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Unified wake topology map for He II counterflow past a cylinder
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Thermal counterflow of superfluid “He past a cylinder produces quasisteady eddies not only downstream but
also anomalously upstream. However, the mechanism and organizing principles behind the observed multistable
wake topologies (zero-, two-, four-, and six-vortex states) have remained unclear. We show that the full
spectrum of reported normal-fluid wake states is captured numerically with a two-fluid model coupled to Vinen’s
vortex-line-density equation. Our simulations further reveal that the superfluid component can also develop
anomalous upstream eddies, a feature not previously reported. We trace these behaviors to a self-organized zone
of enhanced mutual-friction dissipation near the cylinder shoulders that reshapes the effective obstacle, drives
upstream eddies in both components, and suppresses intrinsic wake oscillations in the normal fluid. Guided
by this mechanism, we perform systematic parameter scans and construct a unified phase diagram in terms
of the normal-fluid Reynolds number Re, and a dimensionless interaction number N, separating inertia- and
mutual-friction-controlled transitions and delineating the parameter windows for the discrete wake topologies.
These results turn a striking phenomenology into a predictive map and establish mutual-friction feedback as a
robust route to unusual wake structures in quantum fluids.
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I. INTRODUCTION

Flow around a circular cylinder is among the most paradig-
matic problems in fluid mechanics. In classical viscous fluids,
the canonical wake sequence—from steady recirculation to
the formation of the Karman vortex street—has been mapped
out in detail and organized by well-defined control parameters
such as the Reynolds number (Re) [1,2]. Replacing the work-
ing fluid with superfluid *He (He II) below the lambda point
at 2.17 K fundamentally transforms the flow physics. He II is
a quantum fluid described by Landau-Tisza two-fluid model
[3]: An inviscid superfluid component coexists with a viscous
normal component composed of thermal quasiparticles. The
superfluid supports quantized vortex lines with circulation
fixed to k 2~ 9.97 x 10~* cm?/s [4]. As vortices move relative
to the normal fluid, mutual friction between the two fluids
arises from scattering of thermal quasiparticles off the vortex
cores [5-7]. This coupling allows the evolving vortex tangle
to feed back on the two-fluid motion and reshape wake forma-
tion, opening the door to flow states with no classical analog.

A particularly striking manifestation occurs in thermally
driven counterflow. When a heat flux is applied, the normal
fluid carries entropy away from the heater, while the super-
fluid flows oppositely to maintain zero net mass flux [8].
Zhang and Van Sciver discovered that, in such counterflow
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past a cylinder, large-scale quasisteady vortex pairs can appear
not only downstream but also anomalously upstream of the
obstacle [9]. This behavior sharply contrasts with the classical
cylinder wake, where steady eddies reside only downstream.
Subsequent experiments by different groups extended these
observations across a range of conditions, revealing that the
wake is not described by a single configuration but instead
exhibits pronounced multistability: Depending on parameters,
the flow can settle into states with no vortices, or with two,
four, or six large-scale vortices [10—13]. These findings sug-
gest that mutual-friction coupling can reorganize the wake
topology and introduce robust wake states.

Considerable effort has been devoted to explaining the
anomalous upstream eddies. Sergeev and Barenghi introduced
an ideal point-vortex model showing that stationary upstream
vortex configurations can exist for specific circulation val-
ues [14]. While insightful, this inviscid framework omits the
mutual-friction feedback that is central to He II counterflow.
Later, Soulaine et al. achieved the first numerical repro-
duction of the anomalous four-vortex wake using two-fluid
simulations and showed that its onset is governed by a di-
mensionless mutual-friction intensity [15]. Some recent work
examined how heat flux, boundary conditions, and modeling
choices influence the evolution and stability of this four-vortex
state [16,17]. Despite these advances, a central gap remains:
Experiments demonstrate a family of distinct, long-lived
wake topologies and transitions among them, whereas most
numerical studies have focused on a single representative
state. A unified framework is still lacking that (1) captures all
the observed wake topologies and (2) organizes the transitions
into a predictive phase diagram. Meanwhile, the superfluid
wake has remained largely unexplored: Existing reports focus
on normal-fluid streamline patterns, leaving open whether the
superfluid can also develop analogous wake structures.
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FIG. 1. (a) Schematic of the computational domain. (b) Experimentally reconstructed streamline patterns from particle tracks [9,11].
(c) Simulated normal-fluid streamlines at matched 7', ¢, and system sizes. (d) Corresponding superfluid streamlines overlaid on a colormap of

the vortex-line density L(x, y). Parameters are zero-vortex case at T = 1.94 K, g = 50 mW /cm?, blockage ratio B = D/H =
10%:; four-vortex case at T = 2.03 K, g = 1120 mW/cm?, B = 31.75%; and six-vortex case at

caseat T = 1.94 K, g = 170 mW /cm?, B =
T =2.10K, g = 167 mW/cm?, B = 10%.

In this article, we fill this gap using a unified continuum
framework [18-20]. Specifically, we solve the He II two-fluid
equations coupled to Vinen’s vortex-line-density equation, so
that the vortex tangle and the mutual friction it mediates
evolve self-consistently with the flow. Within this descrip-
tion, we reproduce the experimentally observed multistable
normal-fluid wake spectrum and further show that the su-
perfluid component can also develop anomalous upstream
eddies, a feature not previously reported. We trace this cou-
pled behavior to a self-organized, strongly dissipative region
near the cylinder shoulders that, through nonlinear mutual-
friction feedback, reshapes the effective obstacle and drives
the upstream recirculation that sustains the anomalous eddies.
Building on this mechanism, we construct a unified phase di-
agram in terms of selected dimensionless control parameters,
which organizes the discrete wake topologies and separates
inertia- and mutual-friction-controlled transitions, providing a
mechanism-based framework for wake-topology bifurcations
in He II counterflow.

II. NUMERICAL METHOD

As illustrated in Fig. 1(a), the computational domain is a
two-dimensional channel of length L. and width H containing

10%; two-vortex

a circular cylinder of diameter D. We model the He II flow
using the two-fluid hydrodynamics [3,21] in which the normal
and superfluid components with velocities v, and v, (densities
pn and py) are coupled through a volumetric mutual-friction
force F, as [6,22,23]

D,v, Pn
Pn D == —_VP - ,OYV,LL +V. (ﬂnVVn) - Fnsv (1)
1 Y
Dyv; Ps
s = ——VP + vaU« + FnSa (2)
Dt P
0 (ps)+V - ( ) ! F (3)
o . Vi) = Fus - Vas,
ar P’ ps T

where D,/Dt =0/0t+v,-V and Dy/Dt =9/0t + v, -V,
p = pn + ps is the total density, p is the pressure, 7, is the
normal-fluid viscosity, s is the specific entropy, and v, =
v, — Vv, is the relative velocity. The chemical potential gra-
dient is given by Vi = —sVT — é’—;}V|V,,s|2 [3].

At the coarse-grained level, the mutual-friction force is
modeled as F,; ”3”—/'3" B (T)x Lv,;, where By (T) is the
tabulated mutual-friction coefficient [24] and L(r,t) is the
vortex-line density, whose evolution is described by Vinen’s
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equation [5,6]

oL
= V(L) = o[Vl L7 — BL* + ylvisl?, (D)

where «,, By, and y, are temperature-dependent empirical
coefficients, and the vortex drift velocity is taken as vy, >~ v;
[5,6,25,26]. Note that instead of solving Eq. (4), Soulaine
et al. assumed instantaneous local equilibrium value L =
(cty/By)?|Vys|? in their work [15]. This reduction is valid only
when the vortex relaxation dynamics is fast compared with
flow advection [27].

We impose counterflow by prescribing the inlet normal-
fluid velocity using the applied heat flux g as |v,o| =
q/(psT), together with v, o = —(p,/ps)Vn0 to enforce zero
net mass flux. This again differs from Ref. [15], which mod-
eled the heat input as a volumetric source term. On the
cylinder surface and channel walls, we apply no slip for the
normal fluid, v,, = 0, and impermeability for the superfluid,
v, - fi = 0. Although this continuum model does not resolve
individual quantized vortices [28—30], it has been extensively
validated as a reliable description of the coupled two-fluid
dynamics on length scales larger than the mean intervor-
tex spacing [22,23,31-33]. Numerical details (discretization,
boundary conditions, and convergence tests) are provided in
the Supplemental Material [34].

ITI. VALIDATION AND WAKE OBSERVATIONS

To validate the model and demonstrate its predictive capa-
bility, we performed numerical simulations at the same bath
temperature 7, heat flux ¢, and channel blockage ratio B =
D/H as in the experiments of Refs. [9,11]. Figures 1(b) and
1(c) directly compare the experimentally rendered streamline
patterns with the simulated normal-fluid streamline topolo-
gies under these matched conditions. Since the experimental
streamlines were reconstructed from tracer-particle trajecto-
ries in He II, where the particles may also interact with
quantized vortices, they should be regarded as a qualitative
indicator of the large-scale wake structure rather than as a
point-by-point measurement of the coarse-grained normal-
fluid velocity field. With this caveat, the simulations reproduce
the full experimentally observed spectrum of quasisteady
wake states, namely, the zero-, two-, four-, and six-vortex
configurations. At low ¢, the wake is vortex-free and nearly
potential. As g increases, a steady downstream recirculation
forms (the two-vortex state). In this case, the experimental
recirculation zone appears larger than that in the simulation,
likely due to deviations of the particle-based streamline recon-
struction from the true normal-fluid flow field. With further
increase in g, the wake does not develop periodic vortex
shedding as in classical cylinder flows; instead, an additional
upstream vortex pair emerges. For small B, the wake can
further organize into a symmetric six-vortex configuration at
sufficiently large g.

The fact that these discrete, multistable states emerge
in the normal fluid within one continuum framework high-
lights vortex-mediated mutual friction as the key nonlinear
mechanism controlling wake-topology selection. The essen-
tial ingredient is the strong spatial inhomogeneity of the
counterflow around the cylinder. As the incoming flow is

diverted, the counterflow is funneled through the two shoul-
der corridors, producing a locally large relative velocity v,;;
because the vortex-line density rises rapidly with v, toward
its local-equilibrium scaling Leq o [Vas|? [6,35], the vortex
tangle concentrates near the shoulders. This concentration is
directly visible in Fig. 1(d), which plots L(x, y) together with
the superfluid streamlines for the same (7', ¢, B) as the corre-
sponding normal-fluid cases in Fig. 1(c). Since the mutual-
friction force scales as F,; o< Lv,,, the shoulder-localized
tangle creates a compact zone of enhanced dissipation that
acts as a permeability barrier, effectively “thickening” the
obstacle and redirecting the incoming normal flow. Together
with the lateral confinement imposed by the channel walls,
this diverted flow can close into an upstream recirculating
cell and thereby sustains the anomalous upstream vortex pair.
This phenomenon is a close analog of elastic blockage in
viscoelastic wakes, where a localized buildup of nonlinear
stresses upstream of a confined obstacle similarly rejects the
inflow and induces an upstream recirculation zone [35-38].

The mutual-friction dissipation also explains the striking
downstream wake stability. In a classical viscous cylinder
wake, periodic Kdrmdn shedding sets in already at low
Reynolds number, Re >~ 47, when inertia overcomes viscous
diffusion [2]. In sharp contrast, He II counterflow experi-
ments report a stable two-vortex configuration [Fig. 1(c)]
persisting up to Re, = p,v,0D/n, ~ 1554 [11]. This dra-
matic stabilization arises because, as ¢ increases, the mutual
friction F, rapidly overwhelms the normal-fluid viscous term
V - (1,Vv,) across the computational domain (see Supple-
mental Material [34]). The separated shear layers therefore
undergo strong mutual-friction damping, suppressing the
shear-layer instability that drives Kdrmédn vortex shedding
[39].

In Fig. 1(d), we also show the superfluid response under
the same conditions. Although the superfluid is inviscid, it can
sustain eddylike, coarse-grained circulation on length scales
larger than the mean intervortex spacing, where partial vor-
tex polarization and bundling generate a nonzero averaged
vorticity [40]. As g increases, the resulting mutual-friction
barrier increasingly deflects the superfluid streamlines and
promotes an upstream recirculation tendency. However, be-
cause the superfluid does not satisfy a no-slip condition at
solid boundaries, the near-wall superfluid speed remains large
and readily erodes closed recirculating cells; robust upstream
superfluid eddies therefore appear only under strong confine-
ment (large B), where the wall geometry cooperates with
the shoulder barrier to trap a recirculating cell (see the case
with B = 31.75%). In contrast, the superfluid shows no de-
tached downstream wake, consistent with the absence of a
viscous boundary layer on the cylinder and hence the lack
of boundary-layer separation as a downstream wake-forming
mechanism [1].

IV. WAKE TOPOLOGY MAP

To locate transitions among the discrete wake states
and place them on a common footing, we construct a
wake-topology phase diagram by scanning the control-
parameter space (7, g, B). We surveyed the temperature range
T =1.9-2.1 K and performed systematic sweeps in g and
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FIG. 2. Wake-topology phase diagrams in the (g, B) plane at 7 = 2.04, 2.00, and 1.94 K for the normal fluid [panels (a)—(c)] and the
superfluid [panels (d)—(f)]. The shaded backgrounds indicate the different regimes, i.e., viscosity-dominated (gray), inertia-dominated (red),
and mutual-friction-dominated (blue) regions. Symbols denote the observed wake topologies.

B to resolve the wake-state transitions. Figure 2 presents the
resulting normal-fluid and superfluid wake topology maps at
three representative temperatures, 7 = 1.94, 2.00, and 2.04 K.
For each displayed (7, B), we increased g in steps of 20
mW /cm? and refined the increment to 5 mW /cm? near tran-
sition thresholds.

For the normal fluid, at fixed blockage ratio B, increasing
q drives a systematic progression from a viscous-dominated,
nearly potential-flow state (zero-vortex) to an inertia-driven
separated wake characterized by a downstream vortex pair
(two-vortex), and then to a mutual-friction-controlled regime
in which an additional upstream vortex pair nucleates, pro-
ducing the anomalous four-vortex topology. The six-vortex
state, with two upstream vortices accompanied by four qua-
sistable vortices in the wake, appears only in a restricted
corner of the parameter space at the smallest B and sufficiently
large g. Meanwhile, increasing B shifts the onset of both
the two-vortex and four-vortex states to lower heat flux in
every panel, demonstrating that stronger confinement makes
wake separation and upstream-pair nucleation accessible at
smaller imposed g. In contrast, the superfluid exhibits only a
single transition, from the zero-vortex state to the anomalous
upstream two-vortex state, and only at sufficiently large B and
high ¢.

The two sequential transitions of the normal fluid in
Fig. 2 imply two distinct competitions. The first transition,
from the zero-vortex state to the two-vortex wake, is set
by the balance between normal-fluid viscous diffusion and
inertial advection, and is therefore naturally characterized
by the normal-fluid Reynolds number Re, . The second transi-

tion, from the two-vortex wake to the anomalous four-vortex
topology, occurs once mutual friction becomes significant.
To quantify this competition, we compare the characteristic
force-density scales: Fi, ~ p, vf o/D for inertial advection and
E, ~ pg/’;-‘ kBrLovyso for mutual friction. Using the Vinen
local-equilibrium scaling Lo > (ay/By)*v2 , together with
the inlet counterflow velocity v,50 = (p/ps)vn0, the ratio
F,s/Fi, defines a dimensionless interaction number N given
by

pz 2
N = |:_BLK(av/,3v) }Un,oD- 5

3p2

This form mirrors that of Soulaine et al. [15]: All temperature
dependence is absorbed into a single prefactor, leaving the
scaling controlled by the kinematic product v, oD.

Guided by this reasoning, we construct the stratified di-
mensionless phase diagram for the normal fluid in Fig. 3
by replotting all normal-fluid wake-topology points, to-
gether with the experimental data, in two complementary
projections. In the bottom panel, we show the onset of
wake separation into the two-vortex state in the (Re,, B)
plane; the boundary collapses to a nearly constant threshold
Re, . &~ 300, indicating that, within the blockage-ratio range
explored here, this kinematic transition is largely insensitive
to T and shows only weak dependence on B once viscosity
and inertia are properly scaled. In the top panel, we show
the onset of upstream-pair nucleation into the anomalous
four-vortex state in the (N, B) plane; the boundary similarly
collapses near N, ~ 33, indicating that this bifurcation is
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FIG. 3. Stratified dimensionless phase diagram compiling all
wake-topology points from Fig. 2 together with the experimental
data. Bottom: Separation onset from the zero-vortex to two-vortex
state plotted in the (Re,, B) plane. Top: Wake topology plotted as
the interaction number N vs B, showing the two-vortex region below
N, >~ 33, the four-vortex region above N, at larger B, and the six-
vortex region above N, at small B. Open and filled symbols denote
experimental and numerical results, respectively, and symbol opacity
encodes the bath temperature 7' (colorbar).

governed primarily by the balance between inertial advection
and vortex-mediated mutual friction and again shows weak
dependence on B. The six-vortex topology appears only for
N 2 N, and is further restricted to B < 19%, indicating that,
in addition to requiring sufficiently strong vortex feedback,
this higher-order state is geometrically permitted only when
confinement is weak enough to provide adequate downstream
space for four quasistable wake vortices to coexist with the
upstream pair [41,42]. We note that among the seven exper-
imental data points included in Fig. 3, six fall in the phase
regions predicted by the simulations. The only outlying point

is an experimental four-vortex point in the upper panel, close
to the boundary between the two- and six-vortex states. This
apparent mismatch may reflect the limited experimental res-
olution of the two weaker downstream eddies, which could
cause a true six-vortex state to appear experimentally as a
four-vortex pattern.

V. CONCLUSION

Overall, these results turn the He II counterflow cylinder
wake from a long-standing visual curiosity into a quantita-
tive benchmark for how mutual friction reshapes, stabilizes,
and reorganizes macroscopic flow. The key advance is not
merely reproducing multiple steady topologies, but demon-
strating that their bifurcations can be predicted from a small
set of measurable inputs within a continuum framework that
retains the essential nonlinearity of vortex-mediated feedback.
We note, however, an intrinsic limitation of coarse-grained
two-fluid models of this class: Quantized vortices enter only
through a smoothed mutual-friction field, so effects associated
with individual vortex lines are averaged out. In particular,
a moving vortex can generate a macroscopic wake in the
normal fluid [7,43-45], and in dense tangles such wakes may
overlap and drive large-scale disturbances that could, in prin-
ciple, promote normal-fluid turbulence even in the presence
of strong mutual-friction damping [46,47]. These effects lie
beyond the present model’s resolution. Nevertheless, within
its range of validity, the present study isolates the dominant
mutual-friction-controlled mechanism and yields a quantita-
tive wake-topology map, providing a practical baseline for
interpreting measurements and suggesting strategies to tailor
flow stability in He II transport and thermal management
where suppressing or triggering large-scale recirculation is
desirable.
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