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Nonclassicality of a macroscopic qubit-ensemble via parity measurement induced disturbance
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We propose an experimental scheme to test the nonclassicality of a macroscopic ensemble of qubits through
the violation of the classical notion of macrorealism (MR) via the fundamental measurement-induced disturbance
of quantum systems. An electromagnetic resonator is used to probe the parity of the qubit ensemble. The action
of sequential measurements allows the nonclassicality of the whole ensemble to manifest itself, in the ideal
case, irrespective of its size. This enables to probe the macroscopic limits of quantum mechanics, as the qubit
ensemble is, effectively, a single large spin of many 7 units. Even as /i — 0 in comparison to the total angular
momentum of the ensemble, a constant amount of violation of MR is found in the noiseless case. However,
environmental decoherence and inhomogeneity of qubit-electromagnetic field couplings precipitate the quantum-
to-classical transition. This illustrates that Bohr’s correspondence principle is not fundamental, but a consequence
of practical limitations. We outline an implementation with a variety of qubits (superconducting qubits, spins in
semiconductors, and Rydberg atoms) coupled to a coplanar waveguide resonator, and—via the corresponding
noise analysis—find that violation of MR is detectable up to 100 qubits via current technology.
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I. INTRODUCTION

Probing the macroscopic limits of quantum mechanics,
and thereby the boundary between quantum and classical
physics, is one of the biggest open quests in modern science.
Only persistent experimental efforts to observe genuine quan-
tum mechanical phenomena in more and more macroscopic
systems can address this issue. While spin is an important
parameter to characterize the “macroscopicity” of a system
(i.e., an object with large spin can be considered as macro-
scopic), experiments to test the quantum nature of a large spin
are still lacking. As opposed to other parameters, such as mass
or spatial spread, spin is the only quantity directly compara-
ble to the action in terms of 7, which has been historically
used for explaining quantum-to-classical transition: i — 0 is
traditionally believed to imply the classical limit of quan-
tum mechanics. Although it is now well understood that the
emergence of classicality generally results from ubiquitous
interactions with the environment, and maintaining sufficient
isolation from the environment becomes increasingly chal-
lenging in the 7 — O limit. For example, a macroscopic
magnet, which can be approximated as a collection of qubit
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spins, behaves, in general, as a large classical vector. Against
this backdrop, we propose a realizable experiment to test the
quantumness of a macroscopic ensemble of qubits, simulating
a large spin. Specifically, our aim is to address the following:
When does a large ensemble of qubits, with a total spin of
many units of /i, stop behaving as a nonclassical entity?

According to our protocol, in the ideal case, there is no
such fundamental limit. However, experimental imperfections
inevitably impose practical constraints on the ensemble size.
Despite this, our proposed scheme can be implemented using
different types of physical qubit ensembles, and with current
technology, it is capable of demonstrating nonclassicality with
up to approximately 50-100 qubits—equivalent to a spin of
~50/-25Ah. This opens a new avenue for testing genuine
nonclassicality in large-spin systems, extending into a macro-
scopic regime hitherto unexplored. Notably, this approach
enables a simpler test of nonclassicality with spins of up to
an order of magnitude greater than those of previous experi-
ments, which had been limited to values below 10 [1-3].

As a tool for testing quantumness, we use the violation
of the classical notion of macrorealism (MR) [4-6]. MR is
the conjunction of the two assumptions as follows: (1) Real-
ism per se: At any instant, even if unobserved, a system is
definitely in one of its possible states with all its observable
properties having definite values. (2) Noninvasive measurabil-
ity: It is possible to determine which of the states the system
is in by ensuring the measurement-induced disturbance is
arbitrarily small, thus not affecting the state or the subse-
quent time evolution of the system [4]. Quantum systems
violate these two assumptions due to the superposition prin-
ciple and the measurement-induced wavefunction collapse,
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respectively. From the above two assumptions, various neces-
sary testable conditions of MR can be derived, for instance,
the Leggett-Garg inequalities [4,7] and the no disturbance
condition (NDC) [8-13], with the latter being used in this
work. Experimental refutation of any of these conditions in
a loophole-free way implies the inherent nonclassicality or
quantumness of a measured system.

Large qubit ensembles have been established as reliable
quantum resources for computing [14—18], sensing [19-21],
memory [22-38], and communication [39-41]. Despite all
these advances, its quantum property as a large collective
spin remains unexplored, since usually these studies are lim-
ited to the low-excitation sector, where the system can be
approximated as a quantum harmonic oscillator (through the
Holstein-Primakoff transformation [42]). On the other hand,
experimental violation of MR has been reported earlier only
for single-qubit or microscopic spin systems [1,2,43-46]. Al-
though large spins have been considered in the literature for
probing quantumness [47-58], all these analyses are purely
theoretical with no scope for near-term experimental real-
ization. While quantum effects such as tunneling, squeezing,
resonant transitions, coherence, and precession have been ex-
perimentally observed in large-spin systems [3,59-67], these
demonstrations neither test the quantumness via violation of
MR, nor can easily scale to macroscopic levels.

Here, we close the gap between the current experiments
involving qubit ensembles—which have had mainly practical
applications—and the above foundational questions of quan-
tum mechanics of large spins—which, until now, have been
lacking any realiZable experimental schemes. This is achieved
by exploiting the dispersive interaction between an ensemble
of qubits and a common resonator, alongside homodyne mea-
surements. This interaction has been central for entanglement
gates between qubits in numerous architectures, known as
strong coupling [68—78]. Moreover, measurement-based en-
tanglement of two qubits, via this interaction with inclusion of
homodyne measurement, has been demonstrated in supercon-
ducting and solid-state experiments [79-82]. Under specific
parameter choices, we show that the generalization of these
protocols to N qubits can be used to perform parity measure-
ments of the ensemble. Thus, an ensemble of N qubits can
violate MR through NDC by performing two such consecutive
parity measurements.

We also note recent proposals for macroscopic MR tests
based on quantum nondemolition measurements, which care-
fully distinguish unavoidable quantum measurement backac-
tion from incidental classical disturbances (CDs) (see details
in Sec. IV) [83-85]. The present work complements these
approaches by developing a collective parity measurement-
based protocol, analyzing its experimental implementation
and robustness against realistic imperfections.

In Sec. II, the ideal protocol is proposed, for which a
constant quantum violation of MR is detectable with arbitrary
number of qubits. In Sec. III, we find that a quantum-to-
classical transition for large spins is induced by practical
constraints, namely, operational imperfections, decoherence,
and inhomogeneities among qubits. In Sec. IV, the ex-
perimental challenge of avoiding classical disturbances in
NDC detection is discussed. In Sec. V, the experimental
requirements for testing MR with different qubit ensembles—

Rydberg atoms, quantum dot spins, and superconducting
qubits—are presented, where bounds on the maximum num-
ber of qubits for which the violation of MR is detectable are
derived given the current state of the art in noisy technologies,
concluding that Nxpe ~ 50-100 qubits. In our parallel work
[86], the proposed protocol is mapped to gates and used on
IBM quantum computers (QCs) to detect nonclassicality up
to 38 qubits [87].

II. IDEAL PROTOCOL

In this section, we begin by introducing the form of the
two-time NDC and collective qubit-light interactions, used in
this work. Then, the proposed protocol is presented for the
ideal case, which is with infinite operational precision and in
the absence of noise and decoherence. The analysis is first
kept general for an ensemble of N qubits that interacts with a
common resonator or cavity, as such system can be physically
implemented in numerous implementations (see Sec. V).

A. The no disturbance condition

We begin by introducing the form of the two-time NDC
that involves sequential measurements of a dichotomic ob-
servable (with + outcomes) at two different instants #; and
ty, where f; < t,. The NDC implies that the probability of ob-
taining a particular outcome for the measurement at 7, should
be independent of whether a previous measurement has been
performed. Mathematically, the NDC can be expressed as

Vo =Py(£) — [Pr2(+, )+ Pio(—,£)] =0, ()

where, for instance, Pj,(—, +) is the joint probability of
getting the outcomes — at instant #; and + at instant #,, and
P>(+) is the probability of outcome + at instant #, without
any measurement at 7. If classical disturbance is not present
(see Sec. IV), any nonzero value of V.. denotes quantum vio-
lation of the NDC, as the system wavefunction undergoes the
measurement-induced nonunitary collapse. Here, we note that
from normalization of probabilities, it follows that V, = —V_,
from which we will be interested in the magnitude of such
quantity |V4|.

B. Collective qubit-light interactions

Let us consider N qubits, with Pauli operators 0" (where
i € [1, N] labels the qubit and o = x, y, z, from which o1 =
oy = ioy,), and a resonator or cavity of frequency w with
annihilation and creation operators being a and a. All the
Hamiltonians are given in units of 7; i.e., the coupling
is in the angular frequency units. In the interaction pic-
ture, the rotating-wave approximation is considered, and the
qubit-cavity interaction is given by the Jaynes-Cummings in-
teraction Hamiltonian for N-qubits,

N
Hic =) giaoy +a'a), )
i=1
where g; is the coupling between the ith qubit and the
cavity [95].
As first analysis, the qubits are assumed to be identical and
uniformly interacting with the cavity: The former assumption
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implies that all the qubits have the same natural frequency
o and the latter ensures that the qubit-cavity coupling con-
stant is the same for all qubits, i.e., {g; = g Vi € [0, N]}. We
will further assume that there is no qubit-qubit interaction
(which physically can be ensured by spacing the qubits at
large enough distances, as these interactions usually decay
rapidly with the distance, for instance, the dipole-dipole mag-
netic interaction; see Sec. V). Under the above assumption,
the qubit ensemble can be treated as a single large spin with
angular momentum j = N/2, Hilbert space % ~ C%*! and
spin operators J, := (1/2) Zi’io oD, with @ =x,y,z,+, —
[96]. Note that this approximation is routinely done theoret-
ically and can be satisfied in experimental scenarios [97-99].
Under these assumptions, the Hamiltonian of Eq. (2) reduces
to ~2g(aJy + a'J_), which is known as the Tavis-Cummings
model [100]. The detuning frequency between the cavity
and the qubits is defined as A := @ — wyp. In the resonance
regime (A & 0), the cavity can be used to rotate the spin
and for state preparation. With a cavity field in a coherent
state (CS) [101] |«;)., with , € C and |o,| > 0, the cavity
is a classical pulse, which can be absorbed (and emitted) by
the qubit. In fact, it is possible to approximate a' |a, ), ~
af o). (and ala,), ~ o, |a,).), from definition, such that
the Hamiltonian effectively acts on the spin as a rotation,
ie., (a/|Hycla,) ~ —4|a,|gly,, where the cavity was traced
out. In the off-resonance regime (w > A > g), the interaction
Hamiltonian can be used to entangle the qubit ensemble with
the cavity field in order to perform measurement on the spin.
The effective Hamiltonian (from the second-order term in the
Dyson series; see Appendix A) is

N 2 N ogigi o L
Hg = Z K’aTaoZ(’) + Z %(o@afﬂ +0%0)
i=1 i#j
~ XaTaJZ + 2)(.]2 — 2)(]3, 3)

2 . . . . .
where y = 4% is the dispersive coupling for the total spin.

C. Proposed protocol

The proposed protocol to measure the NDC using col-
lective qubits-light interactions is achieved via five stages as
follows: (1) state initiation, (2) first rotation, (3) first measure-
ment, (4) second rotation, and (5) final measurement. This
protocol is the same for integer and half-integer spin j, i.e.,
even and odd N qubits. Where not stated otherwise, j is con-
sidered to be an integer, and the half-integer case is covered
in Appendix B, where the mathematical details and proofs
are also presented. In the following, quantum states with the
subscript ¢ belong to the cavity Hilbert space, while s belongs
to the spin Hilbert space. When both subscripts appear, they
represent a joint state in the spin-cavity Hilbert space.

(1) System initiation. The spin-j system describing the
qubit ensemble is initially prepared in the ground state
lj,m=—j), = [1/2,—1/2)®", where |j, m), is the eigen-
state of J, with eigenvalue m associated with a spin-j system.

(2) First rotation. The spin interacts for a time tz with
the cavity in resonance. The cavity field at this step is in
a CS |o,)c, with @, € R and «, > 0. The resulting unitary
evolution is a rotation R(¢) = €%, where ¢ = 2a, gtz. After

Even Cohrent Spin State Odd Cohrent Spin State

Oy
: —i/2
x 2o

FIG. 1. Husimi representations of even and odd CS of a large
spin (j = 10).

the interaction, the spin state is a CS defined as

|lIJ(tR)>v = |¢>s = R(¢) |J’ _.])v

J
= > dy (¢)j.m),. )

m=—j

where dr(nj/?m(qﬁ) are the Wigner d-matrix elements.

(3) First measurement. The measurement procedure con-
sists of first entangling the system (large spin) with the probe
(cavity field), followed by a homodyne detection of the cavity.
The cavity in the off-resonance regime is prepared in a CS
loto)e, With g = “—j;|a0| and |ag| > 1. The choice of com-
plex parameter ¢ ensures violation of NDC with integer as
well as half-integer spins (see Appendix B). The interaction
time #; is chosen such that x#; = . The spin-cavity entangled
state is

W(tR + 11))se = 9e)s |@0) e + 1¢o)s |—t0) s (%)
where the unnormalized even and odd spin CS are defined as
be)y ==Y di) (@) 1j.m),. 6)
meeven
(Bo)s =D d (@)1, m)s (N
meodd

respectively. Even and odd CSs are orthogonal and possess
interesting non-Gaussianity—hence, nonclassicality—in the
Husimi-Q quasiprobability distribution (shown in Fig. 1). This
quasiprobability distribution is a “phase-space” representation
for large spins and is defined for the spin state |), according
to Q(¢,0) := | (¢, O|¥), |*, where |0, ¢)g is a spin CS with
additional phase 6.

Subsequently, a measurement with outcomes + and —
defined by the following projectors is performed on the cavity
field:

[} 0
M, = / dxlx) (], T = / dxlx) (xl,. (®)

0 —00
This measurement can be approximately realized by a ho-
modyne measurement in the limit of high-intensity local
oscillator, which is high-intensity coherent state of the ref-

erence signal [102].

Assuming |og| > 1 and tracing out the cavity degrees of
freedom, the unnormalized (labeled by the superscript U)
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postmeasurement states of the spin, when the outcomes +
and — are detected, are given by |‘lf+)§J = |¢.), and |\I/‘)£J =
|¢o) s> respectively. Thus, the above entangling interaction be-
tween the spin (target system) and the cavity field (probe)
along with the projective measurement on the cavity is effec-
tively a dichotomic parity measurement on the spin system,

described by the two projectors:

Se= Y limGomly, So= Y ljym)(j.mly. (9

meeven meodd

By exploiting the algebraic structure of even and odd spin
CS (see Appendix B), the outcome probabilities of this first
measurement are given by the norms of the even and odd CS,
which are analytically computed to be

Pi(£) ~ 1 £ L(cos p)*. (10)

(4) Second rotation. The unnormalized states after the first
measurement can be expressed as

W) = L(g), £ 1—4),),

if j is even integer (the other cases are presented in Ap-
pendix B). Subsequently, the system is again subjected to a
second rotation by the same angle ¢. The spin state after the
second rotation is

(WE (), = 1(12¢), £ 1. —j)y), (11

(5) Final measurement. Following, a measurement as de-
scribed in step (3) is performed again (by introducing a cavity
field in the same state |op)., entangling it with the spin
and performing the aforementioned projective measurement
on the cavity). Following a similar calculation, the out-
come statistics can be obtained, i.e., Py 2(+, +), Pi2(+, —),
Py 2(—, +), and P; »(—, —) can be analytically derived.

In order to determine P>(=%), the first measurement is not
performed, i.e., the step (3) described above is not carried out.
Effectively, the spin system is rotated by an angle 2¢. Fol-
lowing, the off-resonance interaction and the aforementioned
projective measurement on the cavity lead to P»(£), given by
Eq. (10), with ¢ — 2¢.

In the above scenario, the violation of the NDC is
computed analytically. For (even and odd) integers j, the
violations are found to be

V= = 11— (cos 2¢)¥] = vI=, (12)

The case of half-integer spin—that is, when the ensemble
is formed by an odd number N of qubits—is solved in Ap-
pendix B by rewriting j =n +% (where n is integer and
N =2n+1). For n even (odd), the violation recovers the
same expression of odd (even) integer ;.

Figure 2 shows the violations as a function of angle ¢ for
different spin values j. The maximum violation for integer j
is |Vi| = 1/4, whereas that for half-integer j is |Vi| = 1/2.
Interestingly, the range of ¢ for which |Vi| = 1/4 becomes
broader as j increases. However, for half-integer spin, the
range of ¢ for which one can get violations |Vi| > 1/4 be-
comes narrower with an increase in j. In an experimental
setting, the value of j—i.e., the number of qubits in the
ensemble—may be unknown. Since |Vi| = 1/4 for ¢ = 7 /4
with any spin value, this angle is the preferred choice.

Ideal NDC Violation as Function of Rotation Angle

0.5 1 j=2
j=11/2
0.4 i
— 0.3 1 ; j=10%+1/2
H Vi -
> [ /
— 0.2 f
01117
0 /

0 /4 /2 3r/4 T

¢

FIG. 2. Variation of the magnitude of violation of the NDC,
denoted by |V.|, vs ¢ for different j in the ideal case.

III. THE QUANTUM-CLASSICAL TRANSITION
AND NOISE ANALYSIS

In the ideal case, a constant amount of violation of MR
has been analytically found for any ensemble size with ¢ =
/4. Hence, a macroscopic qubit ensemble, independent
of its size, would show quantum behavior under the pre-
sented protocol. In this section, we investigate the emergence
of the classicality from quantum mechanical description
[51,54,56,103,104], in the context of the system studied. As
we shall show, (1) experimental imperfections, (2) decoher-
ence, and (3) inhomogeneity in the qubit-cavity couplings
cause the quantum-to-classical transition of the system un-
der consideration, with NDC tending to zero as the noise
increases.

A. Rotation errors

Let us first consider imperfections in the rotation angles.
Such error can arise due to (1) a systematic error in the
coupling g, (2) error in the rotation time #,, or (3) error in the
cavity intensity «,. Regarding the first, the precise value of the
mean coupling g may be unknown in an experimental setting,
resulting in two consecutive equal rotations, with ¢ # 7 /4.
As shown in Fig. 2 and Eq. (12), the violation of NDC is
approximately constant near ¢ = 7 /4 (and the range of ¢ near
¢ = /4, for which |Vi| & 1/4, increases as j increases).
Hence, by choosing ¢ = /4, the protocol is robust under this
source of error. As shown in Fig. 2, by measuring at ¢ = 7 /2,
one may infer the parity of number of qubits as the violation
reaches a minimum (maximum) for even (odd) N. However,
this first type of uncertainty ensures that it is not possible to
distinguish between an even and odd N of an arbitrarily large
macroscopic ensemble in realistic experimental scenarios, as
the region of ¢ where the violations between even/odd N are
distinguishable decreases with increasing j.

For the latter two errors, if the input state of the cavity field
|,y and/or the rotation time differ between the two rotations,
the resulting rotations would have two distinct angles ¢, ¢».
The violation of NDC for two arbitrary rotation angles is
derived in Appendix C and plotted in Fig. 3. The ideal case of
¢1 = ¢, results in the maximum violation of NDC. Moreover,
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FIG. 3. Violation of NDC as a function of two rotation angles ¢,
¢, (a) for a spin j = 10, with the analytically derived results for ¢, =
¢, being depicted in red and that for ¢, = 7 /2¢, being presented in
green, (b) for a spin j = 4, (c) for a spin j = 40.

the range of ¢, ¢, with ¢; # ¢,, for which |Vi| =~ 1/4,
becomes narrower with an increase in j. In order to quan-
tify the precision required in the rotation angles, the case of
¢, = m/2 — ¢, which represents the largest possible rotation
error, is studied in detail in Appendix D. Also in this case, an
analytical solution is found, and the violation is given by

Vi:even((pl) ~ :F;ll(Sinz(Pl)zj' (13)
|

For small errors of the form ¢; = 7 + 3¢, taking the Taylor
expansion,

[V{=V" (8¢ ~ L(1 — 269 o %e_4j5¢2. (14)

Let us assume that the error in the rotation angle §¢
in different runs of the experiment is a random vari-
able with normal distribution AN(0, cr;), where oy is the
standard deviation. Then, it is possible to compute the vi-
olation as a function of o, by integrating [V/=""""(0y)| =
| [ d(8p)N (O, oq%)Vi:even(Sqm (considering large enough
number of experimental runs), such that

1
4 /1+8jaq%

Thus, [V{™"(04)| ~ 1/4 for o4 < 1/(+/8j)—This is the
bound for which such error is negligible. This represents one
cause of quantum-to-classical transition: Larger j requires a
higher rotation precision to detect NDC violation.

B. Decoherence

|Vi:even (O'¢ )| —

as)

The study of decoherence becomes significantly impor-
tant when considering macroscopic systems. The two main
sources of decoherence in the proposed protocol are cavity
decay and spin dephasing. Under this source of noise, the open
dynamics is described by the master equation

ap . 12 ¥ ¥

— =ilp, Hil+ = (2apa’ — {p(t), a"a})

ot 2

Vs

+ 5 @2Lpl. = {p®), I2}), (16)

where H; is the Hamiltonian in Eq. (3), p is the time-
dependent density matrix of the cavity-spin joint system, y,.
and y, are the decay and dephasing rates, respectively, and
{-, -} represents the anticommutator. This master equation is
solved in Appendix E and the density matrix at time ¢ is

J
j j i2 2 _n? —(m—n)? st o= Emn\res / / =G ¢ 2 —a ¢ 2
P(t)se = Z dr(nj,)—jw)d,i,}ij((f))el x(m*=n)t = (m=n)*yst ,=Dipn(Vest) |j, m) (j, nl, ® |age (imx+vye/ )t)(otoe (inx+ye/ )t|c, A7)

mn=—j

with

— eV

21
Dm,n(ym t) = Vc|a0|

In order to keep the discussion general (without consid-
ering any specific physical system), we will compute the
effect of the decoherence in terms of the ratios r. := y./x
and ry = y,/x, i.e., in the unit of entanglement coupling (see
Appendix E for the details and for additional plots when both
sources of decoherence are present simultaneously). We take
the assumption that the decoherence effects are negligible
during the rotations of the spin, compared to the entangling
dynamics. This can be ensured as the rotation time 7, can be
made experimentally much shorter compared to the entangle-
ment one 77, by considering a high-intensity cavity rotation CS
(loty)e, as @ = 2a,gtg). Furthermore, decoherence in the cavity

e~ Wetix(m=n) _ 1
>. (18)

Ye +ix(m—n)

(

will be dominated in the off-resonance interaction between the
cavity and the spin, as a 2j + 1 dynamical superposition of
cavity CSs entangled with the spin m states will be created—
while in the resonance case, the cavity being in a single highly
classical CS, the decoherence effect will be less prominent.

The violation of NDC at different cavity decay rates
r. and at different spin decoherence rates r,—considered
independently—is given in Fig. 4. As the environmental noise
increases (i.e., r. and r, increase), the violation is spoilt and
the system starts behaving classically.

In regard of the cavity decay, the effect of decoherence
is found to be approximately constant among different spin
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FIG. 4. Violation of the NDC of a large spin (a) under spin
decoherence as function of the decoherence rate y; for different spin
values j, and (b) with cavity leaking, as a function of the cavity decay
rate y, with different cavity intensity |og|. The y, and y, are in the
entanglement coupling () units.

values j, but sensitive to the choice of cavity field intensity
|oig|—as shown in Fig. 4 and given by the |ag|*> factor in
Eq. (18). At time #;, under decoherence, the cavity CS in-
tensity is ag(y.) = |oz0|e_%yxi. When «(y,) is comparable to
or smaller than one, which is the minimal uncertainty of the
cavity CS, the measurement will not resolve the even/odd
spin subspaces. This can be clearly seen in Fig. 4 for the
case of |ag| = 1, in which—even at very low decoherence
rates—| V4| does not approach the ideal value of 0.25. How-
ever, it should be noted that as r, increases, lower-intensity
cavity CS are more resilient under cavity decoherence. Given
a specific experimental setting (i.e., a value of r.), an optimal
cavity CS can be found such that |Vi| will be maximum
under cavity leaking. In what follows, the intensity of the
cavity is kept at |ag| = 2, as it is resilient under cavity de-
coherence, but it still approaches the optimal value of 0.25
as r, decreases (specifically, as r. — 0, |Vi| — 0.244). The
effect of spin decoherence becomes more prominent as the
number of qubits increases. As shown in Fig. 4, at a given
1y, the violation decreases as j increases. Furthermore, as the
environment becomes more noisy, the decay as a function of
Jj becomes faster. This source of decoherence can be miti-
gated by implementing well-known protocols (such as spin
dephasing).

C. Inhomogeneous coupling

In many experimental settings, inhomogeneity in the N =
2j qubit-cavity couplings can be present; that is, differ-
ent qubits of the ensemble interact with different coupling
strengths with the electromagnetic field. For large N, it is
possible to assume that the probability distribution of the
couplings approaches a Gaussian: {g; ~ N ({g), ng) fori e

[1, N1}, where (g) = g is the mean and o, is the standard
deviation in the couplings.

The exact evolution of each single qubit is computationally
unreasonable, as the Hilbert space scales exponentially with
the number of qubits. Hence, for simplifying calculations,
the inhomogeneity in the couplings is studied by grouping
together an equal number of qubits with similar couplings
and assuming that all qubits in each subensemble interact uni-
formly with the cavity. Mathematically, N qubits are divided
into n subsets (ensuring that N/n is integer). The average
coupling of the kth subset is given by

(k+1)N/n

=1 D 8 (19)

i=kN/n

where k € [1, n], and [{] denotes the fact that the set of cou-
plings {g;} were first sorted in decreasing order (hence, similar
qubits are grouped together). All qubits in the kth subset
(Vk € [1, n]) are assumed to interact uniformly with the cav-
ity, with coupling (g),. Hence, each subensemble of qubits can
be described by a single spin with total angular momentum
js = N/(2n) and Hilbert space H®) = C*s*+! (Vk € [1, n]).
Assuming that the qubit-qubit interactions are negligible, the
total Hilbert space H ~ @)_, H* for the whole duration of
the experiment. Under this procedure, the cavity-spin ensem-
ble interactions are given by

n n

Hy ~ 2q, Z @IV, H~ Z (x)J®Pad'a, (20
k=1 k=1

where J®, with m = x, y, z are the spin operators of the kth

subspin, and (x), = %. One should note that, as shown in
Appendix A, the parity projectors of Eq. (9) commute with the
XY Hamiltonian [Hyy = %Zf\; j(ax(”ax(’ )4 a)fi)ay(J ))]. This
implies that the additional qubit-qubit interactions in Eq. (3),
i.e., the XY Hamiltonian, do not affect the protocol even at
the single qubit-qubit case and hence can be omitted in the
following discussion.

The same proposed protocol—including the same interac-
tion times such that t; = Ax /(4 (g)*)—with inohomoegenus
couplings is discussed in details in Appendix F where the vio-
lation of NDC is derived. The numerical results as a function
of the standard deviation o, (in (g) units) are plotted in Fig. 5.

As shown in Fig. 5, inhomogeneity in the couplings makes
the system classical, and homogeneity is required to detect
the quantumness of the ensemble. Larger ensembles require
smaller inhomogeneity in the coupling, representing another
form of quantum-to-classical transition. On the one hand, as
o0, increases, the approximation to a single large spin becomes
less accurate. On the other hand, a higher n implies a more
accurate description of an inhomogeneous qubit ensemble.
The magnitude of |V.| decreases for larger values of both o,
and n. Quantumness of an ensemble N ~ (O(10) can be found
for o,/ (g) ~ O(1072). As o,/ (g) decreases, the transition
becomes less prominent with increasing ensemble size.

We note that this effect also encodes the rotation uncer-
tainty (oy), since the rotation error usually arises due to an
inhomogeneity in the couplings between the resonator and the
qubits.
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FIG. 5. Violation of the NDC of a qubit ensemble measured by
a cavity field with inhomogeneous qubit-cavity couplings, extracted
from a Gaussian distribution of standard deviation o,. Violation (a) as
afunction of r, = 0,/ (g) with j = 12; and as a function of ensemble
size at constant (b) r, = 0.005 and (c) r, = 0.01.

IV. QUANTUM-MEASUREMENT-INDUCED COLLAPSE
AND CLASSICAL DISTURBANCES

Probing quantumness through the quantum violation of
the NDC is primarily motivated by the fact that quantum-
measurement-induced collapse is an inherent part of quantum
mechanical postulates. However, measurements of classical
systems can also cause disturbances, specifically in experi-
mental scenarios. Such disturbances, termed CDs, are not an
inherent part of classical physics and, in principle, can be
made arbitrarily small. This may not always be achievable in
experiments, also known as clumsy loophole of the NDC in-
equalities. While various methods to reduce this loophole have
been proposed, these are specific to the physical implemen-
tation and measurement procedure [2,11-13,83-85,105,106].
Here, we will describe two methods based on our parallel
work [89], which are suitable for the protocol considered
by us.

The CD in the present case is caused by the difference in the
classical noise between the single and double measurement
parts of the protocol [90]. For instance, the difference between
the experimental time durations in performing and not per-
forming the first entangling dynamics induces a difference in
the accumulated environmental noise, thus causing CD. The
underlying idea to minimize the classical disturbance is to
make the single measurement part of the experiment as similar
as possible to the double measurement part.

One may ask if CDs, in fact, represent an experimental
challenge and if the methods of CDs mitigation presented
following are effective in decreasing such disturbances. In
order to detect CDs, it is possible to note that for the rotation
angle ¢ = (or ¢ = 0), the ideal quantum NDC violation
is predicted to be zero. Thus, the detected violation of the
NDC for such angles can be interpreted as being due solely

to classical noise, assuming that the CDs are not a function of
the angle ¢.

In this section, two methods are presented to decrease the
effect of CDs on NDC violation in the context of this work.
We are adapting these methods from the implementation of
the protocol using IBM QCs (see our parallel work [86]),
which highlighted the importance of avoiding CD to truly
witness quantumness in experimental settings as there CDs
were detected to cause approximately 30% of the total ideal
NDC violations (with ¢ = 7) and become negligible within
statistical error under CDs reduction, thus making the protocol
clumsiness-loophole-free. Furthermore, as we shall see, the
first method allows us to shed light on some subtle fundamen-
tal issues related to quantum measurement-induced collapse.

A. Method 1 to reduce the classical disturbance

In order to minimize the effect of the classical disturbance
on the violation of NDC, we make the qubits-cavity entan-
gling dynamics in the single and double measurement parts
of the experiment the same. This can be achieved in the
following steps (this is stated for integer j—the half-integer
Jj case will be qualitatively similar):

(1) In both parts of the protocol, after the initial rotation,
the spin is entangled with the cavity such that the joint state
becomes |¢e)s levo)e + |¢0>x | — ao)e-

(2) Subsequently, the homodyne measurement is per-
formed on the cavity, depending on which part of the protocol
is being implemented—the homodyne measurement is per-
formed in the double measurement part. In contrast, it is not
performed in the single measurement part. On the one hand,
if the measurement is performed, the spin-cavity collapses
to one of the two unnormalized postmeasurement (UPM)
states |@.), ® |ag). or |¢,), ® |—o),, With the probabilities
of Eq. (10). On the other hand, if the measurement was not
performed, the state remains the same.

(3) In both cases, an identical spin-cavity entanglement
dynamics is performed again. If the measurement was per-
formed, the second spin-cavity entanglement dynamics will
evolve the aforementioned two collapsed states to |¢.), ®
|ao),. and |¢,)s ® |ao),., respectively. If the measurement was
not performed, the noncollapsed state under the second en-
tangling dynamics evolves to the initial product state, that is,
|¢>3 ® |O{0>.

(4) In both of these cases, the cavity is then discarded
trivially. Hence, the spin is in the |¢,), or |@,), states if the
homodyne measurement was performed, while in the |¢),
state if the homodyne measurement was not performed.

(5) The second rotation of the spin and the final measure-
ment (involving another spin-cavity entanglement dynamics
along with the homodyne measurement on the cavity) are
performed in both cases.

In this modified protocol, the entangling dynamics is per-
formed three times in both the double-measurement and
single-measurement cases. The only difference between the
two parts of the protocol is the intermediate homodyne mea-
surement on the cavity. The violation of NDC is equivalent to
that of the ideal protocol depicted in Sec. II, but ensuring that
the classical disturbance is minimized.
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The above-modified protocol points out a fundamental
feature of the quantum measurement process. Quantum mea-
surement consists of two stages: (Step 1) entangling dynamics
between the target system (the system to be measured—the
qubit ensemble in the present case) and the probe (cavity in
the present case), (Step 2) reading out the outcome by per-
forming the projective measurement on the probe (homodyne
measurement on the cavity in the present case). Step 1 causes
disturbance on the target system, as any pure state of the target
system becomes mixed after the entangling dynamics. On the
other hand, Step 2 makes this disturbance irreversible, as the
pure entangled joint state of the target-probe collapses into a
specific state depending on the outcome, thus becomes mixed
due to this step over many runs of the experiment [88]. In the
absence of this Step 2, the disturbance on the target can be
eliminated by applying the inverse of the entangling unitary
dynamics on the joint state of the target-probe (this happens
in the abovementioned modified protocol in the absence of
the homodyne measurement). Hence, while the entangling
dynamic is responsible for quantum measurement-induced
disturbance, the reading-out step is crucial for making this dis-
turbance irreversible. These two steps together cause an irre-
versible collapse on the target system—a genuine nonclassical
feature.

Note that, without the reading out part, doing and then
undoing the entangling dynamics between the probe and the
system is done in the context Stern-Gerlach interferometry
[13,107,108].

B. Method 2 to reduce the classical disturbance

The aforementioned method requires three entangling dy-
namics, which may be experimentally difficult to realize. An
alternative method to minimize the CD is to always perform
two entangling dynamics, but change the input state of the
probe between the single and double measurement parts of
the protocol.

The double measurement part of the protocol is the same
as presented in Sec. II. On the other hand, the single mea-
surement part is the same as the double measurement part,
except that the input state of the cavity during the first en-
tangling dynamics is (|ag) + |—a0))/~/2. Hence, after the
initial rotation of the spin state and introducing the cavity,
the spin-cavity state becomes |¢), ® (o). + |—oz0)c)/\/§,
which evolves under the entangling dynamics to |¢),; ® |ao),.
Subsequently, the homodyne measurement on the cavity is
performed trivially, leading to the postmeasurement state of
the spin |¢),. The second rotation and measurement are then
performed as usual, leading to the same measurement proba-
bilities and the same NDC violation of Sec. II.

In this method, the first entangling dynamics in the single
measurement part does not entangle the spin and the cavity
[we are using the term “entangling dynamics” just to refer to
the interaction between the spin and the cavity mentioned in
stage (3) of Sect. II C]. Consequently, this interaction along
with the homodyne measurement on the cavity cannot be
interpreted as a measurement of the spin at all. Hence, in
effect, in the single measurement part, measurement on the
spin is performed only once—i.e., the final measurement on
the spin. Thus, the only difference between the single and

FIG. 6. Diagram representing the chosen configurations of the
qubit ensemble placed at distance r, electrically coupled to the fun-
damental electric mode E(x) of a CWR.

double measurement parts of this method is applying an (op-
tional) local unitary on the probe, significantly reducing the
CD. It should be noted that such states are routinely prepared
in optical systems [109,110].

After adopting either of the two aforementioned methods
for reducing CD, a control experiment should be performed
in which the ideal quantum violation is predicted to be zero
(for example, for ¢ = 0, 7). Any observed NDC violation
in this control experiment can then be attributed solely to
CD. The experimentally observed NDC violation for other
values of ¢ can be considered as a conclusive signature of
quantumness (i.e., ruling out any macrorealist description)
only if the difference between the observed NDC violation
and the NDC violation arising solely from CD in the control
experiment is significant within the statistical uncertainties
[83,89].

V. DISCUSSION: PHYSICAL IMPLEMENTATION

In numerous physical systems, the control and measure-
ment of qubits is implemented through a cavity field or
resonator, representing the potentiality and flexibility of the
presented protocol, which this section explores. In the fol-
lowing, we investigate the parameter spaces—for instance,
frequencies and couplings—of current experiments in relation
to the noise analysis performed in Sec. III. The parameters
considered are summarized in Table I, where the maximum
number of qubits for which NDC can be violated (Nnpc)
is given for different physical systems, representing one of
the main results of the work. Here, we give a comparative
analysis between (1) superconducting qubits, (2) Rydberg
atoms, and (3) spin qubits with artificial spin-orbit interactions
(e.g., double quantum dots or dopant hole spins), coupling
a superconducting coplanar waveguide resonator (CWR), ex-
perimentally achieved in numerous systems [68]. In Fig. 6, a
schematic representation of the experimental setup is given.

The experimental parameters defining the physical system
are the qubit frequency w, the average single qubit-cavity
coupling g, and the detuning frequency A. The experimental
noises are captured by (1) the rotation uncertainty oy, (2)
the cavity decay rate y./(2m), (3) the spin dephasing rate
ys/(2m) = Tz_] (with 7, being the dephasing time of each
qubit), and (4) the inhomogeneity in the couplings o,. Given
such parameters and a physical implementation of the experi-
ment, what is the maximum achievable number of qubits Nnpc
such that the violation of NDC is detectable?
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TABLE 1. Orders of magnitude of the parameters for realizing the NDC parity protocol with (1) superconducting qubits, (2) Rydberg
atoms, and (3) spin qubits. For all of the above, the fundamental frequency of the CWR is w/(27) ~ 3.5 GHz (e is the electron charge and ay

is the Bohr radius).

Experimental parameters Symbols Units Superconducting qubits Rydberg atoms Spin qubits with spin orbit
Electric dipole d ape ng ~ 10* ng ~ 3 x 10° ng ~ 10?
Single qubit-photon coupling g/(2m) MHz 110 7 1
Detuning frequency A/(Q2m) MHz 1000 70 10
Entanglement coupling x/Q2m) MHz 45 3 0.4
Distance between qubits T4 um 35 23 7
Bound on number of qubits and decoherence rates
Bound on number from inhomogeneity N NA <41 <53 <110
Spin dephasing rate ys/(2m) kHz <4500 <300 <45
Cavity decay rate ve/(2m) kHz <1000 <54 <24
Single-qubit rotation uncertainty o rad <0.078 <0.068 <0.047

Before investigating the specific implementation (and the
constraints that it implies), general considerations can be
drawn from the noise analysis already performed. First of all,
we define acceptable noise, as the amount of noise for which
the predicted NDC signal for ¢ = 7 /4 is ~0.1. This requires
~10* experimental runs to ensure that the statistical error is
one order of magnitude lower than the detected NDC viola-
tions (since n number of runs can determine the probability
of the outcomes with uncertainty ~1/./n). Thus, one finds
that the noise effects are acceptable (1) for cavity decay—if
Y. S O(0.1y), by choosing the optimal cavity strength (Jag|)
such that the NDC violation is maximized given the afore-
mentioned y, (see Fig. 4), (2) for spin decoherence—if y, <
O(x/N) (see Fig. 4), (3) for coupling inhomogeneity—if
o, S O(g/(10N)) (see Fig. 5), and (4) for rotation precision—
if o, < O(1/2V/N)).

We note that both bounds on the decoherence rates scale
linearly with the entanglement coupling x = 4g>/A, which
should therefore be maximized. This is ensured by decreasing
A and increasing g. Given that the off-resonance regime must
hold (wp > A > g), the minimum value of A is limited,
and we can take A ~ 10g as an appropriate choice for all
implementations [69,78,111]. This implies x ~ 0.4g. Invert-
ing the bounds for the decoherence noise, we find that for
g2 O@25y.)and g 2 O(2.5Nyy), the decoherence effects are
acceptable. In order to detect violation of NDC, the single
qubit-photon coupling must be greater than the cavity de-
cay rate and spin dephasing rate, i.e., the strong coupling
regime is a requirement of the experiment, which has been
experimentally achieved in numerous architectures, with also
multiple qubits [70-74,77,112]. For this reason, we restrict
ourselves to the case where the qubit and the resonator couple
via the electric field, and exclude from the analysis magnetic
coupling (as it is found to be too weak for the protocol’s
realization, where only effective multiqubit couplings allow
strong coupling).

In Appendix G, we discuss the electromagnetic field
generated by cavities of the form given in Fig. 6, i.e., a su-
perconducting box without one side parallel to the xy plane, at
height L,, which is used to approximate the CWR. The classes
of microwave modes generated by the boundary conditions
imposed by the box are the transverse magnetic or electric

modes, where the former, here chosen for the coupling with
the qubits, has a vanishing magnetic field component in the
propagating z direction [78,113]. Keeping in mind fabrication
constraints [114] (and Fig. 6), the dimensions of the CWR
chosen are as follows: for the long side, L, ~ 2 x 1072 m,
for the short side, L, ~ 8 x 10~°m, and for the thickness,
L, ~2x 1077, such that the volume is V ~ 3.2 x 1014 m?.

The presence of the substrates at z < 0 induces an effective
permittivity €, ~ 5, which gives the resonance fundamental
frequency of w/(2m) ~ ¢/(2L.\/€;) ~ 3.5GHz [114]. Fur-
thermore, the absence of the closing side of the resonator at
7z = Lz implies an exponential decay of the electric field in
the z direction, for which the modes are said to be evanes-
cent [113]. As shown in Appendix G, this effect is negligible
within the resonator, such as in the case of the superconduct-
ing and spin qubits, while when the qubits are placed outside
the resonator, as in the case of Rydberg atoms (usually trapped
by optical tweezers, at z & 50 um [75,78]), the decay strength
of the electric field z component is decreased by a factor of
~0.2. We shall consider this specific effect in Table I for the
case of Rydberg atoms (which decreases g by one order of
magnitude), while we will omit the explicit z dependency in
the following expressions.

Let us consider a qubit with dipole d = (0, 0, d) placed in
the center of the cavity, i.e., (x,y) = (0, 0), interacting with
the fundamental mode of the CWR. The dipole can be written
as d = ngape, where ay is the Bohr radius, e is the electron
charge, and n, characterizes the type of qubit (see Table I).
Thus, the qubit-resonator coupling is given

Eo-d w
- ~d | ~2 71kHz, (21
8= dhege, v X z @D

where E is the vacuum electric field density, V' is the volume
of the resonator, and ¢, and ¢, are the vacuum and relative (ef-
fective) permittivities. From the values of g given in Table I, it
is possible to note that the bound on decay rate of the resonator
does not represent an experimental challenge, as lower decay
rates have been reported in a large number of resonators, for
instance, ~1kHz [115]. Here, it should be noted that a higher
decay rate may be preferable in order to collect the necessary
light to perform homodyne detection [82].
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The number of qubits achievable (Nypc) is restricted by
the volume in which the qubits can be placed. On the one
hand, a large qubit-cavity coupling g—which requires a small
volume—is preferable such that the experiment is performed
within the coherence time of the system and the strong cou-
pling regime is met. On the other hand, a small volume
increases the noise caused by direct qubit-qubit interactions—
as they are placed closer to each other—and by coupling
inhomogeneity—as the electric field strength of the resonator
would change more rapidly among qubits, implying different
couplings. The dipole-dipole interaction (with coupling d,)
is negligible compared to the entanglement interaction (with
coupling x ~ 0.4g, which is the slowest process of the exper-
iment), when

d2

dz 1/3
d, ~ —— ~2l — . 22
¢ dmeohr) Sx=7 ( > 22)

Fléog

This gives the minimum distance between qubits () at which
they can be placed such that the dipole-dipole interaction is
negligible. Choosing d,/x ~ 0.05, the minimum distance is
givenby r, ~ 1.6 x ni/3 um.

However, different positions of the qubits in the resonator
introduce inhomogeneity in the coupling because different
qubits experience a different electric field strength due to
its dependency on x. Specifically, the qubits are placed in
a line at (x, y) = (kry, 0), where k € [-N/2, N/2] and the z
component of the electric field density is the first harmonic
E,(x) ~ Eycos(mrx/L,). Then, the coupling of the kth qubit is
given by

gr = gcos (%k). (23)

Such an inhomogeneity increases with the number of qubits
as k € [-N/2,N/2] and it is inversely proportional to the
volume (V ~ L). In Appendix G, the arising inhomogeneity is
studied and found to be negligible [i.e., o,/g < O(1/(10N)),
as shown in Sec. III] if the following bound is met:

LX)2/3 320

575" (24)
ny

7

Npe S 0.6(
q

One should note that this may not be a stringent bound
compared to one given by physical implementation where
fabrication imperfections (in the case of superconducting
and spin qubits) and uncertainty in the trapping posi-
tions (Rydberg atoms) may increase inhomogeneity effects.
However, the source of inhomogeneity studied may be de-
creased via the use of multiple cascaded cavities, similar to
Refs. [79-82].

The chosen parameters are given in Table I, for which
the bound given by the inhomogeneity (N.) is derived
and subsequently used to compute the bounds on the spin
dephasing rate and single-qubit rotation uncertainty, which
have an N dependency—i.e., y; < g/(2.5Njfb.) and oy <

O(1/(2,/Ni5)). On one hand, it is possible to note that for

highly interacting qubits, as in the case of superconducting
qubits and Rydberg atoms with high dipoles (and hence cou-
pling), the dephasing bound is not stringent, as the experiment
can be performed within decoherence times. However, high

coupling increases the direct dipole-dipole interactions, which
subsequently increases the minimum distance at which the
qubit can be placed, and hence the inhomogeneity bound
limits the experiment to NI\SI”'DPC ~ 41 and N;}]Y)‘é ~ 53 for su-
perconducting qubits and Rydberg atoms, respectively. On
the other hand, in the case of semiconductor spins, the
lower dipole increases the bound given by the inhomogeneity
Nf,gg ~ 110, while, however, the lower coupling increases the
demand on coherence time.

VI. CONCLUSIONS

We present a protocol to implement parity measure-
ments on an ensemble of qubits exploiting their dispersive
interaction with a resonator and a subsequent homodyne mea-
surement of a resonator’s quadrature. By comparing single
and double parity measurement schemes, a constant quan-
tum violation of MR is detectable via NDC with arbitrary
many qubits: In the ideal case, the nonclassicality of a qubit
ensemble is always detectable, even for many 7/ units. The
quantumness manifests itself via the unavoidable disturbance
caused by collapse of the ensemble’s wavefunction under a
parity measurement. The proposed protocol is operationally
independent of the size of the ensemble and provides an exper-
imentally implementable parity measurement-based scheme
to test the nonclassicality of macroscopic qubit ensembles.

We find that the limiting factors of the proposal are induced
by decoherence and inhomogeneity in the qubit-resonator
couplings, which induce the quantum-to-classical transition,
recovering the classical behavior of the macroscopic world as
the number of qubits increases. This behavior is not funda-
mental; rather, it is only due to operational constraints, as it
becomes more challenging to perform the experiment with a
larger number of qubits.

We detail a specific implementation of the protocol us-
ing CWR with a variety of qubits, namely, superconducting
qubits, Rydberg atoms, and spin qubits with artificial spin-
orbit interaction. In this context, it should be noted that
operationally similar experiments—i.e., dispersive interaction
and homodyne measurement via CWR—have already been
performed for probabilistic generation of the entangled state
between two qubits (effectively performing a parity measure-
ment), for superconducting and spin qubits [81,82]. Thus,
our generalizations to N qubits are already accessible for
experimental implementations to test the macroscopic limit of
quantum mechanics.

We conclude that, given the state-of-the-art quantum tech-
nologies, it is possible to detect the quantumness of ensembles
of superconducting qubits, Rydberg atoms, and spins in
semiconductors with spin-orbit interaction up to NI\S”L'DPC ~ 41,
Nﬁly)(é ~ 53, and NI\SIPDIE ~ 110, respectively. The proposed pro-
tocol is scalable in the number of qubits as the quantum
technologies progress to more isolated systems, such that the
transition to classicality can be experimentally investigated
under different noises. Here, we note our parallel work in
the context of QC [86], where the clumsiness-loophole-free
protocol has been used to detect quantumness of IBM QCs up
to 38 qubits, showing the transition to classicality as the QC
becomes macroscopic.
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We emphasize that the use of collective parity measure-
ment as the intermediate measurement is a key technical
ingredient of our proposal. While parity measurements are
well established in quantum information processing and quan-
tum metrology [116-119], their role here is to provide a
practical tool for experimentally probing the nonclassicality
of a macroscopic qubit ensemble.

To conclude, the presented protocol explores the quantum-
to-classical transition in macroscopic qubit ensembles. The
results provide an explicit demonstration of the fact that the
emergence of classical behavior in the large-spin limit is
closely connected to practical limitations in controlling im-
perfections and decoherence. Our work presents a suitable
protocol, realizable with a variety of physical systems, to
demonstrate nonclassical features even for systems compris-
ing a large number of quantum constituents using current
technologies.
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APPENDIX A: OFF-RESONANCE EFFECTIVE HAMILTONIAN

In the rotating-wave approximation and interaction picture, the interaction Hamiltonian between N qubits and a common
resonator—with detuning frequency A—is given by HR (1) =iy r, gi(e™ac” + e~ *'ate?). In the limit of g < A, the
first-order term in the Dyson series is negligible [as ~O(g/A)], such that the leading order of the unitary is given by the second

one
U,(t)~ﬂ—/ dt'H; (r)/ dt"HR:(t")

~1— g2 / dr’ (e aaf)

LD (G

_Zglg]/ dl/ dt//(elAtaa(l)_,r_e iAr at (l))((ezAt 1)610

i#]

N
28
~1—it Z—’a
i=1 A

i#j

Dao " — (e ™" —

N
T“‘T;i)"‘zgfj(f’ﬁ)"y)+0S>U$))

1 )aTafi))

( —iAr l)a U(]))

=1—i Z g2aa <'>+Zg'gl D) 4 5060 |,

i#]j

where the third equality follows from [a,a'] =1, [0, 0_] = o, and neglecting the O(g>/A?) terms. This implies that the

effective Hamiltonian is given by the first line of Eq. (3). Using the definition of collective operator J,

that the total angular momentum is given by

N

1 o L
=7 +LJy + T, = i Z (U;l)c,;/) + a;’)o;f)) + I, =

ij

where the second line follows from the fact that o Po (’)

= 13"V 5" and the fact

N
1 1 N N
511 +Jd:+ ,éj: (06 + 6 Do),

=1, for j € {x,y, z} and we recognize the qubit-qubit term in the

Hamiltonian. Inverting the expression and assuming g; = g Vi, and substituting in the effective Hamiltonian to get Eq. (3).
One may further note that this additional qubit-qubit term [Hxy = 3 Zl it (cr(’)cr(’ ) 4 Uymay(’ ))] does not affect the protocol
even at the qubits level (and not at the large spin), which shall become useful during noise analysis. Let the complete

computational basis be |J) =

®§V=1 |ji) of the Hilbert space of the N qubits, i.e., H ~

(C»)®N, with j; = {0, 1} and J being
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TABLE II. Expressions for probability distributions and the violations of NDC for different .

Integer j Half-integer j = n + % Integer j Half-integer j = n + %

Even j Odd n Odd j Even n
Py (%) % + %(cos 2¢)% % T 1(cos 20)%
Py, (£+) 2+ l(cos @) + 5(cos2¢)% § — 3(cos2¢)¥
Pia(£-) & — 3(cos2¢)% ¥ z(cos $)* + §(cos 2¢)¥
Vi 1[1 — (cos(2¢))¥] +5[1 — (cos(2¢))™]
the string {ji, ..., jn}, labeling a state. One may note that

8i8 al 8i8
k . ; . i8k | . ; . ;
Hyy |J) = Z B (006® 4 000 ®) |, - ']i"']k"']n>:ZTUI"']k"'ﬁ"'Jn)v (A1)
i#k i#k

which can be used to prove that observables 1. commute with the Hamiltonian. In fact, for instance, the even subspace is
spanned by the vectors {|J)}, with J € S., where S, is the set of strings such that vaz | Ji is even. In this form, the positive
operator-valued measure given in Eq. (9) can be written as [T, = ) _,, s. /) (J]. Then,

N
8i8k . . . Sy . . . . . . Sy . . .
(M Hyyl =Y 055 3 i Jieesdnd G i dal = i i) G i i) (A2)
ik JeS.

Given that the first summation is over all the strings with vaz | Ji» which is independent on the ordering of the eigenvalues, the
commutator is trivially zero as the Hyy Hamiltonian only swaps the order.
Similarly, it is the case for the J, operator. At the level of the qubits:

8 gk
e Hyyl = | D00, 3 25 (000 +000(")
i Jjk

:Zg/gk o, (60® + 6o ®)] + [0, (¢P0® + Vo))
:Z%([ 00, 60oe® + [0, 69]o® + 6V [o®, 6 ®] + 0V [0, 5])

88k ( _(j) k) () (k) () (k) _ <) ®
=221T(0yj o —oo +ola; J ) 0.

APPENDIX B: DERIVING THE EXPRESSION OF QUANTUM VIOLATION OF THE NDC IN IDEAL CASE

The analytical derivation of the violation is presented in detail for an even integer spin j. Subsequently, the odd integer and
half-integer cases are described. The probabilities and the NDC violations are summarized in Table II.

The spin is initially in the ground state |W(0)); = |j, —j)s. With the on-resonance Hamiltonian of Eq. (2), a rotation of
angle ¢ = 2gaty is performed on the spin. Mathematically, the rotation (unitary) operator considered is R(¢) = e/, After
the rotation, the spin is described by the CS in Eq. (4). Next, the cavity and the spins are let to interact for a time interval
t;, with the cavity out of resonance, with the Hamiltonian in Eq. (3). The input cavity quantum state is taken to be a CS:
lotg)e = e 3lool? 3, %m)c, with ag = 1 |a0| where || > 1. After the interaction, the entangled state between the cavity
and the spin system is '

Jj
Wt + t))se = Y A ($)e™ ™ |j,m) laoe™ ™) = |ge), lo)e + o) | — o), (B1)
m==j

up to a global phase (proportional to J?), and where the second equality follows from the choice x#; = m, where we note that at
this time the phase is trivially zero.
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The projective measurement {IT, IT_} defined in Eq. (8) is performed on the cavity field, resulting in the following UPM
states,

1 o0 R > . 1 o0 e > .
|‘IJ+>:‘£ =T Wt 4 1R)) e = |Pe)s m/ dxe— 2@ lool)? gixloo] 1) + [Bo)s m/ dxe~ 1Ot g=ixle| x).
0 0

0 0
(W)Y = T WG+ 1)) = Ie),s # / dxe ool gl |1y [y # / dxe~ 0+l il |y
—00 _

where the position representation of the coherent state was used (x|a), = = 1/4¢~20—v2Re(@)*+iv2im@) Here “U” denotes
unnormalized states.

The two Gaussian distributions have mean at x = =|w| and standard deviation equal to 1. Since, as assumed earlier, |ag| > 1,
the Gaussian distribution with mean at x = 4|a| approximately vanishes in the region from x € (—o0, 0) [and similarly in the
region: x € (0, co) for the case of the Gaussian distribution with mean at x = —|ay|]. Hence, we can approximate that

1 © N2 _ 1 0 _1 2 _;
|‘~IJ+>EC ~ |¢e>‘y m/ dxe 5 (x—laol) etxlaol |x>c , |LI; )EC ~ |¢0>s W/ dxe 5 (x+leol) e ix|ag| |x>c .
0 —00

With the similar approximation, and tracing out the cavity, the UPM spin states are |\IJ+)§J ~ |¢.), and |\IJ’)§J | Po)s-
For even integer j, it is possible to note that

J

6), + |—¢), = Z' (A @)+ (1" dP () |j.m), = 2|¢e), . (B2)
m=—j
where the following properties were used d,ﬁf;lj(—¢) = d(f}m(¢) = (—l)"‘*-"d,(y{;)fjw). Similarly, |¢); — | — @)y = 21¢o)s-

Hence, the UPM spin states can be written as
(W)} = (1), £ [=9),)- (B3)

Using the facts that RT(—¢) = R(¢) and R(¢)R(¢2) = R(¢1 + ¢»), the inner product (—¢ | @), = d(_J}’_j (2¢). The probabil-
ities of the outcomes are then given by the norm of the UPM states:

Pi() = (WF0h)] = 1+ 3dY)(2¢) = § + J(cos ). (B4)
A similar analysis can be applied to the second rotation, which gives the rotated UPM states
(W)} = R@OIVF) = 3(120)s £ 1. —)s).

The coupling with the out of resonance cavity in the same CS |«g). and with same interaction time #; (recalling that j is even)
similarly splits the cavity in |£ap).. The joint state is then

(WE(tr + 1))e = S(ELj, —j)s + 120)e)lt0)e + 5120, |—cto). (B5)

Performing the same projective measurement, tracing out the cavity Hilbert space and assuming |cp| > 1, we have the following
UPM spin states:

W5t + 1)) = 31, —j)y £ 30200 +1-28)))), Wit (tr +1))Y = 1(12¢), — [-29),),

where |W"/ (tg + 1))V denotes the UPM states of the spins when the first and the second measurements give the outcomes i and
J, respectively. Hence, the joint probabilities can be computed as follows:
Pio(+) =3 £1dY)_2¢)+ 1dV)_(4¢). Po(E—)=1—1dY)_.(4¢).

In order to find P,(+), we use the probabilities in Eq. (B4), with ¢ — 2¢; as in this case, intermediate measurement is not
implemented and only the two rotations are performed one after the other. The violations of the NDC for even integer j are then
computed according to Eq. (1) and recover the result claimed in Eq. (12).

In order to extend this analysis to every j, similar proofs were found for odd and half-integer spins. For odd j, the only
difference is that |@¢); + | — @)s = 2 |¢p,), and |@); — | — @)y = 2 |¢.),, leading to |\IJi)£J = %(|¢>)X F | — ¢)s). The results can
easily be derived following the same proof for even j.

For spin half-integer, it is possible to rewrite j = n + 1/2. This changes the entanglement between the cavity out of resonance
and the spin in Eq. (B1), according to

n

i . —ixty(m+1 _ . .
W+ mhe = 3 A9 @) m o+ 1/2), Jtoe D = 16, — i) + 9ol i)

m=—n—1
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Here, | j, m 4+ 1/2) is the eigenstate of J,, with eigenvalue m 4 1/2 for a spin-j system, with j being half-integer, where m is an

integerandm € {—n— 1, —n, —n+ 1, ..., n}, withn = j — 1/2. In this case, even and odd CS are defined as
geds = 3 A @ m+1/2), bo)y = Y A (@) m+1/2),
meeven meodd

Note the i difference in the cavity states. This motivated the choice of oy = %la(ﬂ, ensuring that also for half-integer j, the

projective measurement gives the UPM states |\Il+)}J ~ |¢.), and |‘~II’)§J ~ |¢,),. The probabilities follow from the norm.

APPENDIX C: DERIVING THE EXPRESSION OF THE VIOLATION OF THE NDC WHEN THE TWO ARBITRARY
ROTATION ANGLES ¢; AND ¢,

Let us consider j to be integer. After the first rotation R (¢;) and first measurement (i.e., at time t(l) + 1;), the UPM spin states
are

WY =), . W) = 16),, - 1

After the second rotation R(¢,), the UPM spin states evolve to

[ eP))y = > 4 @) Z 4D, (@) 1j. m0),

meeven m_—j
=), = Y dP (@) Z a9 () 1), m'),
meodd m=—j

Next, the spin system and the cavity in the aforementioned CS |op) undergo the same off-resonance interaction as described
earlier. After the interaction, the spin-cavity entangled state (when + outcome is obtained in the first measurement) is

WD ) = Y dY @) Z ) (@2) 1, m') [(=1)" o).

meeven m=—j

Subsequently, the aforementioned projective measurement is performed on the cavity field. When + outcome is obtained in this
second measurement, the UPM joint state of the spin-cavity becomes

2 8] 1 i i . *° Ll 2
[ (1 + 1)), ~ 174 > d (g0dy), (@)1, ml)s/ dxe™ 20l gl 1)
m,m’ eeven 0

where the same approximation ensured by |ag| 3> 0 was taken. The norm of the above UPM gives the following joint probability:

P+~ Y d,i,{i_,(qsl)d,i{i?_,@l)(z d,ﬁf,;(qsz)d,i{';,,(qsz)).

m,m’ eeven keeven

The other joint probabilities can be calculated similarly. The probabilities P>(£) can be obtained from the norms of the states
[Eq. (C1)] with ¢; being replaced by ¢; + ¢».

The above calculation can also be extended for half-integer j easily. The expressions for the probabilities (with integer as
well as half-integer j) are summarized in Table III. From these expressions, violations of the NDC is calculated as a function of
¢1 and ¢;.

APPENDIX D: ANALYTICAL SOLUTION FOR ¢, = 7 — ¢

In this Appendix, the first rotation is of angle ¢; = ¢ and the second ¢, = 5 — ¢;. As an example, we will consider j to be
even and compute V.. The results are easily extendable to other j and to V_. After the first measurement, the UPM state will be
described by Eq. (B3). Hence, applying the second rotation

e = (- o= (7] <15 29)).

After the second measurement, the UPM state will be
vt = 315,152 ) =030 #5252 +-3 9)
A b) o) 4\l2/ 20712 s 2 s/
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TABLE III. Expressions for the probabilities with different j. For integer j, m,m” € {—j, —j+1,..., j — 1, j}. On the other hand, for
half-integer j,m,m" € {—j —1/2,—j—1/2+1,...,j—1/2}.

Integer j
P2(+) Zmeeven |dr(n])7](¢l + ¢2)|2
Py(=) — |d,(,,];)__,-(¢1 +¢)?
Pratt +) Y mreesen Aot 1 @A) @) rceven A (@A (62))
Pia+, =) Y rceven At (@A (S eoaa A (62)d0) ()
Pia(=+) Y cota 4o 1 @D (S rcoren 40 (@2)dY) 1 (92))
Fal= =) Sncota ot 1B B coaa iy @204, (82))

Half-integer j
P2(+) Zmeeven |d,(nj_*)_%1_j(¢l + ¢2)|2
PZ(_) Zmeudd |d;1_¢)_%—/(¢1 + ¢2)|2

) ) ) )

P1,2(+s +) Zm,m”eeven dmj_*_%y_j((ﬁl )dm,”+%,—j (¢1 )(Zm’eeven dmj’+%m+% (¢2)dmj’+%,m”+% (d)z))
Po(+, ) Smrcendyty (@A) @ Ccaaady), ) @) (@)
Pia(=+) Eomweoadly @ @) Cewend s @A) (92)
FLal= ) Cmreaaadly @049 O eandyy @D, L (@2)

which has norm
1 T ‘

Pla(E+) = 3 (2 + Re[<% ( —%)] + Re[(E % - 2¢>>s] + Re[<% \ —% + 2¢>s]

(332 ] 55 ) o el 2052

where 3 implies the real part, and it will act trivially. Note that a general inner product can be simplified as (¢1]¢2), =
(IR @DR@)] = j), = (—jIR(2 — ¢1)] — j), = dY)_ (2 — ). It implies that

Pio(E+) = §[2+dY)_(—m)£dY)_(-2¢)£dY)_(—m +2¢)£dY)_(x —2¢) £ dY)_2¢)+dY)_ (-7 +4¢)].

Hence,

Pio(HH) + Pio(—H) = 12 +dY)_(—m)+dY) _(—7 +49)].

—ji=J —j=i
Recalling that

Ay (=)= (=1)""dD (¢)., d (r)= (=18 . dy) (r—¢)=(=1)T"d)_ (),

then it follows that Py o (++) + Pi2(—+) = 1/2 + di’j) j(4¢) /4. When the first measurement is not performed, the total rotation
angle is 7 /2, which implies that the UPM for the + outcome is |7 /2), and the probability

=303+ 35, =30+

Using the fact that d&";’f i () = (cos( /2))* = 0 and di’}’ j(qﬁ) = sin®/(¢/2), the violation of Eq. (13) follows. Examples of the
violations for different spin values is given in Fig. 3.

APPENDIX E: DECOHERENCE

In order to compute the violation of the NDC with decoherence, first of all, the solution of the master equation given by
Eq. (16) is found, and then the violation of MR under decoherence is computed. The first term in Eq. (16) gives the unitary
evolution previously used to entangle the cavity and the spin: p(t)s. = U (t)p(0), U (¢), where U (t) = exp (—it xa'aJ.). Under
the unitary evolution, the density matrix at time 7 is generally given by

p(t)se = Z:Om,n lm) (nls & lom (1)) {etn (@), (ED)

m,n
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where p,,., are the elements of the density matrix and |e,,(¢)). = |e”"*'a,,).. Hence, it is possible to break the problem into
solving the full dynamics for each p,, , |0, (1)) (o, (2)|. element. The additional terms in Eq. (16) were studied in Ref. [120],
where it was concluded that under cavity leaking, the coherent states basis evolves according to

lee) (Bl — (@l B)' " e "2 (Be /2, (E2)

where |a)., |B)c are two cavity CSs.

Now, to compute the full dynamics, we should consider that each «,, is a function of y, in addition to 7. Let us consider
infinitesimal time step df. On one hand, at every dt, the unitary evolution and the dissipation will update the amplitude of the m
CS according to

Olm()/u t) g Olm()/m t)(l - idef), Olm(J/c, t) - am(ym t)(l - %dl>7
respectively. Combining the two, the following differential equation can be formulated and solved:

0m(ye, 1)

T = —(imx 4 D t) = an(ye ) = age R, (E3)

where the boundary condition «,,(y., 0) = g was imposed Vm. On the other hand, it is possible to note that the coefficients
Pm.n(Ye, t) will not be affected by the unitary evolution, and only by decoherence following Eq. (E2). At every dft,

P (Ves 1) = (0l (Ves Dletn(Ves DY pyn(ve, 1).
Hence, evolving o, (., 0),
)Om,n(ycv t) = pm,n(ycv O) exp (_Dm,n(ycv t))7

where, using («|8) = exp 3 (Ja|* + |B|* — 2a* B), we get

VC ! ’ 12 12 ’
Dpn(ve:t) = 5 / dt' (|atm Ve, 1+ lotn (Ve P = 20 (Ve, 1)) (Ve, 1))
0

Using Eq. (E3) and evaluating the integral, Eq. (18) is recovered.
Spin dephasing, of decoherence rate y;, can be included in the model by replacing

. . — m_nz . .
|j,m) (jonly — e "7 | jom) (j,nl (E4)

Hence,

In order to keep the discussion general and do not commit to a physical system, we will compute the effect of the decoherence
in the measurement probabilities in terms of the ratios r. = y./x and ry = y;/x.

At first, we assume that j is integer. Substituting t = t; = w /x in Eq. (17), the density matrix is

J
ot = Z d,(rl{)_j((i))dr(h/:l_(d))e—(m—n)‘nrse—Dm,n(n») |j, m) (j, n|, ® |(—1)m0loe_r‘ﬂ/2) (-1 )naoe—m‘r/2|w

mn=—j

where

s C (_1)m7nefzrr(. -1
Dm,n(rc) = Dm,n(yc’ ) =lagl" {1 —e "+ .

1+ L(m—n)
Hence, taking the projection measurement and tracing out the cavity, the UPM spin state is given by

J
i i —(m—n)? — . . .
Y ry= 3 A9 @) (@)e e IBE ) | m) (ol

mn=—j
where
Pran(re) = (= 1'oge™ ™2 | Ty | (= 1)"otge ™7 /2).

The second rotation of the spin state will not be affected by previous decoherence and the same analysis can be applied to the
second measurement. Hence, the UPM spin state, when the outcome = is obtained in the first measurement and the outcome +
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is obtained in the second measurement, is given by

mn=—j

J
~ j j - —n)? 5 _Dmn c +
P, (rer)y = Y d (@)d,) (p)e™ T e PP ()

J
X D AL @@ e

—D,y v (re
m/.n/:_]

+ . .
wl CIPUE (re) | m') (. ol -
Taking the trace, the sum of the joint probabilities becomes

J

J

mn=—j

Pio(++) + Pia(—+)~ Y dY (@)dD ()™ T Pun (P (1) + PI) Y dD (9)d ) (@Y (o),
k=—j
where Dy, ;(r.) = OVk is used. Furthermore, we note that

1 o0 1
PN + P (re) = N / dxexp [‘5((" — (=1)"ag(re))* + (x — (=1)'"ag(re))?) + ixao (ro)((—1)" — (—1)”)}

L
= exp <<5 + %)aom)z((—l)" +i(—D)"M) (D" + (—1>"“)>
and

1 oo
P = —= /0 dxexp[—(x = (—1)ag(ro))’]

where ag(r.) = |a0|e_% is defined for conciseness.

1
S+ Erf((—Dfao(r,))),

Finally, when the first measurement is not performed, only the spin decoherence is present; i.e., during the time duration
that the first measurement would have meant to happen, the spin state will decohere. This gives the spin state before the second
rotation

J
j j —(m—n)mr | ; .
pe(r) =Y d) (p)d” (@)™ " | jm) (ol (E5)
m,n=—j
Applying the second rotation and the second measurement, the UPM spin state (when the outcome + is obtained) is given by

J
| o
pLrry~ Y dl ($)d (prem

m,n=—j

J
; ; N2 D, . .
XD A @] @) T P P () )
m',n'=—j
Taking the trace, we get the following:

J

, A (@) P (o).
m,n=—j k=—j

(E6)
On the other hand, for half-integer j, following a similar calculation, it can be shown that

i
Py(+) ~ Z dr(n];)_,-(¢)d,ijij(¢)e‘(’”—">2ﬂ’s Z

j_

l—

-1
man=—j—3

PiaGb) +Pa(=0)~ Y Al (@), (e e Pt (QU (r) + Q4 ()

i~
X Z d(]) l(¢)d(1)

k+31.m+3 k+1.n+

P (o),
k=—j—1
with

2

1 oo
) py —
Q) + Q0 = —= [ §

1

dx exp [‘5((" — (=1)"ap(re))* + (x — (= 1o (r))*) + ixarg (re)((—1)" — (—1)’”)}
i 2 m . n n m+1

= exp ((5 + E)Olo(rc) (=" +i(=DH((=1)" + (=1) ))
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(a) .; (b) .; V|
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015
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FIG. 7. Decoherence effects on the violation of NDC for different values of the total spin j as a function of both the cavity leaking rate y,
and the spin decoherence rate y;, for ¢ = 7 /4, (a) j = 10 (b) j = 20. and (c) j = 40.

T
10° 102 104 109 10° 104 l(}” l(}
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and
i-4 i3
j j —(m—n)*mr.
P~ o Al @) @ YA @ @), (E7)
m,nzfjf% szjf—

The violation for different decoherence rates was numerically computed and the plot is given in Figs. 4 and 7, where we have
taken ¢ = 7 /4.

APPENDIX F: INHOMOGENEOUS COUPLING

The initial ground spin state can be rewritten as |1/2, —1/2)% YON = |j, — Jjs)®". To keep the expression reasonably short, we
will restrict the discussion to integer j and oy € R. The rotation and entanglement interaction times (tg and ¢;) are chosen such
that

() =20, (g) 1 = % 0) = xt; = 7. (F1)

Furthermore, let us define the quantities ¢; := 2« (g); tr and 6; := (x); ;.
The rotation Hamiltonian in Eq. (20) will evolve the initial spin state to a product of CSs each with angle ¢; with respect to
the quantization axis,

W), ®|¢, —® Z ()] jer mi) ZD”S s m),, (F2)

i=1 mj=—js

where, for conciseness, the following notation was introduced: m = (my, my, ..., m,) (and Zm is the sum over all possible
m), |j;, m), = ®;‘:l | js, m;),, and D](T’l‘l =1L dr(njLJ (¢;). We will further use @ = (61, 6,, ..., 6,). After the off-resonance
interaction, the spin-cavity state is

(W(tr + 1)) Z DY) s m),Jeoe™™),, (F3)
where 6 - m = > O,m;.

The found results will also hold for half-integer spins with g = % |cto|. Taking the projective measurement, the UPM density
matrix of the spins, when the outcome = is obtained, is

:O:t = Z ,D(]l Dl(tif _] |]s’ m) (j,, m/|s S (F4)

m,m’
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where

00
I; w = / dx<x|e—10~ma0>c<e—10-m ao|X).
0

= % /OO dx exp[—%((x — \/zao cos(0 - m))? + (x — «/zozo cos(6 - m'))?) + ix«/zao(sin(e -m) — sin(@ - m/))]
0

1 < (ao(i(sin(é’ -m) — sin(f - m’)) + cos(6 - m) + cos(f - m’))))
=—(1+erf
V2

1
X exp (Eag(Z cos(@- m—0-m')+i(2sin(@-m—0-m') + sin(20 - m) — sin(20 - m’) + 21'))), (F5)

and similarly for the — measurement, with the difference in the integration limits.
With the second rotation, every |js, m;), will be rotated to Zh — dﬁ{f,)ni ()]s, ni)s. Hence, the UPM state will be rotated to
pl )= > DY DL DYDY T ) Gl (F6)

nm~ n’ m~"mm
m,m’,n,n’

Taking the second projective measurement, when the outcome = is obtained for the first measurement and the outcome + is
obtained for the second measurement, the UPM spin states are given by

p:t+v Z D(Ja D(h g ’D(]\)D(]A I:t n,n’|jS7 n) (js’ n/|s ) (F7)

nm~ n’ m"mm
mm lll‘l

Tracing out the spin Hilbert space,

Po(E+) = Z DY DY DYDY Tt T (F8)
Note that the diagonal terms are
+ 1 = 2 1
Iin=—F= dxexp[—(x — V2w cos(@ - )] = =(1 + erf(v/2a cos(d - n))). F9)
VT Jo 2
Hence,
Py(x)= Y DY DY D;f;;ij;n S+ erf(v/209 cos(9 - m))). (F10)

m,m’,n

In this case, it is not possible to cancel this noise by taking large enough o, because, depending on oy, the value of cos(6 - m)
could approach a null value, and similarly the sin in the off-diagonal part. Given the derived probabilities, the violations are
numerically computed.

APPENDIX G: INHOMOGENEITY FROM PHYSICAL IMPLEMENTATION

The solution of the electric field—and hence of the modes considered—is needed to describe a specific physical im-
plementation. By rewriting Maxwell’s equations in wave form, in vacuum the electric field is governed by the Helmholtz
equation V°E + kZE = 0, where ko = w/c, E = (E, E,, E;)", and E(7) = Ee™™" (and similarly for B). The type of cavity
of Fig. 6 allows two families of solutions, known as transverse electric and transverse magnetic (TM) modes, having E, = 0
or B, = 0, respectively. For TM modes, in this work considered, all components of the electromagnetic field are uniquely
determined by the z components. In fact, let E = E, + E.2, where E| = (E,, E,) are the transverse components and £, the
propagating component. In this form, Maxwell’s equation in the vacuum implies that and

(VxXE),=0=0,E,=0E =V, xE, =0=E, =V,¢ = V¢ = —0.E, (G1)

where the first identity follows from B, = 0, ¥ is a scalar potential, and the last identity follows from the other Maxwell’s
equation, which reads VE = V | E; 4 9,E, = 0. This last Maxwell’s equation can be approached by separation of variables,
E, = ¢(x, y)Z(z), and the mode expansion leads to the eigenvalues solution

Vigt,y) +kig(x,y) =0 and 0Z(x)+kZ(z) =0, with kI =kj—k7, (G2)

where the latter, i.e., the dissipation relation, constrains the wave vector on the z axis given the frequency of the experiment (w)
and the eigenvalues from the xy boundary conditions. Often, as we shall see, this leads to complex values of k, and hence a decay
behavior in the z direction, known as evanescent TM modes.
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The final identity of Eq. (G2), for ¥ = ¢(x, y)f(z), reads

1 1
—k7 ¢, ) f (2) = —$(x, )0.Z(z) = ¥ = k_QBZEz =E, = k_zvi(azEz) (G3)
1 1

explicitly, showing the relationship between the transverse components and the z components, known as TM identity.

Let us seek the particular solution under the boundary conditions imposed by the conducting box, i.e., at x = {—L,/2, L,/2}
and y ={-L,/2,L,/2}, E, =0Vz < L; and E,, E, = 0 for z = z9. The former implies that the solutions for the transverse
modes inside the box are

- S, Mmix nmw . . .
Eé’)(x,y,z,ﬁ=Eo¢mn(x,y)e”‘91e"‘”=Eoc<>s( L >°°S <L_y>(AzCOS (k72) + B.sin (kP2))e ™™, (G4)
x y

where Ej is the vacuum electric field, m and n are the labels of the harmonics ¢,,,, (i) represents the fact that these are quantities
inside the box, and |A.|? + |B;|> = 1 (as the normalization is given by Ey). From E, E, = 0 for x = zp, it is possible to show
that B, = 0 = A, = 1, as from Eq. (G3), the other components can be computed

, kD NN X .
(i) _ Z o (i) xPmn X, Y) —iwt
EV(x,yz,0) = Eo—ki sin (k! z)(ayqun(x’y))e : (G5)

which are indeed zero at zy = 0. From the continuity at z = L_, we require E?(x, y, L., t) = E@(x, y, L., 1) Y t, x, y. The outside
z component of the field can be taken to be

EZ(O)(X, v, 2, l) — EO cos (kéi)Lz)(pmn(x, y)eii(z—Lz)kgu)e_iwl, (G6)

such that k(f) = kf) = k1, as ¢ (x, y) do not change outside. Additionally, from the other components derived [from Eq. (G3)]
evaluated at L,, it is possible to get the ratio

_ E)gi)(xv y’ LZ? t) _ aZEz(l) _kgl) Sin (kz(l)LZ)

= = : == 2 7 5 k9 = — kD tan (kL (G7)
EX ey Lo, 1) cos (KL)o.EY| ik cos (L) tan (kL)

defining 8 = k! tan(k{"'L,), which implies an exponential decay outside the resonators, i.e., the field is
E{(x,y.2.1) = Eg cos (k{"L:) gy (x, y)e P (G8)

The chosen parameters of the resonator are L, ~ 2 X 102 m, L, ~8x 10~%m, and L, ~2x 1077, such that V ~ 3.2 x
10~ m?3, Taking into account the resonant w, fundamental to L,, i.e., m = n = 1, these values imply that inside the cavity,

kD = [% — % — T ~ L ~i4 x 10, which, for z < L, is negligible. However, outside the resonator, k!> ~ i3 x 10~*. For
a Rydberg atom placed at z &~ 50 um, this implies a decay of a factor of e~! ~ 0.2.
Then, the coupling as a function of the qubit’s position inside the resonator is approximately given by (omitting the z

dependency for the previous argument)

EQx,y)-d dE®  Eyd
glx,y) = ¥ y) =t = 2% o ()2_7{) cos <E> (G9)

[ [ ) . L,

For an arbitrary qubit in the configuration x = xx = r, - k and y = 0 for k € [-N/2, N/2 — 1], implying an ensemble of N

qubits. One then finds that
2,2
Ty Ty [E
= k)~gll——Fk ) =g|l1— =k, G10
8k gCOS<Lx ) g( 2 g Y (G10)

where we have defined that ¢ = Eod /(%), which leads to Eq. (21), L, = L, and o = 7r,/L, and the Taylor expansion is taken in
the limitl > o/N > « [i.e., we have assumed that the the qubits are placed along the long side of the resonator (Fig. 6), but only
within a small fraction of the long side, i.e., r,N/L < 1]. One can compute the mean coupling and its standard deviation as

N/2—1 5 N/2-1

1 o o? N2
(g) N Z 8k=28 N Z g( 24( + )) g( 7 ) (GI1)
k=—N/2 k=—N/2
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and
N/2—1

) Nj2-1 4 N2-1

1 o o
0=~ D @)’ =—(a+g|1-5% > K+ o D K

k=—N/2

_ g

2o

k=—N/2 k=—NJ2

=2 (=11 + 10N> + N* , G12
720 (=11 + +NY) 720 (G12)
where the last approximations are for large N. Then, o, < O(g/(10N)) implies the following:
272 272 2,2772 2/3
op a“N a°N raN < 1 < )
=8~ ~ = < — =N <0.6( — . (G13)
(&) 12451 —a2N2/24) 1245 124502 10N € y
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