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A naturally multiparameter sensing scenario arises in spatially distributed networks of quantum sensors,
where each node probes a distinct parameter of interest. In such settings, the central challenges are to achieve
quantum-enhanced sensitivity under well-defined resource constraints and to explicitly identify measurement
strategies that attain the ultimate precision limits. Here, we analytically demonstrate quantum-enhanced sen-
sitivity for a broad class of distributed quantum probes designed to simultaneously estimate a complete set of
unknown reference-relative phase differences encoded locally. Although such locally encoded parameters can, in
principle, be optimally estimated using separable strategies, our distributed protocol offers distinct advantages.
In particular, for fixed network size and identical bare probe Hamiltonians, it is energetically more efficient and
exhibits stroboscopic disentanglement at specific evolution times, enabling the accumulated pairwise information
to be coherently mapped onto a specific subsystem. Consequently, all set of pairwise reference-relative phase
differences can be accessed through a single collective measurement without requiring independent local
estimation. We further construct the corresponding optimal measurement strategies and show that, within this
class of probes, the ultimate multiparameter precision limits—the Holevo and quantum Cramér-Rao bounds—are
saturable. We illustrate the framework with two concrete applications: simultaneous gravimetry across spatially
separated locations and estimation of distributed coupling strengths. Feasibility analyses indicate that the
proposed distributed quantum-enhanced sensing protocols operate within experimentally accessible regimes.
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I. INTRODUCTION

Quantum sensing is a key pillar of quantum technologies,
with rapidly growing theoretical development and experimen-
tal realizations [1-5]. At the heart of quantum sensing lies the
exploitation of uniquely quantum effects to achieve sensing
precision beyond the standard quantum limit, relative to a
well-defined sensing resource [6—10]. Deep within the field,
strong connections emerge with quantum information theory
[11], geometric approaches [12,13], and quantum estimation
theory [14—18]. The latter provides a natural framework to
classify quantum sensing protocols into two broad classes:
single-parameter estimation and multiparameter estimation.

In the single-parameter case, the ultimate precision bounds
are well established and known to be saturable with op-
timal measurement strategies [18]. Indeed, for a single
parameter encoded through a unitary evolution, the maximal
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attainable quantum Fisher information—optimized over all
probe states and measurements—is determined solely by the
spectral seminorm of the Hermitian generator of the param-
eter dependence, i.e., by the difference between its largest
and smallest eigenvalues. Consequently, the ultimate quantum
Cramér-Rao precision limit depends only on this generator
and is asymptotically saturable by an optimal probe state
given by an equal coherent superposition of the eigenvectors
associated with these extremal eigenvalues [19].

In contrast, the multiparameter setting introduces addi-
tional layers of complexity. Even when each parameter is
individually associated with a well-defined generator and
corresponding optimal bound, the probe states that maxi-
mize sensitivity for different parameters may be incompatible
[20,21]. That is, the optimal probe for one parameter need
not be optimal for another [22]. This implies that a single
probe state cannot, in general, simultaneously saturate the
optimal precision bounds for all parameters [23,24]. Beyond
probe incompatibility, measurement incompatibility further
constrains multiparameter estimation. In general, the symmet-
ric logarithmic derivatives (SLDs) corresponding to different
parameters may not commute [24-26]. This noncommuta-
tivity prevents the existence of a single measurement that
is simultaneously optimal for all parameters. That is, except
for special cases [27], one cannot construct a measurement
basis that is both independent of the unknown parameters
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and capable of saturating the theoretical multiparameter lower
bound on estimation precision. Consequently, although ulti-
mate precision bounds—such as the Holevo or multiparameter
quantum Cramér-Rao bounds—are formally established [24],
they are not guaranteed to be saturable in general.

It is important to emphasize that the multiparameter quan-
tum Cramér-Rao bound coincides with the Holevo bound only
in special cases, such as when the SLD operators commute
on average with respect to the probe state [24,26]. In gen-
eral, however, the Holevo and the multiparameter quantum
Cramér-Rao bound do not coincide [28], and as such the
quantum Fisher information matrix alone does not represent
an attainable precision limit. Moreover, in realistic sensing
implementations, decoherence during state preparation and
evolution inevitably leads to mixed probe states. In such cases,
the attainability of the Holevo bound becomes more subtle and
is, in general, guaranteed only asymptotically in the number of
experimental repetitions [29]. For finite data and realistic mea-
surement strategies, alternative Cramér-Rao-type bounds may
become operationally relevant [30,31]. These considerations
highlight the importance of identifying physically realizable
sensing protocols for which the ultimate multiparameter pre-
cision limits are demonstrably saturable under well-defined
resource constraints.

The formalism of multiparameter quantum estimation nat-
urally extends to scenarios involving spatially distributed
networks of quantum sensors, giving rise to the framework of
distributed quantum sensing [29,32]. In this setting, the goal
is to enable multiple sensors to collectively exploit shared en-
tangled states in order to enhance the precision of estimating
global properties of the system. Distributed quantum sensing
has captured significant attention in recent years—developed
extensively both theoretically [33-45] and experimentally
[46-55]. It has also been proposed for novel applications
such as privacy-preserving quantum tasks [56,57] and for
probing quantum theory in curved spacetime [58]. While
the ultimate bounds on sensing precision in such distributed
schemes are well established, distributed sensing inherits the
fundamental challenges common to general multiparameter
estimation problems: probe incompatibility, measurement in-
compatibility, and the subtle attainability of the Holevo bound.
These challenges are further compounded by the spatial sep-
aration of the quantum probes, which introduces additional
constraints on entanglement distribution and measurement
implementation. This raises several critical questions: (1) Can
one theoretically identify a broad and physically feasible
class of quantum probes for which the ultimate lower bound
is saturable? (2) Is it possible to construct a locally opti-
mal parameter-independent measurement basis that saturates
around the operating point? (3) Can such protocols be realized
within experimentally realistic architectures?

In this work, we provide explicit answers to all three ques-
tions. (1) We analytically demonstrate quantum-enhanced
sensitivity for a broad class of conditionally displaced quan-
tum probes. We report cases where the precision scales
quadratically or quartically with the sensing resources. These
probes consist of quantized bosonic modes (here, mechani-
cal oscillators prepared in thermal or coherent states) whose
quadrature positions are conditionally displaced based on
the state of an interacting subsystem. Remarkably, this class

includes nonlinear quantum optomechanical systems [59,60],
solid-state spin systems [61,62], and hybrid dispersive tripar-
tite architectures [63,64]—making our analysis both general
and experimentally relevant. The key mechanism enabling
quantum-enhanced sensitivity is the disentanglement of the
mechanical oscillators at full evolution cycles, which transfers
all parameter-dependent information to the coupled subsys-
tem. As a result, all global information is transferred to the
subsystems, ensuring that optimal measurements can be per-
formed exclusively on them—eliminating the need to measure
the full composite system. Our stroboscopic disentangle-
ment at specific evolution times bears conceptual similarity
to metrological Loschmidt-echo schemes. However, it does
not involve the explicit time-reversal operation required in
standard Loschmidt-echo protocols [65—67]. (2) Building on
this, we show that the problem maps onto the estimation of
a complete set of N — 1 pairwise reference-relative phase
differences [33]. This mapping enables us to analytically
construct an adaptive family of collective projective measure-
ments via the Gram-Schmidt procedure [27]. The validity of
this construction is guaranteed by the weak commutativity
condition, which we prove rigorously [24,26,27]. Note that al-
though the optimal estimation of pairwise parameters encoded
locally can, in principle, be achieved using optimal separable
strategies [37], our distributed protocol offers distinct advan-
tages. Under identical probe Hamiltonians and fixed network
size, we show that the entangled strategy is energetically
more efficient, as the relevant sensing resource is coherently
delocalized across the network. Moreover, as stressed above,
the probe dynamics exhibit stroboscopic disentanglement at
specific evolution times, enabling the accumulated pairwise
information to be coherently mapped onto the spin (or optical)
degrees of freedom in spin-(opto)mechanical systems. Conse-
quently, all set of pairwise reference-relative phase differences
can be accessed through a collective measurement without re-
quiring independent local estimation. (3) Finally, we propose
two concrete physical implementations: the simultaneous
estimation of multiple gravitational accelerations (quantum
gravimetry) and the estimation of coupling strengths across
spatially separated locations. We also provide quantitative fea-
sibility analyses demonstrating that these protocols are within
reach of current experimental capabilities.

II. QUANTUM ESTIMATION BACKGROUND

Consider a quantum state p(6) that encodes d unknown
parameters 0 = (64, ..., 6;). The fundamental lower bound
on the precision of simultaneously estimating these param-
eters is given by the multiparameter quantum Cramér-Rao
inequality Cov[(:)] > [WF @] > [n0(@)]7' [23,24], where
Cov[(:)],-j = (é),»é)j) — (@i)(é)j) are the entries of the covari-
ance matrix of an unbiased estimator © of 0, 1 denotes the
number of independent repetitions (shots) of the full probe
state used in the estimation procedure, F'() is the classical
Fisher information matrix (CFIM), and Q(@) is the quantum
Fisher information matrix (QFIM). Both Fisher matrices will
be given explicitly later. Instead of working directly with
matrix inequalities, in multiparameter quantum sensing it is
often convenient to express the bounds in scalar form. To
this end, one introduces a positive semidefinite weight matrix
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‘W, leading to the scalar multiparameter Cramér-Rao bounds
Tr[WCov[@]] > iTr[(WF(a)-l] > iTr[(WQ(O)‘l]. In this
work, for simplicity, we take ‘W to be the identity matrix,
which assigns uniform weight to all uncertainties in §. Under
this choice, the scalar bound becomes [23,24]

Tr[Cov[®]] > iTr[F(o)—l] > iTr[Q(o)‘l], )

where the CFIM has entries [24]

(FO,; = / W@

with p(x|@) = Tr[p(#)I1,] accounting for the conditional
probability of obtaining outcome x when measuring the state
p(6) with a positive operator-valued measure {I1,} [18]. This
means that the CFIM determines the sensing precision for a
given measurement strategy. On the other hand, the QFIM has
entries [13,24]

0O =2 ) Re[

Em+enF0

3,' = 3/391, (2)

(€m|3i,0(9)|8n><8n|3j,0(0)|8m)]
Em + &n ’

3)

where p(0) =), €:(0)]€:(8))(e;(9)| is expressed in spectral
decomposition with eigenvalues ¢;(f) = ¢; and eigenvectors
le;(@)) = |&;). As an important case, for pure states p(f) =
[ (6)){(v(0)], Eq. (3) simplifies to [24,68]

[Q(6)];; =4Re((:(0)|9;4(9))
— (3 OV (0)) (¥ (0)]0;1())). “

Ubiquitous to any quantum sensing protocol are two es-
sential goals: (1) demonstrate that Tr[Cov[(:)]] o N, with
r > 1. This scaling signifies quantum-enhanced sensitivity [2,
7-9], which is the total estimation uncertainty, quantified by
the trace of the covariance matrix of the unbiased estimators
0, decreases superlinearly with the sensing resource—here,
the number of initial excitations (spins or spectral gap) Nexc.
Strictly speaking, our scaling is with respect to the gener-
ator seminorm, in line with Ref. [19]. This means that by
increasing the number of sensing resources, the estimation un-
certainty decreases faster than the standard quantum limit » =
1 [1,2]. This behavior is a hallmark of quantum metrology,
where quantum features are used to surpass the standard quan-
tum limit » = 1 and achieve quantum-enhanced scaling r > 1.
In the context of distributed sensing, quantum-enhanced sen-
sitivity should be demonstrated for a fixed network size while
varying the sensing resources. (2) identifying the optimal
measurement strategy that extracts the maximum precision
allowed by the quantum probe, i.e., Tr[F (0)"'] = Tr[Q(6) ']
in the multiparameter case, and F(6) = Q(6) in the single-
parameter case. The existence of a measurement that attains
the quantum lower bound is what defines saturability. It
is worth emphasizing that, unlike the single-parameter case
where 6 = 6, in the multiparameter scenario the quantum
Cramér-Rao bound is generally not saturable [23]. This limi-
tation arises because the optimal measurements corresponding
to different parameters may be incompatible [26]. As a result,
one cannot, in general, simultaneously achieve the precision
limits for all parameters at once. This fundamental issue,

FIG. 1. Distributed quantum sensing model. We consider a net-
work of N nodes. At each node j, the system consists of a mechanical
oscillator of mass M and frequency 2, driven with amplitude &;.
Each node j is described by the composite Hilbert space H; =
7—(;\/ ® 7-{,;],, corresponding to the A ; quantum system and its as-
sociated harmonic oscillator mode. This oscillator interacts with a
general quantum system A ;- We propose two physical implemen-
tations in which A ; can be either the number operator &;& ; or the
higher-spin collective operator S‘zf (see the main text for details).
The sensing task is to simultaneously estimate the N — 1 unknown
parameters k; or &; across the network.

stemming from noncommuting SLDs, places intrinsic con-
straints on the simultaneous estimation of multiple parameters
[13,21,26,27,69,70].

III. THE MODEL

We consider a network of N quantum nodes. Each node,
labeled by index j, is governed by the Hamiltonian
PO 1 MQ? ki E;
— 4o 2 2 iAo o5 Cie
HJ_HA,I+ﬁpJ+ 2 xj+hx—0ijj+hx0xj, (5)

which describes a driven mechanical harmonic oscillator cou-
pled to a general quantum system (see Fig. 1). Specifically,
the mechanical degree of freedom, with mass M, frequency
Q, and driven amplitude & j, is described by canonical po-
sition and momentum operators £; and p;, satisfying the
commutation relation [%;, p; ] = ihd; . I?[(\O; accounts for the
bare local Hamiltonian of the degree of freedom associated
with A j» assumed identical at every sensing node, obeying

[ﬁf&, A1 =0. The quantity xo = /i/(2M<2) denotes the
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zero-point fluctuation amplitude. The term proportional to

k; captures a dispersive interaction between the mechanical
position %; and a general operator A j» obeying

Ajln) = j10n) iy jnlhw) j =808 jrs

(6)

where the index n labels both the nth eigenvalue and its
corresponding nth eigenvector |A,);, which are associated
with node j. Hence, the index n runs over the spectrum of
A, whereas 1 < j < N. By introducing bosonic annihilation
and creation operators defined as b; = %(f—tf) +i f)—;), 13#]. =
1GE — i), where pg = AMQ/2 and [b), b1 =6 ;. the
Hamiltonian in Eq. (5) becomes (in the interaction picture
with respect to ﬁﬁOZ)
H:

o = bibi+ (A + 8)(B] + b)), )

1

where we have defined the scaled quantities k; = g and

&= % . Note that each node Jj is described by the compos-
ite Hilbert space H; = H, A ® WA/, corresponding to the A j
quantum system and its associated harmonic oscillator mode.
Moreover, the total Hamiltonian of the network (all nodes)
is H = Z’}/:l 1-7 j- The corresponding unitary time-evolution
operator for the jth node can then be expressed in closed form
as [60,71,72]

ik A 6P (T—sinT) = (ks A +E) (0B — (b)) ,=iblb; T

®)

In the above expression, (7)) =1 — e~ and T = Qr is the
dimensionless time. Since [H]-, er] =0foral 1< (j,j)<
N, the total unitary operator for the network is given by the
product

flj(l’) =e

N
O()=]]a0). 9)

j=1

In this work, we focus on a specific class of initial states
that enable quantum-enhanced sensitivity across the entire
network [73]. Specifically, we consider states of the form

[¥(0)) = [Wn)(le)®"), (10)

where |« is a collection of N coherent states with ampli-

tudes « and |Wy) = LN Z_[]Y:l |j) is the W state [74,75]. Each

basis state | j) is defined as
17y = A0 Y2 A - I It [V D an

representing the configuration in which the eigenvalue A ap-
pears at site j, while all other sites are in the eigenstate |A').
Recall that A and A’ in the W state must satisfy Eq. (6).

With the above definitions, it is straightforward to obtain
the full wavefunction of the entire network at arbitrary time t,
which takes the form

)®N

N
|w<r>>=ﬁ |1>|a1<r)>+;eff“>|j>|a,(r>> , (12

where (1) € C is
Ei(r) =53¢0 = M)la (@™ — Dk —kj)
+ 2[2E1k — 28(,‘](]‘
+ (ki — kj) (ki + kj) (A + 1))
X (t —sint)(sint —icos )], (13)

and |a;(1)) = lae™™ — (ki +ENn(r)) - - lae™ — (k;A +
Eim(T))--- lae™ — (kyA' 4+ Ev)n(t)) denotes the jth posi-
tion of the eigenvalue A within a set of N coherent states. See
the detailed derivation in Appendix A.

IV. QUANTUM SENSING RESOURCES

The central sensing resource in our distributed quantum
sensing scheme is characterized by the pair of eigenvalues
(Aj, )Jj) of the jth local operator A j»and in particular—as will
be computed explicitly later—by their difference. For simplic-
ity, in this section, we assume identical sensing subspaces at
all nodes, so that A; = A and )»;. = )/. We then define

A=A = Nexe, (14)

thereby identifying Nex. as the relevant metrological resource.
In the concrete physical realizations discussed later, Nex. cor-
responds either directly to the number of excitations or, in the
spin case, to a quantity proportional to it through the chosen
sensing subspace.

While the quantity & — A’ = N quantifies the metrolog-
ical resource in our work, it is also important to compare the
energetic cost of the distributed entangled probe with that of
the corresponding separable benchmark built from the locally
optimal single-node probes. To do so, we define the relevant
energetic benchmark from the bare preparation energy of the
A ;j probes within the two-level sensing subspace selected by
the protocol. We thus restrict attention to the local sensing
subspace

&; = span{|1)}, )}, (15)

which is precisely the subspace used to encode the metrolog-
ical resource. Let Hj(\o)j denote the bare local Hamiltonian of

the degree of freedom associated with A j» assumed identical
at every sensing node. Let E;, and E, be the corresponding
bare energies of H (O_)j, and define the local energy gap

AA = E;\ — E}Lf > 0. (16)

Since an overall energy offset is irrelevant for the comparison,
we define the shifted bare Hamiltonian on &; as

ﬁj\‘?j = A - Ey1;. 17)

Because Ajlk)j = A|A); and f\j|)\/)j = A’[A)}, the projector
onto the upper sensing level can be written, within &;, as

i) = 2= (18)
=N
Hence, the shifted bare Hamiltonian takes the form
~0 A=)

O ATN”:AA IA)j(Al, on&;.  (19)
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This identifies the corresponding local excitation operator
Aj— AT,
A—=N
which has eigenvalue 0 on |1'); and eigenvalue 1 on |1);. The

total shifted bare preparation energy of the sensing probe is
then

N = , (20)

N N
AV =AY =a Y RN e
j=1 j=1

We now compare Eq. (21) for the two probe strategies. For
the distributed entangled protocol, the sensing degree of free-
dom is prepared in the W-type state. Since this state contains
exactly one occupation of the upper sensing level delocalized
across the entire network, it follows immediately that

(HY) = A (22)

Importantly, this result is independent of the network size
N, namely, the sensing excitation is not replicated across the
network, but coherently delocalized over all nodes.

The corresponding separable benchmark is the product
state built from the locally optimal single-node probes (jus-
tified later in this work),

ent

N

A MY
VO = R % 23)

In this case, each node has upper-level population 1/2, and
therefore

J=1

~ N
oy _ IV
(H )y = 5 Aa (24)
Subtracting Eq. (22) from Eq. (24), one obtains
(ﬁ(0)> _ <ﬁ(0)) = A E -1 (25)
A Isep A lent A 2 .
This quantity is strictly positive for all N > 3, namely,
HY) > (HY), . N=3. (26)

sep

Hence, under identical local probe Hamiltonians and for the
same sensing subspace &, the distributed entangled probe is
strictly more energy efficient than the corresponding separable
benchmark. This is because the W-type state carries a single
delocalized occupation of the upper sensing level across the
whole network, whereas the separable probe carries N/2 such
occupations on average. We illustrate this energy advantage
explicitly for the two physical realizations considered in this
work in Secs. VII and VIIIL.

V. DYNAMICS OF QUANTUM ENTANGLEMENT

To further characterize the quantum dynamics described by
Eq. (12), we evaluate the bipartite entanglement between the
set of general systems {A ;1 and the collection of mechanical
oscillators. We quantify this entanglement using the linear
entropy Sy. Since the total global state remains pure under
unitary evolution, the linear entropy of the reduced state,

Sp=1—Tr(p?), o = Treeas[|¥ (O) (W ()],
27

where

provides a valid bipartite entanglement monotone [71,76]. In
particular, it is a symmetric concave function of the Schmidt
coefficients, vanishes for product states, and is nonincreasing
on average under local operations and classical communi-
cation for pure states [77]. Moreover, the linear entropy is
considerably simpler to evaluate than the von Neumann en-
tropy, as it does not require diagonalization of the reduced
density matrix. Its explicit calculation yields (see Appendix B
for the derivation)

2 | NN -1
5 = 2| N -1

_ 2(k?4k2)(A—1')?[cos T—1]
= e J
el >

1<i<j<N
(28)

Three key insights follow from the above results. First,
the linear entropy S, is independent of both the initial me-
chanical coherent amplitude o and the mechanical driving
amplitude &. Second, at T = 7, the system reaches a point
of maximal correlation between its components. As a result,
information is generally not confined to the A subsystem
alone; therefore, measurements restricted to A are generally
not sufficient to access the full information available in the
total state. Third, at T = 27, these correlations vanish, and
all parameter dependence is confined to the A j sector, so
measurements on the mechanical subsystem are unnecessary.
The saturating measurement can then be implemented as a
collective measurement on the A ; subsystem. Indeed, at the
evolution time t = 27 (and at integer multiples thereof), the
unitary time-evolution operator reduces to

ij(t =2m)= ik A8, g=2mibih; (29)
from which the full wavefunction of the entire network at T =
27 takes the form

N
1)+ D e®i5) ()™,  (30)

=2

(e =27)) = %

In the above, B; denotes a multiplicative prefactor, while
®; represents the relative phase encoding the unknown pa-
rameters of interest. Note that the phases ®; are defined
relative to a reference node j = 1, such that they correspond to
two-point phase differences, namely, ®; = &; — &; or equiv-
alently ®; = k; — k;. These relative phases are illustrated by
the solid blue lines in Fig. 1. To provide B; and ®; explicit
expressions, we distinguish between two distinct scenarios.

In Case 1, all mechanical driving amplitudes are un-
known and different, i.e., &; # &E; # 0, while all coupling
strengths are equal, k; = k. In this situation, the relative
phases in Eq. (30) simplify to 8; = —4mwk(A — 1’), which is
the same for all nodes (i.e., node independent). The corre-
sponding phase factors are ®; = &, = &, — &;. Thus, only
the differences between &; and each &; appear explicitly. In
Case 1, the estimation task is precisely to determine these
relative unknown driving amplitudes &; .

In Case 2, all mechanical drivings are set to zero, &; = 0,
while the coupling strengths are different and nonzero, k; #
ky # 0. In this case, the relative phases in Eq. (30) reduce
to Bj = —2mw (ki +k;)(A — X)(A +1). The corresponding
phase factors are ®; =k; = k; — k;. Therefore, only the
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TABLE L. Distributed quantum sensing cases. Case 1: The estimation task is to determine ®; = &; = &, — &;, under the conditions
that all coupling strengths are identical, k; = k for all 1 < j < N, and all mechanical drivings are different and nonzero, &; # &; # 0 for
all 1 < (j, j') < N. Case 2: The estimation task is to determine ®; = k; = k; — k;, under the conditions that all mechanical drivings vanish,
&; =0forall I < j < N, while the coupling strengths are different and nonzero, k; # ky # Oforall 1 < (j, j') < N. We define k;.r =k +k;.

Case D; Bj Conditions
1 & =& —§; —4mwk(h — 1) ki=kand&; # &y #0.
2 ki =k —k; =27k (= M)+ 1) kj#ky #0and&; = 0.

differences between k; and each k; appear explicitly. The
estimation task in this Case 2 is to determine these relative
unknown coupling strengths k. A concise overview of these
two scenarios is provided in Table I.

As a final observation, note that all mechanical oscilla-
tors return to their initial states |«) at multiples of T =27
[see Eq. (30)], while the subsystems associated with the op-
erators {A j} acquire distinct relative phases at each site j.
This behavior suggests that the unknown relative parame-
ters can be estimated solely by probing the subsystem [\j,
namely, measurements on {f\ ;1. Indeed, the mechanical os-
cillators dynamically transfer the full information content to
the general systems {[\_,-} at these specific times. At other
times, e.g., at multiples of T = m, the system is maximally
correlated, and hence a joint measurement across all modes
and parties is likely required to extract the ultimate sens-
ing capability of the network. Note that this disentangling
behavior also holds when the mechanical oscillator is ini-
tially in a thermal state, thus avoiding initial ground-state
preparation of the mechanical object [78]. Indeed, a thermal
state can be written in the Glauber-Sudarshan P represen-
tation as pthzfdzaﬂh(a)|a)(a| [79]. When this thermal
state evolves under the action of U(z) of Eq. (9), the re-
sult is, in general, a conditionally displaced state of the
form pg,— f dzaPth(a)|ozj(r)) (aj ()|, with displacements as
in Eq. (12). These displacements vanish at 7 =2m since
n(t =2mr)=0. As a result, the mechanical party returns
to its initial state py, at each full oscillation period. This
mechanical disentanglement, followed by the transfer of in-
formation to all systems A j» constitutes the key dynamical
feature that enables quantum-enhanced sensing across all
nodes.

As a final remark, our stroboscopic protocol shares concep-
tual similarities with metrological Loschmidt-echo schemes
[65—-67], but it does not constitute a strict Loschmidt echo,
as it does not involve an explicit time-reversal operation of
the sensing Hamiltonian. Instead, at integer multiples of 27,
the bosonic mode undergoes intrinsic periodic reinitialization
under the sensing dynamics, stroboscopically disentangling
from the A ;j degrees of freedom and leaving only parameter-
dependent collective relative phases imprinted on the A j
probes.

VI. DISTRIBUTED QUANTUM-ENHANCED ESTIMATION

With the quantum state of Eq. (30) at hand, we now address
the task of simultaneous multiparameter estimation across
a network of size N. To this end, using Eq. (4), we com-
pute the trace of the inverse of the QFIM as (see details in

Appendix C):
. N&
THO =2 = (31

The above expression demonstrates the achievement of
quantum-enhanced sensitivity, as Tr[Q~!] decreases quadrat-
ically with B;, which itself scales linearly with the initial
excitation amplitude B; oc (A — 1) in Case 1. Remarkably,
in Case 2, the dependence becomes B; o< (A — A)(A + 1),
leading to a quartic scaling of sensitivity with the initial
excitations. To the best of our knowledge, this scaling has
not been previously reported in the context of distributed
quantum sensing schemes. Note that quartic scaling is a direct
consequence of the seminorm of the generator associated with
nonlinear Hamiltonian encodings, as in our present case [19].
This indicates that, in Case 2, the ultimate estimation precision
improves at an even faster rate with increasing resources. The
inverse-square and quartic scalings of the sensing uncertainty
with the number of initial excitations (the sensing resource)
provide a clear signature of quantum-enhanced sensing [7-9].
This is particularly evident in Case 1 of Table I, where

NN —-1)
3272k (h — M)’
Note that the lower bound is independent of the estimated
parameters &, . Consequently, by imposing the condition

Q' = Case 1. (32)

Tr[Q~'] < 1, one obtains the following requirement for the
considered sensing resources (A — A') > V YN-1)

DN
Remarkably, in Case 2 of Table I, one ffnds Bj < (A —
A)(A + 1'). Hence, in principle, a quartic scaling of Tr[Q]

of Eq. (31) can be achieved when A" = 0, that is,

Tr[Q '] =

N F
s KD Case2. (33)
j=2

In this case, the lower bound depends on the combinations
kT =k +k;, which are generally unknown. Accordingly,
Eq. (33) should be understood as a conditional scalar precision
bound, valid for fixed values of k;’. In the present work, we
adopt the conditional-precision viewpoint and assume that kjf
are either known from prior calibration or obtained from a
preliminary coarse-estimation stage.

While we have already demonstrated that our distributed
scheme is energetically more efficient than an optimal sep-
arable strategy, it is useful to further clarify the comparison
between our distributed entangled protocol and an optimal
separable (local) sensing approach. Since the parameters k;
and &; are encoded in independent local Hamiltonians, one
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can indeed construct a separable strategy in which each node
is probed independently and the parameters are estimated lo-
cally. For independent local estimators arising from separable
probing, one has Cov(ky, k;) = Cov(&y, &;) = 0. Hence,

Var(& — &;) = Var(&;) + Var(&)),
Var(k; — k;) = Var(k;) + Var(k;).

For a single site prepared in the product state

1 /
1 (0)) = E(M)/’ + 1)) ® la)

and evolved for t = 27, the single-parameter QFIs are
Q™" (kj) = 16m°k; (A — A?)? (34)
for estimating k; with &; = 0, and
Qe (&) = 167°k* (L — 1) (35)

for estimating &; with k; =k # 0. Note that the optimal
local probe |¢(0)) = %(M)j + 1)) ® |or); can straight-
forwardly be constructed from the propagator u;(t =
2m) = ¥7ikiA 8D for a single site [see Eq. (29)]. By
defining G; = (kj[\ i+ &;)%, the stroboscopic evolution at
time v =2x is u;(t = 2m) = ¢*™'Ci. For each parameter
x € {kj,&;}, the corresponding local generator is K, =
i[9, u;(t = 27)]ul(t = 27), which is a function of A; and
hence diagonal in the {|A);, |[A");} basis. Restricted to this
two-level subspace, the equal superposition state (JA); +

|A");)/+/2 maximizes the variance A?K, and thus the QFI
~A’K,. Consequently, for both k; and &;, our probe satu-
rates the generator seminorm bound and achieves the ultimate
single-parameter quantum-limited sensitivity allowed by the
underlying unitary dynamics [19]. Equations (34) and (35)
coincide with the scaling obtained in our distributed protocol
for the corresponding parameter differences.

Having established this single-parameter optimality, it is
important to emphasize that, under a comparison in which
each node is allocated an independent optimal probe with
identical interrogation time and local resources, there is no
enhancement in the fundamental quantum Fisher scaling due
to entanglement itself. This is consistent with the fact that
the Hamiltonians are local and mutually commuting [37].
For explicit demonstrations of the advantages of simultaneous
multiparameter estimation of global field parameters in three-
dimensional magnetometry, see Refs. [22,80,81]. Specifically,
in Ref. [80], a suitably entangled probe for a uniform magnetic
field yields up to a threefold reduction in the total estimation
variance compared with optimal individual-estimation strate-
gies using the same number of particles. In contrast, here we
focus on estimating site-dependent relative couplings (k| —
k;) [or (& — &;)], where each parameter acts only locally
on a single node rather than globally on all probes. Note that
the advantage of the present distributed entangled protocol is
therefore not a scaling improvement, but rather a resource-
architectural one. By delocalizing the excitation across the
network in a W -type state, the physically relevant quantities—
namely, the complete set of pairwise N — 1 reference-
relative phase differences—are encoded directly as collective
relative phases within a single global probe. This eliminates

the need to independently estimate each local parameter and
subsequently combine them via classical postprocessing, and
allows the estimation task to be performed through a sin-
gle joint measurement. Consequently, the protocol preserves
the same generator-based scaling with the sensing resource
as the optimal local separable strategy, while encoding the
complete set of N — 1 reference-relative phase differences
into a single global probe state. The advantage of the present
distributed protocol is not a universal reduction of the total
estimation variance, but rather its energetic efficiency and
resource-architectural character; namely, a single delocalized
probe encodes the full set of reference-relative differences and
can be read out collectively.

In the following, we propose and discuss the fundamental
multiparameter precision limits of two physical implementa-
tions for realizing distributed quantum-enhanced sensing.

VII. DISTRIBUTED QUANTUM GRAVIMETRY:
CASE 1 PROPOSAL

To illustrate the fundamental distributed precision limits
relevant to Case 1 (see Table I), we consider a network
of N nonlinear quantum optomechanical systems designed
to estimate relative differences in gravitational acceleration
encoded at spatially separated sites. This information is cap-
tured by the relative phases ®; = & — &;, where &; will
be shown to explicitly depend on the local gravitational ac-
celeration at site j. The aim, therefore, is to estimate these
differences across the whole network at arbitrarily distances,
thereby enabling distributed quantum-enhanced gravimetry. It
is worth emphasizing that the estimation of a single gravita-
tional acceleration parameter using nonlinear optomechanical
interactions—known as gravimetry—has been recently ex-
plored [60,82]. Optomechanical systems, which arise from
the radiation-pressure interaction between a quantized elec-
tromagnetic field (hereafter referred to as the light field) and
a mechanical oscillator, have been extensively studied both
theoretically and experimentally [59], with applications rang-
ing from quantum information tasks [83,84] to high-precision
sensing [60].

Following our previous definitions, we describe a quantum
optomechanical gravimetry network with N nodes via the
Hamiltonian at site j as

. P

fi=m™ 2

M, K .
&+ hx—aiajx_,- + Mg;cos(v;)X;, (36)
0

g
AU;

where a; (&j) denotes the annihilation (creation) operator of
the light field, AU jg is the gravitational potential energy, v; is
the rotation angle with respect to the free-fall direction (with-
out loss of generality we take v; = 0, i.e., a vertically oriented
gravimeter), and g; is the unknown gravitational acceleration.
By comparing Eq. (36) with Eq. (5), one directly identifies

Aj=ala;, (37)

which satisfies all the conditions specified in Eq. (6). We
consider the initial state

[¥(0)) = [Wx)(|o)®™), (38)
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FIG. 2. Distributed quantum-enhanced sensing for Case 1.
(a) % as functions of network size N and number of initial
excitatigns Nexe. (b) Sensitivity as a function of network size N for
Nexe = 1. (c) Sensitivity as a function of the number of excitations

N.y for a fixed network size N = 10. We consider u = 10*.

where [Wy) = —=(INexe, 0, ..., 0) + -+ +10,..., 0, Nexe))
is the N-partite W state with N excitations. In this case,
it is straightforward to identify A = N and A’ = 0. Since
&= %, then a simple use of chain rule yields the follow-
ing QFIM in the International System of Units:

NN —1) [ Qi \?
3272k2N2 \xoM |~

exc

Tr[Q '] = (39)

Note that k = /E/ 2 is dimensionless, and [);Z—AZ] = sz Hence,

the units of Tr[Q~!] are consistent with the covariance of the
estimator. The final estimation results are

v 2
S ey N =D (90
Tr[Covig 1] = ZVar[gj] Z 1 32w 2k2N? <XOM> '

j=2 exc
(40)

Note that in Eq. (40), the parameters satisfy N > 2 and
Nexe = 1, while Q, M, and k are device dependent. For
comparison, we consider three optomechanical architectures
reported in Ref. [60]: (1) a Fabry-Perot configuration with
Q=10°Hz, M = 10~°kg, and k = 2.3 [71,85]; (2) a lev-
itated micro-object confined in an ion trap coupled to an
optical cavity with @ = 10 Hz, M = 10~ '* kg, and k = 1963
[86,87]; and (3) cold atoms in a cavity with = 10> Hz,
M = 10> kg, and k = 2.3 x 10° [88].

To further illustrate the distributed quantum-enhanced sen-
sitivity in Case 1, in Fig. 2(a) we plot the quantity (NN[” from
Eq. (39) as functions of the network size N and the number of
excitations Nex.. As the figure illustrates, the inverse-square
dependence on Ngx. competes directly with the N growth of

the network. Consequently, achieving lower sensing uncer-
tainties imposes choosing Ny at least on the order of N, that
is, Nexc ~ N. Note that, for a given network size N, one indeed
achieves the quadratic scaling of the QFIM with respect to our
sensing resource, that is, the initial probe excitations Nexc.

In Fig. 2(b), we show the distributed sensitivity as a
function of N for N = 1. As seen in the figure, the sen-
sitivity across the network increases quadratically with its
size N for a fixed N, with the levitated optomechani-
cal system exhibiting the lowest overall uncertainties. This
is readily evident from Eq. (40). Moreover, the sensitiv-
ity (sum of variances) ranges from ~10~2"m?/s* for the
levitated microsphere system to ~107'3 m?/s* for the cold-
atom platform. For comparison with the single-parameter
case, we define the root-mean-square total estimation er-

ror as Amps = v/ Tr[Cov[é)]], which results in 10~ m/s2 <
ASsel < 10713 m/s? for the levitated optomechanical system,
comparable to the minimal theoretical prediction for the stan-
dard deviation of Ag ~ 10~ m/s? [60].

In Fig. 2(c), we show the distributed quantum-enhanced
sensitivity as a function of the number of excitations Ney. for
a fixed network size N = 10. The figure illustrates that the
hierarchy of optomechanical systems remains the same, with
the overall sensitivity decreasing quadratically with Neyc.

In terms of energy cost, the relevant probe degree of free-
dom in this realization is the cavity/light mode, for which

Aj=ala;. C3Y)
The natural bare local probe Hamiltonian is therefore the free

photonic Hamiltonian

AY) = hodla;, (42)

where w, is the cavity mode frequency. In this case, the sens-
ing subspace is
& =span{|1);.1A);}, A =0, A=Nee (43)
so that the bare energy gap between the two sensing levels is
Ay = ho(h — 1) = Ao Nexe. 44)

Accordingly, the shifted bare Hamiltonian introduced above
reduces, on 65.”), to

ﬁé?j) = Aa |Nexc>j<Nexc|- (45)

Hence, the distributed W-type probe carries exactly one
occupation of the upper sensing level, delocalized across the
entire network, and therefore,

(H©

a >ent

= RwNexe. (46)

In contrast, the corresponding separable benchmark built from
the locally optimal single-node probes has upper-level popu-
lation 1/2 at each node, which gives

N

(A, = > ficNexe. 7

a

Thus,

- ~ N
)y = (3 1), 9

033053-8



STROBOSCOPIC SATURATION OF MULTIPARAMETER ...

PHYSICAL REVIEW RESEARCH 8, 033053 (2026)

which is strictly positive for all N > 3. Therefore, in the
photon-number realization, the distributed entangled probe is
strictly more energy efficient than the corresponding separable
benchmark: It carries the energy of a single delocalized Nex.-
photon excitation, whereas the separable probe carries N/2
such excitations on average. Importantly, this comparison is
independent of the initial coherent amplitude of the mechan-
ical modes and follows solely from the delocalized encoding
of the photonic sensing resource.

Saturability of the ultimate quantum precision bound

As discussed in Sec. II, the saturation of the quantum
Cramér-Rao bound in multiparameter estimation is generally
obstructed by the noncommutativity of the SLDs [24,26].
Hence, even if a multiparameter sensing scheme exhibits
quantum-enhanced sensitivity, the absence of a measurement
capable of saturating the bound renders the scheme funda-
mentally impractical. Remarkably, we show that our scheme
saturates the quantum-enhanced precision bound when an
appropriate projective measurement is applied. This demon-
strates that the ultimate sensing limit can, in fact, be achieved
through optimal measurements.

The key observation is that our pure state probe satisfies
the weak commutativity condition for SLD compatibility,
namely, (Y |[Ly, Ly]l¥) =0 for all k, k'; see Appendix D
for a detailed proof. Under this condition, the SLD quan-
tum Cramér-Rao bound coincides with the attainable Holevo
bound and is locally saturable [21,89]. For pure states, this
weak commutativity condition is both necessary and sufficient
for local attainability of the SLD quantum Cramér-Rao bound
[21,89]. Building on this, Pezze et al. [27] derived necessary
and sufficient conditions for projective measurements to sat-
urate the QFIM in pure state models and provided an explicit
Gram-Schmidt construction of the optimal projectors from the
subspace spanned by the SLDs. We adopt that construction
directly.

To illustrate the optimal measurement construction, con-
sider the first nontrivial network N = 3 (the generalization
to larger N is direct) with projectors {I1y, [1;, IT,} onto the
orthonormal kets with controllable known phases {%},, ¥3}

1

IZ) = ﬁm) + €77212) + £P373)),
1 .
luy) = ﬁ(_'” + P72 2)),
lus) = i(—|1> — P72y 1 265703)), (49)

/6

with Ty = |Z)(Z|, T} = |uy){u1|, and T1, = |uy){(u>|. For
this measurement basis, one computes the CFIM ¥ (¢,, ¥3) as
a function of the controllable reference phases {1J,, ©3}. When
the references are tuned to the true values {®,, 3} (e.g., via
adaptive procedures that first coarsely estimate the phases and
then measures in the locally optimal basis [27,90-92]), the
CFIM equals the QFIM:

. _ _4( 285 B
gl T (02, 03) = O(P2, @3) = 6(—;3533 282 )
(50)

This is precisely the saturability of the SLD-quantum Cramér-
Rao bound. The same Gram-Schmidt construction of the
optimal measurement basis can be generalized immediately
to any number of network size N [27].

VIII. DISTRIBUTED COUPLING-STRENGTH
ESTIMATION: CASE 2 PROPOSAL

We now consider the fundamental distributed precision
limits for Case 2 (see Table I), where all coupling strengths are
unknown and the mechanical oscillators are undriven. For this
scenario, we propose two physical implementations: (1) the
optomechanical architectures described above and (2) condi-
tionally displaced spin-mechanical systems [61]. Conditional
displacement Hamiltonians describe interactions in which the
energy separation between the emitter’s internal states (e.g.,
a spin system) is strongly influenced by local electrostatic or
magnetic fields [61]. These local fields can be engineered us-
ing, for example, oscillating electrodes or vibrating magnetic
tips attached to a mechanical oscillator. This implies, equiv-
alently, that the displacement of the mechanical oscillator
becomes conditional on the emitter’s quantum state [61]. Such
Hamiltonians have been extensively studied both theoretically
[62,93-106] and experimentally [61,66]. The paradigmatic
form is given by

A2 2 A
. P MQ* , kja
ISt T hxoSzjxj’ b

where l}j is the unknown coupling strength at site j. 8 =
~B

Zfi‘f %, with (8 = x, y, z), denotes the collective spin op-

erator at site j, composed of Nexc spin—% particles indexed

P are the Pauli matrices along the B direc-

by i, where 65’ i
tion. Note that the coupling constant /Ej is system dependent
and can encode multiple unknown physical properties of the
system, including magnetic fields, magnetic field gradients,
circulating currents, deformation potential constants, gate ca-
pacitances, and gate charges (see Ref. [61] for a detailed
list of relevant coupling constants). Consequently, estimating
these distributed coupling constants across the sensor network
enables one to infer valuable information about the physical
properties of disparate systems. Furthermore, for consistency
with Case 1, we denote by Ny the total number of individual
spins coupled to the mechanical oscillator. The operators S’fg
satisfy the usual commutation relations

(87,851 = iewmd;. 1S}, (52)
(§/)?Is, m) = s(s + Dls, m), (53)
S‘g|s, m) = m|s, m), (54)

where ¢&,,,; is the Levi-Civita symbol, s < Nex./2 is the spin
quantum number, and —s < m < s labels the angular momen-
tum projection along the z axis. We focus on the symmetric
subspace 25 = Nexc, With N assumed even. Analogously to
the previous case, we consider the initial state

[¥(0)) = [Wx)(|o)®™), (55)
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where

1 Nexc
W) = —=(|[£570.....0) 4+

Nex
0,...,0,+ “>>,
2

(56)

for Nexe = 2, is the N-partite W state. In the above, + ac-
counts for chosen values m = =£s. Note that for spin-1/2, that
iS, Nexe = 1, implies that A = :I:Z% and A = :FI%. Thus,
Bj o< (A — A)(A 4+ 1') = 0, resulting in singular Fisher matrix
[see Eq. ((31). For the case of Nex = 2, the parameters are
properly identified as A = :I:% and A’ = 0. While other com-
binations are possible, maximal sensitivity is achieved when A
takes the value m = £5 = :I:N;“ and )’ takes the value m = 0.

Using the chain rule as before, one gets

120N
ZVar[ - T Z(k*)‘ (57)

exc j—2

As seen from the above expression, the additional terms ef-
fectively act as nuisance parameters in the sensing protocol,
in the sense that they contribute unwanted dependencies that
degrade the estimation precision [23]. To further simplify
the above expression, we assume that the effective couplings
satisfy kT ~ 2k, meaning they are all of the same order of
magnitude. This places us in the scenario where no coupling
dominates and sensitivity is evenly distributed across the pa-
rameters. Equivalently, one can adopt a stepwise estimation
protocol. First performing a coarse calibration of the nuisance
parameters kJr followed by a refined estimation of the target

parameters k [107]. With this simplification, one gets

N
- 1 292N 1 Q3NN — 1
ZVaI[kj’] > SN )2 ~ _%
]‘:2 NBXC .':2 271 k Nexc
(58)

To illustrate the distributed quantum-enhanced sensitivity
in Case 2, Fig. 3(a) shows the dependence of the sensing
precision on both the network size N and the number of
initial probe excitations Nex. as given by the right-hand side
of Eq. (58) In contrast to Case 1, here, the inverse-quartic
scaling N competes with the N? scaling of the network
size. As a result, achieving lower sensing uncertainty requires
only Nexe ~ VN , marking a favorable resource trade-off in
distributed quantum-enhanced metrology.

In Fig. 3(b), we show the distributed sensitivity as a func-
tion of N for fixed Nee = 2. In contrast to the previous
case, the hierarchy of optomechanical sensitivities is inverted,
with the cold-atom platform achieving the lowest distributed
multiparameter uncertainty for estimating the relative interac-
tion coupling strengths—here, 107 Hz < AS¥¢2 < 1077 Hz.
As predicted by Eq. (58), the overall uncertainty increases
quadratically with N for a given Ne.. Moreover, the Fabry-
Perot configuration and the spin-mechanical system exhibit
the worst scenarios with the highest overall uncertainties.
For reference, the black dashed line in Fig. 3(b) indicates
> j Var[k;] = 1. For the spin-mechanical system, we con-

sider mechanical frequencies as low as € ~ 103 Hz, with
higher frequencies further degrading the sensitivity.

0.6
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FIG. 3. Distributed quantum-enhanced sensing for Case 2.
(a) Dependence of the network size N and the number of excitations
Nex in the right-hand side of Eq. (58). (b) Sensitivity as a function
of network size N for a single excitation Nex. = 2. (c) Sensitivity as
a function of the number of excitations N for a fixed network size

= 10. We consider u = 10*.

In Fig. 3(c), we show the distributed quantum-enhanced
sensitivity as a function of the number of excitations Nex.
for a fixed network size N = 10. As the figure shows, the
cold-atom system achieves the lowest distributed uncertainty
10712 Hz < A2 < 107 Hz. Furthermore, a higher number
of excitations (or spin number) is required to reach lower
sensitivities.

Similarly, in the collective-spin realization the relevant
probe degree of freedom is the spin ensemble. In the symmet-
ric subspace, one has s = Ne./2, and we choose the sensing
subspace

&' = span{[s, 0);. [s.s);}. (59)

which corresponds to

V=0, A=s=-2¢ (60)

A natural bare local probe Hamiltonian is then a Zeeman-type
Hamiltonian with spin-splitting frequency wj, so that the bare
energy gap between the two sensing levels is

Nex
A, = fiwys = hoy—s 2 61)

Accordingly, within 65.5) the shifted bare Hamiltonian
reduces to
H = Als.s);(s. . (62)

Hence, the distributed W-type probe carries exactly one
occupation of the upper sensing level, delocalized across the
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entire network, and therefore

~ N,
0 exc
(Hs( )>ent = hay 2
In contrast, the corresponding separable benchmark built from
the locally optimal single-node probes has upper-level popu-
lation 1/2 at each node, which gives

(63)

-~ N Nexc
(H¥(0)>56p = Ehws 2 (64)
Thus,
r 7 -4 Nexc N
(A0 =) =05 (5 1) 69

which is strictly positive for all N > 3. Therefore, in the
collective-spin realization, the distributed entangled probe is
strictly more energy efficient than the corresponding separable
benchmark; that is, it carries the energy of a single delocalized
fully polarized Dicke excitation, whereas the separable probe
carries N/2 such excitations on average.

IX. DISTRIBUTED QUANTUM-ENHANCED
SINGLE-PARAMETER ESTIMATION

A particularly important case arises when only one rela-
tive parameter ®; remains unknown, with all others assumed
known. This defines a distributed single-parameter scenario.
Within our general multiparameter framework, the single-
parameter precision limits are computed directly from the
(j, J) entry of the QFIM, that is, [Q];; = QSi“gle((Dj), corre-
sponding to the precision limits of the unknown parameter
difference between node 1 and node j; see Appendix C for
details:

~ N=1) 72872
Qsing]e(q> ) — N2 k Neny for Case 1, (66)
! ~ %kszfxc, for Case 2.

This reveals a clear competition between the network size N
and the number of initial excitations Ny, analogous to the
case where all ®; are unknown throughout the network.

The central importance of single-parameter quantum esti-
mation rests on three key advantages. First, in the limit of large
datasets, it is possible to construct unbiased and efficient esti-
mators that asymptotically saturate the quantum Cramér-Rao
bound [68]. Second, an optimal measurement that achieves the
ultimate sensitivity always exists for single-parameter sensing
scenarios [18]. Third, because such an optimal measurement
is guaranteed, the quantum Cramér-Rao bound serves as a
rigorous and operationally meaningful benchmark for experi-
ments, against which any practical (nonoptimal) measurement
strategy can be directly compared [2,18]. The optimal mea-
surement basis is obtained from the eigenbasis of the SLD
operator £(8), which is defined for pure states as

L(O) = 2(199Y0) (Yol + [¥o) (do e ) (67)

Using the expression for the SLD given in Eq. (67), we can
explicitly construct the optimal measurement basis for the
quantum probe state defined in Eq. (30) for estimating ®; as
(see Appendix E for a detailed derivation)

ny = k), (68)

where

L i N e
IUk>—ﬁ[<1¥ N_I)IW)il,/N_le Ik)]-

(69)

Finally, another important case occurs when one aims to
estimate a single-parameter @ ;, while all the other parameters
{®}r; are also unknown. In this nuisance scenario [23], the

e lin-1y, — LN
precision is bounded by Var[®;] > ;(Q )jj = w28 As ex-

pected, the precision is reduced by a factor of 2(1\;\,_1) compared

to the case shown in Eq. (66), where all other parameters are
known.

X. DISCUSSION

Our proposal has both advantages and limitations.

On the advantages side: First, a key strength is that we
provide a fully analytical derivation for estimating multiple
unknown parameters distributed over N spatially separated
nodes, applicable to a broad and physically relevant class of
quantum systems. Second, the quantum-enhanced sensitivity
in our protocol relies crucially on stroboscopic disentan-
gling generated by the conditional-displacement interaction.
At times Qf = 2m, all parameter dependence is guaranteed
to be imprinted solely on the probe (e.g., light modes or
collective spin systems), while the mechanical oscillator re-
turns to—and decouples in—its initial state. As a result, all
relevant information about the unknown parameters can be
extracted through measurements on the probe only, using an
optimally constructed measurement basis [27]. Furthermore,
since the probe state is a W-type state, the measurement
yields a discrete set of outcomes. This structure enables
the use of efficient estimators, such as maximum-likelihood
and Bayesian inference methods, which can be practically
employed to saturate the precision bound [108,109]. Third,
the protocol exhibits quadratic and quartic scaling of the
Fisher information with respect to the number of initial probe
excitations—a hallmark of quantum-enhanced performance.
Fourth, the sensing nodes can be realized across a wide range
of opto- and spin-mechanical platforms. In all case studies
considered, the overall root-mean-square error closely tracks
the single-node quantum limit (see Cases 1 and 2) [60,110].
This shows that the distributed protocol does not incur a
significant penalty compared to the best single-node strat-
egy, while enabling spatially distributed field sensing. Fifth,
promising physical implementations include levitated micro-
and nanospheres for gravimetry, and cold-atom optomechani-
cal architectures for estimating distributed coupling strengths.
More broadly, a nonlinear optomechanical interaction and
a conditional-displacement spin-mechanical coupling can be
combined into a hybrid interaction of the form

Higoria o (a'a + Q87) (b + b), (70)

where Q is an auxiliary parameter. This effective interaction
maps directly onto our model and, as a result, inherits the same
precision guarantees [61,63,111]. This provides a concrete
and scalable route to extend the present scheme to a variety
of hybrid quantum architectures.
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Three practical challenges merit closer examination: First,
preparing and verifying the required entangled resource states
at scale is nontrivial [112,113]. Nevertheless, the generation
of W states has been extensively studied—both theoreti-
cally [74,75,114-116] and experimentally [117—-121]. In the
specific nonlinear optomechanical setup used in Case 1,
the relevant entangled resource reduces to a multipartite
NOON-type state. Here too, high-N NOON states have been
experimentally realized [52,113,122-124] and theoretically
proposed [125]. These developments collectively point to vi-
able routes for both state preparation and readout. However,
the associated overheads—especially as the number of nodes
N increases—remain a key bottleneck. Second, to keep our
results analytically transparent and broadly accessible, we
assume ideal unitary dynamics and do not fully model de-
coherence channels. However, an analytical approximation
of the conditional-displacement dynamics under dissipation
can, in principle, be incorporated by following the approach
of Ref. [71]. This method alternates between unitary evo-
lution and nonunitary damping steps, resulting in a probe
state with explicitly damped off-diagonal complex coeffi-
cients. This effectively captures the impact of decoherence
without resorting to a full quantum master equation treatment.
In addition, the effects of noise and imperfections on dis-
tributed quantum sensing have recently been explored both
theoretically and experimentally. On the theory side, it has
been demonstrated that noisy distributed quantum sensors
retain quantum advantages compared to strategies that lack
entanglement between different sites [126]. Moreover, noisy
distributed quantum-enhanced sensors are found to be inher-
ently more resilient to imperfections in the quantum network
than to local operational errors. Importantly, these conclusions
remain valid even when explicitly accounting for dephas-
ing during the sensing evolution [127]. The robustness of
quantum networks comprising typical noisy quantum-repeater
nodes has been quantified by determining the critical repeater
efficiency required to maintain network connectivity under
realistic imperfections [128]. Experimentally, recent studies
using noisy distributed trapped-ion sensors have successfully
demonstrated recovery of optimal sensing bounds despite the
presence of noise [54]. Third, the scheme relies on operat-
ing at stroboscopic times 2t = 27. Deviations from these
times lead to residual entanglement between the probe and
the mechanical oscillator, which degrades decoupling and
thus reduces sensing performance. This sensitivity to timing
errors is documented in stroboscopic gravimetric opto- and
spin-mechanical protocols [110]. While such imperfections
can partially degrade the ideal quantum-enhanced scaling, the
protocol can still maintain an advantage over classical sensing
strategies under experimentally realistic levels of noise and
timing deviations.

XI. CONCLUSIONS

In this work, we have presented four main contributions.
First, we analytically derived the ultimate multiparameter
precision limits for a broad and physically relevant class of
quantum probes, in which each probe consists of a mechan-
ical mode conditionally displaced by a general system. The

probe dynamics exhibit stroboscopic disentanglement at spe-
cific evolution times, enabling the accumulated pairwise set
of N — 1 reference-relative phase differences to be coherently
mapped onto the degrees of freedom of the general system.
As a result, the relevant parameter information becomes in-
dependent of the mechanical modes of the network. This
mechanism shares conceptual similarities with echo-based
metrology, while not relying on an explicit time-reversal oper-
ation. Our results demonstrate quantum-enhanced sensitivity
with respect to the excitation (number of spins) resource Nexc.
In particular, we show that the achievable precision scales
quadratically or quartically. This enhancement arises from the
structure of the generator and the nonlinear encoding [19]. It
is important to emphasize that the unknown parameters are
encoded in local Hamiltonians, and therefore optimal local
(separable) strategies can, in principle, reach the same funda-
mental scaling behaviors. Our bounds remain fully consistent
with established theorems for locally generated parameters
[37]. However, for fixed network size and identical bare probe
Hamiltonians, we demonstrate that our distributed protocol is
strictly more energy efficient than the corresponding optimal
local strategy for networks with more than two sites. The
advantage thus lies not in surpassing the fundamental local
precision limits, nor in a universal constant-factor improve-
ment of the total variance, but in energetic efficiency and in the
collective encoding of the complete set of N — 1 reference-
relative differences within a single distributed probe.

Second, we rigorously prove that our class of quantum
probes satisfies the weak commutativity condition. Within this
class, this ensures that both the Holevo bound and the quan-
tum Cramér-Rao bound coincide and are locally saturable
around the operating point, guaranteeing that the ultimate
multiparameter precision limits can, in principle, be achieved.
Third, building on this result, we construct a family of projec-
tive measurements, parametrized by known reference phases,
that can be made locally optimal via adaptive tuning.

Fourth, we apply our framework to two physically realiz-
able systems: (1) nonlinear cavity quantum optomechanical
platforms and (2) solid-state spin systems coupled to mechani-
cal oscillators, both extendable to hybrid spin-optomechanical
architectures [64]. The first enables simultaneous estima-
tion of gravitational accelerations at distinct spatial locations,
while the second addresses distributed coupling-strength esti-
mation. Finally, we provide experimentally realistic parameter
regimes indicating that these protocols are within reach of
current technological capabilities.
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APPENDIX A: ANALYTICAL DERIVATION OF THE NETWORKED QUANTUM PROBE STATE

This section clarifies how the general wavefunction of Eq. (30) is obtained in the main text.
Recall the Hamiltonian

L = bib; + (kA +E)B + b)), (A1)
7 J J
with unitary operator
i(r) = ei(kaA\,-JﬁSj)z(rfsin1:)ef(k,»AjnLS,»)(n(t)E;fn*(t)l;/)efigjﬁjt’ (A2)
which can be written as
i(r) = ei(k,-[\,'+8‘,')2(rfsinr)Dj[_(kj]\j + Sj)n(r)]e_igjéff, (A3)

where the displacement operator is defined as
Djlz] = &b, (A4)

withn(t) =1 — e and T = Q. Since [ﬁj, ﬂjr] =0forall 1 < (j, j/) < N, the total unitary operator for the network is given
by the product

N
U(r):l_[ﬁj(t). (A5)
j=1
We considered the initial state
[¥(0)) = [Wy)(la)®N). (A6)

For simplicity, and without loss of generality, let us consider the first nontrivial network, namely, N = 3. In this case,
1

\/g(lf\, M)+ I AN+ IV A Al e)e). (A7)

[ (0)) = [W3)(Ja)®) =

The corresponding evolved wavefunction reads
1 si —it

V= (ﬁem*&y”““”Dl[—<k1x+al>n(r>]Dl[ae ]

« ei(kz,\’+82 )?(t—sin T)Dz[—(kz)»/-l-(gz)n(l’ )ID» [ae—ir ]ei(k3)\’+83)z(r— sin '[)D3

X [— (k) +E3)n(v)1Ds[ae A, A, A')|vac) |vac) |vac)>

L e i ;
+ (ﬁel(kll +&1) (T*Sll’lf)Dl[_(kl)\‘/_i_al)n(r)]D][aefll']

x ei(kz)n+82)2(rfsin ‘L')D2[_(k2A+82)n(r)]D2[aefi‘r]ei(kﬂ»/vLS_z)z(TfSin ‘I.’)D3

x [—(ksi'+E3)n(T)IDs[ae™ 1|1, 4, )| vac)|vac) IVaC>>

1 .. . .
" <%el(m HOPESOD [ (3 EDN()IDs e )

x ei(kz)n’#»ﬁz )2(1’7 sin T)Dz[_(k2)\./+82)n(f )]D2 [aefi‘r ]ei(k3)»+83 )2(‘[7 sin T)D3

X [—(k3A4+E3)n(7)IDs[ace |\, A/, A)|vac)|vac) |Vac)). (A8)

In the above, |vac) denotes the field vacuum state. When acted upon by the product of two displacement operators on the
same mode j, one obtains

1 -
Dj[z11Dj[z2]Ivac) = e2“%74%2) |7 4 75), (A9)
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where |z; + z;) is the coherent state with complex amplitude z; + z,. Equation (A8) simplifies to

_ 1 i A+E1)(t—sinT) i(koA +E) (t—sinT) i(ksh' +E3)*(t—sin 1) —ia(E1+kir)sin T —ia(Er+hko)')sint  —io(E3+k3r')sin T
Y (T)) = ﬁe e e e e e

X |2, 2 W) we™™ — (kik + EnNn(D)) e ™ — (kad + En(T)|we™ — (kst' + 83)’7(T)>>

+ < 1 ei(klx’+81 )2 (T—sin r)ei(kz)n+82)2(rfsin r)ei(k3)~’+83)2(rfsin r)efiot(SHrkl)\’)sin 7 p—ie(Er+ka)) sin refia(83+k3)\’)sinr

V3

X |2,k M) lae ™ = (ki + 8T lae™™ — (kak + E)n())lwe™™ — (ksr' + 83)77(f))>

+ ( 1 ei(km’-&-& )2 (7 —sin r)ei(kzk’-&-sz)z(r—sin r)ei(k3A+83)2(r—sin t)e—ioz(&-&-kl)\’)sin te—ia(é}z-i—kzk’)sin re—ia(83+k3k)sin T

V3
X N, X, W)lae™ = (kid 4+ EDn(e)lae ™ — (kpd + En(r))lae ™ — (kah + 83)77(7))) (A10)
Without loss of generality, we fix the global phase at the first site j = 1, so that the wavefunction can be further simplified as
1
Y (7)) = ﬁ'k’ A M ) 1l )2lee)s
+ Le—ia—x)[(zslkl ~2xkart (ki ko) (kitka) Ot N )T+ (=281ki —a (ki —k )+ 280k~ (i ~ka) Ki k) AN DSINT] 37 5 37y 10 Y o Yoot )3
V3
+ L i 228k 283k )ty Ot (28K~ )+ 263k —(kt —k) -k YO ) sin IA", A M) le) tle dala)s
(A1)
where we have defined the coherent amplitudes as
laz); = lae™™ = (k;E + &)n(r)), (A12)

where E is a scalar. In the above, E takes the values E = (A, A’). We can further simplify the notation by writing
laj) = lopr)r - -~ lo)j -« - low)w, (A13)

which represents the tensor product of N coherent states, with the A-dependent displacement appearing at site j—All the
remaining states are displaced states whose displacement explicitly depends on A’. This is the notation used throughout the
main text.

While Eq. (A11) gives the wavefunction at arbitrary times, in our analysis we focus primarily on the dynamics at T = 27 (see
main text). At this specific time, Eq. (A11) reduces to

1 Y ,
V(T =2m)) = E(|1> 4 2 =A)R281k 262k + (ki —ko) (ki +h2) (A1 )]|2>

+ 2R iO=A28 1k =283k +(ky 7k3)(k1+k3)()~+)n’)l|3>)|a>1 la)a|or)s (Al14)

where all mechanical states return to their initial state (Jo’))®? and

[1) = [A)1147)212)s, (A15)
12) = [A)11x)212), (A16)
13) = [A)1147)212)3, (A17)
or, in general,
17y = VA Y2 A - IV vt [ D (A18)

Case 1: In Eq. (A14), if we set &; # & # 0 while keeping k; = k for all j, we immediately obtain
J J J
1 : ’ . ’
V(= 27)) = —=(|1) + ¢ OTHHETE) ) 4 TTATOKETE)3)) 0) o)) . (A19)

NE]
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Case 2: In Eq. (Al14),if we set &; = 0 and k; # k;» # 0, we get

W (t =2n)) = L(H) 4 6—27“'(}»—)»/)(’(1—kz)(k1+k2)(?»+)»/)|2) 4 6—27”'(}»—)»/)(1(1—k3)(k1+k3)(l+)\/)|3>)|a>1|a>2|a)3. (A20)
V3
Equations (A19) and (A20) correspond to the cases analyzed in detail in the main text and match the scenarios presented in
Table I.
From the above expressions, it is clear that we can ignore the coherent amplitudes and focus in the {|j)} subsystems. For
completeness, we will compute the QFIM for Eq. (A19). Using Eq. (4), the QFIM reads as

6472 —AYkE (2 —1
— o (—l 5 >, (A21)
with the trace of the inverse as
3
e '1=——F . A22
M= e —oee (A22)
APPENDIX B: LINEAR ENTROPY OF THE REDUCED PROBE STATE ACROSS THE NETWORK
Recall the general pure state shown in Eq. (12):
N
1
(1)) = — | D] (7)) + SO e (o) |, Bl
|w)>ﬁ|>|1>; )t () (B1)
where
Ei(r) = %e’”()\ — e = 1)k — kj) + 2281k — 28jk; + (ki — kj)(ky + kj)(A + A")](r — sinT)(sinT — icos T)].
(B2)

We aim to evaluate the linear entropy of the reduced probe state, defined as
SL=1="Tr[p}ope]: (B3)

where pprone 15 the reduced density matrix obtained by tracing out the mechanical (field) degrees of freedom from the full pure
state, i.e.,

Pprobe = Trﬁelds“W(t)HW(tN} (B4)

To compute S;, we require the trace of the product of partial states involving overlaps of mechanical coherent states.
Specifically, for any two coherent states |Y) and |Y>), the trace over the mechanical subsystem reduces to the inner product:

Troeias (| T1)(X2]) = (2| Y1) = exp (=311 > = JIT2)* + Y370). (B5)

Below, we provide explicit analytical expressions for the linear entropy for small network sizes N = 2, 3, 4, 5.
For N =2,

S =11 —exp (2(kf +£3)(r — 1'[cos T — 11)]. (B6)
For N =3,
S(L3) = %[3 —exp (2(1(12 + k%)(k — 1)} [cosT — 1]) — exp (2(/{12 + k%)()\ —1)?[cos T — 1])
—exp (2(k3 +k3) (A — 1')*[cos T — 1])]. (B7)
For N =4,
SV = 1[6 —exp (2(k} +K3)(» — ' )*[cos T — 11) — exp (2(k} + k3) (» — A)*[cos T — 1])
—exp (2(k5 + k3)(h — A)?[cos T — 11) — exp (2(ki + k5) (A — A/)*[cos T — 1])
—exp (2(k3 + k3) (. — A)?[cos T — 11) — exp (2(k3 + k5) (A — A')*[cos T — 1])]. (B8)
For N =5,

S = Z[10 — exp (2(kf + K3) (A — 1')[cos T — 1]) — exp (2(k7 + k3) (A — ) *[cos T — 1])
—exp (2(k5 + &3)(, — A)*[cos T — 11) — exp (2(kf + &5) (A — A/)*[cos T — 1])
— exp (2(k2 + k4)(k A )lcosT — 1]) — exp (2(k3 + k4)()» A ) [cosT — 1)
— exp (Z(k2 + ks)()» A)*cos T — 1]) — exp (2(k2 + ks)(k A2)*cos T — 1])
(205 +43) ) (2(k: +K3) )

—exp (2(k3 + k5) (A — ') [cos T — 11) — exp (2(kj + k3) (A — A')*[cos T — 1])]. (B9)
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FIG. 4. The figure compares the analytical prediction Eq. (B7) with the numerical evaluation of the linear entropy obtained from the

full Hamiltonian evolution. We considered k; = 0.05, k, = 0.10, k3 = 0.15, driving amplitudes &, = 0.25, &, = 0.33, & = 0.18, initial
mechanical coherent states «; = o, = a3 = l,and A’ =0 and A = 5.

From the explicit expressions derived for small network sizes, the structure of the linear entropy reveals a consistent and
systematic pattern. This allows for a straightforward generalization to an arbitrary number of nodes N:

1 ’
S =15 V42 30 e (R + k)%~ AP leost — 1) (B10)
1<i<j<N
= ]% N—(Nz_l) - Z exp (2(k7 + k7). — A)’[cos T — 1]) |, (B11)
1<i<j<N

which gives a closed-form expression valid for any network size.

The above closed-form expression for the linear entropy can, in fact, be established rigorously by mathematical induction,
owing to the recursive structure that the reduced A j-density matrix acquires as the number of nodes increases. As an independent
sanity check of the analytical result, we have also performed a full numerical simulation for the optomechanical dynamics, that
is, [\j = &;&j, for a three-node network with parameters k; = 0.05, k, = 0.10, k3 = 0.15, driving amplitudes & = 0.25, &, =
0.33, & = 0.18, initial mechanical coherent states &y = o, = a3 = 1, and ’ = 0, A = 5. In Fig. 4, we compare the analytical
prediction with the numerical evaluation of the linear entropy obtained from the full Hamiltonian evolution. The agreement
is exact within numerical precision. Furthermore, we have explicitly verified that varying the coherent amplitudes «; and the
driving strengths &; leaves the linear entropy unchanged, thereby confirming that its independence from these parameters is a
structural property of the model rather than a consequence of a particular choice of values.

(

APPENDIX C: QUANTUM FISHER INFORMATION and the overlaps

MATRIX FOR GENERAL DISTRIBUTED |

QUANTUM-ENHANCED SENSING (Ylojy) = ]Vi B;. (C4)
Consider the general state at v =2m from Eq. (30),
derived as Therefore, the QFIM is given by
1 N iBid; 4 : 2 4 T
Mzﬁ(”HZze J /|])>, (C1) Q=ﬁdlag(ﬂ )—mﬂﬂ , (C5)
J:

. . . or in terms of its matrix entries
where we have omitted the disentangled mechanical states

|)®N for simplicity. To compute the QFIM entries using A 4
Eq. (4), we first evaluate the partial derivatives [Oi; = Na”ﬂ i N2 PiB;. (C6)
[0;%) = ﬂeiﬂ@qﬁ (C2) where §;; is the Kronecker delta, g = (/32,...,,3N)T (of
VN length N — 1), and let diag(8?) denote the diagonal matrix
g g g
the inner products with entries ,312--
s Equation (C5) can be rewritten as
O 10;¥) = =78, (©3) 0=A-w', €7
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where

B. v=

We now use the Sherman-Morrison identity to obtain the
inverse of the QFIM in Eq. (CS5). This identity reads as

A= ]%diag(ﬂz), u= B. (C8)

Z| e
Z|e

A~y A7
1—oTA- 1y’
which holds for invertible A, i.e., 8; # 0 for all j, and when

the scalar (1 — vTA~'u) #0, i.e., vTA"'u # 1. The above
terms explicitly are

A-—uwH) =4+ (C9)

A7l = ]Zvdiag(ﬂ’z), (C10)
1 & N-1
VAT = v D BB = —— #1 YN, (€1
j=2
AwTAT = (487N (C12)

Replacing the above terms into Sherman-Morrison for-
mula, one gets

N _ . _ 1,
0™ = ldiag(B) + BB, (C13)
or, similarly as before, in terms of its entry elements
[0y = 2 (‘S"’ 4 ) (C14)
Y4B BB )

which is a particularly useful representation for single-
parameter distributed sensing and nuisance analysis.

Note that, in order to justify the invertibility of Q, one can
also easily compute the determinant needed for its inverse as
detQ = (1 —v"A"'u)detA = L detA > O forall N > 0 and
whenever all 8; # 0. Hence, Q is positive definite with a well-
defined inverse. If any 8; = 0, detA = 0 and thus Q becomes
singular.

As stated in the main text, we focus on the scalar multipa-
rameter quantum Cramér-Rao bound, which requires the trace
of the inverse of the QFIM. To compute this, we simply recall
that Tr[8~'(B~")"1 =Y, B;*. Hence,

N N
Tr[Q~ ' = 5 > B (C15)
j=2

The above expression reproduces the results for the trace of
the inverse of the QFIM presented in the main text.

APPENDIX D: WEAK COMMUTATIVITY CONDITION:
SATURATION OF ULTIMATE MULTIPARAMETER BOUND

Unlike the single-parameter case, in the multiparameter
scenario the quantum Cramér-Rao bound cannot always be
saturated. A sufficient condition for saturation is the strong
commutativity of the SLDs, [£L;, L] = 0, which guarantees
the existence of a common eigenbasis, but this is not a nec-
essary condition. A more general and less restrictive criterion
is given within the framework of quantum local asymptotic
normality from which a necessary and sufficient condition
for the saturation of the multiparameter quantum Cramér-Rao

bound is the so-called weak commutativity condition,

(UIlLe, Lelly) =0, DD
which ensures the asymptotic attainability of the bound even
when the SLDs do not commute strongly [26].

From Eq. (E3), it is straightforward to compute the product

4 T oiBx P .
Ly =—F I’f £ [e - e/ Pe®=B @) oy (k|
o—iBy Py
M |¢><k’|}, (D2)

from which one can readily compute (y|[Ly, Li]|¢r) = 0.
This means that saturation of the multiparameter Cramér-Rao
bound is, in principle, possible.

To illustrate that all phases ®; can be estimated simulta-
neously using an an adaptive family of collective projective
measurements, and that this measurement locally saturates
the quantum Cramér-Rao bound around the operating point,
we now explicitly analyze the first nontrivial case N = 3. As
shown in the main text, using Eq. (49), we can compute the
probabilities:

po = §(3 +2cos[Ba(Py — 92)] + 2 cos[ B3 (3 — ¥3)]
+2cos[B2 Py — B3 D3 — Bathy + B3s]), (D3)

p1 = 3sin® (3B2(@2 — 1)), (D4)

P2 = 53+ cos[B(D2 — $2)] — 2 cos[B3(D3 — 3)]
—2cos[Br @y — B3Pz — Bothr + B313]), (D5)

from which the entries of the classical Fisher information
matrix can be built.

APPENDIX E: SINGLE-PARAMETER ESTIMATION:
OPTIMAL MEASUREMENT BASIS VIA THE SYMMETRIC
LOGARITHMIC DERIVATIVE EIGENBASIS

The SLD operator for pure states is given by

L =2(1cy ) (W] + 1) (@ D). (ED)

We aim to determine the optimal measurement basis for a
single-parameter estimation scenario. In this context, single
parameter refers to the estimation process where only one
phase @, is estimated, while all other relative phases {®} ;4
are assumed to be known. For us to achieve the optimal
measurement that saturates the single-parameter Cramér-Rao
bound, that is, Q = F, we need to compute the eigenbasis of
the SLD operator. Recall the state described in Eq. (30) and
its derivative with respect to ®; as

V) =—=

N
o 1
= D+ ¢P 1) | o) = —=ife™ k).
j=2

(E2)
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Therefore, the SLD operator can be calculated explicitly as
follows:

s N
2i ; , .
L= 2P| (143 BB e 1)
j=2

N
= 2Pk | (E3)
j=2

From Eq. (El), it is straightforward to see that £; has
support only on span{|y), |k)}. All remaining vectors that are
orthogonal to both |y) and |k) have a zero eigenvalue, mak-
ing them uninformative when constructing the corresponding
probability distributions for classical Fisher information func-
tions. Let us construct an orthonormal pair:

ler) == 1¥), (E4)

le2) = L(e"ﬂk‘l’k|k>—i|w>> (ES)
= )

By construction, (e,|ep) = 8. and (¥]|e;) = 0. Using these
definitions, the SLD operator £ in its matrix form spanned in
{le1), |e2)} basis is

[Lk]el ,€2 = (E6)

N i 0

2/3kx/1ﬁ<0 —i>.

From the above 2 x 2 SLD operator in matrix form, one
can straightforwardly find its nonzero eigenvalues

M=+ , (E7)

with normalized eigenvectors

+ 1 .
lvg) = —=(ler) £ ilea)), (E8)

V2

1 i N .
— : iB Pr
- ﬁ[(@m)"”ilw—le '4‘ =

Finally, the optimal single-parameter measurement (for es-
timating ®;) is the optimal projective measurement

n® = Ft], wih 00 =1-1% -n®. (E10)

Using the optimal measurement for the single-parameter
scenario described in Eq. (E10), we can easily show that the
classical Fisher information is equal to the quantum Fisher in-
formation. This means that the optimal measurement achieves
the highest possible precision limit, as expected. To demon-
strate this, we assume a fixed value of ®; and consider the
optimal projective measurement. Under these conditions, the
classical Fisher information can be expressed as follows:

; 1 9P+ (P’
D) =
70 [p+<<1>k>[1—p+<<1>k>]< 2, )}

’

(E11)
where
1 «N-— -
P+(Pp) = Tt sin(Bx(Pr — Py)). (E12)
Hence,
F(By) = iﬁi(N = Deos'A(@e = Pol
N* — 4N — Dsin”[Be(Pe — POl |, o
4B5(N — 1)
= kT (E13)

The above expression exactly matches the quantum Fisher
information for the single-parameter estimation scenario [see
Eq. (66)].
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