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Optical response by time-varying plasmonic nanoparticles
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The temporal modulation of material parameters enables optical amplification within linear media. Here, we
consider a subwavelength metal nanoparticle, the fundamental building block of plasmonics, and study how

temporal modulation alters the optical response of these frequency-dispersive, time-varying, nanostructured
media. We show that periodic temporal modulation gives rise to Floquet replicas of the localized surface plasmon
resonance of the nanoparticle, which can result in light amplification. We propose a model based on a pointlike
dipole description of the time-varying frequency-dispersive nanoparticle that fully captures the radiative and

amplifying properties of the system in the subwavelength regime. By comparing our simplified model to full
Floquet-Mie scattering calculations, we demonstrate that the optical scattering by the nanoparticle is accurately
described by an analytical two-band model. This formulation allows us to introduce an effective two-frequency
polarizability that fully incorporates the properties of the localized surface plasmon and its amplifying replica,

as well as their interaction. In addition, we analyze the emergence of parametric amplification in the modulated
nanoparticle, showing that amplification can be obtained in a broad range of parameters.

DOI: 10.1103/11xz-kz8w

I. INTRODUCTION

The study of materials with time-dependent optical prop-
erties has drawn growing attention due to the possibilities
unlocked by loosening the constraints enforced by energy
conservation, passivity, and reciprocity [1-3]. Such media
have been proposed for diverse wave manipulation applica-
tions, from amplification and linear frequency conversion to
nonreciprocal photonics [4-10]. In this scenario, photonic
time crystals (PTCs) have emerged as a subject of particular
interest. These are media whose refractive index undergoes ul-
trafast and large periodic variations in time [11-13]. Notably,
PTCs have momentum band gaps that support complex-
valued eigenfrequencies responsible for the amplification of
classical fields [14—16] and the quantum vacuum [17-19].

Temporal modulation of electromagnetic media can be
realized across various frequency ranges and platforms.
For instance, in the microwave regime, metasurfaces and
transmission lines can implement modulation via electronic
means [20-25]. At higher frequencies, low Drude weight
semiconductors, such as indium tin oxide and other transpar-
ent conducting oxides, support fast and strong variation of the
refractive index in the near-infrared [26,27]. These materials,
typically described as plasmonic media, i.e., Drude-like me-
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dia, exhibit strong dispersion in the epsilon-near-zero regime
where a large refractive index variation can be realized [28,29]
Additionally, Sb-based plasmonic metamaterials have demon-
strated subcycle modulation at THz frequencies [30].

On the other hand, plasmonic materials are a broadly used
platform for applications such as energy harvesting, surface-
enhanced spectroscopy, and sensing [31-36]. This wide range
of applications stems from their enhanced interaction with
light, which gives rise to large absorption and scattering cross
sections, as well as notable enhancements of electromagnetic
energy in the near-field [37,38]. These effects result from
collective oscillations of Drude-like charge carriers confined
to the conductive material, the well-known surface plasmons.
The properties of these surface plasmons depend on the
spatial structuring of the plasmonic material, a feature that
has been widely used for sensing and spectroscopy [39].
However, time-varying plasmonic nanostructures and the phe-
nomenology that derives from the modulation remain largely
unexplored.

Notably, PTCs have been primarily studied as spatially un-
bound and dispersionless, time-modulated media, i.e., infinite
media with instantaneous material response to an external
field [14,15,17-19,40-42]. In contrast, any physical imple-
mentation of a PTC requires modulating a realistic material
that will generally be dispersive and absorbing, and take the
form of a finite structure. Hence, a growing number of recent
studies focus on formulating theoretical models that integrate
modulation in time with both finite structures [43—46] and
dispersion [47-55]. In this context, dispersion has been shown
to enable enlarged momentum band gaps beyond the capa-
bilities of dispersionless PTCs [56]. Moreover, the properties
of periodically modulated Mie spheres have been studied, re-
vealing effects induced by the modulation, such as directional
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FIG. 1. Illustration of the system under study: A plasmonic
nanosphere with a time-dependent plasma frequency, mapped onto a
time-varying Drude-Lorentz point dipole within the subwavelength
regime.

scattering and light amplification [49,50]. In addition, many
studies have focused on the collective response of ensembles
of time-varying scatterers [45,57,58].

In this work, we investigate the optical properties of time-
varying plasmonic nanoparticles. For that purpose, we build
upon previous studies on time-modulated Mie nanoparticles
and narrow the analysis to subwavelength plasmonic scat-
terers, which constitute the fundamental building blocks of
plasmonics. In particular, we introduce temporal modulation
through a time-dependent plasma frequency, and we study the
physical mechanisms arising from the periodic temporal mod-
ulation. We show how this modulation enables new resonant
modes within the nanosphere, which unlock the possibility
of amplification, overcoming material and radiative damping.
To provide more physical insight, we introduce an analytical
two-band description that captures the optical properties of
the time-varying nanoparticles. This simplified description
for subwavelength plasmonic nanoparticles is based on a
parametric Drude-Lorentz electric pointlike dipole whose pa-
rameters model the behavior of the sphere, yielding analytical
insight into the parametric amplification condition (See Fig.
D).

The article is organized as follows: In Sec. II, we introduce
the Floquet 7-matrix formalism and analyze the scattering
properties of time-varying plasmonic particles. In Sec. III, we
revisit the electric dipole approximation for subwavelength
nanoparticles in the scenario where the material properties are
modulated in time, and introduce a two-time polarizability.
In Sec. IV, we present an analytical two-band model for a
time-varying nanosphere that describes it as a two-frequency
Drude-Lorentz dipole and that accurately replicates its opti-
cal response. In Sec. V, we utilize the analytical model to
elucidate the optical properties of time-dependent nanoparti-
cles derived from full Floquet 7-matrix computations. Finally,
conclusions are provided in Sec. VL.

II. SCATTERING BY A TIME-DEPENDENT
PLASMONIC NANOPARTICLE

A. T-matrix formalism for time-varying scatterers

We analyze the optical response of time-varying, isotropic,
and homogeneous plasmonic nanoparticles with spherical ge-

ometry. As a first step, we revisit the optical properties of
bulk plasmonic media subject to a periodic modulation of the
plasma frequency:

@l (1) = wp |1 + ate cos(Q1)], (D

where wys is the static plasma frequency, o, is the modulation
strength, and Q2 denotes the modulation frequency. Electro-
magnetic waves propagating in these media satisfy Maxwell’s
equations, V x E = —9;B and V x H = 9,D, along with the
constitutive relations

D(r, 1) = gE(r, 1) + P(r, 1), (2a)
B(r,7) = woH(r, t), (2b)

where E and H denote the external electric and magnetic
fields, D and B the displacement field and magnetic flux, P
the polarization density, and ¢y vacuum’s permittivity. In par-
ticular, the polarization density obeys a Drude-like transport
equation,

[07 + v 8, ]P(r. 1) = eowy (1)E(r, 1), A3)

with y the Ohmic damping rate of the plasmonic material.
We note that alternative formalisms have been suggested to
describe the effects of a time-varying plasma frequency on
the polarization density [48,59,60], all of which share the
phenomenology of amplification and frequency conversion
explored in this work.

For a time-varying material obeying the constitutive re-
lations in Eq. (2), the polarization density is described by
the two-time susceptibility x.(¢,¢ — 7), which describes the
polarization at time ¢ induced by the external electric field
applied at an earlier time t,

P(r,1) = ¢ f dt xe(t,t — t)E(r, 7). “4)

Because of the periodic nature of the medium’s properties,
the electric susceptibility satisfies the discrete time-translation
symmetry relation:

Xe(t, 1 —7) = Xe(t + 270/, 1 — T), )
with n an integer number. As a result, its double Fourier
transform becomes discrete in its first frequency variable,

]

Xelw—o,0)= Y So—d-nQX(—b,a), ()

n=—00

where §(w) is the Dirac delta function and we adopt the
Fourier transform convention as defined in [49]. The wave
equation for the electric field within the bulk medium is then
expressed in terms of the following set of equations:

V x V x E(r, w,)

= ky(@) - [Em o) + Y K@y — o, 0)E(r, w)}
@)

where w, = w +nQ is the nth frequency harmonic, with
w € [0, ©2) the Floquet frequency, and ko(w) = w/c is the free

023073-2



OPTICAL RESPONSE BY TIME-VARYING PLASMONIC ...

PHYSICAL REVIEW RESEARCH 8, 023073 (2026)

space wave number. In the plasmonic medium under consid-
eration, the Fourier-space susceptibility is given by

X (wy — @, w,) = {e5(wy) — 1}8v,n
+ 8d(wv){5v,n71 + 8v,n+1}» (8)

with &, , being the Kronecker delta. The stationary and dy-
namic relative permittivities are defined as
2 2
w o, w
ps e ps
——— )

Es =éc0o— 75—, & =—= : s
(@) ®? + iwy a(@) 2 @? +iwy

with e denoting the high-frequency dielectric constant that
accounts for the contribution of bound electrons. The wave
equation (7) is solved numerically by truncating the frequency
spectrum to a spectral window of interest. In addition, we use
the method of separation of variables and look for solutions
that satisfy the ansatz

E(w, 1) = /d/c A(x)S (w)F, (1), (10)

where A(k) is a complex amplitude and x> represents the
separation constant. The spatial and spectral parts of the
eigenvectors satisfy the following set of coupled equations:

V x V x F.(r) = «*F,(r), (11a)
2
K

Se@y) + D Re(w, — wp, 0)Sc(wn) = 4

I

Sc(wy), (11b)

with k, = ko(w,). In spherical coordinates, the solutions of
the spatial equation are given by the vector spherical har-
monics Fg ; (k1). The index ¢ distinguishes between radiating
(¢ = 1) and regular (¢ = 3) spherical harmonics. In addition,
! is the multipolar order of the wave vector, and m denotes
the angular momentum along the z axis. Finally, the label g
indicates the polarization of the wave, which can be either
transverse electric (M) or transverse magnetic (N) [61]. This
approach allows us to determine the eigenvectors of the bulk
material, which are needed for computing the optical proper-
ties of the nanoparticle [49].

Now we investigate the optical properties of the time-
varying spherical nanoparticles embedded in vacuum. To
address this scattering problem, we use the Floquet-Mie 7-
matrix formalism developed by Ptitcyn et al. [49]. Using this
approach, we evaluate the optical response of the particles
through the two-time electric response function. To extract the
T -matrix of the sphere, we express the scattered and incident
fields in terms of vector spherical harmonics,

Ea(r, o)) = Y Ef (0)FS) (k). (12)
B.l,m

Einc(r, @,) = Y ES, (0,)Fy) (k,r). (13)
B.l,m

Using the eigenstates of the bulk material given by Eq. (10),
and prescribing continuity conditions for both transverse
electric and magnetic fields at the surface of the particle,
the unknown complex amplitudes E:f;"‘m are derived from

the known incident amplitudes Eé“?m The connection is given
by the T-matrix [49]:

Eg (@) =Ty () - EJ%, (), (14)

where we define the column vector:
Ex(@) = [ Ex(o-1) Ex(wo) Ex(w1) ---1",  (15)

with A labeling the degrees of freedom of the electric field.
In general, the T-matrix depends on the particle radius, the
eigenstates of the time-varying bulk material, and the envi-
ronment refractive index, but it is independent of the angular
momentum projection m along the z axis.

We focus our study on the absorption cross section of
time-dependent nanoparticles. This magnitude quantifies the
rate at which electromagnetic energy is absorbed by a system
embedded in a nondissipative environment when excited by
an external field. For a monochromatic incident plane wave at
frequency w;,,

Eine(z, 1) = Ep exp [i(wnt — kn2)]X, (16)

1
V2
the normalized absorption cross section can be evaluated at
each harmonic frequency w, and is given by

[v,n]

aM@) = 8,0 0l (@) — ol (), (17)

where o0y, and o denote the normalized scattering and ex-
tinction cross sections, respectively [62]:

2 A
[v,n] _ sca n
7@ = ay Eﬁ,, @+ D{TFi@),

2

(18)

[v,n] __2—7[ Twsca n
oo () = kg(wu)A;(ZHl)m[{TﬂJ(M)}v]’ (19)

with {T;C‘}(a))}ﬁ being a matrix element of the 7-matrix and
A = mR? the nanoparticle’s area under illumination.

B. Optical spectrum of periodic time-dependent
subwavelength nanoparticles

In the subwavelength regime, defined by x = ky(w)R K 1
for a nanoparticle of radius R, it is well known that plasmonic
nanoparticles respond to external fields as electric dipoles. We
now use the T-matrix formalism introduced in the previous
section to analyze the optical response of time-modulated
plasmonic nanoparticles. Specifically, we use Eq. (17) to
compute the absorption spectra of subwavelength plasmonic
nanospheres. Notably, in the time-modulated scenario, where
different frequencies are coupled, the subwavelength regime
is defined by

X, = ko(@a)R < 1. (20)

To facilitate a quantitative description, throughout this work,
the parameters of the plasmonic medium are taken to be those
of silver: wps =8.9eV,y =38meV, and g, =5 [63]. In
the nonmodulated setting, the absorption cross section of a
subwavelength plasmonic nanoparticle exhibits a distinct peak
at the localized surface plasmon (LSP) resonance frequency,
wisp- For x — 0, the nanoparticle is resonant at

o= o) = o [l £ D

As the radius of the nanoparticle grows, the maximum of
the normalized absorption spectrum also increases, while the
LSP resonant frequency undergoes a redshift. For a given
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FIG. 2. Normalized absorption cross section of a temporally modulated silver sphere as a function of the nanoparticle radius and for two
values of the modulation strength: oe = 0.15 [panel (a)] and 0.25 [panel (b)]. Modulation frequency is fixed at 2 = 6.0 eV = 0.67 w,,. The
inset shows an enlarged view of the region enclosed in the square marked by the dashed gray line. The orange lines mark the localized surface
plasmon resonance in the absence of temporal modulation, wp, and the first-order Floquet replica of its negative frequency copy, 2 — wisp.

threshold, around 12 nm for silver nanoparticles, retardation
effects become more important, broadening the resonance and
reducing the maximum of the normalized absorption spectrum
through radiative losses.

The effects of time-modulated material parameters on the
optical response of plasmonic spheres are presented in Fig. 2.
We show density plots of the absorption spectra as a func-
tion of the sphere radius, calculated with the full 7T-matrix
[Eq. (17)]. We take a fixed value of modulation frequency,
Q = 6.0 eV (smaller than silver’s plasma frequency) and two
values of modulation strength: a weaker modulation, a, =
0.15 [panel (a)], and a stronger modulation, o, = 0.25 [panel
(b)]. For the lower modulation strength, the particle exhibits
a single resonant mode, characterized by a maximum in the
absorption spectrum. This resonant eigenmode is the LSP, as
in the static system, redshifted due to the periodic temporal
modulation. This shift is evident when compared to the solid
orange line, which signals the LSP dispersion in the absence
of modulation. The inset panel shows an enlarged view of the
resonant mode to improve its visualization. The LSP of the
time-varying nanoparticle behaves as the conventional one: It
further redshifts as the radius grows and exhibits a maximum
in the absorption cross section around R ~ 12 nm.

In Fig. 2(b), we show the effects of a stronger temporal
modulation with o = 0.25. In this case, the LSP behaves sim-
ilarly to the weakly modulated scenario [panel (a)], although
with a more pronounced redshift compared to the LSP of the
unmodulated nanosphere (plotted again as an orange line). In
addition, we find that increasing the modulation strength leads
to the emergence of a new resonance with negative absorption
cross section, seen in blue in the plot. Unlike conventional
resonances in plasmonic systems, the new resonance is asso-
ciated with optical amplification. Notably, it emerges as the
first-order Floquet replica of the negative frequency copy of
the LSP, such that it follows @ = Q — wip(R) (see orange
line), but this time with a blueshift. For this reason, the new
resonance’s dispersion with the radius is mirror symmetric to
that of the LSP with respect to @ = €2/2. In addition, and con-
trary to what we observe in the conventional LSP, the height
of this minimum increases monotonically with R, and it also

broadens, surviving at radii values for which the absorption
cross section of the original LSP becomes very small due to
radiative loss.

III. ELECTRIC DIPOLE APPROXIMATION REVISITED
FOR TIME-VARYING PARTICLES

As we have seen, the optical response of a time-dependent
plasmonic particle in the subwavelength regime is dominated
by the dipolar electric resonances, the LSP and its negative-
frequency counterpart. In the following section, we revisit
the electric dipole approximation for the time-varying case
and derive an equation for the polarizability of the scat-
terer, which, in contrast to the nonmodulated scenario, is
now a two-time polarizability. We note that two-time polar-
izabilities for pointlike dipoles modulated in time were first
defined by Mirmoosa et al. outside the parametric amplifica-
tion condition [60]. Additionally, Sloan ef al. studied response
functions of time-varying media, such as polarizability of
time-modulated particles, within linear response theory [51].
Here, we provide an expression for the two-frequency polar-
izability of a time-modulated dipole in terms of its 7-matrix
elements. Next, building upon a two-band model that we
introduce in Sec. IV, we employ the time-varying dipole de-
scription to analyze the onset of parametric amplification.

First, within the Floquet-Mie framework, we can write the
field scattered by time-varying nanoparticles [Eq. (13)] within
the subwavelength regime as just the contribution of modes
with dipolar electric character: {8, [} = {N, 1}. Hence, for a
given Floquet harmonic v, the scattered field reads as

_ 3 N n
Bu(r.0,) = ZEo{ T34 1117 x 314l

(22)
where h;l)(x) is the spherical Hankel function of the first
kind of order /, and we have used the coefficients from the
plane wave expansion in terms of regular vector spherical
harmonics,

EP (@n) = 20 Egy 1 8m + (=18, 1), (23)
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with y;,, being the normalization coefficient of the vector
spherical harmonics [61]. We note that we have numerically
verified that the 7T-matrix elements satisfy

[T¥9@))) ~ 0, if (8,1} # (N. 1}, (24)

which extends the analytical approach used for Mie coeffi-
cients in subwavelength nonmodulated scatterers [62].

On the other hand, we now consider a time-modulated elec-
tric point dipole. The response of such a scatterer is driven by
a two-time-dependent polarizability: « (¢, — 7). Hence, upon
excitation by an external field, the dipole moment verifies the
following equation:

p(r,t) = /dl’ a(t,t — 7)Epc(r, 7). (25)

Assuming a time-periodic modulation as in the previous sec-
tion and Fourier transforming to the spectral domain, we have

P(r,®) =) (@, — o, @)Eine(r, @) (26)
k

Scattering by such a pointlike dipole upon excitation by a
monochromatic plane wave with frequency w, leads to the
following magnetic field at a harmonic frequency w,:

3

— k
Buip(r, ©,) = — iJﬂ@JXN%Wh& 27)

c4m

with the dipole located at the origin of coordinates, as in the
T-matrix formalism for the nanoparticle [64].

We can now compare the expressions for the magnetic
fields scattered by the subwavelength plasmonic scatterer
[Eq. (22)] and by the time-dependent point dipole [Eq. (27)],
thereby deriving an identity that links the elements of the
two-time polarizability tensor with the 7-matrix components:

A(wy — Wy, W) = dreo{ TV (@)} (28)

3i
2k ()
This expression is the generalization of the one that connects
the polarizability of a static electric dipole, o, with the first-
order electric Mie coefficient of a subwavelength conventional
sphere, a; (w) [62]:

&y(w) = 6imeoar () / kg (o). (29)

With Eq. (28), we have derived a closed expression for the
two-frequency polarizability of a modulated nanosphere that
is virtually exact in the subwavelength regime. Finally, we
may formulate the normalized scattering and extinction cross
sections of the nanoparticle (or the time-varying electric point
dipole) in terms of its dipolar polarizability as

[v,n] ky 2

Usce;,p (w) = 67T8(%A | a(wv — Wy, wn)| 5 (30)
[v,n] ky ~F =

O'ext,p(w) = SOANS[O[(G)U — Wy, wy)]. 31

Both expressions are obtained by substituting Eq. (28) into
the cross section formulas of a time-varying nanoparticle
[Egs. (19) and (20)]. Additionally, the absorption spectrum is
derived from the above expressions.

IV. TIME-VARYING DRUDE-LORENTZ
POINT-DIPOLE MODEL

After revisiting the electric dipole approximation and
deriving a two-frequency polarizability for time-modulated
nanospheres, we now propose a Drude-Lorentz pointlike
dipole model with time-varying coefficients. This description
appropriately captures all the ingredients needed to model the
scattering by the time-dependent nanoparticle.

In particular, we model the time-dependent plasmonic
sphere as an electric pointlike dipole whose dynamics are
governed by a Drude-Lorentz differential equation:

[07 +7 8 + @/ ()]pL(t) = eo@p()Einc(t).  (32)

where @, () denotes the time-varying resonant frequency of
the dipole, @,(¢) is the time-dependent effective plasma fre-
quency, and the damping factor = y + 1.4 includes both
Ohmic and radiative losses, with

Vead = 2R 0, (R) [ (P 3}). (33)

This is defined so that the dipole reproduces the radiative be-
havior of the nanoparticle, although appropriately accounting
for radiative corrections in large nanoparticles would require
using the Abraham Lorentz model. The temporal dependence
of the Drude-Lorentz frequencies is taken following the mod-
ulation of the plasma frequency in the original model:

OF(t) = @A + ae cos(Q21)], (34)
@2(1) = @ [1 + e cos(Q1)]. (35)

Here, & and @, are taken to reproduce the optical properties
of a static sphere in the subwavelength regime, such that
the resonant frequency is given by the LSP frequency of the
nanoparticle, & = wigp , and the effective plasma frequency
relates to the nanoparticle’s parameters through

@y, = 127 R wi,(R) [ ). (36)

These identities are all formally derived in the Appendix.

If the modulation strength «. is sufficiently weak, the
optical response of the pointlike dipole is governed by the
fundamental and first negative Floquet harmonics. We stress
that within our framework, these are two Floquet modes of the
nanoparticle, and not of the bulk medium, as in the two-band
model of the scatterer of Ref. [50]. Hence, we can express
Eqg. (32) in the frequency domain as follows:

PL@—9)] . | Eilo—Q)
[ mw)}_“@{ Eine(®) } Gn

where &(w) is an effective polarizability tensor, given by

S -
d(w)=A| oo 4 S S B €
Gt - aL(w—Q)} F@ 4t
Here, we have introduced
2 ~2 ~2
A=1-0al/4, T=dy/(c wps), 39)
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FIG. 3. (a) Eigenmodes and (b) normalized absorption cross section

0.2

of the time-varying plasmonic particle with radius R = 10 nm, as a

function of the modulation strength o, at a fixed 2 = 6 eV. The orange solid and dashed lines represent the real and imaginary parts of the

system’s eigenstates given by the two-band model, respectively.

and o (w) denotes the polarizability of the corresponding
nonparametric Drude-Lorentz dipole,

(40)

Equations (37) and (38) are a key result of this paper. These
equations enable us to introduce an analytical model that
provides deeper insight into the optical response of the time-
modulated subwavelength particles by reducing them to a
Drude-Lorentz pointlike dipole. Its relevance is twofold. On
one hand, it allows us to analytically find the resonant modes
of the time-varying sphere, unveiling their interplay and co-
alescence into an exceptional point (EP) with a closed-form
equation. On the other hand, it provides us with an effective
polarizability [Eq. (38)]. This quantity is analogous to the
effective polarizability usually defined in lattices of nanopar-
ticles [65], which characterize all the geometric effects of the
array as well as the properties of the scatterers in a single
quantity. In contrast, our effective polarizability captures all
frequency conversion and gain effects of the Floquet medium,
as well as the material and radiative properties of the nanopar-
ticle, in a single quantity. Moreover, it allows us to evaluate
the absorption cross section by applying Egs. (31) and (32).

V. UNVEILING THE OPTICAL RESPONSE
WITH A TWO-BAND MODEL ANALYSIS

We now utilize the two-band model to examine in detail
the optical response of time-varying plasmonic nanoparticles
obtained from exact 7-matrix computations. First, we analyze
the interaction between the two resonant modes as we shift
the relevant parameters of the system: the modulation strength
and the modulation frequency.

In Fig. 3, we illustrate the optical response of the time-
varying nanoparticle as a function of o« for a fixed value
of modulation frequency, 2 = 6.0 eV (same as in Fig. 2).
In panel (a), we illustrate the particle’s eigenfrequencies in
the complex plane, derived from the Floquet 7-matrix in the
electrical dipole approximation. For each value of o, we
show the two eigenfrequencies that correspond to the LSP

and its amplifying counterpart, plotted with crosses of the
same color. For low modulation strengths, starting with the
dark blue cross at o = 0, the real parts of the two eigen-
frequencies are symmetric with respect to €2/2, while their
imaginary parts are fixed at half the effective losses of the
nanosphere. As «. increases, the interaction between the two
resonances intensifies, and the real parts of their resonant
frequencies drift toward each other until they coalesce at an
EP, located at agp = 0.40895 with Re(w) = ©2/2. From here
on, further increasing o, results in a shift of the imaginary
part of the eigenmodes, while their real parts remain constant.
Particularly, one of the eigenfrequencies shifts upward along
the imaginary axis, while the other drifts downward acquiring
enhanced loss. When the upward-shifting mode intersects the
real axis, the nanoparticle reaches the parametric amplifica-
tion condition (apy = 0.40965). Beyond this threshold, the
T-matrix has poles in the upper half of the complex frequency
plane. In this regime, causality is no longer preserved using
a linear framework, and nonlinear processes must be taken
into account to properly describe the optical response of the
particle [66].

Figure 3(b) shows the absorption cross section spectrum
of the scatterer as a density plot, together with the mode
resonant frequency derived from the two-band formalism, as
a function of the modulation frequency. By looking at the
particle’s spectrum, we recognize the dynamics of the eigen-
frequencies illustrated in panel (a). For low o, the spectrum
exhibits a single maximum around the LSP. As the mod-
ulation strength grows, a negative absorption dip emerges
in the spectrum, and the conventional maximum redshifts
while preserving the quality factor. In addition, the two local
extrema are symmetric with respect to €2/2, and their posi-
tions match the real part of the eigenmodes of the particle
discussed in panel (a). Notably, although both eigenmodes
have eigenfrequencies with a negative imaginary part, their
scattering properties differ because one of them is the replica
of an eigenmode with negative-valued frequency, such that the
LSP displays absorption and the replica displays gain. As the
modulation strength approaches agp, the two local extrema
converge at €2/2 and we identify a sudden increase in their
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FIG. 4. Parametric amplification threshold in a time-varying sil-
ver nanoparticle as a function of Ohmic and radiative losses at a fixed
modulation frequency, 2 = 6.0 eV. The dashed lines illustrate the
results obtained from the two-band model, and the solid lines those
derived from the Floquet 7-matrix.

absolute value, followed by the vanishing of both extrema
in the spectra. The absorption enhancement is related to the
parametric amplification condition that takes place when the
system has a real-valued eigenfrequency (agp ~ apa), while
the disappearance of the extrema results from the decoupling
between complex-valued resonances and incident light with
real-valued frequency. As a result, beyond apa the influence
of higher-order Mie multipoles becomes more pronounced in
the absorption spectrum.

In addition, in Fig. 3(b) we show the eigenvalues of the
system derived from the two-band model with an orange line
on top of the absorption cross section. For small ¢, the eigen-
modes predicted by the two-band model closely reproduce the
resonances of the system: The real parts of the two eigen-
frequencies (solid orange line) nicely follow the absorption
peak and gain dip. Specifically, when the modes are well
separated in the frequency spectrum, their energy shift is well
predicted by the simplified model and the resonant frequency
reads A - wisp. Thus, our two-band model is able to accurately
capture the frequency shifts from the LSP as a consequence
of the temporal variation. Coalescence of the two eigenmodes
in an EP is also nicely reproduced, albeit at a slightly lower
value of o, than the one obtained from computations. The
reason behind this discrepancy is that the two-band model is a
very good approximation for smaller modulations, while it is
less accurate for higher «.. After coalescing at the EP, the real
part of the two eigenvalues stays at @ = 2/2, and their two
imaginary parts deviate from each other, in agreement with
the discussion of Fig. 4(a). In addition, the two-band model
provides analytical equations for the parameters o, at which
the exceptional point and parametric amplification occur:

4

oy = w—4{w2 — (@ +7%)/4), (41a)
4 202

ol = @—4{@@ —Q*/4) + ~ ? (41b)

IS IS

for a system with fixed modulation frequency and radius.
Equation. (41) shows that in the low loss limit @ > 7, the
condition for parametric amplification and the exceptional
point occur at nearly the same modulation strength.

We now discuss the influence of both loss mechanisms,
Ohmic and radiative damping, on the onset of parametric
amplification. These losses are related to the quality factor
of the static scatterer, whose absorption spectrum exhibits a
Lorentzian profile, with a linewidth set by the effective damp-
ing. From Eq. (41b), we find that the threshold for parametric
amplification increases with the inclusion of dissipation, y #
0. This response results from the shift of the 7-matrix poles
away from the real axis as the damping increases. In particu-
lar, in the absence of Ohmic loss, the parametric amplification
threshold still depends on radiative loss and is expressed as

4 ) 202
o2y (y =0) = 5)_4{6035 —Q*/4) + — Y2y (42)

TS IS

Including material loss modifies the squared modulation
strength threshold through a quadratic and a linear term on y,
with the linear term controlled by the radiative loss. There-
fore, we find two regimes when evaluating the difference
app(y) — a3, (0) as a function of the parameter y: one in
which radiative loss dominates, ;1,4 > ¥, resulting in a linear
variation with y, and another in which Ohmic loss dominates,
Yrad < ¥, leading to a quadratic response with y. Figure 4
illustrates this behavior. It shows the increase of ap, with
respect to material loss across different particle sizes, i.e.,
different radiative losses. In particular, we show the results
obtained with both the full T-matrix and the two-band de-
scription, depicted by solid and dashed lines, respectively. For
small nanospheres, both methods yield similar results, and
the modulation strength threshold for parametric amplification
increases quadratically with y. As the size grows, radiative
losses become more relevant, leading to a linear dependence
of (xfz,A on the Ohmic loss parameter. In this regime, the sim-
plified two-band model overestimates the quality factor of the
scatterer and thus underestimates the parametric amplification
threshold, explaining the deviation of the two-band model
results from the numerical ones.

Next, in Fig. 5, we study the dependence of the opti-
cal response on the modulation frequency in two regimes
of modulation strength: «. = 0.2 [panel (a)] and o =
0.6 [panel (b)]. We show density plots of the normal-
ized absorption cross section spectrum, computed through
the 7-matrix formalism as a function of the modu-
lation frequency for a nanoparticle with radius R =
10 nm. For the weaker modulation scenario, [see Fig. 5(a)],
the spectrum features the interaction between the two modes
discussed in Figs. 2 and 3: the conventional LSP and its
amplifying replica stemming from negative frequencies. In
the noninteracting limit, the LSP yields a nondispersive peak
in the absorption spectrum at @ = wjsp, whereas the replica
linearly disperses with the modulation frequency following
w =  — wigp, and results in a dip in absorption cross section,
seen in blue. Increasing €2, we observe that these features are
overall maintained, but the interaction adds complexity when
the two modes approach each other, as we can also see through
the two-band model (eigenvalues plotted with an orange line).
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FIG. 5. Absorption cross section of a temporally modulated silver sphere with radius R = 10 nm as a function of the modulation frequency
Q for fixed modulation strength: oe = 0.2 [panel (a)] and &, = 0.6 [panel (b)]. The orange solid and dashed lines represent the real and
imaginary parts of the system’s eigenstates given by the two-band model, respectively. In addition, the dotted-dashed gray lines represent

w=n-Q/2,withn € [1,5].

The two modes, symmetric with respect to w = /2, first
approach each other as €2 increases. Then, as the modulation
frequency approaches twice the LSP frequency, 2 = 2 wiyp,
the two resonances coalesce. This feature is equivalent to
the coalescence we discussed in Fig. 3(a) and results in the
formation of an Q2 gap. Such a behavior is reminiscent of the
momentum gaps in PTCs and also originates from pairs of
complex frequency states. In fact, the two eigenvalues share
their real part across the band gap, while their imaginary
parts split apart, one going toward negative values and the
other one toward positive ones. This can also be seen with
the dashed orange lines, which illustrate the imaginary parts
of the eigenvalues as obtained from the two-band model.
Further increasing €2, the two eigenfrequencies coalesce again
into two real bands, and their real parts continue to follow
the dispersions of both the LSP and its amplifying replica.
Interestingly, since in this set of results o, is not too large,
the simplified model is able to reproduce the behavior of
the system accurately, even at the parametric amplification
condition. In this regime, we can derive an explicit formula
for the value of modulation frequency €2 at which parametric
amplification arises, given a system with fixed modulation
strength and radius:

Q3 2 2 4 ~2~2 2-413%
T:(Za)rs—y ):I:{y — 4y a)rs—i—aea)rs} , 43)
The two solutions, 2, and 2_, define the boundaries of the
Q-space gap, in which the real part of the eigenvalues equals
half the modulation frequency.

Figure 5(b) shows the absorption cross section spectrum
for the scenario of stronger modulation, o, = 0.6. In this
regime, we see the effect of higher-order Floquet replicas
of the negative frequency partner of the LSP, which also
result in amplifying windows, but for lower values of the
modulation frequency. The phenomenology is similar to the
one already discussed for the interaction between the LSP
and the first-order amplifying Floquet replica, which can be
seen around the coalescence at  ~ 5.5 eV. Whenever wip
crosses with a high-order replica of order n, to which it is
symmetric with respect to w = n€2/2 (with n an integer num-

ber), the LSP and the replica coalesce at a half-integer of
the modulation frequency, reaching new parametric amplifica-
tion conditions and resulting in new 2-space gaps with their
associated amplification regime. Thus, in order to reach the
parametric amplification regime, the modulation frequency
may be reduced at the expense of larger modulation strengths.
In addition, we note that the two-band model no longer de-
scribes accurately the behavior of the new resonances.
Finally, we discuss the accuracy of the two-band model in
more detail. Figure 6 shows the absorption cross section spec-
tra of silver spheres derived using both methods provided
in this work: the Floquet-Mie formalism (black lines) and
the two-band model (dashed orange lines). We also plot the
cross section of unmodulated nanoparticles for reference (thin
blue lines). Specifically, we seek to test the validity of the
simplified model by exploring different values of sphere ra-
dius, which we change from R = 5 nm in the first column
to R = 25 nm in the last column, and modulation strength.
Starting with a smaller modulation strength, «, = 0.2 (top
row), we find that the two-band model accurately reproduces
the absorption cross section of nanospheres of radius up to
R =25 nm. The simplified model is able to fully reproduce
the redshift of the LSP compared to the unmodulated sce-
nario, and its radiative broadening, which increases as the
size of the nanosphere grows from panel (1a) to (1d). Addi-
tionally, it captures the emergence of the negative absorption
dip, completely absent in the unmodulated case, and more
prominent as the sphere’s size increases. On the other hand,
increasing the modulation strength to o, = 0.3 (bottom row),
while keeping small values of the radius, as in panels (2a)
and (2b), with R =5 and 15 nm respectively, we observe
that the two-band model is still able to accurately reproduce
both the redshift of the LSP due to the time modulation and
the emergence of the negative absorption peak at the LSP
replica. In contrast, further increasing the radius to R = 20
and 25 nm, as in panels (2c) and (2d), we observe that the
accuracy of the two-band model starts to fail. It anticipates
a higher redshift of the LSP (and a higher blueshift of the
replica) than the T-matrix’s result, and more importantly, it
overestimates the contribution of the amplifying mode, lead-
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FIG. 6. Normalized absorption cross section of a time-modulated silver sphere with modulation frequency 2 = 6.0 eV in terms of the
modulation strength: o, = 0.2 [panel (1)] and 0.3 [panel (2)], and the particle size: R = 5 nm [panel (a)], 15 nm [panel (b)], 20 nm [panel (c)]

and 25 nm [panel (d)].

ing to much larger negative absorption peaks than the actual
result. This is specially noticeable for the 25 nm case [panel
(2d)]. Finally, we note that the main reason behind the failing
of the two-band model is its inability to reflect higher-order
Floquet interactions beyond the selected two-mode subspace,
which becomes important as the modulation strength grows.
In contrast, radiative effects, which become important for the
larger nanoparticles, are accurately described, actually beyond
the usual Meier-Wokaun polarizability for subwavelength
particles [67].

VI. CONCLUSIONS

We have analyzed the optical properties of time-varying
subwavelength metallic nanoparticles, utilizing both an exact
scattering formalism based on the Floquet 7-matrix and a
two-band simplified description based on a parametric Drude-
Lorentz point-dipole model. We have shown that temporal
modulation results in the appearance of a new resonant mode
that exhibits a negative absorption cross section and can in-
teract with the conventional localized surface plasmon of the
particle. For increasing strength of the temporal modulation,
the interaction between these two modes increases, until their
eigenfrequencies coalesce in an exceptional point and the sys-
tem reaches parametric amplification, where losses are fully
turned into gain. In this scenario, a large negative absorp-
tion cross section peak signals optical amplification. These
results can be generalized beyond the metallic nanoparticles
presented here to any resonator with time-varying proper-
ties, such as time-modulated circuit elements. In this context,
platforms based on transmission lines and time-varying LC
resonators may provide a promising route to experimentally
demonstrate the lasing transition discussed here [25]. On the
other hand, the recently introduced pseudounitary Floquet
scattering matrix [44] could be applied to our system in order
to characterize the emergence of lasing and coherent perfect
absorption [68].

Furthermore, we have proposed a simplified analytical
description based on describing a periodically modulated sub-
wavelength plasmonic particle as a parametric Drude-Lorentz
point-dipole. We have shown that the two-mode approxima-
tion of this model is accurate for a wide range of parameters.
Moreover, we have introduced an effective two-frequency po-
larizability that allows us to obtain an analytical description
of the system, providing insight into the optical response
of time-varying scatterers. Our two-band description identi-
fies the modes responsible for the plasmonic and amplifying
resonant modes supported by the modulated particle and un-
veils how their interaction leads to the optical spectra of the
time-varying particle, including eigenfrequencies’ shift and
coalescence. In addition, our model allows us to clarify the
role of both Ohmic and radiative losses on the onset of para-
metric amplification. Finally, we note that our point-dipole
model and analytical effective polarizability can be useful
for studying the properties of arrays made of time-varying
plasmonic nanoparticles and can shed light on fully numerical
approaches in order to study the optical response from time-
dependent scatterers [57]. We foresee that the interplay be-
tween time-varying media and plasmonics will provide a rich
platform for nanoscale optics, opening up the possibility of
realizing optical amplification without the need of gain media.
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APPENDIX: DRUDE-LORENTZ DESCRIPTION
FOR UNMODULATED NANOPARTICLES

Within the Floquet-Mie 7T-matrix formalism, the scattering
cross section of a subwavelength plasmonic sphere in the
absence of temporal modulation is approximated by

2

n,n sca 2 677" Rﬂ
ol (@) ~ T’{TNI( )} ‘ = R +il (A1)
where we use the following definitions:
Ry = % j(x)[%, j (6n)) = j )7 j(iix)]',  (A2)
]n =i y(nxn)[xny(xn)] y(-xn)[ﬁxny(ﬁxn)] , (A3)

with j(x) and y(x) denoting the first-order spherical Bessel
and Neumann functions, respectively. These expressions can
be expanded as power series in x,,, providing explicit analytic
equations valid in the subwavelength regime [70]:

2
R, ~ §x,%¢a[en — 11, (A4)

2

e, 1)( +2)} (AS)

2

1
I, = 4/8n|:8n+2—
3x,

with g, = &5(w,) denoting the static relative permittivity sat-
isfying
Rlen] = oo — ) fay > Sea] ® y ) ;. (A6)

These approximations lead to a simplified expression for the
scattering matrix element:

2 MRle ] — 1)

Tsca P , A7
(@, ~ 2x3(1 — Rlen]) — Slewl + ig(wn) (A7
where g(w) is given by
2
glwn) = NRle,] +2 — %(fﬁ[en] — DO[el/5+2), (A8)

and cancel out at the localized surface plasmon resonance
frequency of the sphere, wigp:

g(orp) = 0= Ne,] = =2 — 2x2 4+ O(x}). (A9)

Hence, the resonance of the particle depends on both its size
and the quasistatic limit resonance w,,

2,2 4,4 212,02 4
—5¢ w, + \/25c wp + 240c¢*R wywq
24R2a)(21

oy (R) = (A10)
Finally, around the localized surface plasmon resonance, the
following relation holds:
2
P (2 2

Wi, — ;,), (All)
Bu wlsp( Isp )

1 w
glon) ~ & (o) (0h, — 0p) =

where B, = {1 — 9x2/10}~", which enables us to express the
scattering cross section of the nanoparticle as

2
3,4 2
2x a)lsp/a)

k2 (0, — @2) + iou(y + Vraa)

ol () ~

Osca (A12)
with Y = 2R3a)lsp /(3
nanoparticle.

In contrast, the cross section of a Drude-Lorentz pointlike
dipole with time-independent parameters is given by

wp) being the radiative losses of the

4
s[ganfl(w) 2 | aL(a)n)l2
67 &
2
k! @y
_—— , Al3
(%4 (Eofs — a)ﬁ) —iw, P (A13)

where @p; stands for the effective static plasma frequency, @ps
represents the resonant static frequency, and j is the effective
damping factor. Comparing the scattering cross sections of
the static sphere and the corresponding dipole, we derive the
following identities:

2 2

&)rs = wlsp’ (A14)
@’ = 127Rw, [ w7, (A15)
7 =7+ Vad- (A16)

Notably, in the quasistatic limit both effective frequencies
are related to the charge-carrier density: @2 q° ps q & wps

Hence, modulating in time the latter parameter induces similar
temporal dynamics in both the effective resonant and plasma
frequencies. To derive the two-band description introduced in
Sec. IV, we assume that this temporal dependence holds in the
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