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Acoustically controlled periodic y-optical signals described by semiclassical theory
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This study provides a detailed theoretical description of periodic y-ray intensity signals. These signals are
generated by the tabletop time coincidence experimental setups which utilize nuclear resonant interaction of
y-photons from a radioactive source with an absorber exhibiting ultrasonic vibrations. Transmission of the
y-radiation field through the absorber is described by semiclassical theory considering arbitrary periodic motion
of the absorber. A key aspect of the presented work is the application of the Fourier analysis. A fundamental
relation between the Fourier coefficients of the y-ray intensity signal and the Fourier coefficients of a complex
exponential of the absorber motion is derived. Application of this relation is shown on the example of the
trapezoid motion, which demonstrates its usability for systematic inspection of the discussed signals. The results
of the analysis expand the knowledge of the coherent manipulation of y-photons and may find usage in a broad

range of research fields utilizing y-ray sources.
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I. INTRODUCTION

Radioactive sources provide a basis for the generation of
highly controllable y-photon intensity waveforms [1]. Such
optical signals include, but are not limited to, ultrashort
single or multiple y-photon pulses with frequencies above
1MHz [2]. In recent years, tabletop experimental setups
have been designed to generate and study these intensity
signals [1,3] with the possible application fields covering
quantum information [2] and quantum memories [4], high-
resolution measurements [5—8], or cryptography using single
y-photons [9].

One of the approaches to controlling the y-radiation
properties is based on the nuclear resonant interaction of
y-photons with absorbers containing suitable nuclear ensem-
bles [10,11]. This method allows for a very fine tuning of
the radiation spectral and temporal properties by utilizing the
recoilless absorption and emission of the y-photons (Mdss-
bauer effect) and Doppler modulation of the y-ray energy.
Furthermore, application of ultrasonic vibrations to the ab-
sorber significantly expands the possibilities of controlling
the transmission of the recoilless y-photons by modifying the
parameters of the absorber motion [1,2,11-15].

Generation of the y-radiation intensity signals is based on
the time coincidence detections of single y-photons, which
utilize the 3’Co radioactive source and nuclear transitions
of YFe [1,3,16]. A simplified scheme of the technique and
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the physical principle for the considered system is shown in
Fig. 1. The nuclear decay of >’Co into a >'Fe nuclide may
result in a subsequent emission of two photons corresponding
to the transitions of 3’Fe from its second excited state |e,) to
the first excited state |e;) and then from |e;) to the ground state
|g). The first photon references the formation time of °'Fe
in |e;). The second emitted photon can then be transmitted
through the absorber (containing 3’Fe nuclide) and detected,
which gives rise to the measured y -optical signal. The control
of the >’Fe absorber motion by a piezoelement capable of
MHz frequency modulation enables the modification of the
transmitted y-photon field. The intensity signals are measured
as the histograms of the y-photon detections at different time
delays with respect to a starting event. The starting signal can
be produced either by the detections of the starting photons
from the |e;) — |e;) transition or by the arbitrary function
generator driving the piezoelement. For the latter case, the
radiation waveform can be transformed into a periodic sig-
nal featuring repeating modifications of the transmission of
y-photons in time.

The strong connection between the radiation waveform and
the absorber motion can be exploited to precisely control and
optimize the transmission of y-photons in time for specific
applications. Along with the development of the experimental
equipment and the detection systems, progress in the theo-
retical understanding of the acoustic modulation of y-rays is
important for further expanding its applicability. The modu-
lated y-photon waveforms have been theoretically described
using the semiclassical formalism, where the solution to the
wave equation is found in the reference frame of the vibrating
absorber [1,12,17]. The formation of so-called spectral combs
and its connection to the temporal properties of the transmitted
y-ray field have been extensively studied [1,2,5,18-21]. The
focus has been on the analysis and optimization of the y-ray
pulses for the case of the harmonic vibrations and a single

Published by the American Physical Society


https://orcid.org/0000-0002-6354-7789
https://orcid.org/0009-0005-1069-5955
https://orcid.org/0000-0002-3268-9741
https://orcid.org/0000-0002-8136-7730
https://ror.org/04qxnmv42
https://crossmark.crossref.org/dialog/?doi=10.1103/l33j-xstp&domain=pdf&date_stamp=2025-06-11
https://doi.org/10.1103/l33j-xstp
https://creativecommons.org/licenses/by/4.0/

VRBA, HAUSNER, STEJSKAL, AND PROCHAZKA

PHYSICAL REVIEW RESEARCH 7, 023243 (2025)

@ Co

v 57Fe 57Fe

lez)

122.1keV [ W

v
le1) ry

14.4 keV
lg) —_— v
Source Absorber

-

Piezo Detector

AVAVAVAY 2

A4

Doppler
modulation unit

Generator

~
o
~

START (d) START

STOP

AWAWA
[VAAVARVIRV,

Intensity

Displacement

Time Time

FIG. 1. (a) Nuclear level transitions corresponding to the 3’Co
radiation source (red arrows) and absorber containing >’Fe nuclei
(blue arrows). The energies of y-photons for the |e,) — |e;) and
le;) — |g) transitions are 122.1 keV and 14.4 keV, respectively. (b)
Experimental arrangement utilizing the transitions for the time coin-
cidence detections. Bottom panels: [llustrations of the synchronized
signals describing (c) the absorber motion and (d) the y-radiation
intensity.

nuclear transition being utilized in the absorber. The effect of
multifrequency absorber vibrations has also been studied to
derive optimal conditions for inducing short and intense y -ray
pulses [22,23]. Additionally, the possibility of transforming
the exponentially decreasing intensity signals into pulses of
controllable shapes using the rapid absorber displacements
with suitable time profiles has been investigated [24]. The
controlled absorber motion can also be used to modify the
spectral and temporal properties of x-ray photons or to study
nuclear dynamics in experiments utilizing synchrotron radia-
tion sources [13,25-27].

In this work we focus on the y-ray intensity signals in
the form of the periodic time-delay histograms. The acous-
tically induced coherent control of the y-photon waveforms
is described semiclassically by introducing the coherent scat-
tering amplitude and applying the index of refraction model
[28,29] in the absorber reference frame. The description is
given in a general form enabling the inclusion of y-radiation
polarization effects and absorbers exhibiting arbitrary nu-
clear hyperfine interactions into the theoretical models. The

periodic nature of the resulting intensity signals is further
exploited by applying Fourier analysis in the description.
The main focus is concentrated on analyzing the connec-
tion between the periodic absorber motion and properties
of the generated y-optical signals. General motion profiles
consisting of an arbitrary number of higher harmonics are
considered. These profiles can be described directly by their
fundamental parameters, which may simplify the optimization
problems and physical interpretation of the results.

The fundamental connection between the generated time-
delay histogram and the absorber motion is derived by
decomposing the intensity signal into its harmonic compo-
nents. The corresponding Fourier coefficients are directly
influenced by the overlap between the emission and ab-
sorption spectral lines and by motion-dependent coefficients.
These two contributions are separated so the parameters of the
spectral overlapping and the parameters of the absorber mo-
tion can be evaluated independently on each other. Moreover,
the motion-dependent coefficients are found to be equal to the
Fourier coefficients of a complex exponential of the motion
profile. These findings are particularly interesting for general
nonharmonic vibrations, where the computing complexity in
various optimization problems can be significantly reduced.

A special issue within the discussed topics is the solv-
ing of the inverse problem in which for a given intensity
signal a particular motion profile that would generate this
signal is being searched. The potential to easily set any
time dependence of the y-ray intensity can be very inter-
esting for y-ray pump-and-probe experiments, investigations
of single y-photon quantum entanglement, or applications in
metrology. In the latter case, the vibrating system would be
considered as a studied sample whose motion could be de-
termined within extremely high precision as the displacement
time evolution below the level of the y -photon wavelength can
be achieved. The results of this work might present a useful
tool for analyzing such a problem directly in the frequency
domain instead of the time domain. Therefore, the Fourier
coefficients of the absorber motion, the complex motion ex-
ponential, and time-delay histograms would be evaluated to
determine and optimize the former.

The paper is divided into four main sections. A general
theoretical framework is introduced in Sec. II, leading to
equations describing the y-ray intensity signals under the
considered physical conditions. The application of the Fourier
series is then described in Sec. III, where the general form of
the Fourier coefficients is derived. The calculations are based
on the generalization of the conventionally derived forms of
the intensity signals as shown in Sec. II. Agreement between
the introduced description and existing theory is shown for
a simplified case in Sec. IV. The application of the Fourier
series description is shown in the case example of the trape-
zoid motion profile in Sec. V. A detailed analysis of specific
intensity signals and the corresponding Fourier coefficients is
presented, which demonstrates the applicability of the intro-
duced description.

II. THEORETICAL FRAMEWORK

The presented description is based on the semiclassical
theory of nuclear resonant scattering [10,28]. We consider
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the coherent processes and the forward scattering direction
with respect to the direction of the y-photons incident on
the absorber (i.e., the transmission geometry in Mossbauer
experiments). The formalism is described directly in the refer-
ence frame of the moving absorber as the observable quantity
(intensity of the transmitted radiation) is not altered by the
transform back to the laboratory reference frame [1].

A. Semiclassical theory

The electric field of the incident y-radiation can be de-
scribed in its vector form using the linear polarization basis
{éo' ’ é?t} as

Eo(1) = Eo(1)A, ey

where A = A,€, + A€, is a complex vector. For the ra-
dioactive sources of resonant photons utilizing single nuclear
transition, the time dependence of the incident field in the
absorber reference frame is given as

Eo(t) = e " We=n 0@ (1)], )

where /iw; is the mean transition energy of the source, I' is the
natural linewidth, and t(r) =t —#t9 — [(¢)/c. The reference
time 7y marks the formation of the excited nuclear state and
(1) defines the absorber motion profile.

In this work we consider an arbitrary periodic motion with
the angular frequency 2 = 2w /T, where T is the motion pe-
riod. The function /(z) describes the absorber’s displacement
from its equilibrium position with respect to the y-photon
source. The source-absorber and the absorber-detector mean
distances can be omitted from the description [1].

Transmission of the resonant y-photons through the ab-
sorber can be solved in the frequency (energy) domain by
calculating the transmission of the field’s elementary spectral
contributions [30]. The decomposition of E(#) into its ele-
mentary components with the angular frequency w and the
amplitude Eq(w) = Eyp(w)A is given by Fourier transform as
follows:

Eo(t) = 1 / ” Eo(w)e “dw. 3)
27 J_o

The transmission of Eg(w) through the absorber can then
be solved using the semiclassical formalism. The absorber
is taken as a continuum described by a complex index of
refraction, which is related to the coherent scattering ampli-
tude f(w) of the system [28]. The complex amplitude of the
transmitted field is then given as [28,31]

2mn

Ey(0) = " T IO By (), )

where k is the field wave number, d is the absorber thickness,
and 7 is the number density of Mossbauer nuclei.

The transmitted y-photon field E (¢) consists of the indi-
vidual transmitted elementary waves Ey (w)e™™. The Fourier
transform of the complex amplitude E () can therefore be
utilized again to obtain the transmitted field in the form

Eq(t) = X (DA, &)

where f(w) and X (¢) are 2 x 2 complex matrices related by
the following equation:

o0
X() = - / kIO R () @ dw.  (6)
27 J_ o

The outlined description of the transmitted y-radiation field
can be applied for Mossbauer absorbers exhibiting arbitrary
hyperfine structure and for arbitrary periodic absorber motion
described by I(¢). The hyperfine interactions are described
in the coherent scattering amplitude, which may also include
combined electric and magnetic interactions or simultaneous
contributions from multiple nuclear surroundings [10,31]. The
index of refraction model can be connected to other stan-
dard approaches for describing nuclear resonant scattering
in the forward direction, including the multiple scattering in
Modssbauer transmission and the nuclear forward scattering of
synchrotron radiation [29-31].

For the incident y -photon field in a pure polarization state,
the intensity [;;(¢) corresponding to the measured time-delay
histograms could be calculated by taking |E(¢)|?>. For gener-
alizing the description to also include the mixed polarization
states, the density matrix formalism can be applied [28,32].
The transmitted radiation intensity is then given as

Ie(t) = |AP Tr[X ()pX ()], (7

where X7(¢) is the Hermitian conjugate of X(z) and p is
the density matrix of the radiation coming from the source.
For the special case of the unpolarized source radiation, the
corresponding density matrix p is equal to I/2, where I is
2 x 2 identity matrix. For a general case, the density matrix
can be used to describe the polarization effects in nuclear reso-
nant scattering induced, e.g., by magnetically split Mossbauer
absorbers using the external magnetic field. Such conditions
can be interesting for the experiments, where the vibrational
control of the transmitted radiation intensity can be combined
with the magnetic control of the y-ray polarization.

The intensity of the transmitted field in Mossbauer time
coincidence measurements is obtained by registering the time-
delayed photons passing through the absorber into the detector
and measuring the time-delay interval. When the time delay
is taken with respect to a driving signal of the absorber mo-
tion, the intensity /() must be averaged over all possible
excited state formation times (e.g. the first excited state of
57Fe recorded by detection of the 122.1-keV photon at time
to). This leads to the resulting form of the detected time-delay
histograms:

[o.¢]
I(t)=C f I (r)dto, (®)
—00
where C is a constant. In real time coincidence detections,
these histograms can also be affected by nonresonant back-
ground, additional exponential count rate decrease, and finite
time resolution of the experimental setup [3]. These effects
will not be considered in this work as they have no direct
influence on the discussed results.

B. Harmonic expansion of absorber motion

In the literature the time-delay histograms have been
described by expanding the periodic motion as a sum of
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harmonic contributions with integer multiples of the funda-
mental angular frequency 2 [22,23] as follows:

K

I(t) = Zak sin (k1 + ). 9)
k=1

The integer K can, in principle, be infinitely high and Eq. (9)
defines the Fourier decomposition of /(¢) with amplitudes o
and phases . The incident field Eq(¢) can be expanded by
substituting Eq. (9) into Eq. (2) and applying the Jacobi-Anger

expansion of the complex exponential terms [12]:

o0
lux oy sin (le+19k) Z Jnk (pk)eink(kgt+ﬁk), (10)

np=—00

e

where J,,, (pi) is the Bessel function of the first kind and order
ng. The argument p; of the Bessel function is the modula-
tion index defined as p, = . The incident field expansion
can then be rewritten analogously to previous descriptions
[22,23]:

|
Eo(1) = Z Z . ZAeiwstoe—%(t—to)G)(t _ tO)Jnl (pl)eiml?l]nz(p2)einzﬂz -

n m ng

(pK )einKﬁKe—i[ws—(n] +2np+---4+Kng )Qt , (] 1)

where the sums run from —oo to co.
Following the steps in Sec. Il A using Eq. (11), the time-delay histogram can be described by the formula

C IAI
Ly==—"=—>"3"-> 33" ZJm Py (P2) T (DK, (P (P2) -+ Ty ()
ni ny ng  mp
i[(ny =m0 +(np—mp )0y +-+-+(ng —mg )01 Lil(n—my)+2(ny—my)+--+K (ng —mg )| Q2 RICYRS
el ny—my)vyr(ny—my)vy ng—mg Kel nyp—m ny—my ng —mg Qnmll,IZ?...,n’[:lK (12)
consisting of 2K sums, where
o0 Tr{e 0 flo—(ny+2ny++- +Kn,<)Q]dp i fF [w—(my+2m - +Km,<)Q]d}
Qnm] M2y MK :/ dw. (13)
1,12, ng ) r 2
—00 (w0 — ws)* + (ﬁ)

The intensity I, () depends on the motion parameters p; and ©%; and on the spectral overlaps of the source emission line with the
absorber transition lines shifted by multiples of 2. These spectral lines create a so-called spectral comb, which is the result of
the y-photon transmission in the reference frame of the vibrating absorber [1,5].

The complex terms in Egs. (12) and (13) could be further simplified using their harmonic expansion [1]. Difficulties of this
calculation for a general periodic absorber motion come mainly from the summation over a large number of indexes n; and my,
k=1,2,...,K

III. FOURIER SERIES DESCRIPTION

The time-delay histograms I (f) described by Eq. (12) exhibit a periodicity with the fundamental angular fre-
quency €2 and as such they can be decomposed using the Fourier series expansion. We use the complex form of the
expansion,

Lt)= Y Gue"™, (14)

M=—00

where this form can be directly derived from Eq. (12) without computing the integrals for the coefficients. This can be achieved by
separating the terms satisfying the condition (n; — m;) + 2(ny — mp) + - - - + K(ng — mg) = M. Let us assume for convenience

that ClAl = 1, so the complex Fourier coefficients take the form

Gy = ZZ . ZZZ . 'Z‘]ﬂl(pl)einlﬁlan(pz)einzﬂz e,

n m ng mp  nmp mg

X sz (pZ )e

< (PK)E™ K T (prYe” ™

—imy ¥y —img Vg Ay +2ma~+---+Kmg
et JmK (pK)e in+2m+ +Kng Snl+2nz+---+Kn,<,m1+2m2+~--+KmK+M~ (15)

By rewriting the summation indexes, the coefficients can be written in a simplified form, in which the motion-dependent and
energy-dependent terms can be separated, leading to the equation

o0
Gu=e"" > Py mPiON y (16)
N=—o0

where * denotes the complex conjugate,

Py = ZZ Z.]m(pz)emz(l?z 2191)J (3 )em;(ﬁ; 39))

na n3

T (PR)EE KK Ty oy s 3ms ot (P1)s 17
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FIG. 2. Top left: Schematic representation of the Q) matrix.
Yellow squares show the diagonal matrix elements QY. Blue squares
show the elements QY 4 shifted from the diagonal by M = 3. These
are the elements used for calculating the G; Fourier coefficient of
the y-ray intensity signal. Bottom right: Schematic illustration of the
overlap between the emission spectral line with the mean angular
frequency ws and the absorption spectral lines with mean angular
frequencies w,, w, + n<2, and w, + m<2. The overlap with the shifted
absorption resonances by n€2 and m<2 influences the corresponging
Q! matrix element value according to Eq. (18).

and the spectral contribution QY ,, now depends only on two
indexes, N and M, according to

do. (18)

00 Tr{eiz’;—”f(wfnﬂ)d efi%f(wfmfz)d}
o= £

S =)+ (5)

Equations (16) and (18) show that Fourier coefficients Gy
depend on all the Mth off-diagonal elements of the Q) matrix,
which describes spectral overlapping of the source line with
nth and mth shifted nuclear resonances. This is graphically
represented in Fig. 2.

Further simplification of the problem can be achieved by
applying the integral form of Bessel functions:

1 T .
J,(x) = o / el=xsiny) gy (19)

By substituting Eq. (19) into Eq. (17), the Gy, coefficients in
Eq. (16) can be rewritten as

o0
Gu =) RvimRyON v (20)

N=—00

where the motion-dependent terms take a simple form:

1 T
Ry = —

= ei[Nnylel’k sin (kyfﬂ“]dy. 21
T J_x

Furthermore, by substituting y = —Q in Eq. (21), we get the
time integral form of the Ry coefficient:

Ry = % / P S s @roNalg ()

r
2

where T is the motion period. By comparing the sum in the
exponent of the integrand with Eq. (9) defining the absorber
motion, we can see that they differ only in the factor of wg/c.
Consequently, Eq. (22) can be expressed as

1 % . A
Ry = — / oD mING gy (23)
rJj-z

Equation (23) shows that the Ry coefficients, which are used
in the Fourier series description of the time-delay histograms
(14) using complex coefficients Gy, in Eq. (20), are the Fourier
coefficients of ¢/ /@ je.,

(o]
ei"zfsl(t): Z RNeiNQt. (24)

N=-o0

Equations (20) and (24) introduce an elegant way of find-
ing the relation between the Fourier series of the time-delay
histograms and the absorber periodic motion. This can bring
a deeper insight into the problem of the transmission of
y-photons through an acoustically modified absorber. Addi-
tionally, in comparison to results in Sec. II B and analogous
descriptions of the modulated y -ray intensity in the literature,
the presented results (considering the periodic intensity wave-
forms) allow one to reduce the number of summation indices
and decrease the computation time. At the same time, Eq. (20)
shows that the parameters of the spectral conditions and the
parameters of the periodic motion are separated in the corre-
sponding OV +u and Ry Ry, terms. This can be an advantage
over numerical calculations [14] for specific purposes, e.g.,
where only one set of parameters is being evaluated and the
other is kept unchanged.

IV. SIMPLE HARMONIC MOTION
OF SINGLET ABSORBER

In this section we show the equivalency of the Fourier
series approach to describing time-delay histograms with the
description presented in the literature for a special case [1].
Namely, let us consider a singlet absorber, where STFe does
not exhibit additional splitting of the nuclear energy levels
[11] and only a single transition with the mean energy /iw,
can be induced. The matrix element Q) of the time-delay
histogram spectral contribution then simplifies to

_j%eff

I I

deff 20 _ 21

® , 2 (meaﬁ% w—mﬂ—wa—i%>
2 r\2

-0 (0 —ws)” + (55

where d.g is the effective thickness of the absorber [11]. Next,
we assume a simple harmonic absorber motion in the form

I(t) = Lsin (2 + @), (26)

dow, (25)

where L is the harmonic vibration amplitude and ¢ is the
initial phase. Since according to the Jacobi-Anger expansion,
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ios]

the complex motion exponential ¢/ /) can be written as

o0
L@ _ 3 V@t (7

N=—o0

where p = wsL/c, the general coefficients Ry in Eq. (24)
simplify to

Ry = Jy(p)e™?, (28)
and
o0
Gy = Z JN+M(P)€'M¢JN(P)Q%+M’ 29
N=—o00

where the spectral contribution terms are given by Eq. (295).
Substituting Eq. (14) gives the resulting time-delay histogram
described for the considered conditions:

oo
L)y="" Ivim(PIvpION ™. (30)
M,N=—00

By substituting the indexes N + M = nand N = m and taking
the real part of Eq. (30), the time dependence I (¢), which is
a real-valued function, can be simplified into the formula of
Vagizov et al. [1].

V. TRAPEZOID ABSORBER MOTION

The full utilization of the Fourier series description is
demonstrated on the application of the trapezoid motion
profile. The trapezoid motion has been used in y-optical ex-
periments to generate the sequences of y-pulses and to induce
short-term absorption [14]. Such intensity signals may find
applications in metrology, quantum information, or y -optical
communication [2-5,9].

The trapezoid motion profile can be defined as

—Fi -t re(-5 -5,
L, re(-55-9),

=14 %t te(5.3), 31)
L, te (3. 55),
—Fi+ i e (D),

where [(t) follows the periodicity relation [(t + T) = I(¢).
Figure 3 shows the plot of the trapezoid time dependence on
the interval (—%, %). The parameters describing /(z) are the
motion amplitude L and the parameter £ describing the time
interval of the linear translation with constant velocity v = Z?L
where 0 < & < % Special limit cases of the trapezoid motion
are the rectangular motion (§ — 0) and the triangular motion
E— 5.

The resulting Ry coefficients can be derived directly by
substituting E;l (31) into Eq. (23). For the index values N #

— %, 0, and i_g’ the coefficients take a simplified form:
&
S 1 ‘5;:
N <p—nN% nN) s1n<p b4 T)

£ 1 E
T Y =1V >
+ (p—i—nN% nN>( 1)" sin (p—i—JTNT), (32)

FIG. 3. Trapezoid time dependence of the absorber motion given
by the displacement /(7). The motion profile is shown on the selected
interval showing one period of the absorber vibration.

where p = w;L/c. For N =0and N = :I:% (if such N exist),
the remaining coefficients are

Ry = cos (p) — 2i |:c0s (p) — w}, (33)
T p
_ i W sin (2p)

Ry__y = T|:( DY + 2 } (34)
g sin2p)

Ry = T[1 e } (35)

We can see that all Ry coefficients are real. Additionally,
the symmetry property R_y = Ry can be derived for even N
values and R_y = —Ry for odd N values.

The dependence of the time-delay histograms (14) with the
Fourier series coefficients (20) on the trapezoid motion param-
eters can now be analyzed for the selected spectral conditions.
For simplicity, let us again consider the singlet absorber as
described in Sec. IV. The motion period T = 100 ns corre-
sponding to the fundamental frequency 2/27 = 10 MHz is
further used for the presented simulations.

Figure 4 shows the dependence of the calculated time-
delay histograms on the absorber displacement amplitude L.
The simulations were performed for the constant value of the
&/T ratio set to 0.25. This corresponds to the case where the

20w W 2

(1 1ML s
o MMININNININLN N )
S LLLLLLLLL

0.0

L/X
Iiy (arb. units)

0.0
0 100 200 300 400 500

t (ns)

FIG. 4. Intensity signals in the form of the y-ray time-delay his-
tograms. The horizontal axis shows time delay of the y-photons with
respect to the zero point of the trapezoid motion time dependence.
The vertical axis shows the displacement amplitude in units of the
radiation wavelength. Intensity values are given in the color scale.
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FIG. 5. Fourier coefficients of the complex motion exponential
€@ for the trapezoid displacement /(¢). The horizontal axis shows
the index N of the corresponding Fourier coefficient. The vertical
axis shows the displacement amplitude in units of the radiation
wavelength. The Ry values are given in the color scale.

absorber spends one half of the period in rest and the other
half performing a linear motion towards or from the y-photon
source (see Fig. 3). The amplitude L is shown in the multiples
of the y-photon wavelength A = 2;)’—‘ (which is approximately
86 pm for 14.4-keV photons corresponding to the nuclear
transition of °’Fe). The resonance condition ws = w, was set
for the calculations.

The intensity waveforms exhibit significant qualitative
changes for L values near specific levels, given as either
even or odd multiples of the quarters of the radiation wave-
length. These conditions can be expressed by the following
equations:

A
L’NVJE, (36)

A
L~Q2j+1) 7. (37

where j is a positive integer. Namely, for the amplitude values
satisfying condition (36), a set of j well-resolved pulses is
being formed in the same time intervals in which the absorber
exhibits its linear motion. The total duration of the set of j
pulses is therefore equal to & and the pulse width decreases
with increasing j. In time intervals where the absorber ve-
locity is zero, a monotonous slowly decreasing profile can
be seen. For the amplitudes corresponding to condition (37),
the y-ray pulses are suppressed and the monotonous part is
enhanced. Moreover, an abrupt shift of the pulses and the for-
mation of an additional pulse can be seen when the amplitude
L exceeds the corresponding (2j + 1)% region.

The time-delay histograms can be further inspected using
the Fourier series description. The dependence of the Ry
coefficients on the displacement amplitude L is shown in
Fig. 5. The corresponding Fourier coefficients of the time-
delay histograms Gy, are shown in Fig. 6. Regions where
the time-delay histograms change their overall shape can be
clearly seen in the frequency domain. These are the regions in
which the real or imaginary parts of selected Fourier coeffi-
cients approach zero levels when transitioning between their
positive and negative values (see the white horizontal zones in
Fig. 6).

Figure 5 exhibits a clear V shape, which shows that
the highest significant Nth harmonic contributions to I ()
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FIG. 6. Real and imaginary parts of the y-radiation intensity
Fourier coefficients. Horizontal axes show the index M of the
corresponding Fourier coefficient. The vertical axis shows the dis-
placement amplitude in units of the radiation wavelength. The
Re[Gy] and Im[G),] values are given in the color scale.

linearly increase with increasing L. This is also reflected in the
shape of the Gy, graph in Fig. 6, showing the close connection
between the Fourier decomposition of I () and of ¢! /@), Ad-
ditionally, Fig. 6 shows that the resonance condition w5 = w,
results in Gy = O for all odd values of M. Consequently, the
time dependence of the radiation intensity exhibits a period-
icity with double the fundamental frequency in comparison to
the motion frequency €2/2s. This can be seen in Fig. 4 where
the period of the formed y-photon pulses is 50 ns, which is
half the motion period.

Figure 7 displays time-delay histograms together with the
corresponding Ry and Gy, coefficients for selected ampli-
tudes of the absorber displacement, namely, L = j % with
j=1,2,3,and 4. The Ry coefficients can be calculated by
substituting the respective p = jm values in Egs. (32)—(35).
For N # — %, 0, and %, the coefficients take the form

. 2%sin (TN &
RN — (_1)./+l .] 2,:( : T) : (38)
nN(j=N3)(j +N35)
for even N values and
. 2ifsin(nNE
Ry — 1y 2T sin (1) (39)

7(j=NF)(+NF)

for odd N values. Equations (38) and (39) describe the oscil-
lating sinc-like modulation of Ry coefficients with increasing
N (see the top-right plots with the blue bars in Fig. 7). Anal-
ogous modulation can also be observed for the corresponding
Gy coefficients (bottom-right plots with green and red bars in
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FIG. 7. Selected y-optical intensity signals (left, purple lines),
corresponding Fourier coefficients (bottom-right, Re[G, ] with green
rectangles, Im[G, ] with red rectangles), and the Fourier coefficients
of the complex motion exponential (top-right, blue rectangles). Sim-
ulations correspond to the vibration amplitude values (a) L = % (b)
L=x(c)L =%, and(d) L =2x

Fig. 7). This results in the increase of the number of pulses
within the % = 25ns time interval with increasing L.

VI. CONCLUSIONS

The theoretical description of y-radiation intensity sig-
nals realized by the time coincidence detections of recoilless
y-photons was presented. Periodic waveforms of y-rays were
described semiclassically by applying the index of refrac-
tion model in the absorber reference frame together with the
Fourier analysis of the periodic time profiles. The y-optical
signals can be decomposed into their harmonic contribu-
tions with their amplitudes tunable by the absorber motion
parameters.

A general relation between the Fourier coefficients of the
intensity signal and the complex exponential of the motion
profile was derived. The results can be applied for an arbi-
trary periodic motion and can find usage in the analysis and
optimization problems within experiments utilizing y-photon
sources. These include optimization of arbitrarily selected
y-optical signal shapes, analysis of experiments utilizing gen-
eral nuclear environments and photon polarization states, or
extracting information on a studied motion by inspecting the
frequency domain of the measured time-delay histograms.
Additionally, the potential of the presented formalism for
nuclear resonant scattering experiments utilizing synchrotron
radiation as a source of resonant x-ray photons could be
further investigated. However, such a study would require
incorporating the synchronized nature and the temporal and
spectral properties of the synchrotron radiation pulses into
the theoretical framework, which is beyond the scope of the
present work.

The Fourier series description was applied for analyz-
ing particular intensity signals generated using the trapezoid
absorber motion. The selected simulations demonstrate the
connection between the y-radiation waveforms and the cor-
responding motion profiles. Namely, the systems of y-ray
multipulse signals with increasing number of pulses within
one period and decreasing pulse widths are described in the
frequency domain. The modulation of the Fourier coefficients
and its evolution with increasing the absorber displacement
amplitude are described.

ACKNOWLEDGMENT

The authors thank Palacky University Olomouc for internal
Grants No. IGA_PrF_2024_002 and No. JG_2023_030.

[1] E. Vagizov, V. Antonov, Y. V. Radeonychev, R. N.
Shakhmuratov, and O. Kocharovskaya, Coherent control
of the waveforms of recoilless y-ray photons, Nature (London)
508, 80 (2014).

[2] R. N. Shakhmuratov, F. G. Vagizov, V. A. Antonov, Y. V.
Radeonychev, M. O. Scully, and O. Kocharovskaya, Transfor-
mation of a single photon field into bunches of pulses, Phys.
Rev. A 92, 023836 (2015).

§retrové, and P. Novék, A dual Mossbauer spectrometer for ma-
terial research, coincidence experiments and nuclear quantum
optics, Measurement 215, 112850 (2023).

[4] X. Zhang, W.-T. Liao, A. Kalachev, R. Shakhmuratov, M.
Scully, and O. Kocharovskaya, Nuclear quantum memory and
time sequencing of a single y photon, Phys. Rev. Lett. 123,
250504 (2019).

023243-8


https://doi.org/10.1038/nature13018
https://doi.org/10.1103/PhysRevA.92.023836
https://doi.org/10.1016/j.measurement.2023.112850
https://doi.org/10.1103/PhysRevLett.123.250504

ACOUSTICALLY CONTROLLED PERIODIC ...

PHYSICAL REVIEW RESEARCH 7, 023243 (2025)

[5] R. N. Shakhmuratov, F. G. Vagizov, M. O. Scully, and O.
Kocharovskaya, Application of the low-finesse y -ray frequency
comb for high-resolution spectroscopy, Phys. Rev. A 94,
043849 (2016).

[6] F. Vagizov, R. Shakhmuratov, and E. Sadykov, Application of
the Mossbauer effect to the study of opto-acoustic phenomena:
Mossbauer effect applied for studying opto-acoustic phenom-
ena, Phys. Status Solidi (b) 252, 469 (2015).

[7] R. N. Shakhmuratov and F. G. Vagizov, Application of the
Mossbauer effect to the study of subnanometer harmonic dis-
placements in thin solids, Phys. Rev. B 95, 245429 (2017).

[8] R. N. Shakhmuratov and F. G. Vagizov, Mossbauer method for
measuring subangstrom displacements of thin films, JETP Lett.
108, 772 (2018).

[9] R. Shakhmuratov, A. Zinnatullin, and F. Vagizov, Cryptography
with stochastic photons, Europhys. Lett. 147, 38001 (2024).

[10] R. Rohlsberger, Nuclear Condensed Matter Physics with
Synchrotron Radiation: Basic Principles, Methodology and Ap-
plications (Springer, Berlin, 2004).

[11] P. Giitlich, E. Bill, and A. X. Trautwein, Mdssbauer Spec-
troscopy and Transition Metal Chemistry (Springer, Berlin,
2011).

[12] J. E. Monahan and G. J. Perlow, Theoretical description of
quantum beats of recoil-free y radiation, Phys. Rev. A 20, 1499
(1979).

[13] G. V. Smirnov and W. Potzel, Perturbation of nuclear excitons
by ultrasound, Hyperfine Interact. 123, 633 (1999).

[14] A. Stejskal, V. Vrba, and V. Prochdzka, Towards flexible
intensity control of resonantly scattered y-rays using multi-
frequency vibrating resonant absorber, Appl. Phys. Lett. 126,
084102 (2025).

[15] Y. V. Radeonycheyv, I. R. Khairulin, and O. A. Kocharovskaya,
On the possibility of propagation of gamma-ray photons at
a velocity less than 6 m/s at room temperature by means of
acoustically induced transparency, JETP Lett. 114, 729 (2021).

[16] P. Helisto, E. Ikonen, and T. Katila, Enhanced transient effects
due to saturated absorption of recoilless y radiation, Phys. Rev.
B 34, 3458 (1986).

[17] R. N. Shakhmuratov, Transformation of subradiant states to
superradiant states in a thick resonant medium, Phys. Rev. A
90, 013819 (2014).

[18] R. N. Shakhmuratov, F. G. Vagizov, and V. Ya. Gaiduk, Meth-
ods of coherent control of spectral and temporal properties of
gamma photons and their potential applications, Crystallogr.
Rep. 65, 409 (2020).

[19] Y. V. Radeonychev, I. R. Khairulin, F. G. Vagizov, M. Scully,
and O. Kocharovskaya, Observation of acoustically induced

transparency for y-ray photons, Phys. Rev. Lett. 124, 163602
(2020).

[20] Y. V. Radeonychev, V. A. Antonov, F. G. Vagizov, R. N.
Shakhmuratov, and O. Kocharovskaya, Conversion of recoilless
y radiation into a periodic sequence of short intense pulses in a
set of several sequentially placed resonant absorbers, Phys. Rev.
A 92, 043808 (2015).

[21] I. R. Khairulin, V. A. Antonov, Y. V. Radeonychev, and O.
Kocharovskaya, Ultimate capabilities for compression of the
waveform of a recoilless y-ray photon into a pulse sequence
in an optically deep vibrating resonant absorber, Phys. Rev. A
98, 043860 (2018).

[22] I. R. Khairulin, V. A. Antonov, Y. V. Radeonychev, and O. A.
Kocharovskaya, Transformation of Mdssbauer y-ray photon
waveform into short pulses in dual-tone vibrating resonant ab-
sorber, J. Phys. B: At. Mol. Opt. Phys. 51, 235601 (2018).

[23] I. R. Khairulin, Y. V. Radeonychev, V. A. Antonov, and O. A.
Kocharovskaya, Optimal motion law of a resonant nuclear ab-
sorber for the formation of short pulses of Mdssbauer radiation,
Radiophys. Quantum Electron. 65, 247 (2022).

[24] I. R. Khairulin and Y. V. Radeonychev, On-demand acoustic
shaping of Mdssbauer y -ray photons, Phys. Rev. A 111, 023713
(2025).

[25] I. R. Khairulin, Y. V. Radeonychev, and O. Kocharovskaya,
Slowing down x-ray photons in a vibrating recoilless resonant
absorber, Sci. Rep. 12, 20270 (2022).

[26] K. P. Heeg, A. Kaldun, C. Strohm, P. Reiser, C. Ott, R.
Subramanian, D. Lentrodt, J. Haber, H.-C. Wille, S. Goerttler,
R. Riiffer, C. H. Keitel, R. Rohlsberger, T. Pfeifer, and J. Evers,
Spectral narrowing of x-ray pulses for precision spectroscopy
with nuclear resonances, Science 357, 375 (2017).

[27] K. P. Heeg, A. Kaldun, C. Strohm, C. Ott, R. Subramanian, D.
Lentrodt, J. Haber, H.-C. Wille, S. Goerttler, R. Riiffer, C. H.
Keitel, R. Rohlsberger, T. Pfeifer, and J. Evers, Coherent X-
ray—optical control of nuclear excitons, Nature (London) 590,
401 (2021).

[28] M. Blume and O. C. Kistner, Resonant absorption in the pres-
ence of Faraday rotation, Phys. Rev. 171, 417 (1968).

[29] W. Sturhahn, Nuclear resonant spectroscopy, J. Phys.: Condens.
Matter 16, S497 (2004).

[30] G. V. Smirnov, General properties of nuclear resonant scatter-
ing, Hyperfine Interact. 123, 31 (1999).

[31] J. P. Hannon and G. T. Trammell, Coherent y-ray optics,
Hyperfine Interact. 123, 127 (1999).

[32] U. Fano, Remarks on the classical and quantum-mechanical
treatment of partial polarization, J. Opt. Soc. Am. 39, 859
(1949).

023243-9


https://doi.org/10.1103/PhysRevA.94.043849
https://doi.org/10.1002/pssb.201451391
https://doi.org/10.1103/PhysRevB.95.245429
https://doi.org/10.1134/S002136401823008X
https://doi.org/10.1209/0295-5075/ad63c8
https://doi.org/10.1103/PhysRevA.20.1499
https://doi.org/10.1023/A:1017092411438
https://doi.org/10.1063/5.0249167
https://doi.org/10.1134/S0021364021240061
https://doi.org/10.1103/PhysRevB.34.3458
https://doi.org/10.1103/PhysRevA.90.013819
https://doi.org/10.1134/S1063774520030311
https://doi.org/10.1103/PhysRevLett.124.163602
https://doi.org/10.1103/PhysRevA.92.043808
https://doi.org/10.1103/PhysRevA.98.043860
https://doi.org/10.1088/1361-6455/aaeb84
https://doi.org/10.1007/s11141-023-10209-3
https://doi.org/10.1103/PhysRevA.111.023713
https://doi.org/10.1038/s41598-022-24114-8
https://doi.org/10.1126/science.aan3512
https://doi.org/10.1038/s41586-021-03276-x
https://doi.org/10.1103/PhysRev.171.417
https://doi.org/10.1088/0953-8984/16/5/009
https://doi.org/10.1023/A:1017007520099
https://doi.org/10.1023/A:1017011621007
https://doi.org/10.1364/JOSA.39.000859

