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The dynamics of polar order have received much attention in the literature on collective motion. However,
milling dynamics, where organisms exhibit rotational motion around the group center, is understudied. Here,
we investigate the stochastic dynamics of milling swarms of whirligig beetles [Dineutus discolor (Coleoptera:
Gyrinidae)] in small to medium groups (50 to 200) where noise arising due to the finite sizes of the swarms
cannot be ignored. We quantify the milling order parameter of beetle swarms and show that they exhibit a
“transition” from a disordered state to a milling state as a function of group size. We employ a method of
data-driven discovery of dynamical equations to obtain stochastic differential equations (SDEs) that disentangle
deterministic and stochastic factors driving the milling dynamics. Crucially, we find that the milling order at large
group sizes can be explained largely by the deterministic terms of the SDE, while intrinsic stochasticity switches
the system between clockwise and counterclockwise milling states. Furthermore, we find that an agent-based
model in which each agent aligns with the average direction of its local neighbors and attracts toward neighbors
on a larger spatial scale produces stochastic dynamics of milling (and corresponding SDEs) that are consistent
with the data-derived SDEs. However, contrary to expectations from mean field theory, both data and explicit
agent-based models show that the dynamical equations can change their qualitative features with the group size
even when individual interaction rules do not change. In summary, we show evidence for the milling order

transition and characterize the role of intrinsic stochastic dynamics in swarming beetles.

DOI: 10.1103/kmbg-sqqc

I. INTRODUCTION

Stochasticity is inherent to biological collectives at all
scales—from molecular networks [1] and cells [2] to ecosys-
tems [3]. While the properties of collectives have been well
studied over the last few decades [4-7], the structure of the
noise that governs the collective dynamics has received little
attention (however, see Refs. [4,8—11]). Furthermore, among
various forms of collective motion, much of the focus has been
on group polarization, or the polar order parameter, which
measures the degree of directional synchrony among individ-
uals [12,13]. However, milling, a form of collective motion
that resembles a circular or vortexlike motion and is observed
in many taxa, from insects to fish schools to tadpoles, has
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received relatively less attention [14—17]. In this paper, we
characterize the stochastic dynamics of the emergent milling
motion of whirligig beetle swarms. To do this, we use a data-
driven dynamical system framework and a spatially explicit
agent-based model that reproduces key features observed in
the data.

Typically, theories of collective motion involve stochastic
dynamical equations for a group property (a “coarse-grained”
variable) [18,19]. These equations are often derived based
on assumptions about the microscopic behaviors of organ-
isms or equations written based on some phenomenological
rules, such as symmetry considerations [4,20-22]. Using a
data-driven equation discovery approach, it is possible to test
such theories by constructing the functional forms of the
governing dynamical equations directly from the analysis of
fluctuations in the state variable, with minimal inputs from
the user [23-25]. Such data-driven equations can enable us to
disentangle the roles of deterministic and stochastic factors
in driving collective motion. Moreover, although the equa-
tions are constructed based on the properties of fluctuations at
the finest timescale data, the model can accurately capture the
long-term dynamics and steady-state distributions of the state
variable [25]. Recently, several studies have employed a data-
driven approach to construct governing stochastic dynamical

Published by the American Physical Society
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FIG. 1. Experimental setup and the milling order parameter. (a) Schematic representation of the experimental setup consisting of a water-
holding experimental tank of 150 cm diameter and an overhead camera for video recording the beetles. (b) A snapshot from one of the
experimental trials (N = 200), representative of how the beetles self-organize into a tight cluster, typically not close to the boundary. All the
group sizes studied generally tend to be 1-2 group lengths away from the tank boundary (see Video S1 in the Supplemental Material [30]).
(c) Angular polarization of the group (M(¢)) is the average angular velocity (normalized) of individuals about the group centroid and ranges
between £1. The values of M (t) &~ —1 when nearly all individuals move in a clockwise direction about the group centroid and M (¢) ~ 1 when
they all move counterclockwise. For no net angular motion, M (¢) & 0. The stochastic temporal dynamics of the group behavior is calculated
from individuals’ movement data generated using automated detection and tracking procedures.

equations from data and models [8,9,24-27]. However, these
studies have primarily focused on analyzing group polariza-
tion as a coarse-grained variable.

In this context, we investigate the collective dynamics of
swarms of whirligig beetles [Dineutus discolor (Coleoptera:
Gyrinidae)], which readily exhibit milling or circular group
motion in our experimental setting. Using empirical data from
these freely moving groups, we analyze how finite group sizes
influence the stochastic nature of their collective behavior.
Specifically, we aim to derive the effective equations describ-
ing milling, how they depend on the group size, and whether
the empirical results can be understood within the framework
of existing theories of collective motion.

We summarize our key findings here: First, we find that
beetle swarms exhibit swarming at low group sizes and tran-
sition to a milling order at higher group sizes. Using the
data-driven equation discovery approach [25], we then de-
rive stochastic differential equations (SDEs) directly from
empirical time series of milling order. We find that the
deterministic part of the dynamics is sufficient to explain
the observed order, while stochasticity of finite swarm size
leads to transitions between clockwise and counterclockwise
milling order. Interestingly, we find that the qualitative form
of the deterministic part of the governing equations changes
with group size. We then show that the Couzin model [28],
one of the classic agent-based models in which individuals
align with the motion of nearby neighbors and are attracted to
others on a longer spatial scale, reproduces the empirically
obtained SDEs, including the group-size-dependent behav-
ior even when the underlying behavioral rules remain the
same. In contrast, a mean-field analysis of the model alone
would have led to the different conclusion that the inter-
actions among beetles themselves change with group size.
Together, these analyses reveal a disorder-to-milling transition
in beetle swarms and demonstrate that data-driven equa-
tion discovery provides a powerful framework for connecting

empirical observations with mechanistic models of collective
motion.

II. EXPERIMENTAL SETUP AND ORDER PARAMETER

Whirligig beetles were placed in a circular arena with a
diameter of 150 cm, filled with water to a depth of 30cm,
as previously described in Ref. [29]. We conducted trials for
three group sizes (N = 50, 100, and 200), with five repli-
cates for each group size with no individual being reused
between trials. Using an overhead camera [Fig. 1(a)], we
recorded each trial for about 5min at 30 frames per second
(FPS).

We observed that the beetles readily formed swarms, and
since the beetles move on the water’s surface, the swarms were
effectively two dimensional. Throughout the experimental pe-
riod, individuals within the group continuously moved, but
the swarm displayed little translational motion. The swarms
were largely away from the arena’s walls, thereby minimizing
any interactions of the swarm with the boundaries [Fig. 1(b)].
Most importantly, the swarm displayed milling—a swarming
state in which many individuals spontaneously move around
the center of the group (see Movie S1 in the Supplemental
Material [30]).

We measured the positions of individuals for each video
frame (¢) using our customized code for animal detection and
tracking of individuals across frames written in MATLAB
[31]. For details, including codes and data, see the Data Avail-
ability section, Appendix A, and Movies S2 and S3 in the
Supplemental Material [30] for visualization of experiments
[30]. We then quantified the milling degree of the swarms
using their angular polarization (M) as an order parameter,
defined as

1 N
M) = 3 ), (1
i=1
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where €;(¢) is the instantaneous normalized angular velocity
of the ith individual, given by

Q1) = DX, @)

7 (O11i(2)]
where 7;(¢) is the individual position vector from the centroid
of the group of the ith individual. ¥;(t) is the instanta-
neous ith individual’s velocity. By the above definition, 2; €
[—1,1] and @; = 1 for counterclockwise motion and 2; =
—1 in the clockwise direction. £2; = O for direction toward or
away from the group center. The scalar angular polarization
M(t) € [—1, 1] is an average of the individual 2 values. If
all the individuals move in the counterclockwise (or clock-
wise) direction, then M () = 1 (M(¢) = —1), implying perfect
milling. Finally, M (¢) ~ 0 implies the lack of milling order in
the system [see Fig. 1(c) for an illustration].

Some remarks on the temporal scales of the system are in
order. The beetle velocity is computed using the positions X;(t)
for i € [1, N] for each frame based on movement between
two consecutive frames (6t = 1/305s). The milling order pa-
rameter exhibits an autocorrelation time (t.) on the order of
10 s, calculated in the following sections. Thus, the time
intervals used to compute velocities are two orders of mag-
nitude smaller than the correlation time of the milling order
parameter (M). This enables us to capture fine-scale temporal
fluctuations in the order parameter arising from stochastic
individual-level behaviors.

III. ANGULAR POLARIZATION INCREASES
WITH INCREASING GROUP SIZE

In Figs. 2(a)-2(c), we display sample frames of detection
and tracking. We observe that the density of swarming bee-
tles increases as a function of group size, from N = 50 to
N = 200. Visual inspection also reveals that the group is more
structured or “ordered” for larger groups (Movie S1 in the
Supplemental Material [30]).

The above observations are quantified by the milling order
parameter (M (¢)). As shown in Figs. 2(d) and 2(e), M(t)
fluctuates around a mean value of ~0 for N = 50 and 100,
exhibiting a unimodal distribution around M ~ 0 for all trials
of N =50 and 3 out of 5 trials for N = 100 [Figs. 2(g) and
2(h)]. Thus, the beetle swarms exhibit a disordered state for
smaller groups with no net group angular polarization.

On the other hand, for N = 200, the order parameter pre-
dominantly exhibits negative values, representing a clockwise
milling group motion of the beetle swarms. However, fluctua-
tions in this state continue to occasionally result in a transition
to the counterclockwise milling state [Fig. 2(f)]. This results
in an asymmetric bimodal distribution of the order parameter
[Fig. 2(i)], with a higher frequency observed for the clockwise
milling state. More specifically, four out of the five trials show
two modes at [M| ~ £0.3, with a larger peak at M ~ —0.3
and a smaller one at M =~ 0.3. One trial, however, shows a
single mode at M =~ —0.3 [green color line in Fig. 2(i)]. This
asymmetry could arise due to a shorter experimental duration
or an inherent group tendency to rotate in one direction more
than the other. In the following sections, we further analyze
this aspect using the spatial model.

IV. MILLING IS DETERMINISTIC ORDER
WITH NOISE-DRIVEN TRANSITIONS

The observed increase in order with group size and the
bimodal distribution for N = 200 are an intriguing feature of
the beetle swarms. Such a bimodality in the order parameter
can be seen in dynamical systems characterized by three fixed
points, where two ordered states correspond to stable fixed
points that are separated by an unstable intermediate fixed
point (which may correspond to a disordered state), and an
additive noise, i.e., a constant variance stochasticity, drives
spontaneous transitions between the two ordered stable states
[25,32]. Such a system can be thought of as a deterministic or-
dered system with noise-induced switching between different
ordered states. Alternatively, a counterintuitive mechanism
involving multiplicative noise can lead to bimodality even
if the underlying deterministic dynamical system is charac-
terized by a single stable disordered state. In other words,
the observed ordered state can be a noise-induced state that
is absent in the deterministic counterpart of the model. This
phenomenon has been shown in both theory [11,19] and ex-
periments of collective animal motion [27].

This leads us to the following question: Is the observed
bimodality in milling a consequence of deterministic order
with stochastic switching causing bimodality, or is it due to
noise-induced bimodality? To address this, we take the ap-
proach of data-driven stochastic equation discovery, which
enables the construction of governing stochastic dynamical
equations, described in detail below.

To mathematically describe and thereupon investigate the
underlying structure of the beetle swarm dynamics, following
the jump-moments methods described in Appendix B, we
derive the following stochastic differential equation from the
empirical time-series data of M:

M =FM)+ GM)n(@), 3)

where 71 represents uncorrelated Gaussian white noise, i.e.,
(n®)) =0 and (n(n(")) =0Vt t' € [0,T] [33]. This
Langevin dynamical framework, interpreted in the It sense
[33], assumes that the underlying noise structure is Gaussian
and uncorrelated. We test these assumptions using our diag-
nostics of the data-derived model in Appendix C.

Before proceeding further, we emphasize that Langevin
equations for order parameter dynamics are typically con-
structed via a coarse-graining analytical procedure starting
from a microscopic model of interactions (e.g., [11,19]). How-
ever, we take an inverse modeling or a data-driven equation
discovery approach of deriving the Langevin equation directly
from the high-resolution time-series data [11,25]. Here, we
emphasize that this method is not merely a fitting procedure
to find the coefficients of a known functional form. Rather,
the data-driven discovery approach allows us to infer the form
of the drift and diffusion functions directly from stochastic
time-series analysis. We then later find the best polynomial
fit using the sparse regression method [25]. In the process,
we reveal how the functional forms of drift and diffusion
change with beetle group size. Later, in the next section,
we employ a suite of collective behavior models—spatial
and nonspatial—to capture the patterns of the data-derived
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FIG. 2. Angular polarization increases with group size. (a)—(c) Sample snapshots of individuals depicting their group behavior for different
group sizes. Arrows are overlaid using data from our automated tracking procedures, and the length of the arrow indicates the individual’s
velocity. The scale bars at the bottom left in all the panels represent 5 cm of length in the tank (which has a diameter of 150 cm). (d)—(f)
Sample time series of M (¢). For N = 50, M remains closer to 0, whereas for N = 100, M shows greater variation but still varies around 0.
For N = 200, M varies around finite values, representing milling order, and occasionally transitions between positive and negative values.
(g)—(1) Probability distributions of M(¢) from all experimental trials. We see a unimodal distribution at M =~ 0 for N = 50 and 100 and a
bimodal distribution at M ~ 0.3 for N = 200. The shifting of the modes from 0 to finite M with group size demonstrates that angular

polarization or milling increases with group size in whirligig beetles.

SDE and individual-level rules that best account for the data-
derived Langevin dynamics of the collective motion.

Data-derived SDE

We derive the deterministic function by sparse regression
using the PyDaddy package [25] (Appendix B). Comparison
with the conventional method of regression to the binned
data of coefficients [34-36] did not lead to any qualita-
tive differences. For the stochastic term, we fit an inverted
parabolic function using methods from Refs. [34-36], consid-
ering the analytical expectations of individual-based models

(Appendix D). We show the results in Fig. 3 and describe them
as follows.

N = 50. The deterministic and the stochastic parts F' (M)
and G(M) of the Langevin dynamics in Eq. (3) are shown in
Figs. 3(a) and 3(d). The functional form of the equation ob-
tained by fitting a cubic drift and a quadratic diffusion function
to the data is

M =[—2.155M + 1.743M?* — 2.534M?]

++/[0.23 — 0.17M?] n(¢), “
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FIG. 3. Data-derived stochastic differential equations of the form M= fM) + G(M)n(t) [Eq. (3)] from the experimental time-series data.
(a)—(c) For all the group sizes, the deterministic component (¥ (M)) of the data-derived SDE varies as a cubic function of angular polarization
(M). The strength of the cubic term increases with group size [panels (a) to (c)]. Furthermore, the number of fixed points also changes with
the group size and switches their stability [panels (a) to (c)]. Group sizes N = 50 [panel (a)] and 100 [panel (b)] both show one stable fixed
point at M* = 0. The group size N = 200 [panel (c)] exhibits two stable fixed points at finite M* &~ £0.3, while the disorder (M* = 0) is
now an unstable fixed point. (d)—(f) The stochastic component (G*(M)) of the SDE shows a weak multiplicative form as a function M with
overall strength of stochasticity decreasing with group size. Black curves in the first two rows are the individual fits to the functions obtained
by minimizing the least-squares distance (L?) between the data and the fitted functions, which together form the data-derived SDE. The error
bars in the plots of deterministic and stochastic coefficients represent the standard error of F and G? for a given value of M. (g)—(i) The relative
frequency plots are obtained by merging all the trials for different group sizes studied, whereas the black curves are the analytical solution of
the data-derived SDE, demonstrating self-consistency of the data-derived model.

where 7(t) is Gaussian white noise. F' (M) exhibits a stable
fixed point at M* =0 (i.e., j—ng|M*~o < 0). It is charac-
terized by a weak cubic function (R?> = 0.60). Graphical
inspection reveals that the stochastic part G(M) is weakly
multiplicative; i.e., the strength of stochasticity is slightly
greater for values of M close to O than at the extremities
of the data. We note that the lack of data beyond M ~
40.5 leads to a possibility of considering an additive fit
to G*>(M); Fig. 3(d) shows a plot of G*(M) with the fitted

curve. We consider a quadratic fit to G*>(M)-a parsimo-
nious functional form expected by analytical derivations of
simple collective behavior models that account for intrinsic
stochasticity [11] (Appendix D). In Fig. 3(g), we show that
the analytically derived probability density function (PDF),
from the data-derived SDE, matches the PDF of M for N =
50. We refer to Appendix E for a derivation and the for-
mula for the general form of the SDE we obtained from
data. We determine the P;(M) using this derivation, find the
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normalization constant by finding the definite integral under
the appropriate limits, and then numerically plot the final
expression of P(M).

N = 100. The data-derived equation is given by

M =[—1.887M + 0.635M? — 7.574M> — 0.078]

+ v[0.19 — 0.07M2]5 (). 5)

We observe that the overall patterns for N = 100 for the
deterministic and the stochastic parts are qualitatively similar
to those obtained for N = 50. However, for the deterministic
part F, the cubic term (R?> =0.81) has a larger coefficient
[Fig. 3(b)], and the overall strength of the stochastic part G is
lower [Fig. 3(e)]. Finally, the analytically derived steady-state
PDF (see Appendix E) also matches with the data [Fig. 3(h)].

N=200. The data-derived SDE for this group size is given
by

M =[1.868M — 0.251M? — 22.21M°> — 0.059]

+v/[0.12 — 0.07M%]n(2). 6)

Here, the cubic nature of the deterministic part (R* = 0.80)
F is further evident. The function exhibits multiple crossings
of the x axis [Fig. 3(c)], suggesting alternating stable and
unstable fixed points. More parsimoniously, the deterministic
dynamics has three fixed points: M* ~ +0.3 and M* = 0.
M* ~ £0.3 are stable and M* = 0 is an unstable fixed point.
The stochastic part G is similar to its counterparts from the
smaller group sizes (N = 50 and 100) and is weakly multi-
plicative, with an overall strength that is least when compared
to the other group sizes [Fig. 3(f)].

Due to multiple stable fixed points in the deterministic part
of the SDE of N = 200, the dynamics is qualitatively different
from the other two group sizes. The distribution of M from
all merged trials retains the bimodal nature from most trials.
Furthermore, the analytically derived steady-state PDF (see
Appendix E) from our data-derived equation is, visually, quite
close to the observed distribution [Fig. 3(i)].

Furthermore, we also confront our data-derived SDEs by
comparing the autocorrelation functions (ACFs) from their
simulated time series with those from the data (Appendix C).
We find that both the shape of the ACFs from the data and the
model and the timescales of their decay are roughly similar
(~10 s). Hence, the SDE model passes the self-consistency
test for its applicability to the data dynamics, thereby reas-
suring the accuracy and predictive power of our data-derived
SDE for the milling beetle swarms across all group sizes.

Put together, from Eqs. (4)—(6) and Figs. 2 and 3, the
dynamics of angular polarization M can be summarized as
follows:

(1) The deterministic part F' can be well approximated as
a cubic polynomial showing an increase in its cubic strength
with increasing group size. For smaller group sizes, there
is only one stable fixed point at M* = 0 (corresponding to
disorder) in the dynamics. For the largest group size, however,
M* = 0 becomes unstable, and we find two stable fixed points
at M ~ £0.3 corresponding to finite order. Hence, we refer to
the milling order in the system as deterministic.

(2) The stochastic part G is weakly multiplicative. For
lower values of M, i.e., disorder, the strength of stochasticity

TABLE 1. Spatial model parameters.

Parameter Symbol Value
Speed s 5
Radius of repulsion zone R, 1
Radius of orientation zone R, 9.0
Radius of attraction zone R, 22
Turning angle constraint T. 0.067
Blind angle BI 0.857
Noise n 1.0
Length of arena L 100
Time interval dt 0.1
Group size N 50, 100, 200

is large, while for higher values of M (i.e., ordered states), the
strength of stochasticity is lower. The overall strength of the
multiplicative noise decreases with increasing group size N.
This decreasing strength of the stochastic term or the intrinsic
noise with group size N is in coherence with theoretical ex-
pectations as the variance is, generally, expected to decay as
1/+/N (Appendix D).

(3) We infer that the combination of deterministic order
and stochasticity yields spontaneous switches between sta-
ble clockwise and counterclockwise order in milling beetles;
however, although we infer that the noise is multiplicative, the
multiplicative nature is too weak to cause any major alteration
in this dynamics qualitatively, such as producing higher states
of order [27].

V. A SPATIALLY EXPLICIT COLLECTIVE MOTION
MODEL REPRODUCES KEY FEATURES OF THE DATA

Our aim now is to arrive at a potential mechanism of inter-
actions between individuals that best explains the observed
milling dynamics of beetle swarms: (1) increasing milling
order as a function of group size and (2) SDEs for the milling
order parameter that are qualitatively consistent with the data-
derived SDEs. To do so, we consider a spatially explicit model
of collective behavior from literature by Couzin et al. [28]. In
this model, agents form a group and exhibit a milling state
when the individuals interact via a local-range alignment (i.e.,
align the direction of motion with the average direction of
neighbors over a short distance) and a longer-range attraction
(i.e., move toward the average/centroid of positions of neigh-
bors present over a longer distance).

We simulate this model for group sizes, N =
50, 100, and 200), to compare the three group sizes
considered in our experiments (see Appendix F for details
of the model). While varying N, we keep the rest of the
parameters constant to generate the model time series for a
regime exhibiting milling (Table I). As the model has many
parameters, milling can occur for a wide set of parameter
combinations, even within the range of N that we consider.
Therefore, our goal is solely to demonstrate that the model
can capture the experimental dynamics, at least within the
chosen parameter space. Using the same procedure for milling
data, we analyze the time series, frequency distributions, and

043308-6



STOCHASTIC DYNAMICS OF ORDER AND DISORDER ...

PHYSICAL REVIEW RESEARCH 7, 043308 (2025)

—
Q
~
—
)
~

1x1072

I
o

N

[y

o
(S,]
—
—

|
o
n

|
._.

— 50
— 100
200

Angular Polarization (M)
o
o
Deterministic term [F(M)]
o

|
=
o

210 —65 00 05 1.0

0 10 20 30

(b) Minutes @ 4xq0-2
§ 2.7 — —_ —
5 = =
> O 4
S1s =
g
g Iy
S i)
£ S2
o 0.9 %]
3 1 2
) 1 |8}
5 | | S
&" 0.0 )I‘ L 0n

(—)1.0 -05 0.0 0.5 1.0
Angular Polarization (M)

-1.0 -0.5 0.0 05 1.0
Angular Polarization (M)

FIG. 4. Spatially explicit agent-based model captures key quali-
tative features of experimental dynamics, including the SDE of the
milling order parameter. (a) The instantaneous milling order param-
eter M is plotted as a function of time for different group sizes from
the model. (b) The distribution of M for various group sizes. With
increasing N, the switch from unimodal to bimodal behavior is con-
sistent between the data and the spatial model. (c) The deterministic
functional form of F (M) obtained using the package PyDaddy [25]
that uses sparse regression technique. The strength of the cubic term
of F increases with group size from N = 50 to 200, from O to a
finite value. Additional stable fixed points arise for larger N, while
the stability of the M = 0 state changes from stable to unstable.
(d) The stochastic term G*(M) is a multiplicative function of M. The
strength of G? is more for the disordered state, i.e., low M, and less
for the ordered state, i.e., high M. Moreover, the overall strength of
G? decreases with N.

the SDE of the simulated data of milling order parameter M
from the spatially explicit model (Fig. 4).

Figure 4(a) shows the time series of M from the model for
the three N. While for smaller group sizes it broadly fluctuates
between M ~ —0.5 and 0.5, for N = 200, M remains in the
high-ordered states (M = £0.7). For the intermediate group
size, the system shows multistability between the swarming
and the milling states. Note that individual trials do show
multiple states for intermediate group size (N = 100) in our
data [Fig. 2(h)].

The distribution plots of M for various group sizes clearly
show an increase in the angular order with group size as
depicted by Fig. 4(b), which is consistent with our exper-
imental data. Notably, although there is no behavior built
in the model that can produce uneven modes in the dis-
tribution, the asymmetry in the distributions (for larger N)
is retained even for the time series of a million time steps
run of the model. This result from the model suggests that
the asymmetry in our experimental data [Fig. 3(1)] is po-
tentially a stochastic effect due to short time series instead

of a systematic bias of the beetles to rotate more in one
direction.

A. Stochastic differential equation of the spatial model

The transition from disorder to order with group size in
the spatial model matches our data and is suggestive that
the group-level dynamics of the spatial model is also deter-
ministically ordered dynamics. To ascertain this, we derive
the stochastic differential equation of the dynamics from the
agent-based model. We derive the SDE of the model in a
similar manner as for the experimental data (Sec. IV). Below,
we write the data-derived equation from the model data to
compare them with its counterpart from the experimental data
[Egs. (4)-(6)],

y(—m»1"
N ] (), (N

where @ ~ —0.02, 0, and 0.01, 8 ~ 0, 0.01, and 0.025, for,
respectively, and y ~ 0.2V N. Figures 4(c) and 4(d) show
the functional fits to the data of F and G* for N =
50, 100, and 200. Strikingly, like our data, Fig. 4(c) shows
that the deterministic term F' (M) changes as a function of
group size. While the smaller group size (N = 50) exhibits
a stable fixed point at M = 0, the larger group size (N = 200)
exhibits three fixed points of which M = 0 becomes unstable,
but the fixed points at finite M are stable. Therefore, the
broad qualitative feature of group-size-dependent determin-
istic function, from linear to cubic, of the data is captured by
our spatially explicit model [Figs. 3(a)-3(c)].

Furthermore, the stochastic term [Fig. 4(d)] G*(M) is
multiplicative, consistent with the data [Figs. 3(d)-3(f)]. In
addition, the strength of G? decreases with increasing group
size, as also in the data. Notably, in both the data and the
model, the overall strength of G? decreases approximately by
a factor of 2 with doubling the group size [Figs. 3(d) and 3(f)]
or is proportional to 1/N [Eq. (7)]. Strikingly, this feature
from the spatial model also corroborates with the analytical
form of the SDE from the individual-based nonspatial models
(Appendix D), where the strength of G? also turns out to be
proportional to 1/N.

Together, we find that both the dynamics and the stochas-
tic differential equation from the spatial model qualitatively
match the salient features that we analyze in our experimental
data on the collective motion of whirligig beetles. In addition,
we also quantify the mean residence time distribution between
the clockwise and counterclockwise milling states, both in the
data and in the model (Appendix G). The analysis mainly
describes that the distribution of the mean residence time in a
given state of order is exponential, and the strength of the de-
cay decreases with N; i.e., the system stays in highly ordered
states more often in the larger groups. Hence, through this
analysis, we quantitatively describe the nature of transitions
and show that the spatial model also captures the nature of
these stochastic transitions in our data. Finally, we note that
although the noise (G?>(M)) has a multiplicative form, it does
not qualitatively alter the deterministic states, as in the case of
polarized schools of fish [27]. However, the noise is essential
for stochastic transitions between the different ordered states
of M.

M:aM—ﬂM3+|:
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Nonspatial individual-based models

In addition to the spatial model in the previous subsec-
tion, we also analyze a mean-field or nonspatial modeling
framework where analytical derivation of the SDE, using
a coarse-graining procedure, is possible [11,19,21]. In this
framework, we assume that an individual can exhibit two dis-
crete angular directions, i.e., clockwise or counterclockwise.
Individuals can randomly switch between the two directions
or copy others’ directions. At any instant, agents are clockwise
(denoted by —1) or counterclockwise (denoted by +1). The
average angular direction of all individuals gives the order
parameter (/) in this model. Hence, this order parameter has
the same features as the order parameter we constructed from
real data and the spatially explicit model.

Under these assumptions, we can analytically derive
the stochastic differential equation of m as a function of
individual-level reaction rates. We describe the details of this
derivation in the Supplemental Material [30] and Appendix D)
and also point to Refs. [11,19,21] for similar derivations in the
context of group polarization.

Subsequently, we compare the analytical equations from a
suite of individual-based model (IBMs) from this framework
to the coefficients of the SDE of data. To achieve this, we use
the least-squares method to fit the functional form of model
SDE to the data and assess the goodness of fit using the ad-
justed R?, which provides the fitted individual-level behaviors
in the form of reaction rates. Importantly, the analytically
derived model SDEs show that the deterministic part of the
SDEs does not depend on the group size N (Appendix D).
Hence, to fit the SDEs from data, where the determinis-
tic function changes qualitatively with group size, the fitted
model’s individual-level rate parameters vary with group size.
In other words, we find that the strength of the higher-order
ternary interaction increases with the group size, which is
required to capture the increase in the cubic degree of the
deterministic function with N in the data. This interpretation
differs from the spatially explicit model, in which we can ex-
plain the group-size-dependent deterministic function without
altering the individual-level parameters across different group
sizes. Therefore, we argue that the spatially explicit model
offers a more parsimonious explanation for the observed data.

VI. DISCUSSION

In summary, our data-derived SDEs reveal that the ob-
served milling order at larger group sizes corresponds to a
deterministic stable fixed point; additionally, stochastic fluc-
tuations arising from small swarm size induce transitions
between the stable clockwise and stable counterclockwise
milling states. Furthermore, we demonstrate that a spatially
explicit agent-based model, where individuals follow a direc-
tion determined by the average directional alignment of their
neighbors, as well as a tendency to be attracted toward the av-
erage position of their neighbors over a relatively larger spatial
scale than the scale of the directional alignment, reproduces
the qualitative features of the data. Our data-driven equation
discovery approach is different due to the fact that dynamical
equations are derived from data with minimal interference
from the researcher. Importantly, the key input to the equation

discovery process is stochastic changes in the order parameter
at the finest time scale (=1/10th of a second) available from
our observations. Despite that, the data-derived equation can
reproduce the long-time steady-state distribution of the order
parameter consistent with the data.

Although milling is found in many species, from swarms
of insects to schools of fish, this phenomenon is relatively less
studied (but see Refs. [16,17,37-40]). In our system, first, we
find that the degree of milling of a beetle swarm increases with
group size (Fig. 2). Note that we also analyze boundary effects
as a potential confounding factor in our results (Appendix H)
and find them to be absent or minimally affecting the observed
patterns. Next, we find that the functional form of the drift
(i.e., the deterministic component of the data-derived SDE)
changes qualitatively with group size—from a linear function
for small group sizes to a cubic function for medium to larger
group sizes (Fig. 3). The deterministic function has a stable
fixed point near zero order for smaller group sizes. On the
other hand, for a larger group size (N = 200), the stable fixed
point is located at a finite order. Hence, the order in the system
can be explained through the changing form of deterministic
dynamics with group size. Recalling the analytical form of the
mean-field equations for individual-based collective behavior
models [11], we note that this is an interesting departure from
the theory; however, recent work by Martin et al. [41] provides
a theoretical underpinning for this aspect. In the mean-field
approximations of individual-based models, the functional
form of the deterministic component is independent of the
group size [11,19,21]. Would this also be true for spatially
explicit models? To explore this, we pursued a spatially
explicit agent-based model of collective behavior from the
literature [28].

The model of collective motion by Couzin et al. [28] as-
sumes that organisms exhibit local averaging of neighbors’
movement behavior. More specifically, the model allows for
milling motion when agents follow the average alignment of
their neighbors over a small scale, while also exhibiting a
tendency to stay cohesive by interacting with neighbors over
a larger scale [28,37,42]. Through our comparison, we find
that the degree of milling increases as a function of group
size in both the data and the spatially explicit model (Fig. 4).
Moreover, the model not only captures the functional forms of
both the deterministic and the stochastic dynamics of milling
but crucially also captures the changes in the deterministic
functional form with group size (Fig. 4); i.e., the deterministic
function changes from a linear function at small group sizes
to a nonlinear function (which may be approximated as a
cubic function) at larger group sizes, qualitatively similar to
as observed in the data-derived SDE of milling dynamics.
We emphasize that the spatial model captures the group-size
dependence of the deterministic function even though the
interactions between agents were fixed and did not change
with the group size. In contrast, if we had relied only on
mean-field models, our conclusion would have been different,
i.e., interactions among beetles change with group size (Ap-
pendix D). Thus, averaging interactions among neighboring
individuals in a spatial model could be a more parsimonious
explanation that can produce the studied group-level dynam-
ics of the whirligig beetle swarms. At a more microscopic
level, the explanation from the spatial model is somewhat
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similar to the explanation of the milling motion of daphnia
swarms under the influence of some external environment
[15]. The similarities between the two explanations, vis-a-vis,
are an attraction force, an avoidance force, and an asymmetric
perception. However, in the Daphnia model, the attraction is
toward a global attractor, whereas in the spatial model, the
attraction is somewhat more local.

Looking beyond milling, in other collective systems, sim-
ilar interactions, such as local averaging or strong feedback
between individuals, have been used to describe behaviors in
collectives, including bees [43], ants [44], and locusts [9,45].
However, such higher-order or averaging interactions are not
always necessary to produce collective behavior; for example,
simpler interactions, such as copying the direction of one
randomly chosen neighbor, could explain the collective mo-
tion in other systems like fish [27,46,47], fruit flies [48], and
midges [49].

For any emergent pattern of a group, many different local-
level behaviors can produce qualitatively similar properties
of larger-scale collective motion. Therefore, inverse meth-
ods that decipher individual-level rules from observing group
dynamics may have degenerate solutions. This limitation
also applies to our method. Our study best illustrates this
by contrasting inferences one can draw from the mean-field
individual-based model and the spatially explicit agent-based
model. We note that both of these minimal models were
able to broadly capture the observed dynamics. However,
there were interesting contrasts. While the mean-field model
required us to invoke the assumption that individual-level
interaction strengths or rates change with group size, this was
not necessary for the spatially explicit model. Therefore, in
such situations, the parsimonious explanation is the preferred
one that the spatially explicit model provides; it captures the
changing terms of the SDE with group size, even when the
interactions are not altered by group size.

Others have studied individual-level interactions using
methods like building force maps and measuring pair cor-
relations between individuals [46,50-53]. These analyses
typically rely on measuring correlations between individuals
that often limit the system size, as it becomes difficult to iden-
tify causal relationships when many individuals get involved.
In contrast, our method relies on the analysis of fine-scale
fluctuations in coarse-grained variables such as group linear
or angular order [8]. In addition, our method also provides
a means to analyze stochasticity in the system, which can
often lead to interesting, counterintuitive transitions or states
[9,19,27,54]. Broadly, our method enables the analysis of
small to intermediate group sizes, providing a complementary
approach to characterize and analyze group dynamics and the
underlying mechanisms that explain the observed patterns.

To conclude, we characterized the stochastic dynamics of
milling beetles and made inferences about the underlying
mechanisms by complementing the analysis with an agent-
based model. In the future, such analysis using a stochastic
differential equation can be extended to further refinements,
such as deriving a coupled partial differential equation [23]
or even a coupled stochastic partial differential equation [55]
from the real data to assess dynamical relationships such as
between density and order [56-58]. This can help us bet-
ter connect with field-theoretical frameworks that model the

collective motion of “active” systems [20,22]. We also encour-
age studies on functional aspects of collective behaviors, e.g.,
an analysis of the costs and benefits of an emergent property
of collective motion such as milling. A few studies on this
aspect of whirligigs suggest that beetles aggregate to gain
antipredation benefits [29,59,60]. However, the competition’s
role and the effects of other ecological processes in shaping
such behaviors are still under-investigated. We hope that our
study inspires further investigations into using this cutting-
edge framework, based on the analysis of stochastic dynamics,
to gain a deeper understanding of collective systems.
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DATA AVAILABILITY

All data supporting the findings of this study—including
individual positions, velocities, angular velocities, polariza-
tion time series, and the analysis codes and movies—have
been deposited in a publicly accessible repository [61].

APPENDIX A: INDIVIDUAL DETECTION AND TRACKING

The tracking of individuals was performed to get their
instantaneous positions and velocities from the experimental
videos. The procedure consists of two steps. In the first step,
the positions of all individuals are determined for all the
frames in the videos. Upon basic filtering to remove minimal
background noise, we used the image subtraction method
to perform this task by subtracting the two images with an
approximate time interval of 30 frames between them. In other
words, from the current frame, we subtract a far-away frame in
time so that objects have moved sufficiently, leaving positive
and negative values corresponding to the object positions in
the current and the far frame. Selecting one of these, i.e.,
either all positive or all negative, accordingly, and repeating
this process for every frame of the data gives us the posi-
tions of individuals in all time frames. Using this procedure,
individuals were detected as intensity blobs, of which the
peak was used to identify the centroid of each blob. To carry
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out this work, several functions were used from the Image
Processing Toolbox in MATLAB [31]. The next step involved
linking each blob from one frame to the next to assign the
identities. We used the Kalman filter algorithm [62] to perform
the tracking. The velocity of each individual was calculated
by subtracting the X and Y positions of the individuals across
consecutive frames.

APPENDIX B: CONSTRUCTION OF THE DETERMINISTIC
AND THE STOCHASTIC TERMS OF THE SDE

We determine the functional forms of F and G of Eq. (3)
using the following formulas [36]:

F(M)=<M(I+At)—M(t)> ’ B1)
At
M(t)e[m,m+e€]
_ 2
) = <(M(t + at;t M) > ®2)

M(t)e[m,m+€]

We set € = 0.01 for all our analyses. §t = At = 1/30 is the
time between consecutive frames in our experimental videos.
For the fitting of F', we used the Python package PyDaddy
[25], which bypasses the binning and averaging step in the
above formulas and uses a sparse regression method for find-
ing the functional forms. However, for G2, we relied on the
regular fitting procedure to the coefficients obtained using the
above formula [Eq. (B2)], as the sparse regression method did
not work for G2

APPENDIX C: DATA DIAGNOSTICS

We analyze some statistical features of our time-series
data to determine the timescales of the system and verify the
assumptions underlying the SDE model derived from the data
[25,36]. A standard technique for analyzing time-series data
is to measure its autocorrelation as a function of the time
difference, or lag, between two data points. For the angular
polarization M (t), its autocorrelation is calculated using
(M@ + 1) — (M@O)HM@) — (M)

(M) — (M(®)))?)

where t is the time lag over which the ACF is calculated.
We calculate the ACF for the angular polarization (M) for
different group sizes by merging all trials, as shown in
Figs. 5(a)-5(c). We find that the ACF monotonically decreases
with the t. It hits zero at a certain time lag. The point where
the ACF hits zero for the first time can be described to be
the timescale of the system over which correlations exist (ca.
10 ). Since the SDE we derive from the data uses the smallest
time difference or consecutive values of M, which is well
within the correlation time, using an SDE framework allows
us to analyze the fluctuations at small timescales resulting
from individual-level stochastic behaviors.

According to the SDE [Eq. (3)], the underlying noise 7(t)
must be (1) uncorrelated and (2) Gaussian. We analyze the
structure of the underlying noise in the angular polarization
(M) time series of beetle data to test this assumption. Fol-
lowing Refs. [63-65], we measure the autocorrelation of the
residual fluctuations [25,36]; this time series is derived from
the original time series of M by subtracting the local mean for

ACF(7) = . (CD)

a short time window as
1 t+g
n(t)ZM(t)—;/, M(z)dr, (C2)
=

where T is the window duration. Figures 5(d)-5(f) show this
autocorrelation for noise time series from all group sizes.
The ACF of the residual noise time series decreases rapidly.
Hence, the assumption of the SDE model that the underlying
noise is uncorrelated is satisfied.

We test the assumption that the noise is Gaussian. We plot
the cumulative density distribution (CDF) of all AM for a
representative My = 0, as shown in Figs. 5(g)-5(i). Since the
underlying noise in the dynamics drives the variation in these
differences at the fine timescale, their distribution is a good
approximation of the underlying noise structure. These distri-
butions qualitatively resemble the CDF of the fitted Gaussian
distribution using the mean and standard deviation of the data;
data; Kolmogorov-Smirnov (KS) test statistic [66]: N = 50:
KS statistic = 0.6312, p-value = 0.2720; N = 100: KS statis-
tic = 0.9743, p-value = 0.0013; N = 200: KS statistic =
0.7905, p-value = 0.0878. Thus, we find that the statistical
features of the data’s underlying noise support the modeling
assumptions of an SDE framework.

Finally, we also confront the data-derived SDE with the
data by simulating the SDE numerically using the frame-
work of Itd calculus [33] for a number of time steps similar
to the size of the data time series (~50000 time steps).
Thereupon, we find the autocorrelation function of this time
series [Figs. 5(j)-5(1)] and compare it with that of the data
[Figs. 5(a)-5(c)]. The shape of the ACFs matches between the
data and the numerical simulations of the data-derived SDE,
and the timescales of the ACFs are similar (~10 s).

APPENDIX D: NONSPATIAL INDIVIDUAL-BASED
MODELS OF INCREASING COMPLEXITY

In addition to the spatial model in the main manuscript
text (Sec. V), we also analyze a mean-field or nonspatial
modeling framework where analytical derivation of the SDE,
using a coarse-graining procedure, is possible [11,19,21]. In
this modeling framework, we interpret milling as the collec-
tive behavior of beetles in which each beetle i can be in one
of the two discrete states: w; = 1 and w; = —1, representing
counterclockwise and clockwise movement around the group
center, respectively. Individuals stochastically switch between
these two states due to interactions with other individuals;
they may also switch them entirely randomly. The average of
individual states w; in the group, at a given time, represents
consensus or the milling order (denoted m(¢)) of the group. If
all individuals move in the counterclockwise (or clockwise)
direction, the milling order parameter m will be high, i.e.,
close to 1 (or —1). On the other hand, if individuals are evenly
split between two angular directions of motion, the system
will show no milling order; i.e., m will be close to zero. Due
to stochastic interactions and individual state changes, we
expect the milling order parameter in the model to fluctuate
stochastically over time. Hence, this order parameter has the
same features as the order parameter we constructed from real
data and the spatially explicit model.
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FIG. 5. Test for Gaussian structure in the noise underlying the data. (a)—(c) ACF of the time series of angular polarization M for all group
sizes. (d)—(f) The ACF of the time series of noise time series, which is derived from the original time series. The ACF of noise very quickly
decays to zero compared to the original data. (g)—(i) The cumulative density distribution of fluctuations from a representative value of M in
the data. The red curves represent CDFs of fitted normal function using the norm function from the Python library scipy.stats. (j)—(1) The
autocorrelation function of the time series from the numerical simulations of the data-derived SDE (3) for the three group sizes in the data.

1. Model rules and SDEs

We follow the conventions of chemical reaction Kinetics,
where each individual-level interaction occurs stochastically
at a certain rate, thus changing the state of the system. In
our model, the simplest way an individual can change the
angular direction is via random switching, i.e., without any in-
teractions with others. Specifically, we allow for two different
spontaneous/random turning rates: (1) from counterclockwise
to clockwise, denoted by r;-, and (2) from clockwise to coun-
terclockwise, denoted by rj+. This allows us to detect any
potential bias of turning or handedness at the individual level,

which has been observed in some species due to differences
in the left and right brain’s decision-making rates [67-69].
Further, an individual may interact with only one randomly
chosen group member and copy the angular direction of that
group member; this is termed stochastic pairwise interaction,
which occurs at a rate r, (and has been reported in fish [27]).
We also consider the possibility that agents interact with more
than one group member when they update their direction
of motion [46,50]. To achieve this, we allow interactions
between up to five randomly chosen group members, each
with associated rates denoted by r3 (for interactions among
three members, also known as ternary interactions), r4 (for
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TABLE II. Reactions in the individual-based model.

S. No. Reaction Propensity (a;(x)) vj v
1 x, 25 x, e 1 I
2 X, 5 x, i-Xa 1 -1
3 X +X 32X FaX1% 1 -1
4 X +X 32X FaX1X2 -1 1
5 2X, + X, 2 3X, r3xix, 1 -1
6 2X, + X, 33X, raxix} -1 1
7 2%, 2 X, + X, rasx2 —1 1
8 2%, 5 X, + X, Fasx 1 -1
9 3X, + X, 24X, XX 1 -1
10 3X, + X; > 4X, raxi X3 -1 1
11 3X, +2X, D> 4X, 4+ X, rsxixk 1 -1
12 3X, 42X B> 4X, + X, rsx2xd ~1 1

interactions among four), and so on. While stochastic pairwise
interactions are symmetric, i.e., either of the two interact-
ing individuals can change direction, ternary or higher-order
interactions can be asymmetric. When the interactions are
asymmetric, the individual whose direction differs from the
majority switches its direction. For symmetric interactions,
the randomly chosen focal individual chooses the direction of
motion of the other individual. We note that, from the previous
theoretical work, it is known that the polynomial of the drift
or the deterministic function has a degree that (roughly) scales
with the number of interacting neighbors [11,19,45]. Since
the empirically observed degree of the deterministic function
polynomial [Fig. 3(c)] appears cubic by visual inspection,
we did not consider interactions beyond more than five
individuals.

So far, the interactions described can be termed “positive,”
i.e., resulting in a directional alignment or copying with the
majority. However, there is evidence that organisms in groups
may also show “negative” interactions, i.e., repulsive interac-
tions resulting in occasional “splitting” [28,70,71]. Therefore,
we also allow for the possibility of negative interactions in
our model, but, for simplicity, only in the pairwise interaction
rates, denoted by r,:. While other higher-order splitting inter-
actions are, in principle, possible, we do not introduce them in
our model for the sake of simplicity.

Based on these interactions, we construct a hierarchy
of models with increasing complexity. The simplest model
has only two rules—random switching and stochastic pair-
wise copying, whereas the most complex one has all of the
above interactions (see Table II for the list of all models we
considered).

For each of these models, using the chemical Langevin
method [72], we analytically derive a SDE for the milling
order parameter m that links the behavioral interactions with
the group-level milling dynamics for analytical derivation.
Such a stochastic differential equation is of the form

m = f(m)+ g(m)n(t),

where 7(¢) is a Gaussian white noise. In the above equation,
f(m), termed as drift, captures the deterministic or average
dynamic of the order parameter m. On the other hand, g(m),

(D1

referred to as diffusion, captures the stochastic variations.
Both these functions depend on the reaction rates described
in the model above. We then seek the best fit between the
data-derived drift-diffusion functions with the model-derived
drift-diffusion functions, considering the above hierarchy of
models involving various stochastic interactions. We tested
four different models of increasing complexity. The mod-
els are denoted by I, II, III, and IV. Model IV consists
of all the behavioral rules modeled as chemical reactions
(Table II), whereas the other models contain the subsets of
these reactions (Table III).

2. Derivation of the macroscopic SDE
from the individual-level rules

Our goal is to derive the equation of the following form in
terms of the behavioral rules described in Table II:

dm
—— = f(m) + gm)n(1).

7 (D2)

While a more formal method to derive the macroscopic SDE
from the individual-level rules uses the van Kampen system
size expansion approach, described in Ref. [21], we use a
rather heuristic approach to derive the macroscopic SDE. This
approach is known as the chemical Langevin method, intro-
duced by Gillespie [72]. Here, to derive the macroscopic SDE
in terms of the individual-level rules, we simply substitute
the expressions for the reaction propensity a;(x) and the state
change or the stoichiometric vector v as described in Table II
into the chemical Langevin equation, given by

r

D vjila;01n,@).  (D3)

j=1

dxi(t) 1
= l)j,‘(lj(X) + —=
dt ; N
Here, r is the total number of reactions, which is 8 for model
III, and N is the total number of individuals in the model.
n; are Gaussian white noise sources with zero mean and
correlation (n;(t)n;(t")) = 8;;6(t —t'). x; is the total fraction
of the individuals in state i. Therefore, the summation of all
x; fractions at any given time is 1. Importantly, the order m
is given by x; — x; or x, — x| for a system with two states.
Therefore, this simplified framework allows us to relate the
dynamics of M derived from data with the dynamics of m from
the model.

The deterministic part, which is the rate of change of the
population of a given species, is given by

D vjajx) =viar(x) + v @ (x) + v3a3(x)
j=1

+ va1a4(x) + vsias(x) + verae(x)

+ vriaz(x) + vgrag(x). (D4
Upon substituting from Table 11,
Z Vj1a;(X) = — ri+X; +r1-X + XX — rxix
j=1
+ rgxfxz — r3x1x§ — rzsxf + rzsxg. (D5)

043308-12



STOCHASTIC DYNAMICS OF ORDER AND DISORDER ...

PHYSICAL REVIEW RESEARCH 7, 043308 (2025)

TABLE III. Group-size dependent behavioural rates inferred using the individual-based models of increasing complexity.

Estimated rates

Group size  Trials  Model 7+ ri- ) 3 s rs s Adj.R*> Avg. Adj.R* Dy,  o*{Dg.}
A 2.89 2.34 6.93 - — — - 0.54 0.06 0.01
B I 2.93 2.4 7.32 — — — — 0.66 0.6 0.11 0.01
C 2.25 222 11.65 — — — — 0.68 ’ 0.04 0
D 3.05 3.73 9.94 — — — — 0.46 0.03 0
E 204 227 8.48 — — — — 0.66 0.03 0
A 3.23 2.8 4.06 3.92 — — — 0.44 0.07 0.01
B I 1.32 1.11 3.95 0 — — - 0.37 0.42 0.09 0.01
C 1.15 1.15 6.74 0 — — — 0.43 ’ 0.04 0.01

50 D 1.06 1.19 3.03 0 — — — 0.21 0.02 0
E 1.23 1.39 5.63 0 — — — 0.66 0.03 0.01
A 0.68 0.24 6.62 3.92 — — 2.56 0.44 0.07 0.01
B 1 1.48 0.95 8.63 0 — — 1.48 0.66 052 0.11 0.01
C 1.91 1.78 0 15.44 — — 3.8 0.66 ' 0.04 0.01
D 1.54 2.25 0 15.75 — — 4.34 0.47 0.05 0.01
E 3.34 3.56 0.13 9.67 — — 0.66 0.38 0.03 0
A 0.98 0.99 1.31 1.22 1.22 0 0.9 0.59 0.03 0.004
B v 1 0.97 1.71 1.32 1.30 0 0.94 0.40 0.32 0.008 0.001
C 1.24 1.25 9.3 2.6 2.12 0 1.71 0.70 ' 0.03 0.003
D 095 103 287 134 131 0 095 044 002 0.004
E 128 156 0 683 618 163 247 066 0.04  0.005
A 3.08 3.19 14.91 — — — — 0.67 0.01 0
B 1 2.93 2.98 14.11 — — — — 0.71 0.63 0.02 0
C 1.41 1.39 16.72 — — — — 0.47 ’ 0.15 0.01
D 2.07 2.34 15.1 — — — — 0.65 0.08 0
E 2.92 3.1 11.73 — — — — 0.67 0.02 0
A 1.06 1.09 4.43 0 — — — 0.34 0.02 0
B I 1.08 1.11 5.05 0 — — — 0.37 0.44 0.02 0
C 4.71 4.67 0 18.35 — — — 0.57 ' 0.19 0.02

100 D 4.87 5.09 0 17.86 — — — 0.58 0.09 0.01
E 1.05 1.09 4.29 0 — — - 0.34 0.01 0
A 1.83 1.92 0 21.9 — — 5.7 0.71 0.02 0
B I 1.78 1.83 0 20.7 — — 5.35 0.76 0.68 0.02 0
C 0.11 0.06 1.02 23.1 — — 5.49 0.57 ’ 0.2 0
D 1.6 1.93 0 21.12 — — 4.55 0.71 0.03 0
E 1.63 1.71 0 18.2 — — 4.69 0.64 0.04 0
A 1.21 1.39 14.4 2.06 1.42 0 243 0.68 0.018 0.002
B v 1.25 1.37 12.7 2.66 1.89 0 2.45 0.72 059 0.014 0.001
C 1.11 1.07 10.09 2 1.71 0 1.26 0.48 ' 0.18 0.015
D 1.04 1.36 13.07 2.41 1.83 0 1.72 0.66 0.06 0.004
E 0.98 0.99 2.18 1.27 1.25 0 0.95 0.45 0.01 0.003
A 1.55 1.8 35.87 — — — — 0.32 0.46 0
B I 0.66 0.72 18.88 — — — — 0.52 055 0.35 0.03
C 14 2.54 10.5 - — — - 0.63 ’ 0.15 0.01
D 1.21 1.49 17.82 — — — — 0.66 0.3 0.02
E 0.69 0.72 20.08 — — — — 0.63 0.14 0.01
A 9.6 9.3 02 36.9 — — — 0.42 0.26 0.01
B I 467 4.72 0 19.94 — — — 0.78 0.68 0.19 0.02
C 3.5 4.49 0 12.1 — — — 0.66 ' 0.05 0

200 D 4.95 5.26 0 19.52 — — — 0.77 0.1 0.01
E 5.0 5.12 0 19.0 — - - 0.8 0.05 0.01
A 2.81 2.52 0 46.1 — — 8.61 0.44 0.26 0.01
B I 1.61 1.67 0 23.9 — — 3.86 0.55 0.64 0.77 0.03
C 0.88 1.86 0.34 15.22 — — 3.14 0.67 ' 0.04 0
D 1.52 1.85 0 23.6 — — 4.35 0.71 0.08 0.01
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TABLE III. (Continued.)

Estimated rates

Group size ~ Trials ~ Model ri+ ri- o) 73 s rs Fas Adj.R*> Avg. Adj.R* Dy, oDk}
E 1.67 1.73 0 25.2 - - 4.31 0.83 0.04 0

A 0.96 1.24 241 1.08  0.86 0 1.43 0.24 0.3 0.01

B v 1.35 1.37  4.08 0 245 288 262 0.75 0.65 0.34 0.03

C 1.01 1.23 0.33 0 194 441 1.30 0.78 ' 0.83 0.05

D 0.92 1.19 13.1 2.6 2.16 0 1.16 0.64 0.23 0.02

E 1.22 1.25 6.74 0 21.8 313 212 0.85 0.3 0.02
Similarly, the stochastic term is given by Langevin equation (D3) to obtain its macroscopic SDE; how-
. ever, we avoid writing the expressions for all the models here.

> vl ;)
J=1 3. Fitting macroscopic SDE from the IBMs to the data

= vivai (x) ni(t) + varar (x) 12(t) As we derived a macroscopic SDE from simple individual-
level rules using the chemical Langevin method for a system
+ vaivaz(x) n3(t) + vary/ as(x) na(t) of N individuals, a similar equation derived from real data
T T (Fig. 3) can be assumed to represent the rules of interactions
+vsivas () ns(t) + verv as(x) ne(t) among real animals. Hence, a direct comparison between the
+ v ar(x) n7(t) + vsiy/ag(x) ns(t). (D6) two equations, from the model and the data, can be used to
determine the dominant modes of microscopic interactions in
Upon substituting from Table II, our model system. For this, we optimize the behavioral rate
p parameters of the model that result in the minimum least-
Z viila; (x)]l/Z n;(t) square distance (LSD) between the data-derived functilons
o (Fig. 3) and the model SDE (D9). Note that we consider
both the deterministic and the stochastic part of the SDE
= =/rie X1 Ni(t) +4/r1- x2 (1) together for this procedure and minimize the summed LSD
/T2 X1 03(1) — /T2 X1x2 04 (2) (L?). We fit the four models (I, II, III, and IV) of increasing
complexity to the data. In Table III, we put together the val-
+./r3 xf X2 s5(t) — /73 X1 x% 1n6(t) ues of best-fitted reaction rates and the goodness of fit using
adjusted R? for both qualitative and quantitative assessments
—\/ 2 X m7(t) /12 x5 s (0), (D7)  of the match between the data and the models. As found from

where 7; to ng are independent Gaussian noise sources. Since
m = x; —xp and x; +x» = 1, we have

1+m 1—m

xx=—— and x=—.

2 2

Substituting Egs. (D5) and (D7) into Eq. (D3) and using
Eq. (D8), we get
ri+

:[—2

+ |:r—3m(1 - mz):| + LI:rﬁ +r- + (1 —m?)
VN

(D8)

dm
dt

(1+m)+ ”7’(1 —m) — rzsm:|

4

3 2 2 2
+5(l—m )+ rs(14+m )i| n(t). (DY)

Note. The resultant variance of the sum of two indepen-
dent random variables is the sum of the original variance of
their distributions, i.e., /an, + v/b1n, = /a+ bn [33]. The
above equation is the macroscopic SDE for the individual-
based model III that consists of eight reactions (Tables II and
III). For model I, we can set r; = r,» = 0, and for model
II, > = 0 in the above equation. Finally, for model 1V, we
can substitute all the terms from Table II into the chemical

Table III, models II-IV are comparatively similar, especially
for the larger group sizes, as they contribute higher-order
interactions. Crucially, the rate of higher-order interactions
dominates for larger group sizes.

APPENDIX E: STEADY-STATE SOLUTION
OF THE FOKKER-PLANCK EQUATION

We consider the following Langevin equation, interpreted
in the Ito sense:

M = AM) + /DM) n(1),

where 7(t) is Gaussian white noise. To obtain the steady-state
solution for the probability density function Py(M) for this
Langevin equation, we consider the corresponding Fokker-
Planck equation [33]

(ED)

op 9 AM)P(M, ¢ Lo DM)P(M, t E2
—AMDPM, O]+ 5 =S [DMIPOM, 1. (E2)

o
At steady state and under zero probability current conditions,
we obtain

1 d
AM)EM) = =5~ IDIM)P(M)] = 0. (E3)
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Rearranging terms gives us

d In[D(M)P,(M —ZA(M) E4
m(n[( )P ( )])—W- (E4

Integrating, we obtain the steady-state solution

e = [ 2 v o +c| (E5)
D(M)

or equivalently, we have [33,73]

P(M) = 2——dM

D(M)

N ( A(M ) )
exp| —
D(M)

where N is the normalization constant.

1. Evaluating the integral

Based on the empirical findings, we consider the following
forms of the drift and diffusion function:

AM) = a+ bM + cM?* + dM?
and
D(M) = o + BM>.
Therefore, we obtain

2AM)  2d 2¢
="M+ =
D(M) B B

where the remainder function R(M) is

da ca
RM)=2{b— — M+2la— — ).
0 ( /3) +<“ /3)

Integrating the first (polynomial) part yields

2d 2c d , 2
—M+ — |dM = —M*"+ —M.

R(M)
a+ BM?’

B B B B
Let R(M) = pM + q, where
= 2<b— d_oz) q= Z(a - ﬂ)
B B
Then,
M _ P 2
/ B B dM = 25 In(x 4+ BM*), (E6)
f a dM = arctan (M > (ET)
a+ BM?
Therefore,
1oy = I+ - 2= o+ g
B B B2

+ % arctan (M\/§> +C. (E8)

2. Steady-state solution
Substituting Eq. (E8) into Eq. (ES), we get
_dyp + 2 + (M - 1) In(ee + BM?)
p p B

+ % arctan (M@) el (E9)

Exponentiating, we obtain

In P(M)

PM) = N (a + BM?) 7 " exp [%W + ?M

+ 2(6;3—«/;_;5@ arctan <M\/§>j|

3. Real logarithmic form for § < 0
For 8 < 0, define > = «/|B], so that

a+ BM* = |B|(r* — M?

(E10)

Using the identity

j 1
arctan(iz) = i atanh z = L In te ,
2 1—-z

we can rewrite the arctangent term in Eq. (E10) as a real

logarithm:
r+M
— )

M arctan (M\/7 >
BB

where
af —ac
NG

Dropping constants absorbed into normalization, the steady-
state distribution becomes

PM) =N (- M2)-‘<—r + M)
r—Mm
(E11)
X exp (gMz—i—%M) M| <,
B B ) ’
with parameters
= [ < (E12)
VBl
5= # —1, (E13)
o = 9B —ac (E14)
BBl

Equation (E11) is equivalent to Eq. (E10), expressed in
a real form suitable for systems with multiplicative noise
amplitude D(M) = o + BM? and 8 < 0.

APPENDIX F: SPATIAL MODEL DESCRIPTION

The Couzin model of collective behavior [28] simulates
the movement of individuals in continuous space, with dis-
crete time updates. Individuals update their positions (x) and
directions (d) based on the positions and directions of their
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neighbors within certain interaction zones. Thus, at any time
instant, the position of ith individual is updated as

X;(t+1)=x;(t) +sd;(t + 1), (FD)

where s is the speed of individuals. The direction vector d;(t +
1) is determined by various movement update rules, described
in detail below:

Movement update rules. An individual’s direction d;(t + 1)
is determined by considering the following rules:

(1) Repulsion. If any individual is within the repulsion
zone (ZOR) of a given focal individual i, the individual’s next
direction is given by

d}rep)(f + l) — _ Z

je N'(Rr‘)
i

X;(t) —x;(t)
Ix;() —x: (O

Explanation:
(a) d;rep)(t + 1): Direction vector for repulsion of indi-
vidual i at time 7 + 1.
(b) M(R’): Set of neighbors within the repulsion radius
R,, also called the zone of repulsion.
(c) x;(t) — x;(t): Vector from the focal individual i to
neighbor j.
(d) The negative sign ensures movement away from
nearby individuals to avoid collisions.
(e) The individual prioritizes repulsion over all other
rules, if any individual is present within this zone.
(2) Orientation. Individuals tend to align with the direc-
tion of neighbors within the zone of orientation zone (£2¢) of
a given focal individual i, given by the direction vector:

dc+ D= Y d;).

je '/\/'_(R{))
l

(F2)

Explanation:

A" + 1),
d*V (@ + 1),
d*e + 1,
dV + 1)+ d™@ + 1),

d;(r + )=

After calculating the direction considering the neighbors in

different zones, the direction is normalized,
ar s 1y D

ld;(t + Dl
A uniform angular noise term is added to the final direction
to mimic biological errors in estimation and implementation.
Specifically, each individual’s desired direction vector d;(t +
1) is perturbed by an additive stochastic component according
to

‘ . -1 diy(t) )
O;(t +1)=tan <_d[x(t)) + &),
nmw o nw
&i(t) U[— BN 7]
_ [cos®;(t + 1)
4+ 1) = <sin®,-(z+ 1))'

(a) dgon)(t + 1): Direction vector for orientation of in-
dividual i at time ¢ + 1.
(b) /\fl.(R”): Set of neighbors within the orientation radius
R, > R, but excluding the repulsion zone and blind angle
zone (see later in this section for the definition).
(c) d;(¢): Heading (unit velocity) vector of neighbor j
at time 7.
(d) This rule aligns the focal individual’s direction with
that of its neighbors, promoting coordinated motion.
(3) Attraction. Each individuals tends to be attracted to-
ward others within the attraction zone (£2,) of a given focal
individual i, given by the direction vector:

A= Y LD HD O~ %@ (F3)
o O =%
Explanation:
(a) df‘m)(t + 1): Direction vector for attraction of indi-
vidual i at time 7 + 1.
(b) /\fi(R“): Set of neighbors within the attraction radius
(R,), which is an area outside the repulsion and orienta-
tion zones, extending to radius R, such that R, < R, < R,.
We further exclude the blind angle zone (see later in this
section for the definition).
(¢) x;(t) — x;(t): Vector pointing from the focal indi-
vidual i toward neighbor j.
Let nER) denote the number of neighbors of individual i
within a distance R, i.e.,

n® =3 " T(Ix;() = xi(0)] < R),
J#
where I(-) is an indicator function that equals 1 when the

condition is true and O otherwise. Then, the desired direction
of the focal agent is updated as

if nER’) > 0,

if nER’) =0, nfR”) > 0, nER“) =0,
it n=0 nf=0 nf>o0,
it n* =0, n® >0 nf>o0.

(

After noise is added, each individual’s desired direction
may differ substantially from its previous direction. To keep
turning biologically realistic, the model limits how much an
individual can turn per time step by imposing a maximum
turning angle @y, or ;. This ensures smooth trajectories and
avoids unrealistically abrupt motion changes. We implement
the model under periodic boundary conditions.

1. Blind angle implementation

Each individual i was assumed to have a limited field of
view ¢yiew = 2 — bla, where bla denotes the blind angle
behind the individual. The relative viewing angle ¢;; between
the current heading direction v;(¢) and the vector to neighbor
j was computed as

6,5 = cos! ( di(r) - x;(1) — x;(1)) )
i (I 1% () — x; (@)
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FIG. 6. Residence times from the model and the data. (a)—(c) The complementary cumulative distribution function (CCDF) of the residence
time from the time series from the experimental data, and (d)—(f) for the model data for group sizes N = 50, 100, and 200. The CCDF is plotted
on a log scale. The dashed line is the fit to the function. Across the model and the data, a linear fit on this semilog plot indicates that the residence
times are exponentially distributed. X is the fitted exponential decay constant, and R? represents the goodness of the linear fits.

where x;(¢) and x;(¢) denote the positions of individuals i and
J» respectively. Only neighbors within the visible field were
considered in the interaction computations, i.e.,

b1 bla
il <m——.
/ 2

Accordingly, the attraction direction was computed as

Z X;(t) — x;(t)
— lIx; (1) = xi (@)l
Ro<IIx;(t)—x; (1)l <R4

I¢pij| < — B2

d(att) (l) —

The condition |¢;;| < m — bla/2 ensures that only neighbors
within the forward-facing visible field (and not behind the
individual) contribute to the attraction term. The same angular
filtering was also applied to the orientation interaction.

APPENDIX G: RESIDENCE TIMES

In addition to the formal SDE framework [Eq. (3)], we
further compare the dynamics of the data and the model using
the mean residence time or the first passage time (7s) of the
time series of order. We determine the mean residence times
numerically for both the data and the spatial model from
their corresponding time series. We calculate the residence
times between the two most observed states of order in the
large group size (N = 200). These states are determined by

the modes of the corresponding distributions of the angular
order parameter M. Figure 6 shows that the residence times
distribution is exponential for both the data [panels (a)—(c)]
and the model [panels (d)—(f)]. Moreover, the decay strength
of the exponential distribution, denoted by X, decreases with
increasing group size (N) for both the data and the model,
and consequently, the timescale of transitions (1/)) increases
with N. This quantitative comparison between the data and
the model further shows that the nature of the order and the
transitions observed in our data is well captured by the spatial
model.

APPENDIX H: ANALYSIS OF BOUNDARY EFFECTS

As our experiments are conducted in a laboratory setup, it
is essential to verify whether the experimental setup boundary
affects our observed results. Previously, boundary effects have
been analyzed by removing the data of individuals within a
certain distance from the arena boundary [27,74]. In our case,
we developed two different analyses to understand the role of
the boundary, if any.

1. Cross-correlational analysis between inner and outer
individuals of the swarm

We hypothesize that if the boundary has a potential role
in inducing the milling behavior, individuals at the periphery
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FIG. 7. A leading angular polarization for the core negates boundary influence. Cross-correlation between the angular polarization of the
individuals near the center and those near the boundary as a function of time lag. A peak of this function at a negative time lag (indicated
by red vertical dashed lines) strongly suggests that individuals near the center are leading. The cross-correlation is strongest in the largest
group. In the smaller groups, the strength might be weak due to their already lowly polarized state. Note: 1 s = 30 frames. The gray lines are

cross-correlations between two uncorrelated simulated datasets.

should start milling first, followed by individuals at the core.
In other words, if we compute the milling order separately
for individuals near the center and those near the periphery
of the group, the two order parameters should be correlated
and must be asynchronous. Specifically, if boundaries induce
order, the order parameter of individuals near the periphery
should precede that of individuals near the group center. To
verify this, we calculated cross-correlations between the time
series of angular polarization for the two subsets of individ-
uals at different time lags. We obtained the first subset by
selecting the individuals within a fixed threshold distance of
50 pixels (=7 cm) from the group centroid position at any
time instant, which we term the core subpopulation. Similarly,
the other subpopulation, referred to as the peripheral, was
selected as all individuals beyond a distance of 100 pixels
( approximatelyl4 cm) from the group center at any given
instance.

We let M.(t) and M ,(¢) denote the milling order parameter
of the core and peripheral populations, respectively. We then
compute the cross-correlation function C(t) between M.(t)
and M, (t), defined as

C(r) = (M (ti) — pe)(Mp(ti + T) — 1ip)) ’

0.0p

(HI)

where 1, and p, are the means, while o. and o, are the
standard deviations of the milling order parameters at the
core and center, respectively. T is the time offset measured
as the number of time frames from the videos. According to
the above equation, if cross-correlation peaks at a negative
7, then M, leads M, and vice versa. Figure 7 displays the
cross-correlation between M, and M, as a function of T
for the three group sizes. In all three cases, the peak of
cross-correlation, also called peak synchrony in the figure,
occurs for a negative 7.

Hence, through our analysis, we find that the individ-
uals at the center lead the individuals at the periphery in

initiating the milling, which suggests that the order arises first
at the center of the group and not from the boundary (Fig. 7).
Consequently, we rule out that boundaries will likely con-
found our results by inducing milling.

Interestingly, however, this analysis raises further ques-
tions about the mechanism of milling in beetles. For N =
200, M. and M, show a strong correlation, and the analysis
suggests that individuals at the center start to rotate earlier,
and the peripheral ones follow them. Since we are unable to
follow a single individual for a long time, especially when
they are near the center, studying this aspect further is outside
the scope of our current study.

2. Spatial model with boundary

We further test for the possible effects of a boundary by
implementing one in the spatial model (Fig. 8). As shown
in panels (a) and (b), we implement a circular reflective
boundary for two of the three group sizes (N = 50 and 200)
studied in the data and the model. In this implementation,
whenever an individual is likely to reach or cross the circular
boundary, i.e., its next position’s radial distance from the
center of the arena is equal to or greater than the radius of
the arena, then we reflect it using its current direction and
the vector from its position to the center of the arena. Thus,
its next direction is given by the negative of the reflection of
its current direction about the radial direction from its current
position:

di(t +1) = di(t) — 2(di(t) - )P, (H2)

where 7 is the normalized position vector of the individual i
from the center of the arena.

In Figs. 8(c) and 8(d), we show the probability distributions
of M for different radii of the arena in the simulations. We hy-
pothesize that if boundaries play a significant role in inducing
milling, then reducing the size of the arena should lead to a
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FIG. 8. Spatial model with circular boundary. (a), (b) Snapshots from the simulations of a spatial model with a circular boundary for the
three group sizes considered in the study (N = 50 and 200). (c), (d) Probability density distributions for the two group sizes. Blue, green, and
red represent an arena with a radius of 50, 75, and 100 units, respectively.

more milling order. We use three radii of size 50, 75, and 100
units to study boundary effects. We keep the other parameters
the same as previously for the periodic boundary situation
(Sec. V). For N = 50, overall, we do not observe any substan-
tial effect of boundary on the dynamics. The group continues
to show disorder for all the different radii [Fig. 8(c)]. Thus,
for N = 50, which has disorder, reducing the boundary radius
does not produce order. For the larger group size, i.e., N =
200, from the PDF distributions, we observe an increase in the

peak height near M = 0 for smaller arenas. On the other hand,
the peaks near the ordered states are slightly lower [Fig. 8(d)]
compared to those in the larger arenas. Hence, we infer that
boundaries may only decrease the order of a system and are
unlikely to induce any.

Taken together, using our two analyses of boundary effects,
we infer that the milling order in whirligig beetles is likely a
fundamental property of intrinsic interactions among individ-
uals, rather than an artifact of the boundary.
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