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Restoring the second law to classical-quantum dynamics
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All physical theories should obey the second law of thermodynamics. However, existing proposals to describe
the dynamics of hybrid classical-quantum systems either violate the second law or lack a proof of its existence.
Here, we rectify this by studying classical-quantum dynamics that are (1) linear and completely positive and
(2) preserve the thermal state of the classical-quantum system. We first prove that such dynamics necessarily
satisfy the second law. We then show how these dynamics may be constructed, proposing dynamics that
generalize the standard Langevin and Fokker-Planck equations for classical systems in thermal environments
to include backreaction from a quantum degree of freedom. Deriving necessary and sufficient conditions for
completely positive, linear, and continuous classical-quantum dynamics to satisfy detailed balance, we find this
property satisfied by our dynamics. To illustrate the formalism and its applications, we introduce two models.
The first is an analytically solvable model of an overdamped classical system coupled to a quantum two-level
system, which we use to study the total entropy production in both quantum system and classical measurement
apparatus during a quantum measurement. The second describes an underdamped classical-quantum oscillator
system subject to friction, which we numerically demonstrate exhibits thermalization in the adiabatic basis,
showing the relevance of our dynamics for the mixed classical-quantum simulation of molecules.
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I. INTRODUCTION

A basic test of any theory is that it satisfies the second
law of thermodynamics. By constructing for the first time
consistent dynamics that preserve the classical-quantum (CQ)
thermal state and satisfy detailed balance, we here prove that
theories of interacting classical and quantum degrees of free-
dom can also satisfy this basic requirement.

While many systems are well described as entirely clas-
sical or entirely quantum, a number of regimes studied in
physics and chemistry require the use of hybrid descrip-
tions, where classical and quantum degrees of freedom coexist
and interact. Common examples include semiclassical gravity
[1–3], molecular dynamics [4–6], continuous measurement
and feedback [7–9], and systems at the classical-quantum
boundary [10–12].

However, despite a huge range of theories having been
suggested to describe the interactions between classical and
quantum systems [13–30], the question of whether any can be
constructed to be compatible with the laws of thermodynam-
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ics has been largely left unanswered [31]. Indeed, this is in
part because the common approaches used to study classical-
quantum hybrids, namely, mean-field methods [5,15] and
reversible quantum-classical evolution laws [6,13,14], mani-
festly fail to satisfy both of the basic consistency requirements
of a probability theory, namely, linearity and positivity, which
necessarily lead to violations of the second law of thermody-
namics [32,33]. While a recent approach based on mean-field
dynamics showed success for systems close to equilibrium
using perturbation theory [34], a form of classical-quantum
dynamics that demonstrates consistency with thermodynam-
ics far from equilibrium and for arbitrary coupling strengths
has remained unknown.

To construct classical-quantum dynamics compatible with
the second law of thermodynamics, we build on the theory of
linear, completely positive, and continuous classical-quantum
dynamics [17,18,29,35,36], which provides a consistent de-
scription of interacting classical and quantum systems at both
the level of individual trajectories [37] and at the level of
the master equation [35]. The key property of such theories
is that they are necessarily irreversible, with diffusion in the
classical degrees of freedom and decoherence in the quantum
ones [38]. However, these additional sources of noise are
typically understood to lead to unbounded energy production
[29,39,40], making a consistent thermodynamic interpretation
of such theories challenging.

To restore thermodynamic stability to classical-quantum
theories, we study dynamics that preserve the thermal
state of the combined classical-quantum system. A stan-
dard property in both classical and quantum nonequilibrium
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thermodynamics [41,42], this assumption naturally leads us
to interpret the classical-quantum system as open, exchanging
heat and entropy with a thermal environment. First suggested
of the earliest works on this topic [18,43], the identification
of a thermal environment provides a natural explanation of
both the irreversibility of these theories and their emergence
via environmental decoherence of a subsystem [44]. Most
significantly, we show that for any completely positive and
linear dynamics, a positive entropy production may be defined
[45], proving the second law of thermodynamics for classical-
quantum systems arbitrarily far from equilibrium.

The main technical contribution of our work is to pro-
vide tools that allow consistent thermal state preserving
and detailed balance classical-quantum dynamics to be con-
structed. We first identify two classes of operators that
allow the construction of dynamics that preserve arbitrary
classical-quantum thermal states. We illustrate this by intro-
ducing two classes of dynamics that generalize the stochastic
motion of overdamped and underdamped classical Fokker-
Planck/Langevin equations [46,47] to the case in which the
classical system experiences backreaction from a quantum
system. By deriving necessary and sufficient conditions for
detailed balance in classical-quantum systems, generalizing
the well-known classical [48,49] and quantum [50] results,
we show that this dynamics satisfies detailed balance. The
framework not only applies at an ensemble level but also
along individual stochastic trajectories. These results provide
a step toward a general theory of nonequilibrium classical-
quantum thermodynamics, combining the respective theories
of classical [41] and quantum [51,52] nonequilibrium thermo-
dynamics into one cohesive framework.

Our work has two main applications, which we illustrate
by introducing and solving two models. The first core appli-
cation is in the study of measurement and control of quantum
systems. While the connection to classical-quantum dynamics
has been known for some time [18,53,54], recent work has
demonstrated how continuous measurement and feedback can
be described using classical-quantum master equations [9,55]
and proven the general equivalence of these two frameworks
[37,56]. By equipping classical-quantum theories with notions
of detailed balance and the second law, we automatically
extend these concepts to the study of continuous measure-
ment and feedback. While a number of proposals exist to
study detailed balance and the second law on the quantum
system alone [57–60], our contribution is to show how en-
tire continuous measurement and feedback systems may in
principle obey detailed balance and the second law, and to
provide a complete characterization of their dynamics. This is
expected to be important as measurement and control systems
are further developed into mesoscopic regimes [61–63], where
effectively classical degrees of freedom are unavoidably af-
fected by thermal noise and backreaction from the quantum
degrees of freedom they manipulate. To illustrate this applica-
tion, we introduce a simple toy model of a quantum two-level
system coupled to a single classical degree of freedom, which
we show may be interpreted either as an overdamped meso-
scopic classical system, or as a macroscopic detector with
finite bandwidth [9]. Providing, to our knowledge, the first
analytical solution of a continuous classical-quantum master
equation, we use this toy model to study the total entropy pro-

duction of a quantum system plus measurement device during
a quantum measurement, as well as the limits on quantum
control when the control system is subject to fluctuations and
quantum backreaction.

The second key application of our work is in the study
of molecular dynamics. Here, the question of finding a de-
tailed balance and thermal state preserving dynamics has
been an open problem for many years [64–67], with even
approximate solutions violating basic properties such as the
linearity of dynamics, positivity of electronic populations, or
the physicality of individual classical trajectories [68–70].
The dynamics we provide not only solve these issues but
also reduce to consistent versions of two well-known meth-
ods in molecular dynamics, namely, mean-field dynamics
[5] and the quantum-classical Liouville equation [6,66], in
the high temperature limit. We illustrate this dynamics using
a model of two coupled oscillators, one classical and one
quantum, which we study by mapping the adiabatic basis
to the standard harmonic oscillator basis. Using simulation
methods from continuous measurement theory [71–73], we
numerically solve the dynamics and show that it exhibits
thermalization in the adiabatic basis. The simulation is used
to compute the statistics of heat dissipation arising from this
equilibration process, which are confirmed to be consistent
with the second law at the ensemble level. Beyond this model,
our conditions for detailed balance completely characterize
the class of molecular dynamics that are linear, satisfy detailed
balance, and guarantee well-defined classical and quantum
trajectories. Our framework thus provides a natural setting for
studying the nonequilibrium thermodynamics of molecules
treated using hybrid classical-quantum methods.

Outside of the practical applications that we describe via
these two models, our findings are also of relevance to recent
foundational studies on the nature of gravity and decoherence.
By proving that classical-quantum theories are compatible
with the second law, our work puts recent attempts at con-
structing hybrid and stochastic alternatives to quantum gravity
[29,37,40,74–78] on firmer ground and provides a template
for how friction may be added to these theories to ensure
their stability [79]. Beyond gravitationally induced decoher-
ence, the forms of dynamics that we introduce demonstrate
how including friction in the stochastic field driving collapse,
rather than in the quantum system itself [80–82], may be used
to construct collapse models provably compatible with the
second law of thermodynamics.

The outline of the paper is as follows. In Sec. II, we review
the formalism of classical-quantum dynamics, before describ-
ing in Sec. III how the notions of entropy, energy, and the
second law can arise in classical-quantum systems. In Sec. IV,
we introduce both overdamped and underdamped thermal
state preserving dynamics and demonstrate how our dynamics
generalizes the mean-field and quantum-classical Liouville
approaches to dynamics that are completely positive and lin-
ear. In Secs. V and VI, we introduce and solve two models
to illustrate the general features of our dynamics and its ap-
plications. Finally, in Sec. VII we find general necessary and
sufficient conditions for systems satisfying classical-quantum
detailed balance, which we demonstrate are satisfied by both
the overdamped and underdamped dynamics introduced in
this paper.
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To streamline the notation in the bulk of the paper, we will
opt to denote operators on Hilbert space simply using capital
letters (e.g., H , Lz, Mxy) or Greek letters (e.g., ρ, �) that are
otherwise undistinguished from other scalar quantities (e.g.,
S, E , �). However, when studying the two models in Secs. V
and VI, we use hats to distinguish operator-valued quantities
from real numbers for clarity and consistency with existing
notation.

II. CLASSICAL-QUANTUM STATES AND DYNAMICS

We start by reviewing the framework for modeling com-
bined classical-quantum systems [13–15,36,37]. The key
feature we emphasize is that there exist two equivalent de-
scriptions. The first is a trajectory picture, in which the system
is described by a point in classical state space together with a
state in quantum Hilbert space. The second is an ensemble
picture, where the total state of the system is described by
the classical-quantum state, a hybrid object that generalizes
both the classical probability distribution and the quantum
density operator. We introduce the general class of dynam-
ics that ensures these two descriptions remain consistent and
interchangeable and compare this with common alternatives
that fail to do so.

A. Classical-quantum kinematics

We begin by recalling the formalism necessary to collec-
tively describe the kinematics—i.e., states and observables—
of a combined classical-quantum system. The classical
degrees of freedom are characterized by points z in a classical
state space M ⊆ Rn, i.e., by n real numbers z = (z1, . . . , zn).
This may correspond to phase space, in the case of under-
damped evolution, or configuration space when the evolution
is overdamped. On the other hand, the quantum system is
characterized by a separable Hilbert space H, which may
correspond to single qubit or bosonic quantum systems, or
many interacting quantum degrees of freedom.

The most intuitive picture of classical-quantum systems
is that on the level of individual trajectories [8,15,18,37].
Here, at any given time t , the classical system is described
by a point in classical state space zt ∈ M, while the quan-
tum system is described by a density operator ρt , i.e., a unit
trace positive semidefinite operator acting on H. Since the
classical and quantum systems may be subject to noise, one
must in general allow for zt and ρt to be random variables.
Considered as functions of time, the random variables zt and
ρt thus define stochastic processes, which we denote using a
subscript t and use E[ · ] to denote their expectation value
as random variables. In general, each realization of zt and
ρt generates distinct individual trajectories in the classical
and quantum state spaces, providing an intuitive picture of
classical-quantum dynamics using the standard classical and
quantum frameworks.

An equivalent description at the ensemble level is provided
by the classical-quantum state [15,29,83]. Here, the entire
information about the classical-quantum system is contained
in an operator-valued function of phase space �(z, t ), known
as the classical-quantum state, which must be (1) positive
semidefinite at all points z and (2) normalized to one after in-

tegrating over the classical state space and tracing over Hilbert
space, i.e.,

∫
dz Tr(�(z, t )) = 1. This object is given physical

meaning by identifying the classical probability distribution
P(z, t ) with its trace

P(z, t ) = Tr(�(z, t )), (2.1)

and identifying the quantum state conditioned on a given
classical outcome z, which we denote by ρ(z, t ), with its
normalized value

ρ(z, t ) = �(z, t )

Tr(�(z, t ))
, (2.2)

each of which is guaranteed to satisfy the required positivity
and normalization properties by virtue of the two conditions
on �(z, t ). Using these, the classical-quantum state may also
be written as

�(z, t ) = ρ(z, t )P(z, t ), (2.3)

which can be seen to be equivalent to the definition in terms
of positivity and normalization. From this, we see that the
classical-quantum state provides a natural generalization of
the classical probability distribution or quantum density ma-
trix to the combined classical-quantum case, and thus is
important for characterizing both the consistency and prop-
erties of classical-quantum dynamics.

A key feature of this framework is that the trajectory and
ensemble descriptions can be directly related to each other
[37]. In particular, the two representations are related by the
fundamental expression

�(z, t ) = E[δ(z − zt )ρt ], (2.4)

where δ(z − zt ) denotes a delta function centered on the point
zt . To see how this relation arises, we first note that the
probability distribution may be written in terms of the random
variable zt as

P(z, t ) = E[δ(z − zt )], (2.5)

which follows from the definition of the expectation value,
while the quantum state conditioned on (z, t ) may be written
as

ρ(z, t ) = E[ρt |zt = z], (2.6)

where E[ · |zt = z] denotes the expectation conditioned on
the outcome zt = z. Substituting these into the definition of
�(z, t ) given in Eq. (2.3), one sees that the two expectation
values may be combined into one due to the presence of the
delta function, thus recovering the expression in Eq. (2.4).

A subtle but important conceptual feature of classical-
quantum systems is that the state assigned to describe the
quantum system depends on the degree of conditioning on
the classical system [37]. Taking first the extreme case, where
no information about the classical system is available, the
quantum system is described by the unconditioned state ρ(t ),
which is found by integrating over the classical degrees of
freedom in the classical-quantum state:

ρ(t ) =
∫

dz �(z, t ). (2.7)

Using Eq. (2.4), one can check that this may be written in
the trajectory picture simply as ρ(t ) = E[ρt ]. An intermediate
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case occurs when the only final state of the classical sys-
tem z is known, which gives the zt = z conditioned quantum
state given in Eqs. (2.2) and (2.6). Finally, one may consider
the other extreme case, where the entirety of the classical
trajectory {zs}s�t is known and conditioned upon. Since any
remaining ambiguity in ρt at this point would not be physical,
we will always choose to represent dynamics such that ρt

corresponds to the state of the quantum system conditioned
on the entire classical trajectory up to time t , i.e.,

ρt = E[ρt |{zs}s�t ]. (2.8)

This choice ensures that the state ρt always has a physical
meaning by virtue of the reality of the classical trajecto-
ries [37,39]. In the special case that ρt is pure, individual
realizations of pure states are physically well defined and
unambiguous, and we shall denote the quantum system here
using the corresponding vector in Hilbert space |ψ〉t . This
may be understood as directly analogous to the case of per-
fectly efficient continuous quantum measurement, where the
quantum system remains pure conditioned on the classical
measurement signal.

Finally, turning to observables, we note that we may define
expectation values on both the level of trajectories [8] and on
the level of the ensemble [13–15]. To start with, we define
a classical-quantum observable to be a Hermitian operator-
valued function of phase space, which we shall denote by
A(z), B(z), . . ., etc. Since this defines a quantum observable,
one may define a stochastic quantity simply by taking the
standard quantum expectation value with respect to a given
realization of zt and ρt :

〈A(z)〉t = Tr(A(zt )ρt ). (2.9)

Referring to this as the trajectory expectation value of A(z), a
given realization of this random variable corresponds physi-
cally to averaging the outcomes of A(z) measurements made
on the quantum system when a specific classical trajectory
occurs. On the other hand, we may also define the ensemble
expectation value of a classical-quantum observable as

〈〈A(z)〉〉 =
∫

dz Tr(A(z)�(z)), (2.10)

where the double angled brackets indicate that here one must
integrate over the classical state space and trace over the
quantum Hilbert space. To relate the trajectory and ensemble
expectation values, we may substitute Eq. (2.4) into Eq. (2.10)
to see that

〈〈A(z)〉〉(t ) = E[〈A(z)〉t ], (2.11)

i.e., the ensemble expectation value of a classical-quantum
observable at time t is equal to the mean value of the cor-
responding trajectory expectation value.

B. Classical-quantum dynamics

Having defined the trajectory and ensemble descriptions,
characterized either by zt and ρt or by the classical-quantum
state �(z, t ), we now turn to studying dynamics in these
two pictures, which correspond to stochastic unravellings and
master equations, respectively.

We start by discussing which properties of classical-
quantum dynamics are necessary for the time evolution to
be consistent with the trajectory and ensemble pictures of
classical-quantum systems [37]. First, we note that if a tra-
jectory level picture exists in terms of zt and ρt , then the
corresponding ensemble level classical-quantum state �(z, t )
is necessarily positive semidefinite everywhere in phase
space. For the trajectory picture to remain valid over time,
the dynamics must therefore preserve the positivity of the
classical-quantum state. Moreover, for this to be valid when
applied to just part of a quantum system, this dynamics must
also be completely positive [37]. Finally, we note that since
the classical-quantum state has a statistical interpretation, it is
important to consider dynamics that is linear in �(z, t ), just
as one does when considering dynamics of either quantum
density operators ρ(t ) or classical probability distributions
P(z, t ).

Alongside the necessary assumptions of complete positiv-
ity and linearity, we will make two additional assumptions
on the class of dynamics we work with. First, we will fo-
cus our attention on dynamics that are Markovian in the
classical-quantum state. Consistent with the vast majority
of proposed classical-quantum dynamics [30], the main ad-
vantage of assuming Markovianity is that it allows us to
leverage a recent theorem known as the CQ Pawula theorem
[29,35], which characterized the general form of Markovian,
completely positive and linear classical-quantum dynamics.
Second, to consistently describe classical degrees of freedom
such as position and momentum, we additionally assume that
the dynamics generate trajectories that are continuous in the
classical degrees of freedom.

To write down the general form of classical-quantum dy-
namics in the ensemble picture, we use the formalism of
classical-quantum master equations. First developed in Refs.
[13,15,17], one may write their generic form as

∂�

∂t
= L�, (2.12)

where L is a classical-quantum superoperator that acts as the
generator of dynamics. Under the assumptions made above,
i.e., that the dynamics is completely positive, linear, Marko-
vian, and continuous in phase space, the general form of this
generator is characterized by a theorem known as the CQ
Pawula theorem [29,35]. Denoting by Lα a set of p opera-
tors acting on the Hilbert space, and assuming summation
over repeated Roman letters i, j = 1, . . . , n or Greek letters
α, β = 1, . . . , p, we may write this generator in the form

L� = − ∂

∂zi

(
DC

1,i�
) + 1

2

∂2

∂zi∂z j
(D2,i j�)

− i[H̄, �] + Dαβ

0

(
Lα�L†

β − 1

2
{L†

βLα, �}+
)

− ∂

∂zi

(
Dα

1,i
∗Lα� + �Dα

1,iL
†
α

)
. (2.13)

The first line describes purely classical dynamics, with the
classical drift vector given by DC

1 , a real vector of length
n, and the diffusion matrix denoted by D2, a real positive
semidefinite n × n matrix. The purely quantum dynamics is
determined by the Hermitian operator H̄ describing the uni-

023238-4



RESTORING THE SECOND LAW TO CLASSICAL- … PHYSICAL REVIEW RESEARCH 8, 023238 (2026)

tary evolution and the complex positive semidefinite p × p
decoherence matrix D0. Finally, the quantum backreaction
term appears on the final line, controlled by the n × p matrix
D1 with elements denoted by Dα

1,i. All of the D matrices and
operators H and Lα may have dependence on z.

For this dynamics to be completely positive, two positiv-
ity conditions must be satisfied. The first is known as the
decoherence-diffusion trade-off:

D0 � D†
1D−1

2 D1, (2.14)

which states that when the backreaction on the classical
system is nonzero, there must be a minimum amount of de-
coherence and diffusion in the system. Here, D−1

2 denotes
the pseudoinverse of the diffusion matrix D2, and A � B is
shorthand notation for the statement that A − B � 0, i.e., the
matrix A − B is positive semidefinite. The second positivity
condition controls the degrees of freedom in which diffusion
is necessary and is written as(

I − D2D−1
2

)
D1 = 0, (2.15)

where I denotes the n × n identity matrix. When the operators
Lα are orthogonal and traceless, positivity conditions (2.14)
and (2.15) provide sufficient and necessary conditions for
positivity, but are sufficient to establish positivity for arbitrary
Lα [35].

This dynamics may also be written in the trajectories pic-
ture using the formalism of classical-quantum unravellings.
Built using techniques from continuous quantum measure-
ment theory [8,84–87], and appearing as a special case in
Ref. [18], the general form of classical-quantum unravel-
lings was provided in Ref. [37] (see also Refs. [56,88,89]
for later discussion). Defining W i

t to be a component of an
n-dimensional Wiener process with corresponding increments
dW i

t satisfying dW i
t dW j

t = δi jdt , we may write the general
form of classical-quantum unravelling as the following set of
stochastic differential equations:

dzi
t = DC

1,idt + 〈
Dα

1,i
∗Lα + Dα

1,iL
†
α

〉
dt + σi jdW j

t , (2.16)

and

dρt = − i[H̄, ρt ]dt + Dαβ

0

(
LαρL†

βdt − 1
2 {L†

βLα, ρt }+
)
dt

+ Dα
1, j

∗
σ−1

i j (Lα − 〈Lα〉)ρt dW i
t

+ Dα
1, jσ

−1
i j ρt (L

†
α − 〈L†

α〉)dW i
t , (2.17)

where in the above 〈A〉 denotes Tr(Aρt ), i.e., the trajectory
expectation value given in Eq. (2.9). As before, the D coeffi-
cients, H̄ and L may all depend on zt , and this dynamics must
satisfy both Eqs. (2.14) and (2.15) to be well defined. It is
straightforward to check using properties of the pseudoinverse
σ−1 that one may replace all of the appearances of dW i

t in
Eq. (2.17) with dzi

t , verifying that ρt satisfies Eq. (2.8) and
thus that for this unravelling the quantum state is deducible
from observations of the classical trajectory. Moreover, this is
the unique unravelling to do so: By considering the reduced
dynamics for P(z, t ) and ρ(t ) that follow from Eq. (2.12),
one may show that the remaining freedom in Eqs. (2.16) and
(2.17) is entirely fixed by Eq. (2.8) [37].

A special limit of the dynamics occurs when the deco-
herence in the system is minimal. In particular, when the

decoherence-diffusion trade-off is saturated,

D0 = D†
1D−1

2 D1, (2.18)

one can show that the dynamics maintains the purity of initial
pure states [37]. In this case, one may rewrite the quantum
dynamics entirely in terms of a pure quantum state |ψ〉t sat-
isfying ρt = |ψ〉t 〈ψ |t . Since the dynamics satisfies Eq. (2.8)
and is the unique one to do so, the pure state |ψ〉t is uniquely
and unambiguously determined from the observations of the
classical trajectory up to time t .

Finally, we note the formal equivalence of the classical-
quantum unravellings we consider with the diffusive un-
ravellings of continuous measurement theory [8,84–87]. In
particular, one may show that the zi

t may always be inter-
preted as classical measurement signals, while the ρt as the
quantum state conditioned on these [37,56]. Since the var-
ious D matrices and H̄ may depend on the measurement
signals zi

t , the dynamics in general include feedback onto the
quantum system. The equivalence of the unravelling to the
master equation thus provides an alternative representation for
studying continuous measurement and feedback [90], which
can be useful for solving the dynamics (c.f. Section V) or
characterizing its properties (cf. Sec. VII).

C. Other approaches to classical-quantum dynamics

It is worth contrasting this to other approaches that have
been used to model classical-quantum dynamics that do not
satisfy the basic consistency requirements of positivity and
linearity.

An important example in the context of master equations is
the quantum-classical Liouville equation, first suggested in
[13,14], with more recent use in the context of physical
chemistry [6,66]. Defined for when the classical system is
described by a phase space, i.e., z = (q, p) and for a Her-
mitian operator-valued function of phase space known as
the classical-quantum Hamiltonian H (z), this approach is a
straightforward generalization of Hamiltonian dynamics and
takes the form

∂�

∂t
= − i

h̄
[H, �] + 1

2
({H, �} − {�, H}), (2.19)

where {·, ·} denotes the standard Poisson bracket. The first
term describes the standard unitary evolution of quantum
mechanics, while the second term, known as the Aleksandrov-
Gerasimenko bracket, provides a symmetrized version of the
Poisson bracket describing both the pure classical evolution
and the backreaction of the quantum system on the classical
one. While this contains both unitary and backreaction terms,
it contains neither the decoherence nor the diffusion needed
for the dynamics to be positive, and thus cannot be unravelled
into individual classical and quantum trajectories. In fact,
while such dynamics may be understood as an h̄ → 0 limit
of a bipartite quantum dynamics, the presence of entangle-
ment means that the dynamics does not describe a genuinely
classical subsystem [44].

A second common approach to coupling classical and
quantum systems in the trajectories picture is the mean-field
approach, also sometimes referred to as the Ehrenfest or semi-
classical approach [5,15]. Here, the backreaction force on the
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momentum of a classical system is given by the expectation
value, with a typical dynamics taking the form

d|ψ〉t = − i

h̄
H |ψ〉t dt, (2.20)

dqt = pt

m
dt, (2.21)

d pt = −〈ψ |∂H

∂q
|ψ〉t dt . (2.22)

While this dynamics preserves the positivity of ρt at the
level of trajectories, and thus ensures that the corresponding
dynamics for �(z, t ) preserves positivity, this dynamics fails
to be linear on the level of �(z, t ) [37]. The same holds for
other stochastic modifications of this dynamics [34], where
a noise term is added to the classical degrees of freedom
without including the necessary additional correlated stochas-
tic terms in the quantum evolution. Aside from failing to
respect a basic requirement of probability theories, which can
lead to problems such as superluminal signaling [86], nonlin-
ear classical-quantum dynamics provide a more complex and
difficult-to-solve alternative to the linear dynamics we have
thus far presented.

III. ENTROPY PRODUCTION AND THE SECOND LAW
FOR CLASSICAL-QUANTUM DYNAMICS

In this section, we introduce the main concepts relat-
ing classical-quantum dynamics to thermodynamics. After
introducing notions of classical-quantum thermal states and
entropy, we show how if a classical-quantum dynamics pre-
serves the thermal state, and satisfies the basic consistency
requirements of complete positivity and linearity, it necessar-
ily obeys the second law of thermodynamics.

A. Classical-quantum entropy, energy, and thermal states

We begin by defining the entropy of a classical-quantum
system. The entropy associated with a classical-quantum state
�(z, t ) can be defined as a hybrid of both the Shannon and von
Neumann entropies [91], namely,

S(�(z, t )) = −
∫

dz Tr(�(z, t ) ln �(z, t )). (3.1)

Just as with the standard Shannon or von Neumann quantum
entropy, one may use this to quantify the uncertainty of the
classical-quantum state and similarly its information content.
Since we deal with continuous variable classical systems,
the entropy associated with the classical degrees of freedom
is strictly speaking a differential entropy, and thus may be
negative [92]. Its interpretation as an information measure
can be restored through introduction of the classical-quantum
relative entropy, which is a positive divergence between the
actual state �(z, t ) and a reference classical-quantum state
σ (z). We define relative entropy as

S[�(z, t )||σ (z)] =
∫

dzTr(�(z, t )[ln �(z, t ) − ln σ (z)]).

(3.2)

This is a divergence measure that acts as a hybrid between
the quantum relative entropy and classical Kullback-Leibler

divergence. An important property of the classical-quantum
relative entropy is that it is monotonic under the action of a
completely positive, trace nonincreasing linear map �, i.e.,
that

S[�(�)||�(π )] � S[�||π ]. (3.3)

Known in quantum information theory as the data-processing
inequality [51,93], the fact that this holds for the classical-
quantum states and maps that we have presented here follows
from a straightforward embedding of the classical-quantum
system into a fully quantum system (see Appendix C for
further details).

Alongside entropy, the other key ingredient of a theory
of thermodynamics is that of energy. To define a notion of
energy in the combined classical-quantum system, we assume
the existence of a Hermitian operator-valued function of phase
space that we refer to as the classical-quantum Hamiltonian,
and denote by H (z). This quantity determines the average
energy E in the classical-quantum system by the formula

E =
∫

dzTr(H (z)�(z)), (3.4)

which we write in the notation of Eq. (2.10) as E = 〈〈H (z)〉〉.
Rather than taking the classical-quantum Hamiltonian to di-
rectly determine the form of dynamics in the system, as with
the other classical-quantum approaches described in Sec. II C,
H (z) here simply determines the energetics of the combined
classical-quantum system. Assigning energy to both the in-
dividual classical and quantum systems, as well as to their
interactions, H (z) can be generically decomposed as

H (z) = HC (z)1 + HQ + HI (z), (3.5)

where the classical Hamiltonian HC (z) is a real-valued func-
tion, 1 is the identity operator on the Hilbert space, the
quantum Hamiltonian HQ is a Hermitian-valued operator in-
dependent of phase space, and the interaction Hamiltonian
HI (z) is traceless. The eigenbasis of the classical-quantum
Hamiltonian as a function of phase space is commonly re-
ferred to as the adiabatic basis [4] and will be denoted as

H (z)|n(z)〉 = εn(z)|n(z)〉, (3.6)

where εn(z) are the corresponding eigenvalues, giving the
energy for a given energy level and classical configuration.

The concepts of entropy and energy naturally lead to
a notion of a classical-quantum thermal state. If a given
classical-quantum system has a known average energy E , then
applying the maximum entropy principle [91,94] with the con-
straint 〈〈H (z)〉〉 = E , one finds the operator-valued distribution

π (z) = e−βH (z)

Z , (3.7)

which is known as the classical-quantum thermal state
[64,65,67,69]. Here, Z is given by

Z =
∫

dzTr(e−βH (z) ), (3.8)

which together with H (z) = H (z)† ensures that π (z) defines a
valid classical-quantum state, while β defines the inverse tem-
perature. It is straightforward to see that when H (z) reduces
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to HC (z)1 or HQ, the above thermal state definition reduces to
standard classical and quantum thermal states.

B. Heat exchange and entropy production

In thermodynamic systems, an important role is played by
the environment, which allows the system to gain or dissipate
heat and become more or less ordered. While we shall remain
agnostic about the nature of the environment to the classical-
quantum system, other than assuming that it can always be
assigned a fixed temperature and that it is sufficiently large
that the dynamics of the classical-quantum system are well
approximated as Markovian, we will need to define a number
of quantities that implicitly rely on the ability of the system to
exchange energy and information with its surroundings.

The first such quantity that we shall define is the heat
exchanged with the environment. Taking the initial time to be
ti, we define the average heat exchanged between them and
time t on the level of the ensemble as

Q(t ) = 〈〈H (z)〉〉(t ) − 〈〈H (z)〉〉(ti ). (3.9)

At the same time, on the level of trajectories, we define the
stochastic heat exchanged via the difference in trajectory ex-
pectation values of the classical-quantum Hamiltonian

Qt = 〈H (z)〉t − 〈H (z)〉ti . (3.10)

When the quantum state is pure, this amounts to computing
the change in 〈ψ |H (z)|ψ〉 along a trajectory. These ensemble
and trajectory definitions of heat are related by taking the
expectation value over trajectories:

Q(t ) = E[Qt ], (3.11)

which follows from Eq. (2.11). We thus see that this frame-
work allows one to study both the average transfer of heat
with the environment, as well as the stochastic fluctuations of
this quantity.

The second quantity that we shall define is the entropy
production in a classical-quantum system. A central quantity
in nonequilibrium thermodynamics [45], entropy production
provides a measure of the irreversibility of a process, and is
defined by balancing the rate of change of the system entropy
with outgoing heat flux. Using the above definitions of entropy
and heat for the classical-quantum system, we may define
entropy production � in the classical-quantum context as

�(t ) = �S(t ) − βQ(t ), (3.12)

where �S(t ) denotes the change in the system entropy from
time ti to time t .

C. Thermal state preservation and the second law

We first establish a basic requirement to make of any
classical-quantum dynamics that is compatible with thermo-
dynamics. If two systems at the same temperature are put
into contact, one expects, on average, that no energy flows
between the two. In our case, this means that the state of a
classical-quantum system in contact with a thermal environ-
ment at inverse temperature β should not change if the initial
state of the classical-quantum system is a thermal state at
the same inverse temperature. Written in terms of a generic

classical-quantum generator L as introduced in Eq. (2.12), this
leads us to the basic requirement that

L(π ) = 0, (3.13)

i.e., that the thermal state is preserved in time by the dynamics.
A typical assumption in both classical and quantum nonequi-
librium thermodynamics [41,42], and sometimes discussed in
the classical-quantum context [66,68,91], dynamics satisfying
Eq. (3.13) represent a subset of generic classical-quantum
dynamics with a well-defined fixed point.

The preservation of the thermal state has an important
consequence for classical-quantum dynamics that also satisfy
the basic properties of complete positivity and linearity. We
start by noting that it is well known from open quantum
system theory that any linear, completely positive dynamics
with a fixed point is sufficient to guarantee a non-negative
entropy production rate consistent with the second law of
thermodynamics [51,95–97]. To see that the same holds in
the classical-quantum case, we first rewrite the entropy pro-
duction rate in terms of the classical-quantum relative entropy
as

�̇(t ) = − ∂

∂t
S[�(z, t )||π (z)], (3.14)

which follows from the definitions of the classical-quantum
thermal state π and heat transfer Q. Using the fact that the
dynamics satisfies L(π ) = 0, this may be rewritten as an
infinitesimal change in relative entropy between the nonequi-
librium state �(z, t ) and the thermal state

�̇(t ) = lim
δt→0

S[�(z, t )||π (z)] − S[eδtL�(z, t )||eδtLπ (z)]

δt
.

(3.15)

Provided the generator L is completely positive and linear, the
right-hand side is therefore necessarily positive by the data-
processing inequality (3.3), and thus we see that the classical-
quantum entropy production rate is necessarily non-negative:

�̇(t ) � 0. (3.16)

This provides a general formulation of the second law in a
classical-quantum system, with the entropy production rate
�̇(t ) quantifying the irreversibility of the dynamics. Integrat-
ing this over time, and comparing to Eq. (3.12), we can rewrite
this as a Clausius inequality

�S(t ) � βQ(t ), (3.17)

recovering the standard formulation of the second law as
bounding the change in the system entropy by the heat trans-
fers into an external environment.

We thus see that classical-quantum dynamics that are si-
multaneously linear, completely positive, and preserve the
thermal state are necessarily compatible with the second law
of thermodynamics. It is important to emphasize that the same
argument for obeying the second law cannot be made for
dynamics failing the basic requirements of complete positivity
or linearity. In the case of the quantum-classical Liouville
equation (2.19), since initially positive states can evolve to
negative states, the relative entropy will not increase mono-
tonically under the evolution, and indeed will generically
not be well defined. The lack of positivity also precludes
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any statistical interpretation of entropy production and heat
at the stochastic level, and one must resort to using quasi-
probabilities in stochastic thermodynamics [98,99]. Similarly,
for the mean-field dynamics of Eqs. (2.20)–(2.22), the fail-
ure of the evolution to generate a linear map on the initial
classical-quantum state means that it fails a basic assumption
needed to apply the data-processing inequality. Furthermore,
the nonlinearity at the level of the unravelling leads to nonlin-
ear evolution of the quantum state, known to be in violation
of the second law of thermodynamics [32]. We thus see that
complete positivity and linearity are natural assumptions to
make on classical-quantum dynamics, purely on thermody-
namic grounds.

Finally, we make two comments on the generality of the
thermodynamic framework presented in this section. First,
by assuming that the thermal equilibrium state is given by
Eq. (3.7) and hence determined by the bare Hamiltonian H (z),
we implicitly assumed a weak system-environment coupling.
At strong coupling, this is expected to be modified to account
for non-negligible system-environment coupling. Second, we
assumed for simplicity that the classical-quantum Hamilto-
nian contains no explicit time dependence. In general, this
can be included to model external control on the system, with
the work done defined by Ẇ = ∫

dzTr(∂t H (z, t )�(z)). In this
case, we may also define a first law of classical-quantum
thermodynamics by Ė = Ẇ + Q̇, without any conceptual dif-
ficulty compared to the purely classical or quantum cases
[41,51,52].

IV. THERMAL STATE PRESERVING
CLASSICAL-QUANTUM DYNAMICS

In this section, we introduce two classes of completely
positive and linear classical-quantum dynamics that preserve
the classical-quantum thermal state. These can be understood
as the standard dynamics for a classical system in a ther-
mal environment, i.e., the Smoluchowski and Klein-Kramers
equations for Brownian motion [46], extended to include in-
teractions with a quantum degree of freedom.

A. Physical setting

Our physical starting point is to consider a classical-
quantum system coupled to a thermal environment. We
assume consistent evolution laws of the form described in
Sec. II, and assume that the coupling to the environment is
sufficiently weak that the thermal state is preserved in time.

Mathematically, this defines a specific problem: Since the
general form of classical-quantum dynamics that is Marko-
vian and continuous is known to take the form of Eq. (2.13),
the problem amounts to finding matrices D, and operators Lα

and H̄ such that L(π ) = 0 for the thermal state π (z) defined
by Eq. (3.7). Compared with the classical and quantum cases,
this task is complicated by the fact that derivatives of π (z) do
not in general commute π (z) itself, and that the D matrices
must satisfy the nontrivial positivity conditions (2.14) and
(2.15).

In this section, we introduce physically motivated dynam-
ics that satisfies these requirements. The key property of these
models is that while they assume the classical system is di-

rectly in contact with the thermal environment, the quantum
system is assumed only to be in contact with the classi-
cal system. The classical-quantum interaction is assumed to
induce incoherent dynamics on the quantum system. This
is taken to be the smallest required by positivity, such that
the decoherence-diffusion trade-off (2.14) is saturated. In the
absence of coupling between the two systems, the classical
system thus evolves under the usual dynamics of a classical
system in a thermal environment [46], while the quantum
system evolves unitarily. We will show that they recover a
consistent form of standard approaches to classical-quantum
coupling in the high temperature β → 0 limit. As we prove
in Sec. VII, these turn out to be special case of dynamics that
satisfy detailed balance.

Although these assumptions are ultimately postulated, they
appear well justified when classical-quantum systems arise
as effective descriptions of fully quantum systems [44]. In
this case, since effectively classical systems are typically
those which are strongly decohered by their environments
[100,101], while quantum ones are isolated, the dominant
coupling to the thermal environment is expected to be via the
classical system, rather than the quantum one. Additionally,
given that the effectively classical system is directly coupled
to the quantum one, it is reasonable that this coupling it-
self leads to the main source of incoherent evolution on the
quantum system. This second property was proven to arise in
fully quantum models [44], where effective classical-quantum
dynamics were derived by considering decoherence on one
subsystem. In this case, the dynamics were also found to
saturate the decoherence trade-off, motivating the assumption
of this decoherence being minimal.

Of course, in practice, direct coupling of the quantum
system to the thermal environment, or decoherence greater
than that required by positivity, may be natural in several
physical settings. This may be straightforwardly included in
these “minimal” models, which we introduce here either by
including additional decoherence terms or by modifying the
decoherence coefficient, as discussed in the following.

B. L and M operators

To construct classical-quantum dynamics that preserve the
classical-quantum thermal state, i.e., L(π ) = 0, we first in-
troduce two classes of operators. The first of these is a
phase-space dependent operator, defined for each classical
coordinate z as

Lz = − 2

β

∂π
1
2

∂z
π− 1

2 . (4.1)

These operators determine both the backreaction and decoher-
ence in the dynamics we consider. Although these operators
are not in general Hermitian, they each satisfy the important
property

Lzπ
1
2 = π

1
2 L†

z , (4.2)

which will be frequently used to verify thermodynamic prop-
erties of the resulting dynamics.

The second important class of operators to introduce is
phase-space dependent operators defined for each ordered pair
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of classical coordinates (x, y) as

Mxy = ih̄

2

∫ ∞

0
e−sπ

1
2
[
L†

x Ly, π
1
2
]
e−sπ

1
2 ds. (4.3)

This operator is Hermitian when x = y, and controls part of
the unitary dynamics of the quantum system. Since Mxy takes
the form of a solution to a Lyapunov equation, it is equiva-
lently defined by the equation

Mxyπ
1
2 + π

1
2 Mxy = ih̄

2

[
L†

x Ly, π
1
2
]
. (4.4)

As with Eq. (4.2), this implicit definition of Mxy will useful to
prove properties of the dynamics we introduce.

While both Lz and Mxy are defined in terms of the square
root of π , there are two useful relations that relate these
operators to π itself. The first of these is

Lzπ + πL†
z = − 2

β

∂π

∂z
, (4.5)

follows directly from the definition (4.1), while the second

− i

h̄
[Mxy, π ] = −LxπL†

y + 1

2
{L†

x Ly, π}+, (4.6)

follows from Eqs. (4.2) and (4.4). These two relations are
important for proving that the dynamics that we construct
satisfies L(π ) = 0.

Finally, it is important to recognize a particular limiting
form of these operators. To see how these arise, we first
note that we may use the definition of the derivative of the
exponential map [102] to rewrite Lz as

Lz = e
ad −βH

2 − 1

ad −βH
2

(
∂H

∂z

)
, (4.7)

where adAB = [A, B] and the above fraction is interpreted as
the series

e
ad −βH

2 − 1

ad −βH
2

=
∞∑

n=0

1

(n + 1)!
adn

−βH
2

. (4.8)

For sufficiently simple commutation relations, this series may
be computed explicitly even when the series does not truncate.
However, it is useful to note that in two cases, the series
truncates to zeroth order. The first case occurs for a special
class of Hamiltonians that satisfy the property that H (z) and
H (z′) commute for all z, z′ ∈ M, which we refer to as self-
commuting. The second case occurs in the high temperature
β → 0 limit of the dynamics for arbitrary H (z). In both cases,
all of the terms in the series with n > 0 vanish, with Lz reduc-
ing to ∂zH . For our other class of operators, Mxy, we note that
Eq. (4.2) implies that the right-hand side of Eq. (4.4) vanishes
when Lx and Ly are Hermitian. Since the above form of Lz is
Hermitian for any z, it must also be the case that Mxy = 0. In
summary, we thus arrive at

Lz = ∂H

∂z
, Mxy = 0,

if H is self-commuting or β → 0. (4.9)

These limiting forms of the Lz and Mxy operators are useful
for studying dynamics of simple models, such as that given in

Sec. V, as well as studying the decoupled and high tempera-
ture limits of the dynamics we will present.

C. Overdamped dynamics

The first class of dynamics we introduce is an overdamped
dynamics. Taking a single one-dimensional classical degree
of freedom x, with mobility given by μ, we describe its inter-
actions with a quantum system either via the following master
equation:

∂�

∂t
= − i

h̄

[
H + μβ

8
Mxx, �

]
+ μ

2

∂

∂x
(Lx� + �L†

x )

+ μ

β

∂2�

∂x2
+ μβ

8

(
Lx�L†

x − 1

2
{L†

x Lx, �}+
)

, (4.10)

or via a stochastic unravelling as

dxt = −μ

2
〈Lx + L†

x 〉dt +
√

2μ

β
dWt , (4.11)

dρt = − i

h̄

[
H + μβ

8
Mxx, ρt

]
dt

+ μβ

8

(
Lxρt L

†
x − 1

2
{L†

x Lx, ρt }+
)

dt

−
√

μβ

8
(Lxρt + ρt L

†
x − 〈Lx + L†

x 〉ρt )dWt , (4.12)

where dWt defines the increment of a one-dimensional Wiener
process. This dynamics describes how an overdamped clas-
sical system subject to thermal noise is affected by the
backreaction from a quantum system, as well as how this
interaction leads to noise in the otherwise unitary evolution
of the quantum system. As discussed above, it provides a
minimal model of such an interaction—all of the noise on
the classical system is assumed thermal, while all of the noise
on the quantum system arises from the interaction with the
classical system, rather than any due to direct coupling to the
thermal environment.

While the above dynamics is ultimately postulated, it is
straightforward to check that it satisfies a number of desir-
able properties. First, the dynamics is completely positive and
linear at the level of the master equation. Second, the thermal
state is preserved in time, meaning the dynamics obeys the
second law of thermodynamics. Additionally, the dynamics
saturates the decoherence-diffusion trade-off, meaning that
the quantum state of the system remains pure conditioned on
the classical trajectory. Finally, the classical system correctly
evolves under standard overdamped classical dynamics when
decoupled from the quantum system.

To see how these properties arise, we first compare the
form of Eq. (4.10) to the general form of completely positive
generator given in Eq. (2.13). Doing so, we see that it is of the
same form, guaranteeing that the dynamics is norm preserving
and linear, with parameters given as follows:

H̄ = H

h̄
+ μβ

8h̄
Mxx, L = Lx,

D0 = μβ

8
, D1 = −μ

2
, D2 = 2μ

β
. (4.13)
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In order for the dynamics to be completely positive, the two
positivity constraints (2.14) and (2.15) must also be satisfied.
The second of these trivially holds since D2 has an inverse,
and multiplying the scalar D coefficients, we see that Eq.
(2.14) also holds. Since here D0 = D2

1/D2, we see that the dy-
namics saturates the decoherence-diffusion trade-off, meaning
that the dynamics has minimal decoherence and keeps intially
pure quantum states pure [37].

It is also straightforward to see that this dynamics preserves
the thermal state, i.e., satisfies L(π ) = 0. To do so, one must
evaluate the right-hand side of Eq. (4.10) with � = π and
check that the result is zero. Doing so, one sees using Eq.
(4.5) that the backreaction and diffusion terms cancel, and
using Eq. (4.6) that the Mxx unitary term cancels with the
decoherence term. Since the rest of the unitary term vanishes,
due to H commuting with π , we see that indeed L(π ) = 0 for
this dynamics.

To see that this reduces to classical overdamped dynamics
when the classical system is decoupled from the quantum
one, we consider the case where the classical-quantum Hamil-
tonian is given H (x) = HC (x)1 + HQ. Since H (x) here is
self-commuting, we may use the simplified forms of Lx and
Mxx given in Eq. (4.9). Substituting these into the above dy-
namics, we find that the above dynamics reduces to

∂�

∂t
= − i

h̄
[HQ, �] + μ

∂

∂x

(
∂HC

∂x
�

)
+ μ

β

∂2�

∂x2
, (4.14)

in the master equation picture or

dxt = −μ
∂HC

∂x
dt +

√
2μ

β
dWt , (4.15)

dρt = − i

h̄
[HQ, ρt ]dt, (4.16)

in the unravelling picture. We thus see that our dynam-
ics reduces to that of a single overdamped classical system
in a potential, with a diffusion coefficient that satisfies
the Einstein relation, i.e., that described by the standard
Langevin/Smoluchowski equations, and a quantum system
evolving unitarily.

Having established the basic properties of this dynamics,
we emphasize that it provides a minimal model that can
be easily adapted to more general settings. First, in certain
settings it is natural for the quantum system to be directly
coupled to the thermal environment, such that it experiences
direct thermal dissipation [9,34,60]. To incorporate these ef-
fects within a Markovian approximation, one may include
a dissipation term D(�) in the master equation (4.10) and
D(ρt ) in the quantum part of the unravelling Eq. (4.12),
where D(·) = L̃α · L̃†

α − 1
2 {L̃†

αL̃α, ·}+ is a superoperator that
captures the system-bath coupling via Lindblad operators L̃α .
In Sec. VII, we provide constraints that must be satisfied by
this additional dissipation in order for the thermal state of the
combined system to be preserved by the dynamics and for the
combined system to satisfy detailed balance. Second, it is also
easy to adapt this dynamics to describe multiple overdamped
classical degrees of freedom. This is shown in Appendix A,
where we use the Lz and Mxy operators to construct a dy-
namics that saturates the decoherence-diffusion trade-off for

n overdamped particles, as well as allowing for x-dependent
correlations in the noise.

As a final remark, we note a basic inequality implied by
our setup. In particular, by applying the decoherence-diffusion
trade-off (2.14) with the parameters of the dynamics given in
Eq. (4.13), we find that the decoherence D0 in the Lx basis is
constrained by

D0 � μβ

8
. (4.17)

This provides a lower bound on the amount of decoherence
in a quantum system interacting with an overdamped effec-
tively classical system, which arises by assuming that (1) the
Einstein relation holds and that (2) the dynamics is com-
pletely positive. The first condition only holds in regimes in
which the classical system is subject to purely thermal noise,
and thus will fail to hold for certain mesoscopic systems at
low temperatures when shot noise dominates [103–105]. The
second condition only holds while the degree of freedom x
behaves effectively classically, which breaks down when the
decoherence on this subsystem is not sufficiently strong [44].
This inequality thus provides a natural regime of validity of
the current theory. The only exception to this is when β may
be interpreted as an effective temperature, as discussed in
Sec. V.

D. Underdamped dynamics

The second class of dynamics we will introduce is an
underdamped dynamics. Taking the position of the classical
degree of freedom to be q and its conjugate momentum p,
we make the standard assumption that the only dependence of
the Hamiltonian on the classical momentum p is a classical
kinetic term (p2/2m)1. Choosing γ to denote the friction
coefficient, the dynamics takes the form

∂�

∂t
= − i

h̄

[
H + β

8γ
Mqq, �

]

+ 1

2

∂

∂ p
(Lq� + �L†

q ) − p

m

∂�

∂q

+ γ
∂

∂ p

(
p

m
�

)
+ γ

β

∂2�

∂ p2

+ β

8γ

(
Lq�L†

q − 1

2
{L†

qLq, �}+
)

, (4.18)

which for initially pure states may also be unravelled as

dqt = pt

m
dt, (4.19)

d pt = −1

2
〈Lq + L†

q〉dt − γ

m
pt dt +

√
2γ

β
dWt , (4.20)

d|ψ〉t = − i

h̄

(
H + β

8γ
Mqq

)
|ψ〉dt

− β

16γ
(L†

qLq − 2〈L†
q〉Lq + 〈L†

q〉〈Lq〉)|ψ〉dt

−
√

β

8γ
(Lq − 〈Lq〉)|ψ〉dWt . (4.21)
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The above describes in the ensemble and trajectory pictures
how a classical particle subject to thermal noise and friction
responds to a quantum potential, as well as how the quantum
system sourcing this potential is affected by the decoherence
that arises from this interaction.

As in the overdamped case, this underdamped dynamics
satisfies a natural set of properties: (1) complete positivity
and linearity; (2) preserves the classical-quantum thermal
state; (3) preserves pure quantum states when conditioned on
the classical trajectory; and (4) reduces to thermal classical
dynamics and unitary quantum evolution when the systems
decouple.

Looking first at the properties of complete positivity and
pure-state preservation, we compare the master equation dy-
namics to Eq. (2.13) to find that the dynamics is characterized
by

H̄ = H

h̄
+ β

8γ
Mxx, L = Lq, DC

1 = p

m

(
1

−γ

)
,

D0 = β

8γ
, D1 = 1

2

(
0

−1

)
, D2 =

(
0 0
0 2γ /β

)
. (4.22)

Computing the pseudoinverse of D2 and multiplying the D
matrices, we see that the dynamics satisfies Eqs. (2.14), (2.15),
and (2.18), ensuring that the dynamics both preserves the
positivity of the classical-quantum state, and the purity of any
initial state ρt that starts off in a pure state. This latter property
ensures that the unravelling given in Eqs. (4.19)–(4.21) indeed
is equivalent to the master equation (4.10).

To see that the dynamics preserves the thermal state, we
again replace � with π on the right-hand side of the master
equation and check that all the terms cancel. In particular, we
see here that the combination of the first and fourth lines of
Eq. (4.18) vanishes due to Eq. (4.6) and [H, π ] = 0, while the
second and third lines each vanish independently due to the
inclusion of (p2/2m)1 in H and the identity (4.5), ensuring
that the dynamics preserves arbitrary thermal states π .

Finally, we check that the dynamics correctly simplifies
when the two systems are decoupled. Taking HI = 0 and
using the simplified forms appearing in Eq. (4.9), we find that
the dynamics reduce in the master equation and unravelling
pictures to

∂�

∂t
= − i

h̄
[HQ, �] + {HC, �} + γ

∂

∂ p

(
p

m
�

)
+ γ

β

∂2�

∂ p2
,

(4.23)

and

dqt = pt

m
dt, (4.24)

d pt = −∂HC

∂q
dt − γ

m
pt dt +

√
2γ

β
dWt , (4.25)

and Eq. (4.16) as expected, describing the standard un-
derdamped dynamics of a diffusing particle satisfying the
Einstein relation, i.e., the Klein-Kramers equation [46], and
unitary quantum dynamics.

As in the case of the overdamped dynamics, this dynamics
may be generalized to include a range of additional phenom-
ena not captured in the above model. First, it is straightforward

to generalize the above dynamics to multiple particles and
dimensions, by including an Lq operator for each degree of
freedom and direction and replacing each q and p with a
sum over qi and pi. Second, in the above, we assume that
H (q, p) contains no coupling between the momentum p and
the quantum degrees of freedom, which guarantees that the
only necessary noise in the system is in p directly. However,
one may also write down models with noise in q and p such
that arbitrary Hamiltonians H (q, p) may be considered, and
we provide such an example in Appendix A. Finally, we
note that as in the overdamped case, one may include excess
decoherence in the above model. Aside from using the general
formalism given in Sec. VII, it is simple to see that one may
include excess decoherence in the Lq basis by replacing the
β/(8γ ) coefficient of Mqq and the quantum disspator with a
generic D0. In this case, we see that the decoherence rate in
the Lq basis must necessarily obey

D0 � β

8γ
, (4.26)

which, as in the overdamped case, provides a lower bound
on the decoherence of a quantum system interacting with a
classical system that is subject to purely thermal noise and
obeys the Einstein relation.

E. The high temperature limit: recovering consistent mean-field
and quantum-classical Liouville equations

Our dynamics can also be understood as providing a
consistent version of the standard approaches to coupling
classical and quantum systems described in Sec. II C, that
is, (1) completely positive and linear and (2) preserves the
classical-quantum thermal state even at low temperatures.

To see this, we first consider the high temperature, β →
0, limit of the underdamped dynamics in the master equa-
tion representation. One may do so using the limiting forms of
the operators Lz and Mxy provided in Eq. (4.9), which we can
substitute into our dynamics to find our dynamics to lowest
order in β as

∂�

∂t
= − i

h̄
[H, �] + 1

2
({H, �} − {�, H})

+ γ
∂

∂ p

(
p

m
�

)
+ γ

β

∂2�

∂ p2

+ β

8γ

(
∂H

∂q
�

∂H

∂q
− 1

2

{
∂H

∂q

2

, �

}
+

)
, (4.27)

where we have rewritten two of the drift terms using the
Poisson bracket. It is straightforward to see that the top line
exactly coincides with the quantum-classical Liouville equa-
tion, given previously in Eq. (2.19). Physically, we see that
at high temperatures the interaction with the thermal environ-
ment does not affect the effective coupling between the two
systems, and that their interaction is entirely captured by the
same coupling as expected from a fully quantum dynamics in
the h̄ → 0 limit. However, since the classical system is cou-
pled to the thermal environment, this closed system dynamics
is modified with additional decoherence and diffusion terms
to preserve positivity, as first noted in Ref. [17]. In this sense,
the dynamics in Eq. (4.18) is a generalization of Eq. (4.27)
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that includes the effect the environment has on renormalizing
the backreaction/Hamiltonian terms at low temperatures, such
that the dynamics preserves the classical-quantum thermal
state π for arbitrary inverse temperature β.

Moving now to the trajectory representation, we find that
a similar conclusion may be found in the β → 0 limit of the
stochastic unravelling of the underdamped dynamics. Using
again the limiting forms of operators given in Eq. (4.9), we
find that the unravelling equations (4.19)–(4.21) take the form

dqt = pt

m
dt, (4.28)

d pt = −
〈
∂H

∂q

〉
dt − γ

m
pt dt +

√
2γ

β
dWt , (4.29)

d|ψ〉t = − i

h̄
H |ψ〉dt − β

16γ

(
∂H

∂q
−

〈
∂H

∂q

〉)2

|ψ〉dt

−
√

β

8γ

(
∂H

∂q
−

〈
∂H

∂q

〉)
|ψ〉dWt . (4.30)

Comparing to Eq. (2.20), we see that this dynamics takes the
form of the mean-field dynamics, with additional temperature
and friction-dependent terms in the classical momentum and
quantum state evolution. Previously written down as a “healed
version” of the mean-field equations [18,37], we note again
that since the limit occurs at the level of the operators, this
dynamics is necessarily still linear at the level of the classical-
quantum state. However, as an unravelling of Eq. (4.27), it will
only preserve the thermal state approximately at sufficiently
high temperatures. We thus can understand the full unravelling
dynamics in Eqs. (4.19)–(4.21) as a generalization of the
mean-field equations that both satisfy linearity and preserve
the thermal state of the combined classical-quantum system.

V. MODEL I

In this section, we introduce an analytically solvable toy
model consisting of an overdamped classical degree of free-
dom that interacts with a quantum two-level system. To
distinguish operators from real functions, we introduce hats
H (x) �→ Ĥ (x) for clarity of notation in this section (and also
Sec. VI).

A. Setup

In what follows, we consider a one-dimensional classical
degree of freedom x, coupled to a quantum two-level system.
Here, x may be interpreted as a mechanical or circuit degree
of freedom, such as a position or voltage, which behaves
effectively classically, but in a sufficiently mesoscopic regime
to experience both thermal noise and quantum backreaction.
The thermal noise is controlled by the inverse temperature β,
while response of the classical system to external forces is
characterized by the mobility μ.

To couple this effective classical degree of freedom to a
quantum two-level system, we assume the energetics of the
joint system are described by a classical-quantum Hamilto-

nian of the form

Ĥ (x) = λ(x1̂ − l σ̂z )2, (5.1)

where σ̂z is the standard Pauli spin-Z operator. We may un-
derstand this Hamiltonian as a classical quadratic potential
that depends on whether the quantum system is in the |0〉 or
|1〉 state. The strength of the potential is controlled by the
parameter λ, while the minimum of the potential is either l
or −l depending on whether the quantum state is |0〉 or |1〉,
respectively. The dynamics governing this system are then as-
sumed to be given by the overdamped evolution described by
either the master equation (4.10) or the equivalent stochastic
unravelling of Eqs. (4.11) and (4.12).

This toy model is naturally interpreted as a direct interac-
tion of a mesoscopic classical system with a quantum degree
of freedom, which may model measurement or control in spe-
cific parameter regimes. However, it can also be understood
as describing a specific macroscopic continuous measurement
and feedback procedure. In Appendix D, we show explicitly
how the master equation for this model coincides with a spe-
cial case of the recently proposed “quantum Fokker-Planck
master equation” for a quantum system measured by a detec-
tor with measurement strength k and finite bandwidth g [9]. In
this case, despite having no intrinsic source of thermal noise
or dissipation, the macroscopic measurement and feedback
system can be thought of as having an effective temperature
given by β = 8k/gs, where s is the feedback strength, which
allows for a consistent thermodynamic treatment of the com-
bined system.

The thermal state of this model is given by π̂ (x) =
Z−1e−βĤ (x), where the partition function is

Z =
∫ ∞

−∞
dx Tr(e−βĤ (x) ) = 2

√
π

βλ
, (5.2)

which ensures that π̂ (x) is normalized. Although this state
does not explicitly appear in the following analysis, its ex-
istence as a fixed point of the dynamics guarantees that the
dynamics of the joint classical-quantum system obey the sec-
ond law.

B. Analytic solution

Since the Hamiltonian we study in this case takes a sim-
ple form, it turns out that the dynamics may be analytically
solved in the master equation representation of Eq. (4.10).
Our first step is to compute the L̂x and M̂xx operators for
this model. Since the classical-quantum Hamiltonian Ĥ (x) is
self-commuting, i.e., [Ĥ (x), Ĥ (x′)] = 0 for all x, x′, we may
use the limiting forms provided in Eq. (4.9). Here, the L̂x

operator may be computed by simply taking the derivative of
Ĥ (x) with respect to x, while the M̂xx vanishes. The dynamics
of this model is thus summarized by

L̂x = 2λ(x1̂ − l σ̂z ), M̂xx = 0. (5.3)

Plugging these operator definitions into Eq. (4.10) and ex-
panding the classical-quantum state in the eigenbasis of σ̂z,
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we obtain three independent equations,

∂�00

∂t
= μ

∂

∂x
(2λ(x − l )�00) + μ

β

∂2�00

∂x2
,

∂�01

∂t
= μ

∂

∂x
(2λx�01) + μ

β

∂2�01

∂x2
+
(

i

h̄
4λxl − μλ2l2β

)
�01,

∂�11

∂t
= μ

∂

∂x
(2λ(x + l )�11) + μ

β

∂2�11

∂x2
, (5.4)

where we leave out the dynamics of �10 since the solution
is given by �10(x, t ) = �∗

01(x, t ). From the above dynamics,
we can see explicitly that each component of the classical-
quantum state evolves under different dynamics. The �00

component, corresponding to the positive eigenvalue of σ̂z,
experiences diffusion with a restoring force to the point x = l ,

while the �11 component experiences diffusion instead with
a restoring force to the point x = −l . The component cor-
responding to coherence, given by �01, experiences diffusion
with a restoring force given by the average value of the two,
i.e., to the point x = 0. At the same time, the coherence
simultaneously picks up a complex phase and is damped by
a term corresponding to the decoherence in the system, with
larger damping as any of μ, β, λ, or l increase.

Assuming that initial state of the quantum system is known
to be in the state ρ̂0 with components ρ00, ρ01, ρ10, and ρ11,
and that the classical system starts at the point x0, the com-
bined classical-quantum state at t = 0 is given by �̂(x, 0) =
ρ̂0δ(x − x0). It is straightforward to check that with this initial
condition, the above set of equations has an analytic solution
of the form

�00(x, t ) = ρ00

√
βλ

π (1 − e−4μλt )
exp

[
− βλ(x − l (1 − e−2μλt ) − x0e−2μλt )2

1 − e−4μλt

]
, (5.5)

�01(x, t ) = ρ01

√
βλ

π (1 − e−4μλt )
exp

[
− βλ(x − x0e−2μλt )2

1 − e−4μλt
+ i

h̄

2l (x + x0)

μ
tanh μλt − μλ2l2βt − 4l2(μλt − tanh μλt )

μ2λβ h̄2

]
,

(5.6)

�11(x, t ) = ρ11

√
βλ

π (1 − e−4μλt )
exp

[
− βλ(x + l (1 − e−2μλt ) − x0e−2μλt )2

1 − e−4μλt

]
. (5.7)

Since the initial quantum state ρ̂0 can be taken to depend on x0,
this solution also provides a Green’s function for the dynamics
with arbitrary initial conditions.

The ρ00 and ρ11 components describe classical probabil-
ity distributions relaxing to a probability distribution peaked
around z = ±l . The first term of the off-diagonal components
shows relaxation around the origin, while the second term
gives the average phase accumulated by the unitary part of
the quantum dynamics when the classical system reaches x at
time t . However, there is also simultaneously decoherence of
this part of the classical-quantum state, given by the third and
fourth terms. The first of these is primary decoherence, due
to the action of the operators L̂x, while the other is secondary
decoherence, which arises from destructive interference of the
different phases picked up by the various classical paths that
end up at (x, t ).

C. Measurement and entropy production

We first consider a regime in which the classical degree of
freedom acts as to measure the quantum system in the z basis.
In doing so, we can study the total entropy production of the
measuring apparatus and quantum system during a quantum
measurement.

We start by reviewing the concept of a quantum mea-
surement in a classical-quantum formalism. Here, a quantum
system in an initial state ρ̂0 is allowed to interact with a
classical system that acts as a measurement device. The inter-
action with the classical system causes the quantum system to
decohere in a particular basis, while the quantum backreaction
on the classical system causes the final classical configuration

to be correlated with the quantum state. Conditioning on the
final classical state, the observer deduces information about
the final state of the quantum system, which may correspond
to a projective measurement if the final states are orthogonal
pure states.

To see that this arises in this model, we note that at long
times, the above analytic solution tends to a stationary distri-
bution �̂st (x), which we may normalize locally in phase space
�̂st (x)/Tr(�̂st (x)) to find the quantum state conditioned on the
final classical position x, denoted by ρ̂st (x). This takes the
form

ρ̂st (x) =
(

ρ00(ρ00 + ρ11e−4βλxl )−1 0

0 ρ11(ρ11 + ρ00e4βλxl )−1

)
.

(5.8)

In the limit that l → 0, the final quantum state contains no
dependence on the final classical position, and simply cor-
responds to the initial quantum state ρ̂0 decohered in the
σ̂z eigenbasis. However, in general, the dependence on x
indicates that observing the classical configuration provides
information about the quantum state. In the limit of large l ,
the conditioned quantum state reduces to being either the pure
state |0〉 or |1〉, depending on whether x > 0 or x < 0. This
provides the projective measurement regime of this model, in
which the observations x > 0 or x < 0 of the final classical
position x correspond to the measurement outcomes ±1 of the
operator σ̂z in the standard quantum observables formalism.
In general, the parameter l here provides a measure of how
successful a given measurement is at distinguishing the |0〉
and |1〉 states.
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FIG. 1. The entropy production � and change in entropy �S
over time for a classical-quantum system with the quantum state
either in a pure state |+〉 or in a maximally mixed state 1

2 1̂, over
the course of a σ̂z measurement. Here, the classical system starts in a
Gaussian state centered on the origin with variance σ . We here plot
this with free parameters β, λ, l, μ, h̄, and σ all equal to 1.

Having established that the dynamics of this model resem-
ble that of a (possibly imperfect) measurement of the operator
σ̂z, we now may turn to understand the entropy production in
such a model. To do so, we initialize the classical state in a
Gaussian probability distribution around the origin with vari-
ance σ 2, and take the initial quantum state to be ρ̂0. Using the
analytic solution as a Green’s function, we may integrate over
the x0 variable for this initial condition to find the subsequent
evolution of the classical-quantum state. Numerically evalu-
ating the integrals needed to compute the change in entropy
and heat at each time t , we may plot the entropy production
over time to find �(t ) = �S(t ) − βQ(t ), for different initial
conditions and parameters of the model. In Fig. 1, we plot
the entropy production and change in entropy over time for
two different initial states, ρ̂0 = |+〉〈+| and ρ̂0 = 1

2 1̂. We see
here that the maximally mixed state configuration has de-
creasing entropy, due to the classical configuration becoming
more ordered as the system relaxes. By contrast, the initially
pure-state configuration has an overall gain of entropy, with
the entropy gain due to a loss of coherence outweighing the
entropy loss due to the changes in the classical degrees of free-
dom. In both cases, the combined classical-quantum system
experiences the same loss of heat into its surroundings over
time, leading to an overall positive entropy production, which
tends to a steady value as the system relaxes.

The above model demonstrates explicitly that measure-
ments of quantum states with coherence lead to greater
entropy production than those without. While intuitively rea-
sonable, given the clear difference in entropy changes in the
two cases, the current framework provides a real-time descrip-
tion of this process. Understanding the consequences of this
in general settings, or in more physically motivated models, is
likely to be an interesting area of future study.

D. Coherent control via relaxation

The previous example showed how this toy model may be
used to study the nonequilibrium thermodynamics of quantum

measurements. We now turn to illustrate how one may also use
this model to understand quantum control in a setting in which
fluctuations, dissipation, and quantum backreaction affect a
mesoscopic classical control system.

As with the previous example, we first review the concept
of quantum control in the classical-quantum setting. Here, a
quantum system evolves with a Hamiltonian that depends on
the state of a classical system. Since the state of the classical
system can change with time, it may act as a controller of the
quantum dynamics, allowing the quantum system’s Hamil-
tonian to be switched on or off such that a specific unitary
operation is performed after a desired time. In addition to
this unitary part of the dynamics, the quantum system will
experience some additional decoherence, either due to its en-
vironment or due to noise in the classical control system. To
correctly describe this latter type of decoherence, one must av-
erage over all possible realizations of the noise in the classical
controller, i.e., study the unconditioned quantum state.

To see how the overdamped classical degree of freedom
controls the implementation of a unitary on the two-level
system in our toy model, we first revisit the analytic solution.
Integrating over the classical degree of freedom in the solution
for the classical-quantum state �̂(x, t ) given in Eqs. (5.5)–
(5.7), we find that the unconditioned quantum state ρ̂(t ) takes
the form

ρ̂(t ) =
(

ρ00 ρ01 exp [iθ (t ) + �(t )]

ρ10 exp [−iθ (t ) + �(t )] ρ11,

)
,

(5.9)

where the phase θ and damping factor � are given as the
following functions of time:

θ (t ) = 2lx0

μh̄
(1 − e−2μλt ), (5.10)

�(t ) = −l2

(
μλ2β + 4

μβ h̄2

)
t + l2(3 + e−4μλt − 4e−2μλt )

μ2λβ h̄2 .

(5.11)

Considering first the phase θ (t ), we see that the quantum
state undergoes a unitary transformation corresponding to a
rotation about the z axis of the Bloch sphere. Moreover, since
at long times θ (t ) tends to fixed value, the evolution of the
phase corresponds to applying the following unitary on the
initial state:

Û = eiφσ̂z , φ = x0l

μh̄
, (5.12)

provided t � (μλ)−1. The “switching off” of the Hamiltonian
evolution that enables this specific unitary to be implemented
at long times is due to the time evolution of the classical
system, which turns off the interaction as it relaxes toward the
origin. Since the total unitary applied is dependent on the x0,
we see that the toy model provides a model of quantum control
where choosing an initial nonequilibrium classical state, and
allowing the system to relax toward a fixed point, allows for a
specific unitary gate to be performed on a quantum system.

The success of performing this unitary transformation is
determined by the loss of coherence. In this toy model, the
decoherence is in the σ̂z eigenbasis and is entirely deter-
mined by �(t ), which must remain small over a timescale
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t � (μλ)−1 in order for the unitary to be performed with low
noise. Immediately, we see that a key parameter to achieve
this is the spacing l between the two potential sites, which
must remain small in order for the unitary to be performed
accurately. Since the spacing of the potentials does not affect
the timescale after which the unitary has been implemented,
we see that, provided l can be made arbitrarily small, and
that x0 may be made sufficiently large to compensate for this
to achieve a given choice of unitary, the model describes a
unitary control operation with arbitrary accuracy.

Although this toy model provides a proof of principle of
how quantum control may be implemented via a relaxation
process, it fails a number of requirements needed for a re-
alistic description of an experimental platform. For starters,
the Hamiltonian of the model we consider is decomposable
in terms of 1̂ and σ̂z, meaning that it is limited to perform-
ing rotations around the z axis. Moreover, since l must be
small, a high degree of control of the parameters l and x0

would be needed here to achieve a high precision unitary.
However, the above method, where the dynamics is solved to
find the unconditioned quantum state ρ̂(t ), which may have its
phase and decoherence compared to find optimal parameters
of performance, provides a blueprint for future studies in more
complex realistic models.

VI. MODEL II

In this section, we numerically study a model of a classical
oscillator interacting with a quantum oscillator via a linear
coupling. As we shall see, this model features a classical-
quantum Hamiltonian that is not self-commuting in phase
space, and illustrates a number of interesting features, includ-
ing thermalization.

A. Setup

We consider here a one-dimensional model of an under-
damped classical oscillator coupled to a quantum oscillator.
The position and momentum of the classical system are
denoted by q, p, while the corresponding operators for
the quantum system will be denoted by q̂, p̂, and satisfy
the canonical commutation relation. The classical-quantum
Hamiltonian that governs the dynamics of this system is given
by

Ĥ (q, p) = p̂2

2mq
+ 1

2
mqω

2(q1̂ − q̂)2+
(

p2

2mc
+ 1

2
mc�

2q2

)
1̂.

(6.1)

Here, the first two terms describe the quantum oscillator and
its coupling to the classical system, while the last two terms
proportional to the identity, describe the classical harmonic
oscillator. As such, mq and mc are the quantum and classical
particle masses, while ω represents the angular frequency
of the coupling between the classical and quantum systems
in terms of the quantum mass, and � denotes the classical
oscillator’s angular frequency. In this system, the classical
oscillator will be in direct contact with a thermal environment
at inverse temperature β and have a corresponding friction
coefficient γ . The quantum oscillator will evolve with unitary
dynamics given by the Hamiltonian in Eq. (6.1) and inco-

herent dynamics induced by the interaction with the classical
oscillator. The dynamics is then taken to be governed by the
coupled stochastic equations (4.19)–(4.21), which are equiva-
lent to the master equation (4.18).

This model provides a basic version of the problem faced
in molecular dynamics, where electronic degrees of freedom
are modeled using quantum theory, and the nuclei are treated
classically [4–6]. Here, transitions between adiabatic energy
levels are relevant to processes such as photochemical reac-
tions that are not well described under the Born-Oppenheimer
approximation, with finding the correct dynamics to describe
this an ongoing area of active research [68–70,106].

To find the adiabatic basis for this model, we must solve
the eigenvalue problem for the operator Ĥ (q, p). Since the
nontrivial part of this Hamiltonian corresponds to a quantum
harmonic oscillator Hamiltonian displaced from the origin by
q, it is intuitive that the adiabatic basis is given by displaced
eigenstates of the quantum harmonic oscillator Hamiltonian.
Letting |n〉 denote the number states, the adiabatic basis takes
the form

|n(q, p)〉 = e− i
h̄ qp̂|n〉, (6.2)

i.e., the standard number eigenstates of the quantum harmonic
oscillator |n〉 displaced by distance q. The corresponding
eigenvalues of Ĥ (q, p) are

εn(q, p) = h̄ω

(
n + 1

2

)
+ p2

2mc
+ 1

2
mc�

2q2, (6.3)

which can easily be seen to be the sum of the quantum
oscillator energy for a given energy eigenstate |n〉 and the
classical oscillator energy for a given q, p.

The thermal state corresponding to this system is given by

π̂ (q, p) = 1

Z e−βĤ (q,p), (6.4)

where

Z = ZCZQ, (6.5)

for the classical and quantum thermal partition functions

ZC = 2π

β�
, ZQ = 1

2 sinh βωh̄
2

. (6.6)

These may be found by representing the thermal state in the
adiabatic basis, and taking the trace and integrating over phase
space to ensure normalization.

B. Computing L̂q and M̂qq

Before studying properties of this dynamics, the first step
is to explicitly compute the operators L̂q and M̂qq for the
classical-quantum Hamiltonian Ĥ of this model. To do so, we
shall need to exploit a number of relations describing power
series of ad −βĤ

2
= −(β/2)[Ĥ , ·].

To begin, we first note that the commutator of Ĥ with
operators linear in q1̂ − q̂ and p̂ takes a particularly simple
form. In particular, the commutator of Ĥ with q1̂ − q̂ gives
−iω2 p̂/mq, while when applied to p̂ gives imqω

2h̄(q1̂ − q̂).
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We thus see that representing the operators as vectors:

q1 − q̂ �→
(

1
0

)
, p̂ �→

(
0
1

)
, (6.7)

we can represent the adjoint ad −βĤ
2

as the following 2 × 2

matrix

ad −βH
2

�→
⎛
⎝ 0 imqω

2β h̄
2

− iβ h̄
2mq

0

⎞
⎠. (6.8)

Moreover, since the adjoint action acting on an operator linear
in q1̂ − q̂ and p̂ produces another operator linear in these
operators, ad −βĤ

2
closes on these operators, and thus the action

of arbitrary series of ad −βĤ
2

on linear combinations of q̂ and p̂

may be computed by finding the corresponding series for the
2 × 2 matrix (6.8).

Having established this, we first consider L̂q. Using the
series form of L̂z given in Eq. (4.7), we may compute L̂q as
a series of ad −βĤ

2
acting on the derivative of the classical-

quantum Hamiltonian

∂Ĥ

∂q
= mc�

2q1̂ + mqω
2(q1̂ − q̂). (6.9)

While the first term commutes with Ĥ , and thus appears un-
modified in L̂q, the rest of L̂q must be computed by acting with
the series of ad −βĤ

2
given in Eq. (4.8) on the second term in

Eq. (6.9). To find a closed form expression for this, we simply
compute the corresponding series for the 2 × 2 matrix (6.8),
which gives

e
ad −βĤ

2 − 1

ad −βĤ
2

�→

⎛
⎜⎝

2 sinh h̄ωβ

2
βωh̄

−2imq (1−cosh h̄ωβ

2 )
β h̄

2i(1−cosh h̄ωβ

2 )
mqβ h̄ω2

2 sinh h̄ωβ

2
βωh̄

⎞
⎟⎠. (6.10)

Applying this matrix to (mqω
2 0)T , the vector representing the

second term of Eq. (6.9), one finally arrives at the form of L̂q

as

L̂q = 2mqω

h̄β
sinh

h̄ωβ

2
(q1̂ − q̂) + 2i

h̄β

(
1 − cosh

h̄ωβ

2

)
p̂

+ mc�
2q1̂. (6.11)

Taking the β → 0 limit of this operator, one finds that L̂q

indeed reduces to the expression in Eq. (6.9), in agreement
with the general result of Eq. (4.9).

To compute M̂qq, we will exploit two identities that allow
one to swap the position of q̂ and p̂ with the square root of the
thermal state π̂

1
2 . These are given by

π̂
1
2 (q1̂ − q̂) =

[
cosh

h̄ωβ

2
(q1̂ − q̂) − i

mqω
sinh

h̄ωβ

2
p̂

]
π̂

1
2 ,

(6.12)

and

π̂
1
2 p̂ =

[
imqω sinh

h̄ωβ

2
(q1̂ − q̂) + cosh

h̄ωβ

2
p̂

]
π̂

1
2 .

(6.13)

To prove these, we note that

e− β

2 Ĥ Âe
β

2 Ĥ = e
ad −βĤ

2 Â, (6.14)

for any operator Â, and that for operators linear in q1̂ − q̂ and
p̂, we may represent the exponential of the adjoint as

e
ad −βĤ

2 �→
⎛
⎝ cosh h̄ωβ

2 imqω sinh h̄ωβ

2

− i
mqω

sinh h̄ωβ

2 cosh h̄ωβ

2

⎞
⎠. (6.15)

Applying this matrix to the two vectors in Eq. (6.7) to compute
the right-hand side of Eq. (6.19), and then acting on both sides
on π̂

1
2 , we recover the two identities [Eqs. (6.12) and (6.13)].

To compute M̂qq, we assume that M̂qq takes the form of
a Hermitian operator that is at most quadratic in q1̂ − q̂ and
p̂. Plugging this form of M̂qq into the left-hand side of Eq.
(4.4), and the previously computed L̂q into the right-hand side,
we may use the commutation relations (6.12) to rearrange
both left and right-hand sides of Eq. (4.4) to have π̂

1
2 on the

right-hand side of the expression. Removing this by acting
with π̂− 1

2 on both sides, and comparing terms, we find the
solution as

M̂qq = 2mqω

h̄β2

(
sinh

h̄ωβ

2
− tanh

h̄ωβ

2

)
{q̂ − q1̂, p̂}+

+ 2mc�
2

β

(
1 − cosh

h̄ωβ

2

)
p̂. (6.16)

Since the solutions to Eq. (4.4) are unique, we see that the
original assumption that M̂qq was at most quadratic in q1̂ − q̂
and p̂ was correct. In Appendix E, we also provide a con-
structive derivation without relying on this assumption, by
combining the identities [Eqs. (6.12) and (6.13)] with a series
expansion [107] of the exponential operators appearing in Eq.
(4.3). It is straightforward to check that in the high temper-
ature limit, β → 0, M̂qq correctly reduces to zero, consistent
with the previously derived expression in Eq. (4.9).

C. Relative position representation

Having found the operators Lq and Mqq, one may in prin-
ciple directly study the dynamics of Eqs. (4.19)–(4.21) to
understand properties of the system. However, we will first
introduce an alternate representation for describing the quan-
tum system, which makes the dynamics simpler to both solve
and interpret.

In the unravelling picture of classical-quantum dynamics,
|ψ〉 represents the state of the quantum system in absolute
space. However, given that the interactions between the two
systems depend on their relative positions, it is convenient to
describe the quantum system using a state vector that rep-
resents the quantum system relative to the classical position
q. We refer to this as the relative position representation,
and denote the quantum state in this representation |ψr〉. The
absolute and relative position descriptions are related by the
standard unitary transformation:

|ψr〉 = e
i
h̄ qp̂|ψ〉. (6.17)

In order for expectation values to be correctly computed in
this representation, observables must also be transformed by

023238-16



RESTORING THE SECOND LAW TO CLASSICAL- … PHYSICAL REVIEW RESEARCH 8, 023238 (2026)

a unitary transformation:

Âr(q, p) = e
i
h̄ qp̂Â(q, p)e− i

h̄ qp̂, (6.18)

which ensures that 〈ψr|Âr|ψr〉 = 〈ψ |Â|ψ〉. To compute this
in practice, we will make use of a version of the identity
(6.14), namely, that

e
i
h̄ qp̂Âe− i

h̄ qp̂ = e
ad i

h̄ qp̂ Â. (6.19)

It is straightforward to check using this that the map Â �→ Âr

amounts to replacing every appearance of q̂ − q1̂ with q̂.
The utility of this representation is apparent when we

consider the relative position representation of the states and
operators specific to our current model. Taking first the adia-
batic basis, we see that

|nr(q, p)〉 = |n〉, (6.20)

i.e., that the adiabatic basis in the relative position represen-
tation is simply the number basis of the quantum harmonic
oscillator. Representing dynamics in terms of |ψr〉 thus allows
us to decompose the dynamics in a fixed basis, independent of
the current state of the classical system, which nevertheless
describes the adiabatic basis of the system.

This representation also simplifies the form of operators.
Making the substitution q̂ − q1̂ �→ q̂, it is straightforward to
see that the classical-quantum Hamiltonian in this representa-
tion takes the form

Ĥr(q, p) = Hr
C (q, p)1̂ + Ĥr

Q, (6.21)

where

Hr
C (q, p) = p2

2mc
+ 1

2
mc�

2q2 (6.22)

is the Hamiltonian of a classical harmonic oscillator and

Ĥr
Q = p̂2

2mq
+ 1

2
mqω

2q̂2 (6.23)

is the Hamiltonian of a quantum harmonic oscillator. Solving
the eigenvalue problem in this representation, it is therefore
straightforward to see both why the adiabatic basis is given by
Eq. (6.2) and why the energy eigenvalues εn(q, p) are those
written in Eq. (6.3).

Finally, we note an intuitive relation that connects un-
ravellings to classical-quantum states in the relative position
representation. If one takes �̂(q, p), and maps this using Eq.
(6.18), we find the classical-quantum state in the relative posi-
tion representation �̂r(q, p). Using the fact that E[ f (zt )δ(z −
zt )] = f (z)E[δ(z − zt )], it is simple to see that this may equiv-
alently be found using

�̂r(q, p, t ) = E[|ψr〉t 〈ψr|tδ(q − qt )δ(p − pt )], (6.24)

i.e., using the relation (2.4) and replacing |ψ〉t with |ψr〉t .
This identity is useful since it means that we may compute the
classical-quantum state in the relative position representation
directly from the distribution of trajectories in terms of |ψr〉t ,
qt , and pt .

D. Numerical solution

To study the dynamics of this model, we shall use the
unravelling approach introduced in Sec. II, studying solu-

tions to Eqs. (4.19)–(4.21). To study these numerically in an
efficient manner, we will use a simplified set of dynamics,
employing both the relative position representation introduced
in the previous section and a particular invariance property
of the dynamics under changes to the classical part of the
Hamiltonian.

We begin by finding the equations of motion in the relative
state representation. Since the expectation values remain the
same, provided both the states and operators are transformed
as in Eqs. (6.17) and (6.18), the classical equations for qt and
pt remain unchanged. To find the equation of motion for |ψr〉t ,
we take the derivative of Eq. (6.17) with respect to time. Doing
so is straightforward to see two changes in the dynamics of
the relative quantum state |ψr〉t versus the absolute quantum
state |ψr〉t . The first is that the time dependence of qt leads to
an additional unitary term in the dynamics, with Hamiltonian
−pt p̂/mc. The second is that, in order to write the dynamics
in terms of |ψr〉t , the operators L̂q, M̂qq, and Ĥ must all be
replaced with their transformed versions L̂r

q, M̂r
qq, and Ĥr.

To further simplify the form of the dynamics, we first
use a particular invariance property of the general dynamics
presented in Sec. IV. Namely, as we show in Appendix B, one
may always remove the part of L̂z proportional to the identity
and a corresponding term in M̂zz, and instead include it as
an additional drift term in the dynamics. Guaranteeing that
the form of decoherence and backreaction is independent of
any additional purely classical dynamics, in this case it allows
us to remove the dependence of L̂r

q and M̂r
qq on the classical

angular frequency � and replace it with an additional classical
drift term −mc�

2qdt in Eq. (4.20). Finally, we drop from
Ĥr(q, p) the term proportional to the identity Hr

C (q, p)1̂.
Taken together, the two steps lead to the following form of

equations for qt , pt and |ψr〉t :

dqt = pt

mC
dt, (6.25)

d pt = −1

2

〈
L̂r

q + L̂r†
q

〉
dt − mc�

2qt dt − γ pt

mc
dt +

√
2γ

β
dW,

(6.26)

d|ψr〉t = − i

h̄

(
Ĥr

Q + β

8γ
M̂r

qq − pt

mc
p̂

)
|ψr〉t dt

− 1

2

β

8γ

(
L̂r†

q L̂r
q − 2

〈
L̂r†

q

〉
L̂r

q + 〈
L̂r†

q

〉〈
L̂r

q

〉)|ψr〉t dt

−
√

β

8γ

(
L̂r

q − 〈
L̂r

q

〉)|ψr〉t dWt , (6.27)

where the expectation values are all taken with respect to
|ψr〉t , and the operators L̂r

q and M̂r
qq are defined as

L̂r
q = −2mqω

h̄β
sinh

h̄ωβ

2
q̂ + 2i

h̄β

(
1 − cosh

h̄ωβ

2

)
p̂, (6.28)

M̂r
qq = 2mqω

h̄β2

(
sinh

h̄ωβ

2
− tanh

h̄ωβ

2

)
{q̂, p̂}+. (6.29)

To simulate these equations efficiently, we employ a nu-
merical method introduced in the context of continuous
measurement theory, known as Rouchon’s method [71–73].
In this case, it allows one to simulate the coupled set of
stochastic differential equations (6.25)–(6.27) in discrete time.
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Taking ti = 0 and t f = Nsteps�t , where Nsteps is the number of
timesteps and �t is the time increment, we define �W (n) as
the nth sample of a Gaussian random variable with mean zero

and variance �t . We then compute the values of q, p, and
|ψr〉 at time t = (n + 1)�t by iterating the following set of
equations:

q(n+1) = q(n) + p(n)

mc
�t, (6.30)

p(n+1) = − 1

2

〈
ψr

(n)

∣∣L̂r
q + L̂r†

q

∣∣ψr
(n)

〉
�t − mc�

2q(n)�t − γ p(n)

mc
�t +

√
2γ

β
�W (n), (6.31)

R(n) = 1 − i

h̄

(
Ĥr

Q + β

8γ
M̂r

qq − p(n)

mc
p̂

)
�t − β

16γ
L̂r†

q L̂r
q�t + β

8γ

〈
ψr

(n)

∣∣L̂r
q + L̂r†

q

∣∣ψr
(n)

〉
L̂r

q�t

−
√

β

8γ
L̂r

q�W (n) + β

16γ

(
L̂r

q

)2
((�W (n) )2 − �t ), (6.32)

∣∣ψr
(n+1)

〉 = R̂(n)

∣∣ψr
(n)

〉
√〈

ψr
(n)

∣∣R̂†
(n)R̂(n)

∣∣ψr
(n)

〉 . (6.33)

To represent the quantum state and operators for numerical
simulation, we use the adiabatic basis in this representa-
tion, i.e., the standard harmonic oscillator number states
|n〉. Truncating these at a finite maximum energy level
Nmax, we may thus represent |ψr

(n)〉 as a complex vector
of length Nmax, and the operators q̂ and p̂ as Nmax × Nmax

restrictions of their standard infinite-dimensional number state
representations [108].

E. Individual and average trajectories

Having established a numerical method for studying this
system, we begin to gain some insights into the dynamics
by considering both individual and average trajectories of the
joint classical-quantum system.

We begin by considering a typical trajectory, for which we
plot both qt and 〈q̂〉t in the left panel of Fig. 2. Here, we start
the classical system at the origin, and the quantum system in a
coherent state with 〈p̂〉 = 0 and 〈q̂〉 = 1. The mean position of
the quantum system is noticeably less continuous than that of
the classical system, which is due to the fact that the quantum
state is conditioned on the classical momentum, which itself
is experiencing fluctuations due to the environment.

It is also insightful to see how the wavefunction evolves
along an individual trajectory, and how the quantum state is
decomposed in the adiabatic basis. In the middle panel of
Fig. 2, we plot qt , and additionally plot the real and complex
parts of the wavefunction ψ (x, t ) = 〈q|ψ〉t at equal instances
in time, for an initially excited state beginning in |ψr〉0 = |4〉,
i.e., the third excited adiabatic state. The number of com-
ponents for which the probability of occupation |〈n|ψr〉|2 is
higher than 0.1 is indicated on the right-hand side. We see
here that the dynamics damps the excited components of the
wavefunction, with the state after t = 4 being predominantly
made up of the adiabatic ground state |ψr〉 = |0〉.

Finally, while each individual classical trajectory will dif-
fer due to fluctuations, it is possible to see the effect of
quantum backreaction on the classical system by averaging
the trajectories over many realizations. In the right-hand panel

of Fig. 2, we plot both E[qt ] and E[〈ψ |q̂|ψ〉t ], i.e., the ensem-
ble averages over trajectories. Choosing the parameter � to
be small as in the previous simulations, such that the purely
classical potential is negligible, we see from this plot that
the quantum backreaction has a nontrivial effect on the mean
classical evolution, with the two systems appearing to accel-
erate back and forth toward each other. The damping of the
oscillations occurs due to the friction in the classical system,
which dissipates the original energy stored in the interaction
with the quantum oscillator.

F. Thermalization

The dynamics describes a quantum system that remains
pure conditioned on the classical trajectory. It is perhaps
surprising, therefore, that the joint classical-quantum system
simultaneously appears to demonstrate thermalization at the
level of the classical-quantum state.

To begin, we first compute the form of the thermal state
in the relative position representation. In particular, one may
check that it takes the particularly simple form

π̂r(q, p) = 1

Z e−βĤQ e−βHC (q,p), (6.34)

where Z is the same as in Eq. (6.5). Since this expression
factorizes, we see by comparison to Eq. (6.24) that we may
check that the classical-quantum state �̂(q, p) approaches the
thermal state π̂ (q, p) by checking in the relative position
representation that

lim
t→∞E[|ψr〉t 〈ψr|t ] = 1

ZQ
e−βĤr

Q , (6.35)

lim
t→∞E[δ(q − qt )δ(p − pt )] = e−βHC (q,p)

ZC
, (6.36)

lim
t→∞ �̂r(q, p) = E[|ψr〉t 〈ψr|t ]E[δ(q − qt )δ(p − pt )],

(6.37)

i.e., that the reduced quantum and classical distributions
approach the standard thermal states of the corresponding
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FIG. 2. Simulations of trajectories for two coupled oscillators, one classical and one quantum, for parameters ω = mC = mQ = h̄ = 1,
β = γ = 3, and � = 10−5 between t = 0 and t = 10. (Left) The classical position qt and expected position of the quantum state 〈q〉t is
simulated and plotted for a single realization, with Nmax = 20 and Nsteps = 2 × 104. Here, the classical system starts at the origin of phase
space, while the quantum system starts in a coherent state with 〈q̂〉0 = 1 and 〈 p̂〉0 = 0. (Middle) The classical position qt is plotted with six
distinct snapshots of the real (solid line) and imaginary (dashed line) parts of the wavefunction for a pair of trajectories starting at the origin
in phase space and the third excited adiabatic state, with Nmax = 50 and Nsteps = 105. On the right of each wavefunction, we denote the main
components of the wavefunction in the adiabatic basis. (Right) The expected values of the classical position qt and the trajectory expectation
value 〈q̂〉t are plotted, performed by averaging over 2000 individual trajectories with the same initial conditions, Nmax and Nstep as in the
left-hand panel.

classical and quantum oscillators, and that the correlations
between the classical and quantum degrees of freedom vanish.

Considering first the quantum dynamics, we first plot in
the top of Fig. 3 the numerically simulated ensemble average
of the populations in the adiabatic basis, i.e., E[|〈n|ψr〉t |2].
Starting in the state |ψr〉0 = |1〉, we find that these approach
the corresponding populations of the thermal state of the
quantum harmonic oscillator. Despite the quantum state along
any trajectory remaining pure, the diagonal part of the density
matrix ρ̂r(t ) = E[|ψr〉t 〈ψr|t ], thus appears to thermalize in
the adiabatic basis. Turning to the classical dynamics, we
verify that the marginals of the classical thermal state are
reached by plotting histograms of the position and momentum
against the theoretical prediction, as shown in the middle and
bottom of Fig. 3.

While the above provides a strong indication of thermal-
ization, it is necessary to also check the remaining properties:
(1) that the coherences of the quantum state in the adia-
batic basis are also damped in time, (2) that the correlations
between position and momentum vanish, and (3) that correla-
tions between the classical and quantum degrees of freedom
vanish. We explore these in Appendix F, and find clear
evidence that the dynamics also causes coherences in the
adiabatic basis to relax to zero, as well as the correlations

(in the relative position representation) between the various
degrees of freedom.

While the above numerical evidence does not rule out the
existence of particular initial states that do not thermalize, it
does suggest strongly that typical initial configurations relax
to the thermal state given in Eq. (6.4). Proving this rigorously,
such as using techniques from the theory of stochastic differ-
ential equations to demonstrate that Eqs. (6.35)–(6.37) indeed
hold, is an interesting question that we leave to future work.

G. Heat fluctuations and the second law

Having developed both a numerical framework for simulat-
ing trajectories, and establishing that the model we describe
appears to demonstrate thermalization, we finally turn to
combine these to demonstrate how the model illustrates fluc-
tuations in the heat it exchanges with the environment, and
how the average value of these fluctuations is bounded by the
second law of thermodynamics.

We begin by computing the entropy of a particular ini-
tial classical-quantum configuration. We first note that since
the classical-quantum entropy in Eq. (3.1) is invariant un-
der phase-space dependent unitary transformations, we may
compute the entropy directly in the relative position basis.
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FIG. 3. Three plots demonstrating the thermalization of the
classical-quantum state over 104 numerically simulated trajectories.
Here, the initial quantum state is in the first excited state |ψr〉0 = |1〉,
while the classical system is in a Gaussian probability distribution
centered at the origin with standard deviations σq = σp = 10−3. The
model parameters are given by ω = mC = mQ = h̄ = β = γ = � =
1, while the numerical simulation has Nmax = 10 and Nsteps = 5000,
and is run from t = 0 to t = 10. (Top) The average populations in
the adiabatic basis of the density operator in the relative position
representation are shown up to the fourth excited state, which appear
to converge to the corresponding values predicted from Eq. (6.35).
(Middle and bottom) The marginal distributions (solid orange line)
of the classical thermal state appearing in Eq. (6.36) are plotted
against a histogram of the numerically simulated final position and
momentum of the classical system.

Assuming the quantum system is in a pure quantum state
in the relative position representation |ψr〉0 and the classical
probability distribution is normally distributed around the ori-
gin in phase space with variances σ 2

q and σ 2
p , the combined

system is uncorrelated between the classical and quantum
degrees of freedom, and thus the entropy is simply a sum
of the entropies of the classical and quantum degrees con-

sidered separately. Since the quantum state is initially pure,
the quantum entropy is zero. Computing the classical part of
the entropy is here well defined since the classical probability
distribution is Gaussian. This gives the initial entropy of the
classical-quantum system as

S(�̂0) = 1 + ln 2πσqσp. (6.38)

For an arbitrary final state, one may compute the entropy to
find �S. Here, we shall assume we are considering timescales
long enough that the system has relaxed to the thermal state
given in Eq. (6.4). Again, utilizing the fact that the entropy S is
invariant under unitary transformations, we may compute the
entropy of π̂r, the thermal state in the relative position rep-
resentation, which takes the simple uncorrelated form given
in Eq. (6.34). As before, it is straightforward to compute
the entropy here as the sum of the classical and quantum
contributions:

S(π̂ ) = 1 + ln
4π

β�
+ h̄ωβ

2
coth

h̄ωβ

2
− ln

[
2 sinh

h̄ωβ

2

]
,

(6.39)

which gives the total change in entropy as

�S = ln 2 − ln β�σqσp + h̄ωβ

2
coth

h̄ωβ

2

− ln

[
2 sinh

h̄ωβ

2

]
. (6.40)

From Eqs. (3.17) and (3.11), we see that this provides a bound
on the ensemble average of the heat exchanged into the system
along trajectory, given these initial conditions.

We may now compare the bound on heat exchange derived
from the second law to the statistics of the heat exchange
along individual trajectories. In the top of Fig. 4, we plot
the distribution of heat Qt , as defined in Eq. (3.10), for an
initial state in which |ψr〉0 = |0〉, i.e., in which the quantum
system starts in the adiabatic ground state, and where the
classical system is close to its ground state, i.e., the origin in
phase space. As expected, the vast majority of realizations
lead to the system gaining energy, with the mean energy
increase given by the vertical solid line. This can be seen to
be lower than the maximum upper limit of E[Qt ] allowed by
the second law, which is marked by the dotted line. While the
average satisfies the second law, individual realizations may
gain more heat than their mean value, as evidenced by the
small but nonzero set of counts to the right of the dashed line,
which appear to fall off exponentially. In the bottom half of
Fig. 4, we plot the heat distribution at a higher temperature and
lower friction, in the same quantum state but with a classical
state with greater variance in phase space. Here, we see more
pronounced fluctuations of energy increase above the entropy
bound, though a greater number of realizations dissipating
heat into the environment ensure that the average satisfies the
second law.

VII. DETAILED BALANCE

While an equilibrium state is a minimal requirement for
thermodynamic stability, a wide range of open systems in
both classical and quantum regimes satisfy a stronger notion
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FIG. 4. Distributions of the heat exchanged into the classical-
quantum system as the system thermalizes, with model parameters
ω = mC = mQ = h̄ = β/γ = � = 1. (Top) Heat distribution with
β = γ = 3, σq = σp = 0.1, Nmax = 10, and Nsteps = 5000 over 2 ×
104 trajectories simulated from t = 0 to t = 10. (Bottom) Heat dis-
tribution with β = γ = 1, σq = σp = 1, Nmax = 10, and Nsteps = 104

over 2 × 104 trajectories simulated from t = 0 to t = 20.

of detailed balance. In this section, we extend the concept
of detailed balance to hybrid classical-quantum systems, de-
riving the general sufficient and necessary conditions under
which a classical-quantum system satisfies detailed balance.
In doing so, we completely characterize both measurement-
based feedback and hybrid models of molecular dynamics that
have linear master equations with well-defined trajectories
that satisfy detailed balance. Using these conditions, we show
that the two classes of dynamics introduced in Sec. IV both
satisfy classical-quantum detailed balance.

A. Alternative representation of the classical-quantum
generator and the classical-quantum adjoint

Before starting our discussion of detailed balance in
classical-quantum systems, we first introduce two important
forms of classical-quantum generators that will be needed in
the following sections.

The first is an alternative representation of the generator of
completely positive classical-quantum dynamics. Letting Ki

denote phase-space dependent operators associated with each
classical degree of freedom zi, L̃α denote traceless phase-space
Lindblad operators, and G denoting a generic phase-space de-
pendent operator, we may write the general classical-quantum
generator in the form

L(�) = − i

h̄
[G, �] − ∂

∂zi
(Ki� + �K†

i )

+ 1

2

∂2

∂zi∂z j
(D2,i j�)

+ D−1
2,i j

(
Ki�K†

j − 1

2
{K†

j Ki, �}+
)

+ L̃α�L̃†
α − 1

2
{L̃†

αL̃α, �}+, (7.1)

which is completely positive if and only if

D2 � 0, G = G†, (7.2)

and there exists a complex-valued phase-space-dependent
vector v of length n such that if K denotes the operator-valued
vector K = (K1, . . . , Kn)T , then(

I − D−1
2 D2

)
K = v1. (7.3)

We show the equivalence of this generator and its positivity
conditions to Eqs. (2.13)–(2.15) in Appendix G.

In this representation, the Hermitian operator G determines
the purely unitary quantum evolution. To avoid confusion
with the classical-quantum Hamiltonian, which G does not
necessarily coincide with, we refer to this operator as the
generator of unitary dynamics, or unitary generator for short.
The backreaction on each classical degree of freedom zi is
determined by phase-space dependent operators Ki, which we
shall refer to as the “backreaction operators.” Rather than
assuming these operators are traceless, and describing purely
classical evolution by a separate drift term, the component of
Ki proportional to the identity operator describes the purely
classical drift on the ith classical degree of freedom. The
necessary decoherence corresponding to this backreaction is
encoded in the decoherence term involving Ki and the pseu-
doinverse of the diffusion matrix D2. Finally, the Lindblad
operators L̃α determine any additional decoherence on top of
the minimum required by the coupling to the classical system.
These are thus necessarily zero if the decoherence-diffusion
trade-off is saturated, i.e., when the unravelling preserves the
purity of initially pure quantum states.

The advantage of this representation is that sufficient and
necessary conditions for complete positivity may be checked
without relying on a decomposition of the backreaction op-
erators in an orthonormal basis of operators. It turns out that
this is extremely useful for checking detailed balance, as it
allows operators such as the Lz to be studied without need-
ing to compute their explicit forms (such as was done for
the classical-quantum oscillators model in Sec. VI B). Aside
from this, this form of dynamics provides some conceptual
simplicity, such as explicitly separating out the decoherence
necessary for positivity from additional kinds, and making it
explicit which operator backreacts on each classical degree of
freedom.

The second generator we shall define is the adjoint gen-
erator of classical-quantum dynamics. As with the adjoint of
the Fokker-Planck equation [49] or the Gorini-Kossakowski-
Lindblad-Sudarshan (GKLS) equation [109], one may define
the adjoint in the classical-quantum setting by studying the
evolution of classical-quantum observables. Considering the
definition of the expectation value given in Eq. (2.10), we
define the adjoint of the generator L as the classical-quantum
superoperator L† that satisfies∫

dzTr(L(�)A) =
∫

dzTr(�L†(A)), (7.4)
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i.e., that governs the evolution of classical-quantum observ-
ables in the Heisenberg representation. Assuming that the
classical-quantum state � satisfies vanishing boundary condi-
tions at infinity, it is straightforward using integration by parts
and properties of the trace to show that this can be written in
the general form

L†(A) = i

h̄
[G, A] + K†

i

∂A

∂zi
+ ∂A

∂zi
Ki + 1

2
D2,i j

∂2A

∂zi∂z j

+ D−1
2,i j

(
K†

i AKj − 1

2
{K†

j Ki, A}+
)

+ L̃†
αAL̃α − 1

2
{L̃†

αL̃α, A}+. (7.5)

As should be expected, this dynamics takes the form of a
generalization of the standard classical and quantum adjoint
dynamics, and as such satisfies many of the same properties.
A particular property that is useful to note is that this map is
unital, i.e,. that L†(1) = 0, since in this case the derivative,
dissipator, and commutator terms all vanish.

B. Defining detailed balance in classical-quantum systems

In this section, we begin our discussion of classical-
quantum detailed balance, providing a general definition of
detailed balance in hybrid systems. This definition arises as a
natural generalization of the definitions of detailed balance of
classical and quantum systems when characterized in terms of
their generators, and we refer the reader to Refs. [48–50] for
further details on this topic.

To define detailed balance in the classical-quantum setting,
we must first introduce the concept of time reversal. Taking a
video of a particle in flight, and playing it in reverse, one sees
that while the position q of the particle remains unchanged,
the momentum p reverses sign. In a similar manner, for any
set of classical variables z = (z1, . . . , zn), a subset known as
the even variables will remain constant under time reversal,
i.e., zi �→ zi, while the odd variables will each be multiplied
by minus one, i.e., zi �→ −zi. To capture this, we follow Ref.
[49] and use the notation

εz = (ε1z1, . . . , εnzn), (7.6)

where εi = ±1 depending on whether the ith classical variable
is even or odd. Using this notation, a function f (z) of the
classical variables is thus transformed under time reversal to
f (εz). To denote the time reversal of differential operators,
such as the generator of dynamics L, we use the shorthand
notation Lε , which implies changing all occurrences of zi to
εizi, including in derivatives.

An important feature of detailed balance is that it is always
defined with respect to a given state. Although up to now we
have focused on classical-quantum fixed points π that are of
the standard thermal form π ∝ exp(−βH ), for the remainder
of our discussion of detailed balance, we allow π to be a
generic fixed point. Aside from generalizing the discussion,
this is also a natural choice given the earlier form of our
dynamics, where the key operators Lz and Mxy depended
explicitly on π rather than H . For this section, we therefore
allow π to be a generic fixed point, which may be written

generally in the form

π (z) = 1

Z e−�(z), (7.7)

where �(z) is a Hermitian operator that we refer to as the
potential. In order to define detailed balance with respect to
this state, we shall need to make three assumptions that are
standard in the classical and quantum cases [48–50]. First,
we will assume that π has boundary conditions such that it
vanishes at infinity in the classical configuration/phase space;
this ensures that the state can be normalized, and that the
representation of the adjoint generator introduced in Eq. (7.5)
may be used. Second, we assume that the state π is invertible
at every point in phase space, i.e., the quantum degrees of
freedom must always have a nonzero probability of being in
an arbitrarily excited state. Finally, we will assume that π is
invariant under time reversal, i.e., π (εz) = π (z), as is the case
for the thermal state for time-reversal invariant Hamiltonians.

Having defined the notion of time reversal and the require-
ments of the fixed point π , we may define detailed balance in
the hybrid setting. A classical-quantum dynamics described
by the generator L will be said to satisfy detailed balance
with respect to π if and only if there exists a Hermitian,
time-reversal invariant operator X that commutes with π such
that

π−1/2L(π1/2Aπ1/2)π−1/2 = L†
ε (A) − 2i[X, A], (7.8)

for all operator-valued functions of phase space A. The
derivation −2i[X, ·] parametrizes the additional reversible
contributions to the generator that are not fixed by the fixed
point π , with X being canonically identified as the classical-
quantum Hamiltonian.

To motivate this definition as a correct definition of detailed
balance in the classical-quantum setting, we consider two
limiting cases. First, taking π and A to be proportional to the
identity operator, one may check that this definition reduces
to the requirement that

π−1(z)L(π (z) f (z)) = L†
ε ( f (z)) (7.9)

holds for all functions f (z), where L denotes a general gener-
ator of Fokker-Planck dynamics. This equation, alongside the
assumption that π is invariant under time reversal, exactly co-
incides with the definition of detailed balance in the classical
setting, when using the characterization of detailed balance in
terms of generators developed by Risken [49]. Second, taking
π and A to have no dependence on z, we find that the detailed
balance condition reduces to

π− 1
2 L

(
π

1
2 Aπ

1
2
)
π− 1

2 = L†(A) − 2i[X, A] (7.10)

for all operators A, where X is any Hermitian operator such
that [X, π ] = 0. This provides a definition of detailed balance
in the quantum setting [50].

From the above, it is straightforward to see that the defi-
nition of classical-quantum detailed balance we provide is a
straightforward generalization of these two definitions, gen-
erated by combining the uniquely classical and quantum
structures associated with each. Namely, by using the left-
hand and right-hand sides of definition (7.10), which respect
operator ordering, while including the time-reversal opera-
tion arising in definition (7.9), we arrive at the definition of
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detailed balance provided in Eq. (7.8). The only ambiguity
that arises is whether X is chosen to be invariant under time
reversal or not, since X and time reversal only simultaneously
appear in the full classical-quantum case. In our definition,
we opt for the former, which ultimately is supported by the
identification of X with the classical-quantum Hamiltonian
H , when we come to study detailed balance for the main
dynamics introduced in Sec. IV.

Finally, we note an important feature of classical-quantum
detailed balance that connects this concept to the earlier sec-
tions of this paper. Taking A to be the identity operator, and
independent of z, we see that the left-hand side of Eq. (7.8)
reduces to π− 1

2 L(π )π− 1
2 . Doing the same for the right-hand

side, we see that the commutator with X vanishes, leaving
simply L†

ε (1). Since the adjoint map under time reversal re-
mains unital, we see that the entirety of the right-hand side
vanishes. Acting with π1/2 on either side of the left-hand side,
we thus see that L(π ) = 0. It therefore follows that classical-
quantum detailed balance implies thermal state preservation,
i.e.,

L satisfies DB
w.r.t. π

⇒ L(π ) = 0. (7.11)

Understanding how in practice to relate this condition to the
thermal state preserving dynamics we have already provided
in terms of Lz and Mxy will be the main aim of the rest of this
work.

To conclude, we make a few technical remarks. First,
we note that other definitions of detailed balance are avail-
able in the quantum setting instead of Eq. (7.10). This
is due to alternative operator orderings of π , such as the
Gelfand-Naimark-Segal (GNS) detailed balance condition
[109]. The “symmetric” definition we use in Eq. (7.8)
is a classical-quantum generalization of the Kubo-Martin-
Schwinger (KMS) detailed balance condition [110]. While
the GNS condition and its variants necessarily imply the
KMS condition, they require more stringent symmetry prop-
erties of the corresponding Lindblad jump operators [50].
The KMS condition thus encompasses the broadest class of
dynamics and is important for establishing operator alge-
braic formulations of quantum Markov semigroups [111]. For
open quantum systems, the KMS detailed balance condition
emerges naturally from the requirement of thermodynamic
consistency [112], and from rigorous treatments of weakly
coupled many-body systems [113]. It would be interesting to
consider the implications of stronger forms of detailed balance
in the classical-quantum setting, though we will not do so in
this work. Second, as already stated, we assume that the fixed
point of the dynamics π is invariant under time reversal. In the
purely classical case, it is possible to relax this assumption to
incorporate physical settings such as external magnetic fields
[114], and thus it appears reasonable that our construction
could also be generalized along similar lines. Third, it is worth
noting that detailed balance typically arises from the micro-
scopic reversibility of the underlying dynamics, with the two
connected via correlation functions [115–117]. In our case, we
do not attempt to derive the dynamics by explicitly tracing out
a system, and thus cannot explicitly comment on the nature
of the evolution laws of the underlying degrees of freedom.
Regardless, understanding how our detailed balance condition

at the level of the generator relates to definitions on the level
of the correlation functions of the classical-quantum system,
by analogy with Refs. [115–117], is an interesting question
we leave to future work.

C. Conditions for purity-preserving dynamics

In this section, we derive conditions on the basic com-
ponents of the classical-quantum master equation, such as
the diffusion matrix and backreaction operators, which are
satisfied if and only if a dynamics satisfies classical-quantum
detailed balance. To derive this general set of conditions, we
first restrict ourselves to the subset of dynamics that saturate
the decoherence-diffusion trade-off—this is later generalized
in Sec. VII D to cases where the quantum state does not
remain pure conditioned on the classical trajectory.

In order to derive a set of sufficient and necessary condi-
tions, we first define a set of operators that are characterized
by how they transform under time reversal. In particular, we
may define the symmetric and antisymmetric parts of the
Hamiltonian as

GS (z) = G(z) + G(εz)

2
, (7.12)

GA(z) = G(z) − G(εz)

2
, (7.13)

and the reversible and irreversible parts of the classical drift
and backreaction operators Ki as

K rev
i (z) = Ki(z) − εiKi(εz)

2
, (7.14)

K irr
i (z) = Ki(z) + εiKi(εz)

2
. (7.15)

These operators satisfy the following relations:

GS (εz) = GS (z), (7.16)

GA(εz) = −GA(z), (7.17)

K rev
i (εz) = −εiK

rev
i (z), (7.18)

K irr
i (εz) = εiK

irr
i (z), (7.19)

and hence allow the dynamics under time reversal to be writ-
ten in terms of quantities dependent on z rather than εz.

Having defined this alternate set of operators, we are now
able to derive necessary and sufficient conditions on these in
order for classical-quantum detailed balance to hold. Since we
are initially considering dynamics that saturates the trade-off,
i.e., that preserves the purity of quantum states in the un-
ravelling, we first assume that all of the Lindblad operators
responsible for additional decoherence vanish, i.e., L̃α = 0
for all α. Rewriting this simplified form of the generator L
given in Eq. (7.1) in terms of K rev

i , K irr
i , GS , and GA, it is

straightforward to compute the form of L†
ε by performing

the time-reversal operation on the L† and using the relations
given in Eqs. (7.16)–(7.19). Substituting in the forms of L
and Lε into the definition of detailed balance (7.8), we find a
sum of terms containing A, ∂iA, and ∂i∂ jA that must be equal
to zero. Since these must hold for all A, the Hermitian and
anti-Hermitian parts of each expression containing different
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derivatives of A lead to independent conditions on the dynam-
ics for detailed balance. Using the positivity conditions (7.2)
and (7.3), in Appendix H we show that this leads to the follow-
ing sufficient and necessary conditions for classical-quantum
dynamics that saturate the decoherence-diffusion trade-off to
also satisfy detailed balance:

D2,i j (εz) = εiε jD2,i j (z), (7.20)

K rev
i π1/2 − π1/2K rev

i
† = iaiπ

1/2, (7.21)

K irr
i π1/2 + π1/2K irr

i
† = 1

2

∂D2,i j

∂z j
π1/2 + D2,i j

∂π1/2

∂z j
(7.22)

− i

h̄
{GS, π1/2}+ = OS − i{X, π1/2}+ (7.23)

− i

h̄
[GA, π1/2] = OA, (7.24)

where ai are the elements of a real vector a(z) that satisfy
ai(εz) = −εiai(z), X is a Hermitian operator that is symmetric
under time reversal and commutes with π , and the operators
OS and OA are defined as

OS = 1

2

∂

∂zi

(
K irr

i π1/2 − π1/2K irr
i

†)

− 1

2

(
I − D2D−1

2

)
i j

(
K irr

i

∂π
1
2

∂z j
− ∂π

1
2

∂z j
K irr

i
†
)

− 1

4
D−1

2,i j

∂D2,ik

∂zk

(
K irr

j π1/2 − π1/2K irr
j

†)
+ i

2
D−1

2,i jai
(
K rev

i π1/2 + π1/2K rev
i

†)
+ 1

2
D−1

2,i j

[
K rev

i
†K rev

j + K irr
i

†
K irr

j , π1/2], (7.25)

and

OA = 1

2

∂

∂zi

(
K rev

i π1/2 + π1/2K rev
i

†)

+ 1

2

(
I − D2D−1

2

)
i j

(
K rev

i

∂π
1
2

∂z j
+ ∂π

1
2

∂z j
K rev

i
†
)

− 1

4
D−1

2,i j

∂D2,ik

∂zk

(
K rev

j π1/2 + π1/2K rev
j

†)
+ i

2
D−1

2,i jai
(
K irr

i π1/2 − π1/2K irr
i

†)
+ 1

2
D−1

2,i j

{
K rev

i
†K irr

j + K irr
i

†
K rev

j , π1/2
}

+. (7.26)

We refer to these five conditions as the diffusion constraint,
reversible backreaction constraint, irreversible backreaction
constraint, symmetric unitary generator constraint, and anti-
symmetric unitary generator constraint, respectively. These
are extended to the case where classical-quantum dynamics
does not necessarily saturate the decoherence-diffusion trade-
off in the next section.

Before moving on, we observe some basic consequences
of these conditions. First, we see that the diffusion constraint
is identical to the known classical condition on the diffusion
matrix for detailed balance [48,49]—we shall further inves-
tigate how these conditions reduce to the classical case in

Sec. VII E. Second, we see that the reversible and irreversible
backreaction constraints, which state that the backreaction op-
erators must be related to both π1/2 and their first derivatives,
are reminiscent of those for Lz given in Eqs. (4.2) and (4.1),
respectively. Similarly, we see that as with the definition of the
Hermitian Mxy operators of Eq. (4.4), the equation for GS takes
the form of a Lyapunov equation, and thus can be directly
solved to give

GS = ih̄
∫ ∞

0
e−sπ1/2

OSe−sπ1/2
ds + X. (7.27)

The free operator X appearing in Eq. (7.8) appears in this part
of the unitary generator and thus is canonically identified with
the system Hamiltonian. Turning now to the antisymmetric
unitary generator constraint, it is important to note that while
the constraint for GS purely constraints the quantum unitary
evolution, the equation for GA includes a constraint on the
form of K irr, K rev, and D2 independent of GA. This takes the
form

〈n(z)|OA|n(z)〉 = 0 ∀n, (7.28)

where |n(z)〉 is the adiabatic basis defined for the generic
fixed point π , i.e., the eigenstates of the potential operator
�(z), which for now we take to be nondegenerate. Although
the solution for GA is not unique, since any time-reversal
antisymmetric Hermitian operator that commutes with π1/2

may be added to it, the part of the operator that does not
commute with π1/2 may be uniquely solved in terms of the
adiabatic basis, giving the off-diagonal elements of GA in this
basis as

GA
nm = ih̄

〈n(z)|OA|m(z)〉√
pm − √

pn
n �= m, (7.29)

where pn is the eigenvalue of π corresponding to the adiabatic
state |n(z)〉. When the adiabatic basis is degenerate, these
relations straightforwardly generalize: the matrix elements of
OA must vanish inside degenerate subspaces of π , while the
off-diagonal elements of GA are fixed by the same expression
as in Eq. (7.29) provided pn �= pm. Finally, we note from Eq.
(7.21) that the real vector a accounts for terms in K that are
proportional to the identity and purely imaginary. Since these
terms necessarily only affect the unitary part of the dynamics,
they are not constrained by the first derivative terms in Eq.
(7.8) and hence necessarily give rise to the additional degree
of freedom a. Indeed, because these terms only affect the
unitary part of the dynamics, this explains the appearance
of a in the constraints (7.23) and (7.24). The time-reversal
property of the vector a ensures that each of the detailed
balance conditions is consistent under time reversal.

D. Conditions for general dynamics

To extend the derivation from the case where the
decoherence-diffusion trade-off is saturated, to the case where
it is not, we exploit a recent result that states that a generic
classical-quantum dynamics may always be embedded in
a larger classical phase space where the trade-off is satu-
rated [37]. This so-called “temple of the larger phase space”
is useful because it allows us to leverage the expressions
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previously derived in the comparatively simpler setting where
the trade-off is saturated.

To begin with, we take L to be an arbitrary completely
positive continuous CQ generator, i.e., of the form of Eq. (7.1)
with L̃α nonzero, and fix a given fixed point π to consider
detailed balance with respect to. We then introduce an aux-
iliary classical degree of freedom yα for each independent
traceless Lindblad operator L̃α . These classical degrees of
freedom may be taken to be even under time reversal sym-
metry without loss of generality. In this enlarged phase space,
we then define a classical-quantum generator L̃, which takes
the form

L̃(A) = L(A) + 1

2

∂2A

∂yα∂yα

− ∂

∂yα

(K̃αA + AK̃†
α ), (7.30)

where the traceless auxiliary backreaction operators K̃α have
no dependence on the auxiliary degrees of freedom yα and
satisfy

D[K̃α] = D[L̃α], (7.31)

where D[Jα] denotes the GKLS generator
D[Jα](·) = Jα · J†

α − 1
2 {J†

αJα, ·}+, and

K̃α (z)π
1
2 + π

1
2 K̃†

α (εz) = 0. (7.32)

The first of these conditions [Eq. (7.30)] guarantees that
the generator L̃ recovers L upon tracing over the auxiliary
degrees of freedom. The second condition [Eq. (7.31)] en-
sures that L̃ is both completely positive and saturates the
decoherence-diffusion trade-off, by requiring the GKLS dissi-
pator D corresponding to L̃α to be the same as that constructed
from K̃α . Finally, Eq. (7.32) amounts to stating that the pu-
rification we have chosen is not arbitrary, but is adapted to
the choice of fixed state π that we wish to prove the detailed
balance of L with respect to.

Turning now to detailed balance, it is straightforward to
prove using Eqs. (7.30) and (7.32) that

π− 1
2 L̃

(
π

1
2 Aπ

1
2
)
π− 1

2 − L̃†
ε (A)

= π− 1
2 L

(
π

1
2 Aπ

1
2
)
π− 1

2 − L†
ε (A). (7.33)

An immediate consequence of this is that

L satisfies DB
w.r.t. π

⇐⇒ L̃ satisfies DB
w.r.t. π

, (7.34)

i.e., that checking detailed balance for L̃ with respect to π is
sufficient and necessary to conclude the same for L.

Since L̃ saturates the decoherence-diffusion trade-off, we
can apply each of the detailed balance conditions already
proven in Eqs. (7.20)–(7.24), this time including the addi-
tional diffusion, decoherence, and backreaction associated
with the auxiliary classical degrees of freedom yα , to find iff
constraints for L to satisfy detailed balance. In the enlarged
space, one can check from Eq. (7.30) that condition (7.20) is
trivially satisfied on the auxiliary degrees of freedom, and thus
provides no additional constraint. Similarly, computing the
reversible and irreversible parts of the auxiliary backreaction
operators K̃α and substituting into Eqs. (7.21) and (7.22), one
finds that since π is independent of yα and K̃α are traceless,
the constraints on the auxiliary backreaction operators K̃α are

equivalent to those of Eq. (7.32) and that the vector of real
numbers aα is zero. The only additional constraints come
from considering the symmetric and antisymmetric effective
Hamiltonians, which in this case take the form

− i

h̄
{GS, π1/2}+ = OS − i{X, π1/2}+

+ 1

4

[
K̃†

β K̃β + K̃†
β (εz)K̃β (εz), π

1
2
]

(7.35)

− i

h̄
[GA, π1/2] = OA + 1

4

{
K̃†

α K̃α − K̃†
α (εz)K̃α (εz), π

1
2
}

+,

(7.36)

i.e., are modified by an additional term in terms of K̃α .
To relate the conditions (7.32), (7.35), and (7.36) on K̃α to

conditions on L̃α , we utilize Eq. (7.31). In particular, since the
two GKLS disspators will be equal iff the Lindblad operators
are related via unitary matrix [50,87,118], we can always
rewrite the auxiliary backreaction operators K̃α as

K̃α = uαβ L̃β, (7.37)

where uαβ are the coefficients of some unitary matrix u that
may depend on phase space. Plugging this relation into the
modified constraints (7.32), (7.35), and (7.36), we finally ar-
rive at the final set of necessary and sufficient conditions for
detailed balance with respect to π as

D2,i j (εz) = εiε jD2,i j (z), (7.38)

K rev
i π1/2 − π1/2K rev

i
† = iaiπ

1/2, (7.39)

K irr
i π1/2 + π1/2K irr

i
† = 1

2

∂D2,i j

∂z j
π1/2 + D2,i j

∂π1/2

∂z j
(7.40)

− i

h̄
{GS, π1/2}+ = OS − i{X, π1/2}+ + 1

2

[
ÑS, π

1
2
]

(7.41)

− i

h̄
[GA, π1/2] = OA + 1

2

{
ÑA, π

1
2
}

+, (7.42)

L̃α (z)π1/2 = −(u†(z)u∗(εz))αβπ1/2L̃†
β (εz), (7.43)

where we have defined ÑS and ÑA as the symmetric and
antisymmetric parts under time reversal of the operator

Ñ = L̃†
αL̃α. (7.44)

We thus see that when the decoherence-diffusion trade-off
is not saturated, the symmetric and antisymmetric unitary
generator constraints found previously are modified to depend
on the excess decoherence, while a sixth constraint (7.43),
which we refer to as the decoherence constraint, provides con-
ditions on the Lindblad operators of the excess decoherence
that must be satisfied in order for the dynamics to satisfy
detailed balance. This new set of conditions satisfies similar
properties to before, in particular with analogous relations to
Eqs. (7.27)–(7.29) that are straightforward to find using the
same arguments.

E. Classical and quantum detailed balance

Having found the general form of conditions for a
classical-quantum dynamics to satisfy detailed balance, we
now turn to check that these indeed correctly reproduce the
known conditions in the purely classical and quantum cases.
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We first turn to the purely classical limit. To do so, we first
set L̃α = 0, allowing us to use the characterization of detailed
balance for dynamics that saturates the trade-off given in
Eqs. (7.20)–(7.24). Setting G = 0, Ki = 1

2 DC
i 1, where DC is a

real-valued vector representing the classical drift, and letting
π be proportional to the identity, the constraints simplify
considerably. We first note that in this case the reversible
backreaction constraint (7.21) is trivially satisfied and implies
that ai is zero for all z. Since this means that OS also vanishes,
we see that the symmetric unitary generator constraint is also
necessarily satisfied. Turning now to the antisymmetric uni-
tary constraint, we note that while GA vanishes, the additional
condition (7.28) nevertheless provides a nontrivial condition
on the classical dynamics. In particular, we see that since π

is proportional to the identity, every vector is a valid adiabatic
state, and thus the entire expression for OA must vanish for
detailed balance to hold. Writing this final constraint along-
side the diffusion and irreversible backreaction constraints,
and making the appropriate simplifications given the form of
Ki and properties of the pseudoinverse, we find the following
three constraints in the classical limit:

D2,i j (εz) = εiε jD2,i j (z), (7.45)

DC,irr
1,i = 1

2

∂D2,i j

∂z j
+ D2,i j

∂π1/2

∂z j
π−1/2, (7.46)

∂

∂zi

(
DC,rev

1,i π
) = 0. (7.47)

Additionally, assuming that D2 is full rank, such that its
inverse is well defined, and using the explicit form of π

provided in Eq. (7.7), it is straightforward to check that these
conditions coincide with the necessary and sufficient condi-
tions for classical detailed balance found in Refs. [48,49].

To study the purely quantum dynamics, we take K = 0 and
D2 = 0, and assume that L̃, S, and π have no dependence on
phase space. In this case, the only nontrivial constraints are

L̃απ1/2 = −(u†u∗)αβπ1/2L̃†
β (7.48)

and

− i

h̄
{G, π1/2}+ = − i

h̄
{X, π1/2}+ + 1

2

[
L̃†

β L̃β, π
1
2
]
. (7.49)

Defining the additional unitary matrix v = u†u∗, this exactly
reproduces the known conditions of Ref. [50]. In fact, the
form that we derive makes it explicit that the unitary ma-
trix v must also be symmetric, which follows by taking the
complex conjugate of Eq. (7.48). Note that a common set
of Lindblad operators that arise in weak-coupling quantum
master equations is given by L̃α satisfying L̃α = e−βωα/2L̃†

−α ,
where L̃α induces a transition from energy eigenstate |n〉 to
|m〉, L̃−α corresponds to the inverse jump, and ωα is the
corresponding energy difference εm − εn [42,119]. Here, we
see that this is obtained as a special case of Eq. (7.48) when
−(u†u)αβ = δβ,−α , but not the only possible option under this
definition of detailed balance [50].

F. Proving detailed balance for Lz, Mxy dynamics

Having derived the form of sufficient and necessary condi-
tions for detailed balance in classical-quantum systems and

checked it agrees with the known conditions for classical
and quantum detailed balance, we finally turn to show that
the dynamics presented in Sec. IV satisfies classical-quantum
detailed balance.

Considering first the overdamped dynamics, we begin by
finding the form of the symmetric and antisymmetric parts of
the generator of the unitary dynamics, as well as the reversible
and irreversible parts of the backreaction operators. Compar-
ing the form of Eq. (4.10) to Eq. (7.1) to read off G and Kx,
and using the definitions (7.12)–(7.15), we find the dynamics
to be entirely characterized by the following operators:

GS = H + μβ

8
Mxx, GA = 0,

K rev
x = 0, K irr

x = −μ

2
Lx, D2 = 2μ

β
. (7.50)

Here, we see that both H and Mxx are time-reversal invariant,
while the antisymmetric part of the unitary generator GA van-
ishes. As expected for an overdamped particle dynamics, the
reversible part of the dynamics also vanishes.

To check detailed balance in the overdamped dynamics,
we use the sufficient and necessary conditions derived in
Secs. VII C and VII D. Since this dynamics saturates the trade-
off, in this case we may use the simpler conditions given
in Eqs. (7.20)–(7.24) to check whether detailed balance is
satisfied. Since the diffusion coefficient is constant and x is an
even variable under time reversal, it is immediate to see that
the diffusion constraint (7.20) is satisfied. Substituting in the
definition of Lx given in Eq. (4.1), it is straightforward to ver-
ify the irreversible backreaction constraint (7.22) holds, while
K rev = 0 implies that the reversible backreaction constraint
also holds with a(x) = 0. To see that the symmetric unitary
generator constraint (7.23) holds, we first compute OS . Since
here D2 is full rank, a is zero, and Lx satisfies Eq. (4.2), we see
that OS simplifies to simply (μβ/16)[L†

x Lx, π
1/2]. Comparing

the resulting symmetric unitary generator constraint with the
definition of Mxx provided in Eq. (4.4), we see that Eq. (7.23)
holds, with the time-reversal invariant Hermitian operator X
being identified with the classical-quantum Hamiltonian H
divided by h̄. Finally, one may use the same relations to see
that OA = 0, which since the antisymmetric part of the unitary
generator GS is zero, implies that the antisymmetric unitary
generator constraint (7.24) is also satisfied. The overdamped
dynamics thus satisfies classical-quantum detailed balance
with respect to π as claimed.

Turning now to the underdamped dynamics, we again first
find the explicit forms of the symmetric and antisymmetric
parts of G and the reversible and irreversible parts of K .
Comparing Eq. (4.18) to Eq. (7.1) and using the definitions
as before, we find

GS = H + β

8γ
Mqq, GA = ih̄

16
β

p

m
(L†

q − Lq),

K rev = 1

2

(
p/m1
−Lq

)
, K irr = 1

2

(
0

−γ p/m1

)
, (7.51)

D2 =
(

0 0
0 2γ /β

)
.
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Here, we see that the reversible parts of the dynamics
are associated with terms that previously made up the
Aleksandrov-Gerasimenko bracket in the high temperature
limit (cf. Sec. IV E), while the irreversible part of the dynam-
ics relates to the friction. The appearance of an antisymmetric
component of the unitary generator GA arises due to the in-
clusion of the classical drift into the backreaction operators,
which leads to an additional term in the unitary part of the
dynamics that acts to cancel the new cross terms in the deco-
herence part of the dynamics.

To show that the underdamped dynamics also satisfies de-
tailed balance, we check the dynamics against the conditions
in Eqs. (7.20)–(7.24). As before, the diffusion constraint is
straightforward to check that it is satisfied, given that the only
nonzero component is D2,pp, which does not change under
time reversal. To check the reversible backreaction constraint,
we note again that the property of the Lz operators (4.2) means
that the constraint is trivially satisfied with a(q, p) = (0, 0)T ,
while the irreversible backreaction constraint is straightfor-
ward to check is satisfied using the fact that the thermal state
in this dynamics is assumed to contain a classical kinetic
term p2/(2m)1. To check the symmetric unitary generator
constraint, we first compute OS , which in this case simplifies
to β/(16γ )[L†

qLq, π
1/2]. As in the overdamped case, compar-

ing this to the definition of Mxx we see that this is indeed
satisfied, with X identified with H/h̄. Finally, we check the
antisymmetric unitary generator constraint. To do so, we first
compute OA. In this case, D2 is not full rank, and thus we must
retain a number of terms that vanished in the overdamped
case. Computing this explicitly, we find that OA takes the form
(βp)/(16m)[L†

q − Lq, π
1/2]. This final constraint is therefore

exactly satisfied, given the value of GA, thus demonstrating
that the underdamped dynamics we provide also satisfies
classical-quantum detailed balance.

VIII. DISCUSSION

In this work, we introduced classical-quantum dynam-
ics compatible with the second law of thermodynamics.
There were three main technical contributions to achieve this:
(1) the proof in Sec. III that thermal state preserving, com-
pletely positive, and linear dynamics necessarily obeys the
second law of thermodynamics; (2) the identification in
Sec. IV of the Lz and Mxy classes of operators, given in
Eqs. (4.1) and (4.3), which we showed could be used to
construct such dynamics; and (3) the definition and charac-
terization of detailed balance in classical-quantum systems
in Sec. VII, which we showed also applied to our Lz, Mxy

constructed dynamics. While we presented basic forms of
such dynamics for the case of overdamped and underdamped
classical systems in Eqs. (4.10) and (4.18), the Lz and Mxy

operators may be used to construct dynamics to treat a wide
variety of systems, with some straightforward generalizations
presented in Appendix A.

The fact that our dynamics may always be implemented
using continuous measurement and feedback [37,56] pro-
vides a direct method of studying experimental realizations
of our framework, with thermal states and the second law
arising at level of the combined system of quantum system
plus classical measurement signals. A simple example is pro-

vided in the overdamped model described in Sec. V, whose
analytic solution [Eqs. (5.5)–(5.7)] may be used to directly
check experimental results obtained using the measurement
and feedback procedure introduced in Ref. [9], as discussed
in Appendix D. More generally, we expect our results to be
valuable to experimentally bound possible stochastic theories
of gravity [29,36–38,74–78,120–126], or to study experimen-
tal realizations of models designed to probe classical-quantum
coupling [34], extended using our results to nonperturbative
regimes. An attractive feature of the present theory is that it
provides an unambiguous notion of thermodynamic variables
such as heat and entropy at the stochastic level, since the
unravelled trajectories are objective [37]. In principle, this
same approach can be extended to incorporate time-dependent
driving, which would facilitate a natural way of measuring
fluctuating work and fluctuation theorems [127,128] through
monitoring of the conditional classical trajectories.

It is worth emphasizing that the dynamics in this work
have not been attempted to be derived from a full quantum
theory. Indeed, a valid question to ask is whether consistent
classical-quantum dynamics can even arise from quantum
theory, in some appropriate limit. This question was taken up
recently in Ref. [44], and it was found that for sufficiently
strong decoherence, completely positive, and linear dynamics
in the form of Eq. (2.13) was found. Interestingly, in this
context, the form of operators determining the decoherence
and backreaction was found to take the form

LH
z = iE f

∂

∂z

(
e
− i

E f
H)

e
i

E f
H
, (8.1)

where H is the classical-quantum Hamiltonian corresponding
to the classical limit of one subsystem, and E f is an energy
characterizing the ratio of h̄ and the decoherence timescale
τ . It is immediate from the above definition that this operator
coincides with the operator Lz introduced in Eq. (4.1), up to
the Wick rotation:

i

E f
�→ β

2
. (8.2)

The entirely independent appearance of the Lz operator in
the context of dynamics arising from a fully quantum theory
suggests some deeper connection between the current ther-
modynamic theory and those derived from classical-quantum
limits. Understanding this, and the differences between these
dynamics outside of the regime where the two operators coin-
cide, is an interesting question to address in future work.

Finally, given that thermodynamics fundamentally is a the-
ory that puts limitations on the allowable transformations of
a system [129,130], it is interesting to consider what general
bounds may be derivable from a consistent thermodynamic
theory of classical and quantum systems. For the class of
dynamics introduced in Sec. IV, it was remarked that since
both the Einstein relation and the decoherence-diffusion trade-
off relate backreaction in the classical-quantum system to the
diffusion, they could be used to derive bounds on decoherence
rates, given in Eqs. (4.17) and (4.26) for the overdamped
and underdamped cases. Beyond these basic model-dependent
bounds, we expect the theory we present here to provide a
number of general thermodynamic bounds on systems de-
scribed by a classical-quantum framework, and thus bounds
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on the achievability of a number of transformations, from
electronic transitions in molecules to allowable state prepa-
ration in measurement-based feedback.
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APPENDIX A: GENERAL FORMS OF THERMAL STATE
PRESERVING CQ DYNAMICS

In this Appendix, we provide an explicit forms of dynamics
satisfying both L(π ) = 0 and detailed balance that generalize
the models provided in Sec. IV.

We first consider overdamped dynamics with correlated
noise. Consider a thermal fixed point π = e−βH (z)/Z and con-
sider a general classical-quantum dynamics that both saturates
the trade-off and satisfies detailed balance, i.e., takes the form
(7.1) and satisfies the Eqs. (7.20)–(7.24). If we additionally as-
sume that D2 is full rank, K rev = 0 and K irr

i π1/2 = π1/2K irr
i

†
,

then the dynamics significantly simplifies, and may be written
in a closed form.

To begin with, one may use K rev = 0 and K irr
i π1/2 =

π1/2K irr
i

†
to show that the Lindblad operators Ki take the form

Ki = 1

4

∂D2,i j

∂z j
+ 1

2
D2,i j

∂π
1
2

∂z j
π−1/2 = 1

4

∂D2,i j

∂z j
− β

4
D2,i jL j,

(A1)

where we use Lj to denote the Lz operator for z = z j . On the
other hand, since D2 is full rank, I − D2D−1

2 = 0, which along

with K rev = 0 and K irr
i π1/2 = π1/2K irr

i
†

implies that OA = 0.
This means that there are no additional constraints on Ki

in terms of D2,i j , and additionally that GA is zero up to an
arbitrary component that we set equal to zero. This means
that the unitary part of the dynamics is described by a unitary
generator G, that is, purely symmetric under time reversal,
which takes the form

G = H − ih̄β

32
D2,i j

∂D2,il

∂zl
D2, jk (L†

k − Lk ) + β2

16
D2,i jMi j,

(A2)

where Mi j is Mxy for x = zi and y = z j . When we take the
case of uncorrelated noise that satisfies the Einstein relation
D2,i j = 2μ

β
δi j , and take the number of degrees of freedom n =

1, we recover the model given in Eq. (4.10).

We next describe how to construct underdamped dynamics
for arbitrary H (q, p). Consider a thermal fixed point π =
e−βH (q,p)/Z , where H (q, p) may have any functional depen-
dence on q and p provided it is invariant under time reversal.
In this case, there may be backreaction on both the classical
momentum p and classical position q, and thus for positivity
of the dynamics, there must be corresponding diffusion in
both momentum and position. Although phase-dependent and
correlated noise may be studied using the methods discussed
in the previous section, a simple choice is

D2 = 2

β

(
γq 0
0 γp

)
, (A3)

where γq and γp are constants. Taking the following choices
for K = K rev + K irr and S,

K rev = 1

2

(
Lp

−Lq

)
, K irr = 1

2

(−γqLq

−γpLp

)
,

S = β

8

(
γq + γ −1

p

)
Mpp + β

8

(
γp + γ −1

q

)
Mqq + H, (A4)

it is straightforward to check that these satisfy the detailed bal-
ance constraints, and thus that the dynamics satisfies detailed
balance, and hence L(π ) = 0.

APPENDIX B: INVARIANCE OF INTERACTION UNDER
CHANGES TO THE CLASSICAL HAMILTONIAN

For the interaction between the classical and quantum sub-
systems to be meaningfully defined, it is reasonable to expect
that it is independent of the particular choice of classical
Hamiltonian. In other words, changing the classical potential
should only affect the drift of the classical system and not
affect the structure of the dynamics related to the quantum
system.

To see that this is indeed the case, consider the effect of
modifying the classical-quantum Hamiltonian by

H �→ H + V (z)1. (B1)

The corresponding change to Lz is easily computed to be

Lz �→ Lz + ∂V

∂z
1, (B2)

and the change in Mzz may also be solved, using Eqs. (4.4)
and (4.2), to give

Mzz �→ Mzz − ih̄

2

∂V

∂z
(Lz − L†

z ). (B3)

As expected, the change to Lz leads to an additional drift
term in the classical part of the dynamics. However, at first
glance the change in Mzz makes it appear that the unitary
part of the quantum dynamics is affected by the choice of
classical potential V . However, the change in Lz also affects
the decoherence part of the dynamics, and it turns out that the
additional term that arises exactly cancels the change in Mzz

described above. The overall effect of the transformation (B.1)
is thus simply captured by

L(�) �→ L(�) + μ∂x((∂xV )), (B4)
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for the overdamped dynamics (4.10) and

L(�) �→ L(�) + {V, �}, (B5)

for the underdamped dynamics (4.18). Aside from being phys-
ically reasonable, this property means that purely classical
parts of the dynamics may be included by including additional
classical drift terms, independent of Lz and Mzz, rather than
needing to include such effects directly via these operators.

APPENDIX C: MONOTONICITY OF THE CQ
RELATIVE ENTROPY

In this Appendix, we sketch a proof of the monotonicity of
the classical-quantum relative entropy.

We first model our hybrid system with a set of discrete
classical variables {x}. This is sufficient for our proof since
one may always obtain a diffusive classical-quantum Marko-
vian equation as a limit of a discrete one [88], so any
statement about monotonicity is maintained in such a limit.
We then make use of the standard description of classical-
quantum states in quantum information theory [93], where
the classical degree of freedom is embedded in a quantum
system in an orthonormal basis {|x〉}, such that the classical-
quantum state �(x) can be represented by a bipartite quantum

state ρCQ:

ρCQ =
∑

x

�(x) ⊗ |x〉〈x|. (C1)

In Ref. [88], it is shown that this form of bipartite quantum
state may be preserved in time by open system dynamics
equipped with a suitable choice of jump operators, and that
a certain family of operators with jumps of size ε allows the
recovery of diffusive classical-quantum dynamics in the limit
of ε → 0. While sufficient for our current proof, note that in
general this will not always be the quantum state correspond-
ing to an effective classical-quantum system, such as in the
case when the classical states are mixtures of coherent states,
or when measurements are suitably restricted such that small
amounts of entanglement between the two systems are not
detectable [44].

To complete the proof, we simply note that in this em-
bedded picture, completely positive classical-quantum maps
correspond to completely positive quantum maps, and the
classical-quantum relative entropy corresponds to the standard
quantum relative entropy. To see this, first note that a general
completely positive trace-preserving classical-quantum evolu-
tion map may be written [29,83]

E[�(x)] =
∑
α,y

Kα (x, y)�(y)K†
α (x, y), s.t.

∑
α,x

K†
α (x, y)Kα (x, y) = 1, (C2)

which can be straightforwardly checked to be equivalent to a bipartite completely positive quantum map:

ECQ[ρCQ] =
∑
α,y

Kα,yρ
CQK†

α,y, s.t.
∑
α,y

K†
α,yKα,y = 1 ⊗ 1, (C3)

provided we define the embedded Kraus operators Kα,y as

Kα,y =
∑

x

Kα (x, y) ⊗ |x〉〈y|. (C4)

Second, note that starting with the standard definition of quantum relative entropy and substituting in the embedded classical-
quantum states (see, e.g., Ref. [93], Chap. 11 for a related computation), we see that

S[ρCQ||σ CQ] = Tr[ρCQ ln ρCQ − ρCQ ln σ CQ]

=
∑

x

Tr

[
�(x) ⊗ |x〉〈x|

[
ln

∑
y

�(y) ⊗ |y〉〈y| − ln
∑

y

σ (y) ⊗ |y〉〈y|
]]

=
∑

x

Tr

[
�(x) ⊗ |x〉〈x|

[∑
y

ln �(y) ⊗ |y〉〈y| −
∑

y

ln σ (y) ⊗ |y〉〈y|
]]

=
∑

x

Tr[(�(x) ln �(x) − �(x) ln σ (x)) ⊗ |x〉〈x|]

=
∑

x

Tr[�(x) ln �(x) − �(x) ln σ (x)], (C5)

i.e., we recover the discrete version of Eq. (3.2) as claimed. Since the classical-quantum completely positive dynamics are a
special case of the fully quantum case, we thus establish the monotonicity property via

S[�(x)||σ (x)] = S[ρCQ||σ CQ] � S[ECQ(ρCQ)||ECQ(σ CQ)] = S[E�(x)||Eσ (x)], (C6)

with the middle inequality arising from the standard quantum data-processing inequality [51,93] applied to the embedded
classical-quantum states.
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APPENDIX D: MEASUREMENT AND FEEDBACK REPRESENTATION OF MODEL I

In this Appendix, we show explicitly how the model described in Sec. V coincides with a specific case of a measurement
and feedback system involving a detector with finite bandwidth, whicht was introduced in Ref. [9]. In doing so, we prove that
this measurement and feedback system satisfies detailed balance and the second law on the level of both quantum system and
classical controller. We also discuss how the analytic solution in Eqs. (5.5)–(5.7) is modified in the case of inefficient detection.

First, from Ref. [9], we note that the dynamics of a continuously monitored quantum system and its corresponding
measurement signal D can be characterized by a classical-quantum master equation, referred to as the “quantum Fokker-Planck
master equation,” which takes the form

∂�̂

∂t
=LFB�̂ + k

(
Â�̂Â − 1

2
{Â2, �̂}+

)
+ g

∂

∂D
(D�̂) − g

2

∂

∂D
{Â, �̂}+ + g2

8k

∂2�̂

∂D2
, (D1)

where Â is the monitored observable, k denotes the measurement strength, g denotes the bandwidth of the detector, and LFB

denotes a superoperator characterizing the feedback in the system, which can depend on the measurement signal D. Let
us additionally assume that the feedback takes the form LFB(·) = − i

h̄ [H (D), ·] with H (D) = −sDÂ, where s characterizes
the strength of the feedback [60]. Turning to the dynamics, we introduce in Sec. IV, we may explicitly write our master
equation (4.10) with the Hamiltonian given in Eq. (5.1) to show that the dynamics takes the form

∂�̂

∂t
= − i

h̄
[λ(x1̂ − l σ̂z )2, �̂] + μβλ2l2

2
(σ̂z�̂σ̂z − �̂) + 2λμ

∂

∂x
(x�̂) − μlλ

∂

∂x
{σ̂z, �̂}+ + μ

β

∂2�̂

∂x2
. (D2)

Comparing the two equations, it is straightforward to see that for

D = x, s = 2λ, A = lσz, g = 2μλ, k = μβλ2

2
, (D3)

the two dynamics coincide. Rearranging for β and μ, we find that

β = 8k

sg
, μ = g

s
, (D4)

i.e., this particular case of quantum Fokker-Planck equation dynamics describes an overdamped classical-quantum system with
effective temperature and mobility determined by the measurement strength k, detector bandwidth g, and feedback strength s.
The classical-quantum Hamiltonian corresponding to this system is given by

Ĥ (D) = s

2
(D1̂ − Â)2, (D5)

for which the corresponding thermal state is a fixed point of the quantum Fokker-Planck master equation. By the results of
Secs. III and VII, and by showing the equivalence of this measurement and feedback with our dynamics, we thus prove that this
type of measurement and feedback setup satisfies the second law and detailed balance at the level of the entire classical-quantum
system.

Finally, we note that any experimental implementations of this measurement and feedback setup will necessarily lead to
additional decoherence due to some inefficiencies in the detection. Denoting the efficiency η, when η < 1 the results are modified
by k �→ ηk and the addition of a decoherence term D0(σ̂z�̂σ̂z − �̂), where D̃0 = k(1 − η). This leads to a change in the effective
temperature β �→ ηβ, while the analytic solution in Eqs. (5.5)–(5.7) must be modified by an additional term −2D̃0t in the
exponential of the off-diagonal components.

APPENDIX E: DERIVING THE M OPERATOR FOR A HARMONIC OSCILLATOR

Here, we will derive the explicit form of the operator

M̂qq = ih̄

2

∫ ∞

0
e−sπ

1
2
[
L̂†

qL̂q, π̂
1
2
]
e−sπ̂

1
2 ds, (E1)

for the oscillator model of Sec. VI, without relying on any initial assumption regarding its form. To start, we will use the
following series expansion [107]: ∫ s

0
ds′ e−sB̂Âe−sB̂ =

∞∑
k=0

k∑
l=0

(−s)k+1

(k + 1)!
Cl

kB̂l ÂB̂k−l , (E2)

which upon substitution into Eq. (E1) gives a formula

M̂qq = lim
s→∞

ih̄

2

∞∑
k=0

k∑
l=0

(−s)k+1

(k + 1)!
Cl

k ((
√

π̂ )l L̂†
qL̂q(

√
π̂ )k−l+1 − (

√
π̂ )l+1L̂†

qL̂q(
√

π̂ )k−l ). (E3)
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Here, Cl
k are the binomial coefficients Cl

k = k!/(l!(k − l )!). The operator L̂q from the main text [Eq. (6.11)] is of the form

L̂q = 2mqω

h̄β
sinh

h̄ωβ

2
(q1̂ − q̂) + 2i

h̄β

(
1 − cosh

h̄ωβ

2

)
p̂ + mc�

2q1̂. (E4)

The commutation relations [Eqs. (6.12) and (6.13)] can be straightforwardly extended to show

(q1̂ − q̂)(
√

π̂ )n = (
√

π̂ )n

[
cosh

nh̄ωβ

2
(q1̂ − q̂) + i

mqω
sinh

nh̄ωβ

2
p̂

]
, (E5)

and

p̂(
√

π̂ )n = (
√

π̂ )n

[
cosh

nh̄ωβ

2
p̂ − imqω sinh

nh̄ωβ

2
(q1̂ − q̂)

]
. (E6)

Putting this together and simplifying, we get

L̂q(
√

π̂ )n = (
√

π̂ )n

(
4

h̄β
sinh

h̄ωβ

4

)(
mqω cosh

(2n − 1)h̄ωβ

4
(q1̂ − q̂) − i sinh

(2n − 1)h̄ωβ

4
p̂

)
+ mc�

2q(
√

π̂ )n. (E7)

Multiplying this by its Hermitian conjugate, we get a quadratic expression

(
√

π̂ )nL̂†
qL̂q(

√
π̂ )−n = m2

c�
4q21̂ + An(q1̂ − q̂)2 + Bn p̂2 + iCn{q1̂ − q̂, p̂} + Dn(q1̂ − q̂) + iEn p̂, (E8)

with coefficients

An = 8m2
qω

2

h̄2β2
sinh2 h̄ωβ

4

(
cosh

h̄ωβ

2
+ cosh nh̄ωβ

)
,

Bn = 8

h̄2β2
sinh2 h̄ωβ

4

(
cosh

h̄ωβ

2
− cosh nh̄ωβ

)
,

Cn = 16mqω

h̄2β2
sinh2 h̄ωβ

4
cosh

(2n − 1)h̄ωβ

4
sinh

(2n + 1)h̄ωβ

4
,

Dn = 8mqωmc�
2q

h̄β
sinh

h̄ωβ

2
cosh

nh̄ωβ

2
,

En = 4mc�
2q

h̄β
sinh

h̄ωβ

2
sinh

nh̄ωβ

2
. (E9)

Now, we will need the following exponential series, setting y = eh̄ωβ/2 > 1:

lim
s→∞

∞∑
k=0

k∑
l=0

(−s)k+1

(k + 1)!
Cl

k

[
sinh

l h̄ωβ

2
− sinh

(l+1))h̄ωβ

2

]
xk+1 = lim

s→∞
(y − 1)

2(y + 1)

(
2 − e−sx(1+y)−e−sx(1+y)/y) = (y − 1)

(y + 1)
, (E10)

and

lim
s→∞

∞∑
k=0

k∑
l=0

(−s)k+1

(k + 1)!
Cl

k

[
cosh

(2l−1)h̄ωβ

4
sinh

(2l+1)h̄ωβ

4
− cosh

(2l + 1)h̄ωβ

4
sinh

(2l + 3)h̄ωβ

4

]
xk+1 = 1

2

y2 − 1

y2 + 1
. (E11)

Similar calculations show that the other series for An, Bn, and Dn vanish, so we are left with an expression that includes only
{q1̂ − q̂, p̂} and p̂. Plugging this into the series formula (E3), we arrive at

M̂qq = 2mqω

h̄β2

(
tanh

h̄ωβ

2
− sinh

h̄ωβ

2

)
{q1̂ − q̂, p̂} + 2mc�

2q

β

(
1 − cosh

h̄ωβ

2

)
p̂, (E12)

as claimed.

APPENDIX F: THERMALIZATION
ADDITIONAL MATERIAL

In this Appendix, we include additional material showing
evidence that the coherences in the adiabatic basis, correla-
tions between position and momentum, and the correlations
between the classical and quantum systems, all vanish over
time in the relative position representation. Along with the
thermalization properties shown in Sec. VI F, this provides

evidence that the classical-quantum state for this model does
indeed thermalize for typical initial conditions and model
parameters.

We first turn to look at the coherences in the adiabatic
basis in the relative position representation, i.e., the coher-
ences in the number state basis when expressed in terms of
|ψr〉. To study this, we consider a pure state whose probabil-
ities of occupying the adiabatic basis states is given by the
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FIG. 5. Absolute value of the coherences between the first five
energy levels plotted from t = 0 to t = 30. Here, we take param-
eters ω = mC = mQ = h̄ = β = γ = � = 1, while Nmax = 20 and
Nsteps = 104, and compute the average over 104 trajectories.

thermal state, namely, that |ψr〉 = ∑
n
√

pn|n〉, where pn ∝
exp(−βεn). Plotting the coherences between the first five adi-
abatic energy levels in Fig. 5, we see that each of their values
appears to tend to zero. The same behavior may be found for
other initial conditions with coherence in this basis.

We must also check that the classical variables qt and pt

are indeed uncorrelated at long times. To check this, we plot
the covariance function between the two variables in Fig. 6
for an initial condition in which the system either starts at
q0 = p0 = 1 with |ψr〉 = |1〉 or q0 = p0 = −1 with |ψr〉 =
|0〉 with equal probability, i.e., with the initial condition

�̂r(q, p) = 1
2δ(q − 1)δ(p − 1)|1〉〈1|
+ 1

2δ(q + 1)δ(p + 1)|0〉〈0|. (F1)

We see here that the initially non-zero covariance between the
two classical variables vanishes at long times, up to remaining
fluctuations limited by the achievable number of trajectories in
the simulation.

Finally, we study the correlations between the classical and
quantum degrees of freedom in the relative position represen-
tation, using the same correlated distribution as described by
Eq. (F1). As before, we may compute the covariance, here
between the random variable qt or pt and the density matrix
ρ̂r

t = |ψr〉t 〈ψr|t . Since this gives in both cases a Hermitian

FIG. 6. The covariance between qt and pt from t = 0 to t = 30
for an initial state given in Eq. (F1) with ω = mC = mQ = h̄ = β =
γ = � = 1, while Nmax = 10 and Nsteps = 5000, and computed over
2 × 104 trajectories.

matrix, plotting the eigenvalues of this matrix provides a
measure of the covariance between the classical and quantum
degrees of freedom—if all of the eigenvalues tend to zero,
then this is sufficient to conclude that the covariance between
the classical and quantum degrees vanishes. Plotting the first
five eigenvalues of these matrices in Fig. 7, we see that the
initial correlations due to the initial conditions rapidly die off,
again up to fluctuations due to limitations in the number of
trajectories that are averaged over.

Strictly speaking, the vanishing of the covariance function
in the above two cases does not guarantee that the two vari-
ables in each case are not correlated, since we have not also
demonstrated that they are not jointly Gaussian distributed.
While this appears likely, given that the drift and backreaction
operators are linear in both q, p and in q̂, p̂, we leave this, and
a more rigorous theoretical characterization of thermalization,
to future work.

APPENDIX G: AN EQUIVALENT GENERAL FORM
OF CLASSICAL-QUANTUM DYNAMICS

For the study of general detailed balance, it will be neces-
sary to have a form of classical-quantum dynamics for which
we know both the sufficient and necessary conditions for
positivity. Otherwise, the general form of dynamics satisfying
detailed balance will only have known sufficient conditions
for positivity, but not necessary ones. However, using the form
of dynamics provided in Eq. (2.13), written in terms of a fixed
basis of traceless and orthonormal operators Lα , is not conve-
nient for computing the form of dynamics satisfying detailed
balance. This is because any operator Lα that includes terms
proportional to the identity will necessarily not be included in
this form, even if this is a natural choice, such as for the Lz

operators.
Fortunately, one is able to characterize the completely

positive sufficient and necessary conditions by an alternative
representation of the general form of dynamics, which is given
by

∂�

∂t
= − i[S, �] − ∂

∂zi
(Ki� + �K†

i )

+ 1

2

∂2

∂zi∂z j
(D2,i j�) + D−1

2,i j

(
Ki�K†

j − 1

2
{K†

j Ki, �}+
)

+ D̃αβ

0

(
Lα�L†

β − 1

2
{L†

βLα, �}+
)

, (G1)

and is completely positive if and only if

D̃0 � 0, D2 � 0, S = S†, (G2)

and there exists a phase space dependent vector v of length
n such that if K denotes the operator-valued vector K =
(K1, . . . , Kn)T , then(

I − D−1
2 D2

)
K = v1. (G3)

Here, the Lα are an arbitrary set of traceless and orthogonal
operators that may have phase space dependence.

To see that this dynamics is equivalent to the general form
of dynamics above, we note that defining

Ki = 1
2 DC

1,i1 + (
Dα

1,i

)∗
Lα (G4)
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FIG. 7. Eigenvalues of the covariance between qt (left) and qt (right) with the quantum state in the relative position basis ρ̂r
t , with the same

initial conditions and parameters as in Fig. 6.

brings the generator of Eq. (2.13) into the form of Eq. (G1)
when

S = H̄ − i

4
DC

1,iD
−1
2,i j

(
Dα

1, j
∗Lα − Dα

1, jL
†
α

)
,

D̃0 = D0 − D†
1D−1

2 D1. (G5)

To see that the above conditions are necessary and sufficient
for complete positivity, we note that S is Hermitian iff H̄ is
Hermitian, and that D̃0 by definition is positive semidefinite
iff D0 � D†

1D−1
2 D1. Finally, when (I − D2D−1

2 )D1 = 0, then(
I − D2D−1

2

)
K = 1

2

(
I − D2D−1

2

)
DC

1 1 + (
I − D2D−1

2

)
D1L

= 1
2

(
I − D2D−1

2

)
DC

1 1, (G6)

i.e., v = 1
2 (I − D2D−1

2 )DC
1 . Conversely, if (I − D2D−1

2 )K =
v1, then we see that

1
2

(
I − D2D−1

2

)
DC

1 1 + (
I − D2D−1

2

)
D1L = v1, (G7)

which since Lα are linearly independent and traceless, implies
that (I − D2D−1

2 )D1 = 0.
Finally, to find the form of the additional decoherence as

given in Eq. (7.1), we note that when D̃0 is positive semidefi-
nite, one may diagonalize the dissipator to write it in terms of
a set of traceless (but not necessarily orthonormal) operators
L̃α . These two forms are equivalent, since when written in
diagonal form, one may always rewrite in a nondiagonal form,
with positive semidefinite D̃0, by decomposing each L̃α in
terms of an orthonormal basis.

APPENDIX H: DERIVATION OF THE DETAILED BALANCE CONDITIONS

In this Appendix, we demonstrate how the detailed balance conditions [Eqs. (7.20)–(7.24)] may be derived from the definition
of detailed balance (7.8), using the positivity conditions of Eqs. (7.2) and (7.3). Note that here we assume the trade-off is
saturated, i.e., L̃α = 0.

We start by explicitly writing out the forms of both the generator π− 1
2 L(π

1
2 Aπ

1
2 )π− 1

2 and the adjoint generator under time
reversal L†

ε (A), in terms of the operators K rev
i , K irr

i , GS , and GA. It is straightforward to check that these take the form

π− 1
2 L

(
π

1
2 Aπ

1
2
)
π− 1

2 = − i

h̄
π− 1

2
[
GS + GA, π

1
2 Aπ

1
2
]
π− 1

2 − π− 1
2

∂

∂zi

(
K rev

i π
1
2 Aπ

1
2 + π

1
2 Aπ

1
2 K rev†

i

)
π− 1

2

− π− 1
2

∂

∂zi

(
K irr

i π
1
2 Aπ

1
2 + π

1
2 Aπ

1
2 K irr†

i

)
π− 1

2 + 1

2
π− 1

2
∂2

∂zi∂z j

(
D2,i jπ

1
2 Aπ

1
2
)
π− 1

2

+ D−1
2,i jπ

− 1
2

[(
K rev

i + K irr
i

)
π

1
2 Aπ

1
2
(
K rev

j + K irr
j

)† − 1

2

{(
K rev

j + K irr
j

)†(
K rev

i + K irr
i

)
, π

1
2 Aπ

1
2
}

+

]
π− 1

2 ,

(H1)

L†
ε (A) − 2i[X, A] = − 2i[X, A] + i

h̄
[GS − GA, A] + (

K irr
i − K rev

i

)† ∂A

∂zi
+ ∂A

∂zi

(
K irr

i − K rev
i

) + 1

2
εiε jD2,i j (εz)

∂2A

∂zi∂z j

+ εiε jD
−1
2,i j (εz)

[(
K irr

i − K rev
i

)†
A
(
K irr

j − K rev
j

) − 1

2

{(
K irr

j − K rev
j

)†(
K irr

i − K rev
i

)
, A

}
+

]
, (H2)

where here all quantities are dependent on z rather than εz unless indicated otherwise.
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Since the detailed balance condition (7.8) must hold for all A, the terms containing each order of derivative of A must cancel
separately. Starting with the second order derivative terms, we see that all the dependence on π cancels to give

1

2
D2,i j

∂2A

∂zi∂z j
= 1

2
εiε jD2,i j (εz)

∂2A

∂zi∂z j
. (H3)

This holds for all A if and only if

D2,i j (z) = εiε jD2,i j (εz), (H4)

which is exactly equivalent to the diffusion constraint of Eq. (7.20).
Turning now to the first derivatives of A, collecting terms, and defining the operators Bi as

Bi = −π− 1
2 K rev

i π
1
2 − π− 1

2 K irr
i π

1
2 + 1

2

∂D2,i j

∂z j
+ D2,i jπ

− 1
2
∂π

1
2

∂z j
− K irr†

i + K rev†
i , (H5)

we see that

Bi
∂A

∂zi
+ ∂A

∂zi
B†

i = 0 (H6)

must hold for every choice of operator A, which is true if and only if BiC + CB†
i = 0 holds for every choice of operator C. Taking

the trace with C = 1, we see that each Bi must be anti-Hermitian. Decomposing this as B = iJ , where J = J†, we see that the
above relation implies that J commutes with every operator, i.e., is proportional to the identity operator. We thus see that we can
write this condition in the form

−π− 1
2
(
K rev

i + K irr
i

)
π

1
2 + 1

2

∂D2,i j

∂z j
+ D2,i jπ

− 1
2
∂π

1
2

∂z j
− (

K irr
i − K rev

i

)† = −iai1, (H7)

where ai is some real number that may depend on phase space. Acting on the left with the operator π
1
2 and setting the Hermitian

and anti-Hermitian parts equal separately, we see that we recover the reversible and irreversible backreaction constraints given
in Eqs. (7.21) and (7.22). For these constraints to be self-consistent, we see that ai must transform as the reversible backreaction
operators do, i.e., ai(εz) = −εiai(z).

The final conditions that follow from the terms proportional to A are a little more complex to compute. To start with, we
consider the expression E1, made up of moving all the terms that have operators acting on both sides of A to the left-hand side of
the equation, which takes the form

E1 = − π− 1
2
(
K rev

i + K irr
i

)
π

1
2 A

∂π
1
2

∂zi
π− 1

2 − π− 1
2
∂π

1
2

∂zi
Aπ

1
2
(
K rev

i + K irr
i

)†
π− 1

2 + D2,i jπ
− 1

2
∂π

1
2

∂zi
A

∂π
1
2

∂zi
π− 1

2

+ D−1
2,i j

[
π− 1

2
(
K rev

i + K irr
i

)
π

1
2
]
A
[
π

1
2
(
K rev

i + K irr
i

)†
π− 1

2
] − D−1

2,i j

(
K irr

i − K rev
i

)†
A
(
K irr

i − K rev
i

)
. (H8)

Here, we have used the diffusion constraint (H4) to rewrite εiε jD
−1
2,i j (εz) as simply D−1

2,i j . From the above expression, it is apparent

that some of the terms will cancel upon replacing appearances of π− 1
2 (K rev

i + K irr
i )π

1
2 and its conjugate with (K irr

i − K rev
i )† and

its conjugate using Eq. (H7). Substituting these in, and using the properties of D2 and its pseudoinverse that follow from the
positivity condition D2 � 0, such as D2D−1

2 = D−1
2 D2 and D2D2D−1

2 = D2, we find that this expression takes the form

E1 = − (
I − D2D−1

2

)
i j

[(
K rev

i − K irr
i

)† + 1

2

∂D2,ik

∂zk
+ iai

]
A

∂π
1
2

∂z j
π− 1

2 + H.c.

+ D−1
2,i j

(
K rev

i − K irr
i

)†
(

1

2

∂D2, jk

∂zk
− ia j

)
A + 1

8
D−1

2,i j

∂D2,ik

∂zk

∂D2, jl

∂zl
A + 1

2
D−1

2,i jaia jA + H.c., (H9)

where H.c. denotes the Hermitian conjugate (treating A as Hermitian) of all of the terms explicitly written on a given line. We
see from this expression that the only terms that are not of the form of only a single operator to the left or right of A are on the top
line. However, let us recall that in addition to the positivity condition D2 � 0, we also have the condition of Eq. (7.3). Writing
this out explicitly, we see that this implies the existence of a phase-space-dependent vector v such that(

I − D2D−1
2

)
(K rev + K irr ) = v1. (H10)

Acting on the left with π− 1
2 and the right with π

1
2 , we may use the expression in Eq. (H7) to rewrite this as

(
I − D2D−1

2

)[
(K rev − K irr )† + 1

2

∂D2

∂z
+ ia

]
= v1, (H11)

where we have dropped a term using D2D−1
2 D2 = D2. We thus see that the main expression of the top line of Eq. (H9) is

proportional to the identity, and thus may be commuted with A to give an expression of E1 entirely in the form of operators on
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the left- or right-hand side of A. Returning now to include the terms already of this form, we see that the constraint setting the
entirety of the terms proportional to A to zero takes the form

FA + AF † = 0, (H12)

for all operators A, where F is defined as the operator

F = − i

h̄

(
π− 1

2 GSπ
1
2 + GS

) − i

h̄

(
π− 1

2 GAπ
1
2 − GA

) + 2iX

− π− 1
2

∂

∂zi

((
K rev

i + K irr
i

)
π

1
2
) + 1

4

∂2D2,i j

∂zi∂z j
+ π− 1

2
∂D2,i j

∂zi

∂π
1
2

∂z j
+ 1

2
π− 1

2 D2,i j
∂2π

1
2

∂zi∂z j

− 1

2
D−1

2,i j

[
π− 1

2
(
K rev

i + K irr
i

)†(
K rev

j + K irr
j

)
π

1
2 + (

K irr
i − K rev

i

)†(
K irr

j − K rev
j

)]

− (
I − D2D−1

2

)
i j

[(
K rev

i − K irr
i

) + 1

2

∂D2,ik

∂zk
− iai

]
π− 1

2
∂π

1
2

∂z j

+ D−1
2,i j

(
K rev

i − K irr
i

)†
(

1

2

∂D2, jk

∂zk
− ia j

)
+ 1

8
D−1

2,i j

∂D2,ik

∂zk

∂D2, jl

∂zl
+ 1

2
D−1

2,i jaia j . (H13)

Noting as before that this implies that F = ib1, where b is a real number dependent on phase space, we may act with π
1
2 on the

left to find the analog of Eq. (H7) for the zeroth-order derivative terms:

− i

h̄

(
GSπ

1
2 + π

1
2 GS

) − i

h̄

(
GAπ

1
2 − π

1
2 GA

) + i
(
Xπ

1
2 + π

1
2 X

)

− ∂

∂zi

((
K rev

i + K irr
i

)
π

1
2
) + 1

4
π

1
2
∂2D2,i j

∂zi∂z j
+ ∂D2,i j

∂zi

∂π
1
2

∂z j
+ 1

2
D2,i j

∂2π
1
2

∂zi∂z j

− 1

2
D−1

2,i j

[
K rev†

i K rev
j + K irr†

i K irr
j , π

1
2
] − 1

2
D−1

2,i j

{
K rev†

i K irr
j + K irr†

i K rev
j , π

1
2
}

+

− (
I − D2D−1

2

)
i j

[(
K rev

i − K irr
i

) + 1

2

∂D2,ik

∂zk
− iai

]
∂π

1
2

∂z j

+ D−1
2,i j

(
1

2

∂D2,ik

∂zk
− iai

)
π

1
2
(
K rev

j − K irr
j

)† + 1

8
D−1

2,i j

∂D2,ik

∂zk

∂D2, jl

∂zl
π

1
2 + 1

2
D−1

2,i jaia jπ
1
2 = ibπ

1
2 . (H14)

In the above, we have used the property that X commutes with π to rewrite the term containing X as an anti-Hermitian term,
as well as rewriting the D−1

2,i j term into commutator and anticommutator parts. To derive the symmetric and antisymmetric
unitary generator constraints from this expression, we consider the anti-Hermitian and Hermitian parts of the above expression
separately. The anti-Hermitian part of this equation takes the form

− i

h̄

(
GSπ

1
2 + π

1
2 GS

) + i
(
Xπ

1
2 + π

1
2 X

)

− 1

2

∂

∂zi

(
K rev

i π
1
2 − π

1
2 K rev†

i

) − 1

2

∂

∂zi

(
K irr

i π
1
2 − π

1
2 K irr†

i

)

− 1

2
D−1

2,i j

[
K rev†

i K rev
j + K irr†

i K irr
j , π

1
2
]

− 1

2

(
I − D2D−1

2

)
i j

[(
K rev

i − K irr
i

)∂π
1
2

∂z j
− ∂π

1
2

∂z j

(
K rev

i − K irr
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Substituting in the reversible and irreversible backreaction constraints [Eqs. (7.21) and (7.22)], wherever K rev
i π1/2 − π1/2K rev†

i

or K irr
i π1/2 + π1/2K irr†

i explicitly appear, one finds that the equation simplifies to

− i
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2 . (H16)

Since the left-hand side of this equation is symmetric under time reversal, the right-hand side must also be. Performing the
time-reversal transformation, noting the previously found form of time reversal for ai, we see that all of the terms are symmetric,
other than the three terms on the final line. Returning to the positivity condition (H10), we note that since this holds for both the
reversible and irreversible components separately, i.e.,(

I − D2D−1
2

)
K rev = vrev1,

(
I − D2D−1

2

)
K irr = virr1, (H17)

one may rearrange the two terms containing I − D2D−1
2 on the final line into the form

1

2

(
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2

)
i j

[
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i π
1
2 − π

1
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1
2
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π− 1

2
∂π

1
2

∂z j
, (H18)

which clearly vanishes due to the reversible backreaction constraint. For the final term containing b to vanish, we see that b must
have an antisymmetric component equal to − 1

2∂iai such that this final term cancels. Since the remaining component is purely
symmetric and real, this term can be absorbed into the definition of X by including a term b

21; since the above condition required
the existence of a real number b, and detailed balance required the existence of the operator X , we see that we may do this
without loss of generality. Doing so, and defining the operator OS as in Eq. (7.25), we find the form of the symmetric unitary
generator constraint quoted in Eq. (7.23).

Finally, turning to the Hermitian part of Eq. (H14), we find this takes the form
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As before, substituting in the expressions for K rev
i π1/2 − π1/2K rev†

i or K irr
i π1/2 + π1/2K irr†

i from Eqs. (7.21) and (7.22), we find
that this equation simplifies to take the form

− i
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+ 1
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i
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. (H20)

As before, we perform the time-reversal operation on both sides to see that all but the final line as written are antisymmetric
under time reversal. Using now the relation for K irr in Eq. (H17), we see that this final time-reversal symmetric line vanishes in
an analogous way to before, this time by using the irreversible backreaction constraint. Defining the operator OA in Eq. (7.26),
we thus recover the antisymmetric unitary generator constraint (7.24).
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