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We present a closed-form expression for the survival probability of a biased random walker to first reach a
target site on a one-dimensional lattice. The expression holds for any step number N and is computationally faster
than non-closed-form results in the literature. Because our result is exact even in the intermediate step number
range, it serves as a tool to study convergence to the large N limit. We also obtain a closed-form expression
for the probability of last passage. In contrast to predictions of the large N approximation, the new expression
reveals a critical value of the bias beyond which the tail of the last-passage probability decays monotonically.
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Random walks appear in many fields of study, including
financial economics [1,2], population genetics [3—7], neurobi-
ology [8], semiconductor manufacturing [9-11], and quantum
physics [12]. In these fields, random walks are used to model
share prices, the statistical properties of genetic drifts, the
firing of neurons, the diffusion of dopants and impurities in
semiconductor fabrication, and the diffusion of molecules in
fluids. Their ubiquity underscores their importance.

The survival probability and first-passage distribution are
key properties of random walks that affect many stochastic
processes. The survival probability is defined as the probabil-
ity that the random walker has not reached a designated target
site for a given duration. Its complement is the cumulative of
the probability distribution of first-passage times. To illustrate
their application in neurobiology, random walks are used to
model how stimulative and repressive inputs change the neu-
ron’s polarization above its reference level [13]. In that case,
the distribution of times between neural firings represents a
first-passage problem, since a neuron emits an electrical signal
when its polarization level first exceeds a threshold level that
is greater than its initial reference level [8]. First-passage
processes also appear in random walk models for diffusion-
controlled reactions [8]: In these reactions, diffusing reactant
particles are converted into product particles when they meet
for the first time. Other applications of first-passage processes
can be found in, e.g., Ref. [14].

Here, we consider the survival probability of a biased ran-
dom walker on a discrete 1D lattice to first reach a target
site other than its origin. Surprisingly, exact expressions in
closed form for such probabilities at arbitrary step number
are lacking. Rather, the primary focus in the literature has
been on the limit of large step number, or long times [15].
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Below we present a path enumeration method to provide new
closed-form expressions for the survival probability at any
step number, including the elusive intermediate range.

Obtaining a closed-form expression of the survival prob-
ability that holds for arbitrary step number is not always
tractable by the usual generating function approach. To quote
Feller from his text on probability theory [16]: “Given a
generating function P(s) =) pis® the coefficients p; can
be found by differentiations from the obvious formula p; =
P®(0)/k!. In practice it may be impossible to obtain explicit
expressions and, anyhow, such expressions are frequently so
complicated that reasonable approximations are preferable.”
His remark implies several disadvantages with the generating
function approach: Differentiating k times becomes cumber-
some, especially if the generating function is complicated and
no closed form for the survival probability itself is apparent
[17]. In such cases, typically one must make approximations
based on expressions in nonclosed form. Furthermore, finite
matrix-based approaches that can be used for random walks in
confined domains [17] are not applicable to infinite domains.
Here, we aim to show that an accessible closed-form expres-
sion for the survival probability at arbitrary step number can
be obtained using a combinatorial path enumeration approach.

To derive such an expression, consider a random walker
on the real number line whose starting position x is xo = 0.
The random walker jumps to the right or left to a neighboring
position with probabilities p and g, respectively (see Fig. 1).
Consider a target position x, = —m < 0, where m is a positive
integer. We will consider the survival probability to remain
to the right of x;, up to step N. This scenario is equivalent
to a random walker starting at integer +m and surviving
until reaching the position x = 0. Figure 2 shows a sample
trajectory for the case m = 4.

Let us define R(N) as the probability that the random
walker has remained to the right of x, = —m for N steps.
R(N) is then simply the sum of the probabilities of all possible
surviving paths [18]. For a fixed number of total steps N, a
survival path can consist of n and k = N — n steps to the right
and left, respectively. The probability of such a survival path
is p"q* = p"*4*. By representing such a path as a sequence
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FIG. 1. A random walk on a discrete one-dimensional lattice,
with probability p of stepping to the right and probability g =1 — p
of stepping to the left. Here, we consider biased random walks, i.e.,
p # q, which start at the origin. We focus on the survival probability
to remain to the right of a target x, = —m (marked in blue), where m
is a positive integer.

of n (+1)’s and k (—1)’s, we see that a survival path requires
that its sequence’s running sum remains greater than or equal
to 1 — m. The number of such “survival” sequences is given
by the mth Catalan trapezoid C,,(n, k) [19]:

(":k), 0<k<m,
Cm(nvk): (n:k)_(]?j—’/;)’ m<k<n+m—1, (1)
0, k>n+m-—1.

Consequently, the probability of a survival path remaining to
the right of x;, = —m with n steps to the rightand k =N —n
steps to the left is p¥~*¢*C,,(N — k, k). Therefore, the sur-
vival probability R(N) becomes

RIN) =" p"*q"Cu(N =k, k). )
k

The value of the survival probability thus depends on how m
compares to V.

Let us first consider the case when m > N. Only the
0 < k < m case for the Catalan trapezoid applies and hence
C,(n, k) = ("H;:N ). Using the binomial theorem, R(N) sim-
plifies to

al N
R(N) = ZpN"‘q"<k> =p+9" =1 O
k=0
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FIG. 2. Sample trajectory of a random walker on a discrete one-
dimensional lattice, with target position x, = —4 demarcated by the
solid red horizontal line. Step number is denoted as N on the abscissa,
and position x (net displacement from the origin) is given by the
ordinate. First passage occurs when the random walker reaches the
target x, = —4 for the first time.

This is indeed expected: A random walker will never reach the
target position x, = —m with an insufficient number of steps
to reach the target position.

We now consider the case when m = N. Both the
0 <k <m and k =m cases of the Catalan trapezoid [see
Eq. (1)] apply in this case. Using the binomial theorem once
more, we see that

RN) =) P CutN =k, 1)
k

() (0)-0)]

N
N—k k N

—4". )

3

I
M=

I
—_
=}

This result is again expected: If the random walker always
jumps to the left for N = m steps, he will reach the target
xp = —m. There is only one such path, composed solely of
steps to the left, which occurs with probability ¢". Since
the random walker either reaches the target x; or survives,
g" +R(N) = 1.

The interesting case occurs when m < N. Both the 0 <
k<mand m < k <n+m—1 cases for the Catalan trape-
zoid apply and the survival probability becomes

m—1 N n+m—1 N N
27 )+ 2 )
n+m—1 N n+m—1 N

_ —k k _ N—k k

“E ()T () e

The upper summation limit kK < n + m — 1 can be expressed
in terms of N = n + k; thatis, k <N — k +m — 1. This con-
dition simplifies to 2k <N +m — 1, or k < ¥2=L_ Since k
must be an integer, we round down this upper limit using the

floor function. The survival probability thus becomes

LN+m—l LN+§1—]
2 N N
R(N) = N—k k _ N—k k (6
W= M) 2 P ) ©
k=0 k=m
Defining y = %, the survival probability can be expressed as
L=t (2=t | —m
- N Cmm N
RN)=p" > ’/(e) AR DY VZ(£>~
=0 £=0

(N

We find the summation in Eq. (7) can be expressed in
terms of Gauss hypergeometric functions [20]. The argu-
ments of the hypergeometric functions depend on the parity
of N + m. For the sake of brevity, the full derivation is pro-
vided in the Supplemental Material [21] and we present here
the end result. When N + m is even, we find the survival
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FIG. 3. Plots of the survival probability R(N) as a function of step number N for biases —0.2 < B < 0.2. The left panel examines the case
m = 5, while the right panel is plotted for m = 10. The insets show the plots on a linear scale, illustrating the limiting values of R(N). Note
that a nonzero saturation limit exists for positively biased random walks [see Eq. (10)] and this limit increases as m grows. Though not easily
visible in these plots, survival probabilities at adjacent step numbers are equal when N > m.
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where the subscript e in R, denotes that N + m is even. When N + m is odd, we find the survival probability to be

Ntmtl N
R,(N)=1-— ym +pNy & (N. —m+1
2

1-N—m 34+N—m
Fl1: . .
><21<, ) N ) > J/)

1 —N—-—1N 1
+;[1—2Fl(1;m army ;—y>D, )

2

where the subscript o in R, denotes that N +m is odd.
Equations (2), (8), and (9) reveal a relationship between hy-
pergeometric functions and Catalan trapezoids. This builds
on previous results connecting Catalan numbers to hyperge-
ometric functions [22]. Equations (8) and (9) are exact and
in closed form, and hold for any step number N and any
p and g. We were not able to find equivalent closed-form
expressions for the survival probability in the literature. The
expressions for R(N) given above in terms of p and g can also
be rewritten in terms of just the bias B = p — ¢. In Egs. (8)
and (9), this simply requires substituting p = (1 4+ B)/2 and
y =q/p = (1 — B)/(1 4+ B). We also note that in the case the
target lies to the right of the origin, i.e., x, = +m, the survival
probability is defined as remaining to the left of x; for the
duration of the walk. That probability, which we call L(N),
is equivalent to the expressions derived above for R(N), but
with the following substitutions: y = p/q instead of ¢/p, and
p in the prefactors multiplying the hypergeometric functions
should be replaced by g [see Egs. (8) and ((9).

Plots of the survival probability R(N), such as those pro-
vided in Fig. 3, reveal that for positive bias (p > g), the
survival probabilities saturate to nonzero values. We analyt-
ically determined these values to be

1—y"=1 L-B)" (10)
vo= 1+B

2

(

using Stirling’s approximation. A full derivation is provided in
the Supplemental Material [21]. For a fixed positive bias B, we
see that the saturation limit grows as the distance m between
the target and the walk’s origin increases. This property is
shown in Fig. 3. The same plots also show that for nonpositive
bias, i.e., p < ¢, the survival probability goes to 0 in the limit
of large step number. This reveals that in the limit of infinite
step number, there exist no survival paths for negatively biased
or unbiased walks, whereas there always exists some survival
paths for positively biased walks.

Though not easily visible in Fig. 3, survival probabilities
at adjacent step numbers are equal when N > m. When m
is odd, arriving at the target x, = —m occurs when the net
displacement from the origin is odd. This can only happen
when the random walker has jumped an odd number of steps.
Consequently, the survival probability at odd step number i
is equal to the survival probability at the next consecutive
even step number i + 1. Similarly, when m is even, arrival at
xp = —m occurs when the net displacement is even, which
can only happen when the step number N is even. As a
result, the survival probability at even step number i is equal
to the survival probability at the next consecutive odd step
number i 4 1.

We verify our results in Egs. (8) and (9) through compar-
ison to non-closed-form results in Feller’s text [16]. These
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FIG. 4. Comparison between our closed-form expressions for
the first-passage survival probability R(N) and Feller’s nonclosed
expression for m = 5. The agreement illustrates the relationship
between Catalan trapezoids, Gauss hypergeometric functions, and
trigonometric integrals. We compared our results with Feller’s for
N < 90.Beyond N = 90, Feller’s formula requires long computation
times.

results are provided in the context of a gambler’s ruin against
an infinitely rich adversary (representing the infinite lattice),
where the gambler’s ruin probability at the nth trial is de-
noted by u, ,. Here, z is the gambler’s initial capital, which
is analogous to the starting position of a random walker. To
map this scenario to ours, the gambler’s ruin problem is that
of a random walker starting at z = +m, who survives up to
step n if he has not yet reached the origin (i.e., losing all
of his capital). This is equivalent to our case of a random
walker starting at the origin x = 0 and not reaching a target
xp = —m up to step N. The ruin probability at step n given by
Feller [16] is

1
n—z ntz — . .
u,, =2"p7q>2 / cos" ! x - sinmx - sinmwxz - dx. (11)
0

Recall that we defined R(N) as the survival probability at the
Nth step, and we now define its complement R(N) as the prob-
ability of being ruined by the Nth step: R(N) + R(N) = 1.
The probability that the gambler is ruined at some step up to
(and including step number) N is thus

N
RIN) =) thy- (12)
n=1

Consequently, the survival probability based on Feller’s non-
closed expression for the ruin probability is

N 1
R(N) = I—Z 2"p" HT”]COSn_I X -sinx - sinmmwx dx.
- 0

n=1 (]3)
We numerically compare this result in Eq. (13) with our
closed-form expressions in Eqgs. (8) and (9), which show
excellent agreement. A sample plot is shown in Fig. 4 for

the case m = 5 and biases ranging from B = —0.20 to 0.20.
The agreement illustrates the close connections between Cata-
lan trapezoids, hypergeometric functions, and trigonometric
integrals.

Additionally, the observation that the survival probability
at odd step number i is equal to the survival probability at
the next consecutive even step number i + 1 is more apparent
from this figure.

In Fig. 4, we have compared the results only up to step
number N = 90 due to the long computational times required
to evaluate Feller’s formula [Eq. (13)] beyond this range. We
note, however, that the computational times for Egs. (8) and
(9) were ~1073 to 107 times shorter and numerically these
expressions could be computed for much larger step numbers
such as N = 900.

This reveals a benefit of using exact closed-form expres-
sions in lieu of their nonclosed counterparts, and highlights an
advantage our combinatorial approach has over the commonly
used generating function method.

We now turn our attention to first-passage probabilities.
Note that from the survival probability R(N), one can easily
obtain the probability F'(N) of first hitting the target x;, at step
number N. Since 21};1 F(j) is the probability of ruin at step
N and the complement of the survival probability, it follows
that

N
R(N)=1=Y_F(j). (14)

j=1

Consequently, we determine F(N) from the difference be-
tween survival probabilities at consecutive step numbers,
denoted here by j and j + 1:

F(j+1D=—=R({+1)—R(3G). as)

Plots of F(N) are shown in Fig. 5. As negative biases increase
in magnitude, the peak value of F(NN) shifts to the left. This
is intuitive: The stronger the bias toward the target, the more
likely the random walker is to reach x, = —m at an earlier
step. Similarly, as positive biases increase in magnitude, the
peak value of F (V) also shifts to the left. Both cases illustrate
that reaching the target for the first time is more likely to
occur earlier in the walk than at later steps. However, the
difference in the peak values for the two cases reveals that
negatively biased walks are much more likely to reach the
target than positively biased ones. In the limit of infinite step
number, while ) ~ F'(N) =1 for negatively biased walks, for
positively biased walks this sum remains less than 1. Thus, for
N — o0, there exist no survival paths for negatively biased
random walks, which tend to drift toward the target, while
there are many survival paths for positively biased walks,
which tend to drift away from the target.

We now consider the probability of last passage. We con-
sider the probability for the random walker to return to the
boundary of ruin x;, = —m for the last time at step number n
for a walk length of N steps. We call this probability the PLP
(probability of last passage) for short. The PLP is a product of
two probabilities, i.e., the probability to be at x;, at step number
n and the probability to survive for the remainder of the
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FIG. 5. Displayed here are the first-passage probabilities F(N)
for the case m = 20. We plot values for even-valued N, as first
passage can only occur when N + m is even [F (N) = 0 otherwise].
The top panel shows results for negative values of the bias ranging
from B = —0.1 to B = —0.20, while the bottom panel shows results
for positive biases of the same magnitudes.

walk:

PLP = probability to be at x; at step number n

X probability of surviving N — n steps thereafter.

For n < m, the PLP is simply O because there are too few steps
to reach the boundary x;. For n > m, the PLP is

PLP = p" ¢"¥ (fm> x S(N — n), (16)
Eh

where S(N — n) is the survival probability to remain on the
right or left side of x,. This survival probability is differ-
ent from R(N), because the latter concerns a first-passage
problem (i.e., the random walk begins at an initial position
different from the target), whereas the survival probability in
Eq. (16) concerns recurrence (beginning and ending at x;).
We note that the exponents of p and g must be non-negative
integers because they represent the number of steps taken to
the right, ng, and left, n;, respectively. Consequently, when
(n £ m)/2 are half-integers, the PLP is zero because no such
path can ever return to the boundary x,. More details are
provided in the Supplemental Material [21].
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FIG. 6. The probability of last passage for a random walk with
target m = 5 and total walk length N = 200, plotted here for several
positive biases (top panel) and negative biases (bottom panel). For
visual clarity, we show only nonzero values of the PLP: When m is
odd, last passage occurs at odd step numbers and thus the PLP is
zero for even step numbers. Note that as the magnitude of the bias is
increased, the right peak of the PLP decays until it vanishes above a
critical bias.

The survival probability S(N) appearing in Eq. (16) can be
expressed in closed form for odd and even N as [23]

Soad(N, B)

=B

+(1—B2)% N—1\ [T—B 2B N—1
V-1 1+BN+1

o (1Y 2N 5 B (17)
21 b 2 272 29 9
Seven(N, B)
1—-B N-2

(1-B%> (N\[1-B
=B+ ——(y — 2B
2N SJL1+8B (1+B)*N+2

N N B—1
Fll,—+2,—+2;—— | |. 18
le( > Tao+ B+1>} (18)
With these expressions for the survival probabilities Soqq and
Seven, We obtain closed-form expressions for the PLP. When
plotted as a function of the step number 7 (see Fig. 6), the PLP

typically increases to a local maximum and decreases until
near the end of the walk, where it again increases. Plots of the
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PLP for a total walk length of N = 200 steps with target m =
5 and various biases are shown in Fig. 6. Note that we plot
solely nonzero values of the PLP: The walker can only reach
the target site at step n if n + m is an even number, otherwise
the PLP is zero. The plots show that the rightmost peak of the
PLP near the end of the walk decreases as the magnitude of
the bias increases. Beyond a critical bias, the rightmost peak
disappears altogether.

To quantify the critical bias, we study the case of a mono-
tonically decreasing tail of the PLP. Specifically, we examine
the difference between the PLP’s penultimate and final (non-
zero) values, e.g., whenn = N — 2 and n = N in the case that
N + m is even. The sign of this difference determines whether
the right tail of the PLP monotonically decreases. Such a
condition yields the inequalities PLP(N — 2) — PLP(N) > 0
if N+ misevenor PLP(N —3) —PLP(N — 1) > 0if N +m
is odd. Using Egs. (16)—(18), we find that these inequalities
reduce to

N2 —2N +m?

B -
1Bl >\ 33 N — 2

for even N + m, (19)

N2 — 4N +3 +m?
|B|>\/ tom forodd N +m. (20)

3N2 — 8N +5 — m?

The full derivation, which we omit here for brevity, can be
found in the Supplemental Material [21].

We plot the critical bias in Eq. (20) as a function of m and
N in the top panel of Fig. 7. The bottom panel shows a cross
section of the surfaces plotted for a particular value of m = 10.
Equation (19) behaves similarly as a function of m and N. In
the limit of infinite step number, where N >> m, both Egs. (19)
and (20) converge to |B.| = 1/+/3 &~ 0.577, which is apparent
from Fig. 7. Thus, any bias whose magnitude is above this
critical bias |B.| will have a monotonically decreasing right
tail in the PLP.

In the limit n > m, the PLP is approximately equal to the
probability of last return (PLR) in the recurrence problem (i.e.,
returning to the origin rather than reaching a target other than
the origin) [23,24]:

n—m

PLP = p"2

¢ *S(N —n) ~ piqiS(N — n) = PLR.

The PLR is typically given in the large step number (long
time) limit, which is bimodal due to the functional form of its
prefactor 1//n(N — n) (e.g., see Eq. (12) of Ref. [24]). This
large N approximation features two diverging peaks of the
PLR at the beginning of the walk (n = 0) and at the end (n =
N). Thus, one might expect the same behavior for the PLP for
n > m. However, our exact, closed-form results indicate that
the PLP does not necessarily diverge at the end of the walk

S ﬁ_o

,7)1170 m
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0.55; ‘
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_1-0//,“—’?

FIG. 7. The top panel illustrates the dependence of the critical
bias in Eq. (20) on m and N, where N > m and the bias can be
positive or negative (represented by the top and bottom surfaces,
respectively). Regions above the top (orange) surface and below
the bottom (blue) surface represent biases for which the tail of the
PLP monotonically decreases. The bottom panel displays a cross
section of the two surfaces for m = 10. The critical bias approaches
1/+/3 in the large N limit for any m.

(n = N), in contrast to the large N approximation. In particu-
lar, the critical bias condition provides a clear counterexample
to the behavior predicted by the large N approximation, thus
underscoring the value of exact, closed-form results.

The results presented here will be particularly useful for
applications requiring survival probabilities at intermediate
step numbers. For instance, molecular motors in eukaryotic
cells, such as dynein, execute biased random walks of ~100
steps along microtubules [25,26]. Our expressions would then
provide the probability that the motor has not yet reached a
target site by N steps. In the future, the path enumeration
method proposed here could also be extended to special cases
in two dimensions. For example, if the target lies in the region
y > x +m — 1, where y represents the lattice position in the
second dimension, one could still use the Catalan trapezoid
construction to express the survival probability as the sum
> PV Cu(N — K, k).

Data availability. The data supporting this study’s findings
are available within the article.
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