, we introduced an additional static soliton—representing
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FIG. 6. Statistical dependence between the measurement per-
formed and the measurement outcome. Panels (a)—(d) show the time
evolution of a soliton starting from exactly the same initial condition
than in Fig. 3 except for having introduced an extra static soliton
at x = —450 representing a measuring device. The bottom figure of
each panel shows the difference between the field ¢ in this simulation
and the field in Fig. 3 (¢,,) with no measuring device. We observe
how the simple fact of including a measuring device might change
the outcome of the experiment. A movie of the time evolution is
available in the Supplemental Material [21].

the probe of a measuring device—positioned behind the mov-
ing soliton to detect whether it would bounce off or pass
through the barrier. While in some cases the probe did not
affect the outcome, in other cases, it did.

This is exemplified in Fig. 6, where we repeated the simula-
tion shown in Fig. 3 but included a static “measuring” soliton
at x = —450. From Fig. 3, we know that without measure-
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ment, the soliton bounces off the barrier. However, in this case,
just the presence of the additional soliton changes the outcome
and the moving soliton passes through the barrier. We com-
puted the difference between the field ¢ in this simulation and
that of the original simulation without the measuring device,
dno- Over time, we observed that the difference grows, driven
by the spatiotemporal chaotic nature of the background fluctu-
ations. Initially, the difference originates from the measuring
device, and then propagates throughout the system, leading to
completely different fluctuating backgrounds over longer time
periods.

The simple presence of the measuring device thus modifies
the background fluctuations, which in turn alters the experi-
ment’s outcome. This demonstrates the mechanism by which
correlations arise between the measurements performed and
the hidden variables determining the result.

The divergence between the two chaotic backgrounds
arises at the measuring soliton and propagates throughout
the system at a finite velocity. This effect is often used to
justify loophole-free violations of Bell inequalities [29,30], as
measurements are performed at a sufficient distance to prevent
any subluminal signal from influencing the outcome. Thus,
it is argued that the measurement and the outcome are inde-
pendent. However, in certain frameworks [3,31-33], as in the
one proposed here, this reasoning does not hold. In any real
system, measurements cannot be considered independent of
past events. Any measurement requires prior actions, allowing
the system’s chaotic fluctuations to evolve before the outcome
is determined.

An alternative perspective on this issue is provided by
the invariant set postulate [17,32]. Due to the spatiotempo-
ral chaotic nature of the background field fluctuations, the
system as a whole moves along a chaotic invariant set. The
question of statistical independence then reduces to whether
it is possible to find an alternative trajectory in the chaotic
invariant set in which, despite the presence of a measuring
device, all other degrees of freedom—including the back-
ground fluctuations—remain identical to those in the absence
of the measurement apparatus at the exact moment when the
outcome is determined. In such a chaotic system, this tra-
jectory may not exist, thereby precluding any counterfactual
measurement.

The presence of correlations between measurement set-
tings and hidden variables within the invariant set may
undermine the assumption of statistical independence, poten-
tially allowing for violations of Bell inequalities. However,
testing this hypothesis would require modeling entangled
soliton pairs and simulating their joint dynamics, which lies
beyond the present scope. Further theoretical and numerical
investigations will be necessary to assess the viability of this
possibility.

VI. CONCLUSIONS

We have demonstrated that the Schrodinger equation can
be obtained as the ensemble mean dynamics of solitons within
a Galilean-invariant field theory. The equation we studied,
the GCSGE, represents the simplest known Galilean-invariant
field theory that supports solitons. Our findings suggest that
similar results could be expected for more complex Galilean

or Lorentz-invariant theories, as momentum fluctuations akin
to those described in Eq. (11) are likely to arise universally
upon linearization, further reinforcing the general applicabil-
ity of the SE.

Although the GCSGE is a nonlinear partial differential
equation, when the energy scales involved are much lower
than the soliton’s rest energy, the soliton emergent dynamics
follows simpler rules: Newton’s second law applies when
solitons move through a zero background, while the SE de-
scribes the statistical properties of their motion in a nonzero
chaotic background. The transition between the two scenarios
is straight forward as € — 0. Soliton stability is ensured by the
conservation of a Noether charge. Furthermore, homogeneous
field distributions and plane waves are inherently unstable,
resulting in chaotic spatiotemporal background fluctuations.
This chaotic background is the source of unpredictability that
leads to statistical properties equivalent to those of the SE.

The agreement between the soliton ensemble dynamics
and the derived Schrodinger equation is excellent within
the scope of our approximations, providing a local, deter-
ministic framework that reproduces some key aspects of
quantum behavior. In this work, we have focused primarily
on a deterministic explanation of quantum tunneling, while
other phenomena—most notably wave function interference,
which arguably constitutes the most fundamental manifes-
tation of quantum mechanics—will be explored in future
studies. To describe actual fundamental particles, the frame-
work presented here should be extended to higher spatial
dimensions. In two and three dimensions, solitons can acquire
a topological character—for example, as vortex solitons—and
naturally exhibit spin [11,12,34]. Furthermore, incorporating
multiple coupled fields would be necessary to account for ad-
ditional particle types, interactions, and internal symmetries.
While the generalization to such more sophisticated models
is technically challenging, the present results establish the
groundwork for developing a comprehensive deterministic
theory capable of reproducing a broader range of quantum
phenomena and potentially connecting with experimentally
realizable systems.

While our results are based on a local and deterministic
model, they do not necessarily conflict with Bell’s theorem,
provided that the assumption of statistical (measurement)
independence is relaxed. In our framework, the chaotic back-
ground introduces subtle correlations that may violate this
assumption. This opens the door to potentially reproducing
quantum correlations in a local model, though this remains
a debated and unresolved issue. Further work is needed to
rigorously examine this possibility.
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APPENDIX A: LINEAR STABILITY ANALYSIS
OF PLANE WAVES

Equation (2) admits plane wave solutions of the form
Belx, 1) = w'e®en, (A1)

with o =1—2w? +w* 4+ k> Substituting ¢ = [w’ +
p(x, t)]eltr—er+0x0l in Eq. (2) and keeping only linear terms
with p and 6, we obtain linearized equations for the evolution
of modulus and phase perturbations of a plane wave:

0;p = —2kd,p — w/(l — w/z)axxev
2

3,0 = 4w'(1 —w?)p + dup — 2kd0. (A2)

w/
In vector form, the solutions of Eq. (A2) can be written as

P — ﬁeiqxekt ,
0

where ¢ is the wavenumber of the perturbations relative to &
and A is the growth rate. Then, stability of plane waves reduces
to solving the eigenvalue problem:

(A3)

JU =AY, (A4)
with
—i2kg w'(1 — w’z)q2>
J = < / / —w’? . . (AS)
4w'(1 — w?) — quz —2ikq
The eigenvalues of the Jacobian [J are given by
Mq) = (1 — w)g/4w? — @ — i2kq.  (A6)

For a large enough system (27 /L < 2w’, with L the system
size), there is always at least one eigenvalue with positive real
part regardless the values of w’ and k. Therefore, all plane
waves are unstable in the GCSGE. The wavenumber with
maximum growth rate is ¢, = 2w’

APPENDIX B: MOMENTUM UNCERTAINTY
The instantaneous momentum fluctuations §P(¢) of soliton

(3) are given by

5P = /dex: / s 128,6 (x, t)dx. (B1)

Integration limits in all integrals are assumed to be (—oo,
00), unless otherwise indicated. Integrating Eq. (B1) by parts,
considering that |¢;(+00)| = 0, we obtain

SP = —/98x|¢slzdx

=2u" / Osech’[w’(x — X;)]tanh[w’(x — X;)]dx. (B2)

The properties of phase fluctuations 6(x,t) are directly
related to the background field fluctuations n(x, #) as follows:

¢ =¢s+n =&+ (B3)
Therefore, (9) = 0 and, in the core of the soliton, where
[ps| > |nl[35],
€28(x —x)8(t — 1)

00 D06 ) = S seclw (x — X1

(B4)

Despite Eq. (B4) diverges for |x| — oo, Eq. (B2) remains
finite, and we can evaluate the variance of soliton momentum
fluctuations as

(8P?) = 4w'® //(9@, NO(X, 1))

sech?[w’(x — X;)Jtanh[w’(x — X,)]
sech?[w/(x" — X,)]tanh[w'(x" — X,)]dxdx’

=2w"e? f sech?[w’(x — X;)]tanh?[w’ (x — X,)]dx

(B5)

APPENDIX C: POSITION UNCERTAINTY

We define the position X of a soliton in a fluctuating back-
ground as

X,+1/2
X0 =5 [ aoenf - ar €
2w X,—1/2
We recall that |¢(x,1)|? = |¢s(x, 1)]> + E(x,1). Also,

according to Eq. (B3), (§) =€ and (£(x,1)E(X, 1)) =
2¢s(x, DP€*8(x — x')8(t — ') + (In(x, DI, 1))
Therefore,

1 X,+1/2
X)) = 5~ / ' x| (x, 1) dx
X.—

s

Xs+1/2
+/ x((é)—ez)dxj| =X,(1). (C2)

X,—1/2

In what follows, to simplify the notation, we will consider

X; =0 by a simple change of variables. Using §X =X —
X, =1/2w’ fi/l§2 x(€ — €%)dx, the correlations of the position
fluctuations are given by

1 12 pl)2
(8X (1)8X (1)) = 4w—,2/ / xx ([ (x, 1) — €]

—1/2J-1)2
x [E(, 1) — €*])dxdx’
S(¢ _t/ 1/2

_ X )[62/ 2x% | s |2 dx

4w’2 1/2

St — t/ 1/2
= (—)|:262w’2/ x%sech?(w'x)dx
w _
(C3)

We note that the last term of Eq. (C3) diverge when [ — oo.
To avoid this divergence, we consider an integration domain
size larger than the soliton width but finite, 7 /+/6w’ < [, such
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FIG. 7. Variance of the position fluctuations, (§X?), as a function
of the integration domain size, /. The solid line has been computed
numerically evaluating ((X — X;)?) averaging over 1000 realizations
of the noise and calculating the soliton instantaneous position X
using Eq. (C1). The horizontal dashed line indicates the theoretical
value [Eq. (C5)]. Here, w’ = 0.18 and € = 0.0064. For these param-
eter values, one obtains an accurate enough result for 15 </ < 30
approximately.

that, on the one hand, we can use the following approximation:

12
w’? f x2sech?(w'x)dx
—1/2

1 [l
=— / x"*sech’(x')dx’
wJ w2
oo 2
~ L / x2sech? (¥ )dx’ = ——, (C4)
w J_o 6w’
and, on the other hand, we can disregard (|n|*)/*> with re-
spect to 4mw2e?/w’. Assuming (|n|*) = O(3¢*), we consider
73 /(6w )? « 1P « 4w?/3w’e?, which can be attained if
€ < w', as assumed in this paper. Then, the variance of the
position fluctuations is well defined and can be approximated
by

ermr?

12w?3’

(8X2(1)) = (Cs)

We have checked numerically that this approximation holds
for the parameters used throughout this work (see Fig. 7).
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