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Universal distributions of overlaps from generic dynamics in quantum many-body systems
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We study the distribution of overlaps with the computational basis of a quantum state generated under generic
quantum many-body chaotic dynamics, without conserved quantities, for a finite time t. We argue that, scaling
time logarithmically with the system size t ∝ log L, the overlap distribution converges to a universal form
in the thermodynamic limit, forming a one-parameter family that generalizes the celebrated Porter-Thomas
distribution. The form of the overlap distribution only depends on the spatial dimensionality and, remarkably, on
the boundary conditions. This picture is justified in general by a mapping to Ginibre ensemble of random matrices
and corroborated by the exact solution of a random quantum circuit. Our results derive from an analysis of
arbitrary overlap moments, enabling the reconstruction of the distribution. Our predictions also apply to Floquet
circuits, i.e., in the presence of mild quenched disorder. Finally, numerical simulations of two distinct random
circuits show excellent agreement, thereby demonstrating universality.
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I. INTRODUCTION

Quantum many-body system dynamics, particularly their
scrambling capabilities and implications for quantum chaos
and holography, have been intensively studied [1–6]. The
concept of quantum k-state designs, which mimic the Haar
distribution’s uniformity in a Hilbert space, has emerged as
pivotal [7–10]. These designs are explored through unitary
and nonunitary processes [11–16] and have broad implica-
tions from quantum computing to theories of black holes
[6,17–25]. Understanding how many operations are needed
to achieve a good quantum state design is an open question
in many cases, with important applications from quantum
computation, particularly benchmarking [17,18], to theories
of black holes [6,19–25]. In this regard, Random Unitary
Circuits (RUCs) have served as vital toy models in quan-
tum information and many-body physics, capturing numerous
universal features for strongly coupled quantum dynamics
[26]. Recent explorations involve the use of RUCs to examine
operator growth [3,27–29] and entanglement [2,30,31] amid
chaotic evolution, and spectral statistics [4,32–35].

In this paper, we study how quantum states generated by
generic quantum circuits expand in a computational basis of
reference. For concreteness, consider a system with N quqits
and a quantum state |�〉 = W (t ) |�0〉 with W (t ) a quantum
circuit of depth (or time) t drawn from an ensemble of statis-
tically similar circuits without conserved quantities, acting on
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a factorized reference state |�0〉. We denote states in the com-
putational basis as |a = a1, . . . , aL〉 with ai = 0, 1, . . . , q − 1
and choose for definiteness |�0〉 = |a = 0, . . . , 0〉. Quantum
dynamics as t increases will produce an increasingly de-
localized wave function in Hilbert space. To quantify this
effect, it is natural to analyze the (normalized) overlaps wa =
N | 〈a|�〉 |2, where N = qN is the Hilbert space dimension.
The empirical overlap distribution ρ|�〉(w) = N−1 ∑

a δ(w −
wa ) is the quantity of interest in this work. Other commonly
used measures of this spreading in Hilbert space include the
participation entropy and inverse participation ratio [36–40]
and can be easily reconstructed from ρ|�〉(w). At t = 0, only
one bitstring is populated and ρ|�0〉(w) � δ(w) at large N .
Conversely, by increasing t , most bitstrings are expected to be
populated so that many δ peaks far from zero appear. In the
thermodynamic limit, a continuous distribution can emerge
and in the presence of typicality ρ|�〉(w) converges weakly to
E[ρ|�〉(w)] =: ρ(w; t, N ), where E[· · · ] denotes the ensemble
average at a given depth t . For instance, generically W (t →
∞) provides a sampling of the Haar distribution for which
ρ(w; t, N ) is known to converge to the Porter-Thomas (PT)
distribution, which for N → ∞ takes the form ρPT(w) := e−w

[41]. Studying the crossover from t = 0 to t → ∞ repre-
sents the fundamental question of this paper. An indication is
provided by circuit ensembles approximating Haar unitaries
for polynomials of degree k (a so-called k design). For a k
design, E[wk′

a ] = (k′)! for all k′ = 0, . . . , k and already for a
2-design, w cannot be too small, Prob(w > α) > (1 − α)2/2
for all α ∈ [0, 1] [42], a phenomenon dubbed anticoncentra-
tion. The timescales for building k-designs in this context
have been studied in Ref. [43]: In the limit of large local
dimension, a geometrical interpretation similar to the one pro-
posed for entanglement entropies emerges [31,44], suggesting
that RUCs form approximate unitary k-designs at t ∼ O(Nk).
In this work, we provide a complete characterization of the
distribution ρ(w) at intermediate t in the thermodynamic limit
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FIG. 1. The space-time of our problem parameterized as (x, t )
according to L = xLTh(t ) coming from the definition of x. The vari-
able x defines a family of coordinate space-time curves, as indicated
by the dashed lines. The solid curve represents the curve of x = 1
and separates the regions of x < 1, x > 1, above and below, respec-
tively. The scaling limit is taken at t, L → ∞, implying that our
results for p(w; x) represent its behavior at the upper right part of
the graph. Moreover, p(w; x) has two characteristic limits: In the
region of space-time, where x � 1 (blue colored), it approaches the
PT distribution, whereas in the region of x � 1 (red colored), the
distribution of y = log w approaches a log-normal one.

N → ∞. Formally, we identify a scaling regime governed
by a single parameter x = N/NTh(t ) (Fig. 1), which defines
a family of universal distributions ρ(w; t, N ) → ρ(w; x),
largely independent of microscopic details, but controlled
by spatial dimension (d = 1 or d > 1) and boundary condi-
tions (periodic or open). Here, NTh(t ) denotes a volume scale
within which complete scrambling has occurred. Its growth
is generally exponentially with t . Indeed, in one dimension
(1D), NTh(t ) → LTh(t ), a length scale, analogous to the one
introduced in Refs. [32,33,45,46] for the spectral form factor.
We derive below that LTh(t ) ∼ eS2(t ), with S2(t ) the bipartite
second Renyi entropy, known to grow linearly in time from
low-entangled initial states [2]. In the scaling limit L, t → ∞
with x = L/LTh(t ) fixed, we obtain exact predictions for the
distributions of w. In all cases, we express w as the product
of two independent random variables w = w0gx, where w0

follows PT distribution and gx encodes the finite-time correc-
tions, with gx→0 = 1 so that PT is recovered for w. For open
boundary conditions (obcs), gx → gobc

x follows a log-normal
distribution and we have the explicit expression

pobc(w; x) =
∫

R

du e−u2/2+x

√
2π

exp[−weu
√

x+3x/2]. (1)

For periodic boundary conditions (pbcs), there is no simple
formula, but we relate gpbc

x to the trace of large random matrix,

FIG. 2. (a) A representation of the powers wk =
| 〈a = a1, . . . , aL|W (t )|�0〉 |2k , with k = 2 for time t = 4 and
system size L = 9. The transfer matrix is highlighted in red. The
tensor product, u ⊗ u∗ ⊗ · · · ⊗ u ⊗ u∗, is highlighted in green,
which, upon ensemble averaging, can be represented as a sum
of operators of permutation states. (b) In the Thouless scaling
limit, the overlap E[wk] can be interpreted as the grand canonical
partition function of a dilute gas of domain walls, corresponding
to transpositions connecting two permutations and each carrying a
fugacity L−1

Th . Correspondingly, the size of each domain is ∼LTh(t ).

explicitly

gpbc
x

in law= lim
n→∞

1

n
tr[e

√
xnH+xD], (2)

where H is standard GUE random matrix of size n and
D = diag[(−1/2,−3/2, . . . ,−(2n − 1)/2)]. We derive these
results first by expressing the moments E[wk

a] diagrammat-
ically [Fig. 2(a)] and justifying the mapping of the transfer
matrix in the spatial direction to the Ginibre ensemble of
random matrices. Through averaging in replica space, mo-
ments appear as partition functions of a gas of domain walls,
strongly diluted in the scaling limit, justifying universality.
Second, we perform an exact analysis of the random phase
model (RPM) [32] in the limit of large local Hilbert space
dimension, also confirming Eqs. (1) and (2). Furthermore,
we perform numerical simulations in Fig. 3 for two different
models, substantiating the universality.

The derived theory can be used as a stepping stone to
explore different setups as well. In particular, an interest-
ing extension is the Floquet circuits [4,32], where the same
gates are applied repeatedly over time. In this case, a strong
quenched spatial disorder can induce many-body localization
(MBL), suppressing thermalization and scrambling [47–49],
and consequently the generalized PT distribution does not
emerge (numerically corroborated in Appendix F). At weak
disorder, the system can still be in a thermalizing phase but
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FIG. 3. Comparison of the distribution of y = log w between nu-
merical simulation and the theoretical prediction (black dashed line)
for different values of x and increasing value of the time t , which is
indicated with darker shades of the same color. For each t , the value
of L ∼ LTh(t ) (shown in the insets) is chosen so that E[y] matches
the theoretical prediction. The subfigure panel (a) demonstrates the
results from the pbc, numerical simulation of RPM at q = 2, ε = 1.
For subfigure (b); the obc, numerical simulation for a BWM, where
the local two-site gate is chosen independently from the Haar distri-
bution for q = 2. For more details, see Appendixes A and F.

where weak links significantly influence transport [50] and
entanglement properties [30]. Following the arguments in
Ref. [30], we expect that weak links will only modify the
growth log LTh(t ) ∝ tα , where the exponent α < 1 changes
continuously with the strength of the disorder. That the same
distributions also apply to the Floquet case is also confirmed
by our simulations away from MBL [51] for the brick-wall
model (BWM).

Finally, we mention that projective measurements of all
qubits in the computational basis yield a bitstring sampled
according to Prob(a) = wa/N . This sampling problem is hard
for a classical computer and has therefore been used to exhibit
quantum supremacy [17,18]. Cross-entropy benchmarking
was used to estimate the error, exactly assuming that a perfect
implementation of a deep circuit must provide a distribution
of probabilities Prob(a) in agreement with Porter-Thomas.
Our results provide a benchmark distribution at intermediate
depths.

II. GINIBRE ENSEMBLE AND UNIVERSALITY

To begin, consider a one-dimensional chain with N = L
q-dimensional sites. Although the argument applies in a more
general form, it is useful to keep in mind a brick-wall RUC
W (t ), where each gate ui,i+1(t ′) acting on the sites i, i + 1
at time t ′ is chosen independently. Conventionally, a single
time step �t = 1 contains an even and an odd layer. We
denote with E[· · · ] the average over the realization of the
circuit. Then, the powers of the overlap | 〈a|W (t )|�0〉 |2k can
be represented as in Fig. 2(a), superimposing k copies of the
circuit and its complex conjugate. This representation is useful
for calculating the moments E[wk

a] that are our goal in deduc-
ing the distribution. For each realization of the circuit W (t )
and bitstring a, we define a transfer matrix Gi in the spatial
direction as the collection of all gates (and initial states) that
act in the temporal direction on the ith quqits [red in Fig. 2(a)].
We denote the product of such transfer matrices by

G = G1G2 · · · GL, (3)

where we omit the dependence on a to lighten the notation.
The overlap wa can be expressed in terms of the matrix
elements of G: For pbcs, one has wa = | Tr[G]|2, while for
obcs, wa = |	†Gr|2, where 	 and r are appropriate bound-
ary vectors whose specific forms are not important. Gi are
statistically uncorrelated matrices for different i’s, and are
of size M(t ) × M(t ) with M(t ) = q4t−2 in the geometry of
Fig. 2(a). The relation between M(t ) and t is model-dependent
but the exponential growth is generic. In the following, we
omit time dependence of M unless needed. When both t
and L are large, we end up with a product of many large
matrices, a regime where universality can emerge [45,52–
54]. In a coarse-grained picture, we group 	 of these ma-
trices G̃j := Gj	+1Gj	+1 · · · G(j+1)	, with G = ∏L/	

j=1 G̃j. Under

generic many-body chaotic dynamics, G̃a’s are non-Hermitian
and the natural choice is to assume that, for large enough 	, en-
semble average is equivalent to sample them from the simplest
non-Hermitian random matrices known as the Ginibre ensem-
ble, where all entries of G̃a are independently drawn complex
Gaussian variables with zero average and variance ν2. In
practice, other choices of rotational invariant random matrix
ensemble would give the same conclusions in the scaling
limit, but the Ginibre makes the derivation more straightfor-
ward. To calculate E[wk

a], we are interested in k copies of G
and G∗. From Wick’s theorem, we have the identity [52]

E[G̃a ⊗ G̃∗
a ⊗ · · · ⊗ G̃a ⊗ G̃∗

a] = ν2k
∑
σ∈Sk

|σ 〉〉〈〈σ |, (4)

where, based on the previous assumption, E[· · · ] now de-
notes the average over the emergent Ginibre ensemble and
Sk is the symmetric group with k elements. To compactly
account for Wick’s contractions, we introduce the permuta-
tion states |σ 〉〉 ∈ CM2k

according to 〈〈α1, ᾱ1, . . . , αk, ᾱk|σ 〉〉 =∏k
q=1 δα j ,ᾱσ ( j) and α and ᾱ are indices for rows/columns of G̃a

and G̃∗
a, respectively. Introducing the transfer matrix in the

permutation space as Tσ,σ ′ = ν2k〈〈σ |σ ′〉〉 = (ν2M )kM−d (σ,σ ′ )

with d (σ, σ ′) the transposition distance, we can write E[(G ⊗
G∗)⊗k] = ∑

σ,σ ′[T L/	−1]σ,σ ′ |σ 〉〉〈〈σ ′|, where G∗ is the complex
conjugate of G. For large M � 1, we expand T (σ, σ ′) =
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(ν2M )k (δσ,σ ′ + M−1Aσ,σ ′ + O(M−2)), where Aσ,σ ′ is the ad-
jacency matrix of the transposition graph; i.e., it equals 1 if
σ and σ ′ differ by one transposition, and vanishes otherwise.
Introducing the Thouless length as LTh(t ) ≡ M(t )	(t ), we de-
fine the Thouless scaling limit where both L and t are large but
x ≡ L/LTh(t ) is kept constant [46]. In this limit, we obtain

lim
t,L→∞

x=L/LTh (t )

E
[
wk

a

] =
∑
σ,σ ′

[exA]σ,σ ′δ
(bc)
σ,σ ′ , (5)

where δ
(bc)
σ,σ ′ reduces to Kronecker delta for pbc and to 1 for

obc and we used the normalization E[w] = 1 to fix ν2 = M−1

[51]. The microscopic structure of the underlying circuit can
only enter the scaling limit in setting the length scale LTh(t ),
while the general form of the moments only depends on the
spectrum of the adjacency matrix A, for which, we provide a
proof in Appendixes B and D. Expanding in powers of x, one
sees that Eq. (5) admits a simple interpretation as the grand
canonical partition function of a dilute gas of domain walls,
corresponding to transpositions connecting two permutations
and each carrying a fugacity ∼LTh(t )−1 [Fig. 2(b)]. Since a
domain wall can be placed anywhere along the entire system,
we obtain a factor x = L/LTh(t ) for each of them. Finally,
the composition of permutations and the boundary conditions
impose selection rules on the allowed sequences of transpo-
sitions: e.g., at the nth order, for periodic conditions, only
closed paths of length n in the transposition graph are allowed,
the number of which is given by tr[An]. In this perspective,
the cost associated with an elementary transposition placed at
position ∼ j can be identified with the membrane [55], con-
trolling the purity of e−S2(t ) of the subregion [1, . . . , j]. Thus,
we deduce LTh(t )−1 = E[e−S2(t )] as anticipated, thus justify-
ing the exponential growth of LTh(t ) on general grounds. It is
worth commenting here on the case of Floquet random circuits
in which the local gate u j, j+1(t ′) = u j, j+1 remains identical
across different time steps, equivalent to quenched disorder.
For sufficiently weak disorder, the dynamics still remains
ergodic but it is favorable to arrange domain walls at weak
links. This mechanism is analogous to what was discussed in
Ref. [30] and leads to predicting the same universal moments
(5) but a scaling log LTh ∝ tα with α < 1 and changing con-
tinuously with the strength of the disorder, in agreement with
our numerical findings (Appendix F).

As all nodes are equivalent in the transposition graph, the
constant vector of 1s is the (maximal) eigenvector of A, with
eigenvalue k(k − 1)/2 given by the number of transpositions
in Sk . Thus, Eq. (5) implies

E
[
wk

a

] obc= k!exν(ρ=(k)) = k!exk(k−1)/2. (6)

One easily recognizes ek(k−1)/2 as the moments of a log-
normal distribution recovering Eq. (1) via convolution.
Interestingly, pbcs are more involved as they require the
knowledge of the full spectrum of A. As Aσ,σ ′ = δd (σ,σ ′ ),1 =
f (σσ ′−1), A is an example of a matrix whose matrix elements
only depend on the difference between the elements σ, σ ′ in
Sk . Also, ∀μ ∈ Sk, f (μσμ−1) = f (σ ); i.e., it depends only
on the conjugacy class. We can see this as a generalization of
a circulant Toeplitz matrix and a generalized Fourier transform
can diagonalize any such matrix. One has that its eigenvalues

ν(ρ) are indexed by irreducible representations ρ of Sk with
a degeneracy dim(ρ)2, dim(ρ) being the dimension of ρ as
explained in Appendix D. Explicitly, we have

E
[
wk

a

] pbc= tr[exA] =
∑
ρ�k

dim(ρ)2exν(ρ), (7)

where in the second line we used that irreps of Sk are labeled
by integer partition of k. Since

∑
ρ�k dim(ρ)2 = k!, we re-

cover the PT distribution for x → 0. In Appendix E, we show
that these moments match those obtained from Eq. (2), which
gives an effective procedure to compute the distribution of
w = w0g(pbc)

x .

III. RANDOM PHASE MODEL

To corroborate the universality derived in Eq. (5),
let us consider the RPM [32]. We consider single-site
Haar-random unitaries, u(1)

i (t ′), and two-site gates,
[u(2)

j, j+1(t ′)]a j a j+1,a j a j+1 = exp[iϕ( j)
a j ,a j+1 (t ′)], coupling neigh-

boring sites via a diagonal random phase (a j = 0, 2, . . . , q −
1). Each coefficient ϕ

( j)
a j ,a j+1 (t ′) is an independent Gaussian

random real variable with mean zero and variance ε, which
controls the coupling strength between neighboring spins.
Then, in the brick-wall geometry of Fig. 2(a), we choose gates
on even/odd layers as u j, j+1(t ′) = u(2)

j, j+1(t ′)u(1)
j (t ′)u(1)

j+1(t ′)
or u j, j+1(t ′) = u(1)

j (t ′)u(1)
j+1(t ′)u(2)

j, j+1(t ′), respectively, so
that all commuting two-site gates are applied one after
the other. Constraining the gates u( j)(t ′) and ϕ( j)(t ′) to
be site- or time-independent (or both), this model gives
access to translational invariant and Floquet models, as
explored in Refs. [32,45,46,56,57]. Here, we first consider
the case where all gates are drawn independently in space
and time postponing the discussion of the Floquet case to
the end. Also, we consider the analytically tractable limit
q → ∞ at fixed coupling ε. To compute the moments
of the overlap E[wk

a], we consider k copies of the circuit
and first consider the average over single-site random
unitaries u(1)

j (t ′). Such an average can be once again
expressed in terms of permutation states, using the formula

E[u ⊗ u∗ ⊗ · · · u ⊗ u∗] = ∑
σ,τ∈Sk

Wg(στ−1)|σ 〉〉〈〈τ | q�1∼
q−k

∑
σ∈Sk

|σ 〉〉〈〈σ |, where Wg(σ ) denotes the Weingarten
function [58]. Importantly, in contrast to Eq. (4), permutation
states arise upon ensemble averaging at each group of
unitaries located at each space-time coordinate, and the
contraction between permutation states occurs in the temporal
direction for each spatial site, i.e., the vertical direction
along a fixed site in Fig. 2(a). The decay of the overlap
〈〈σ |σ ′〉〉 = qk−d (σ,σ ′ ) when q → ∞ forces the permutations
to be the same in time for every fixed j. In other words, the
Haar average at large q leads to a sum over k!L possible
permutations σ j at each spatial site j. The choice of
permutations between neighboring sites j, j + 1 leads to
different ϕ( j) random phase deletions. Specifically, the
moments of the overlap can be expressed as

E
[
wk

a

]
RPM =

∑
σ1,...,σL∈Sk

L∏
j=1

[TRPM]σ j ,σ j+1δ
(bc)
σ1,σL

, (8)
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where the transfer matrix TRPM over a single site is obtained
by averaging over all phases between two neighboring sites.
Using that phases at different times are uncorrelated, we ob-
tain [TRPM]σ,σ ′ = E[m(k)

σ,σ ′ ]t , where the coefficient m(k)
σ,σ ′ is the

contribution from the random phase gate in u(2)
j, j+1(t ) at a given

time slice

m(k)
σ,σ ′ = q−2k

∑
{a},{b}

k∏
j=1

e
i[φa j ,b j − φaσ ( j),bσ ′ ( j)

]
, (9)

where the summations run over ai, bi = 0, 1, . . . , q − 1, and
contain repetitions when two or more indices ai and bi have
the same value. However, such coincidences can be ignored
in the limit of large q, where we arrive at

E
[
m(k)

σ,σ ′
]

RPM = e−ε[k−nF (σσ ′−1 )], (10)

where nF(σ ) counts the number of fixed points in permutation
σ . With these expressions, we can now evaluate the moments
in Eq. (8) and the frame potential F (k)

RPM = q−kLE[wk]RPM. In
the limit of large t at fixed L, the sum is dominated by the
situation where all permutations are the same σi = σ indepen-
dently of i and one recovers the PT distribution. Additionally,
setting in this case LTh(t ) = e2εt , we can expand

[TRPM]σ,σ ′ = δσ,σ ′ + Aσ,σ ′/LTh(t ) + O(LTh(t ))−2, (11)

where A is once again the adjacency matrix of the trans-
position graph. Thus, introducing the scaling variable x =
L/LTh(t ), from Eq. (8), we recover Eq. (5). The RPM
provides a useful framework for discussing the anticipated
self-averaging property (as proven in Appendix C), demon-
strating that the bitstring average of a single circuit realization
coincides with the circuit average in the scaling limit [51].

IV. GENERALIZATION AND DISCUSSION

Unitary state design deals with sampling random Haar
states with finite-depth unitary circuits. One expects con-
vengence to Haar increasing the depth t and the dis-
crepancy can be estimated by looking at the overlaps
between different realizations of circuits W (t ),W ′(t ): w̃ =
N | 〈�0|W †(t )W̃ ′(t )|�0〉 |2. As the product W †(t )W ′(t ) de-
fines a circuit of depth 2t , one has that w̃ follows the same
universal distributions (1) with LTh(2t ).

The large q analysis applied to RPM suggests that even
for d > 1, the moment E[wk] is described by mapping to a
model in d dimensions in which local degrees of freedom are
permutations and the ferromagnetic Boltzmann weight J (t )
between sites grows exponentially with t . At large times, there
exist k! perfectly ordered ground states. The excitations on top
of these correspond to isolated defects [46], in which a site
differs by a single transposition from its neighbors. Since a
defect can be placed anywhere in volume N = Ld and its pres-
ence breaks 2d ferromagnetic bonds, the scaling limit in this
case corresponds to x = N/Nth(t ), with Nth(t ) = J (t )2d . There
are

(k
2

)
choices of transpositions for each defect, and summing

over their number, we arrive at E[wk]d>1 = k!
∑∞

n=0(k(k −
1)/2)nxn/n! = k!ek(k−1)x/2. This result coincides with Eq. (6)
and leads again to Eq. (1), although its origin is different in
that at d > 1, the excitations are not domain walls but isolated

defects. Numerical verification of this result is difficult, but
recent quantum computing platforms offer a promising frame-
work to observe our predictions, including higher d > 1.
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APPENDIX A: MODELS

In this work, we focus on the quantum circuits with the
brick-wall geometry as models of quantum many-body sys-
tems. Such models are defined with an evolution operator
given by

W (t ) =
t∏

s=1

W̃ (s), W̃ (s) =
⊗

j∈2Z+s mod 2

u j, j+1(s). (A1)

For spatial-temporal random circuits, the two-site gates
u j, j+1(s) are independent random variables drawn from the
same ensemble for different i and s. For the Floquet model,
u j, j+1 are identical for different s.

We consider two generic many-body quantum chaotic
models below. For the BWM [27], ui,i+1(s) are independent
random matrices drawn according to

uBWM
j, j+1(s) ∈ CUE(q2), (A2)

where CUE(n) is the circular unitary ensemble of unitaries
of size n. For completeness, we repeat the definition of the
random phase model here. For the RPM [32], we consider
single-site Haar-random unitaries, u(1)

i (t ), and two-site gates,
[u(2)

j, j+1(t )]a j a j+1,a j a j+1 = exp[iϕ( j)
a j ,a j+1 (t )], coupling neighbor-

ing sites via a diagonal random phase (aj = 1, 2, . . . , q). Each
coefficient ϕ

( j)
a j ,a j+1 (t ) is an independent Gaussian random real

variable with mean zero and variance ε, which controls the
coupling strength between neighboring spins. Then, in the
brick-wall geometry, ui,i+1(s) are independent random matri-
ces drawn according to

uRPM
j, j+1(s) =

{
u(2)

j, j+1(s) u(1)
j (s) u(1)

j+1(s), j even,

u(1)
j (t )u(1)

j+1(t )u(2)
j, j+1(t ), j odd,

(A3)

so that all commuting two-site gates are applied one after the
other.

APPENDIX B: SPECTRUM OF A

As mentioned in the main text, the diagonalization of A
is based on noting that the matrix elements Aσ,σ ′ = f (σσ ′−1)
for σ, σ ′ ∈ Sk and f : Sk → R is a function dependent only on
the conjugacy class. Any such matrix can be diagonalized by
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a generalized Fourier transform [59], A = U�U †, where

Uσ,(ρ,i j) =
√

dim(ρ)

k!
Rρ (σ−1)i j, (B1)

where ρ labels the irreducible representations of Sk and
Rρ (σ )i j are the components of the matrix representing the
permutations σ on ρ. The matrix U is square and unitary as a
consequence of the known identity

∑
ρ∈Irr(Sk ) dim(ρ)2 = k!.

The eigenvalues ν(ρ) are in one-to-one correspondence of
with the irreps of Sk , with a degeneracy dim(ρ)2 correspond-
ing to all choices of i and j. This clarifies the expansion in
Eq. (7).

Applying Eq. (B1), one can express the eigenvalues ν(ρ) in
terms of characters χρ (λ) := ∑

i[Rρ (σ )]ii for any σ ∈ λ. We
recall that, via Young diagrams, both the irreducible represen-
tations Irr(Sk ) and the conjugacy classes Cl(Sk ) are labeled
by integer partitions of size k. We denote a conjugacy class
μ ∈ Cl(Sk ) = (1a1 2a2 · · · kak ) if any of its representatives is
composed by a j j-cycles. In general, one has the expression

ν(ρ) =
∑

μ∈Cl(Sk )

f (μ)χρ (μ) dim(μ)/χρ (1), (B2)

which cannot be simplified further for general f . In the case
of A, the only conjugacy class that has nonzero f (μ) is by
definition (1k−221), and we recover

ν(ρ) =
(

k

2

)
χρ (1k−221)

χρ (1k )
= 1

2

∑
i

[
ρ2

i − (ρ t
i )2

]
. (B3)

and by ρ t the dual partition obtained exchanging rows
and columns in the corresponding Young diagram, i.e.,
ρ t

i = {i|ρi � i}. For example, a partition of k = 4 could be (2,
1, 1) and its dual (3, 1). Last equality is a consequence of the
Frobenius formula [60].

APPENDIX C: SELF-AVERAGING PROPERTY
WITHIN RPM

For a given realisation of the RPM, consider the kth mo-
ment of the bitstring average N−1 ∑

a wk
a =: m(k)

W (t ), where we
wrote as a subscript the dependence on the circuit. Then, its
sample-to-sample variance

Var
[
m(k)

W (t )

] = E
[(

m(k)
W (t )

)2] − E
[(

m(k)
W (t )

)]2

=
⎡
⎣N−2

∑
a,a′

E
[
wk

aw
k
a′
]⎤⎦ − E

[
wk

a

]2
, (C1)

where the second term can be read squaring Eqs. (6) and (7).
The first term, after circuit average and manipulations similar
to those needed for Eq. (8), can be rewritten as (focusing on
pbc for simplicity)

N−2
∑
a,a′

E
[
wk

aw
k
a′
] = Tr[(TRPMV )L]

= Tr

[(
V + AV

LTh(t )
+ O(LTh(t )−2)

)L
]

(C2)

where the trace is over the space of permutations σ ∈ S2k

and V is a diagonal matrix with Vσ,σ = 1 if σ is a factorized
permutation ∈ Sk × Sk and 1/q otherwise. In the last equality,
we used Eq. (11). In large LTh(t ), we can use perturbation
theory in the degenerate subspace of factorized permutations.
Then, the O(LTh(t )−1) cancels completely in Eq. (C1), so we
are left with Var[m(k)

W (t )] = O(L−1
Th (t )), which vanishes in the

scaling limit.

APPENDIX D: DIAGONALIZATION OF THE
GENERALIZED CIRCULANT TOEPLITZ MATRIX

An n × n matrix M is a Toeplitz matrix [61] if Mi j =
m(i − j) with i, j = 1, 2, . . . , n for some function m. As ex-
plained in the main text, given any function f : G → C, we
can generalize the notion of the Toeplitz matrix to an arbitrary
group G introducing a |G| × |G| matrix (with |G| the order of
the group G):

Fσ,σ ′ = f (σσ ′−1), ∀ σ, σ ′ ∈ G. (D1)

Similarly to the case of standard Toeplitz matrices, the spec-
trum can be investigated using a generalized notion of the
Fourier transform [61]. Given a finite group G, the group’s
representations ρ : G → GL(dρ,C) with dimension dρ , and a
function f : G → C, we define its Fourier transform f̂ (ρ) as
a function over the space of representations of G, which reads

f̂ (ρ) =
∑
σ∈G

f (σ )ρ(σ ). (D2)

The inverse of this relation can be shown to be given by [62]

f (g) = 1

|G|
∑

ρ∈Irr(G)

dim(ρ) Tr[ρ(g−1) f̂ (ρ)], (D3)

where the sum is restricted to the irreducible representation
Irr(G). The nice property of this Fourier transform is that it
converts convolutions into product. In other words, for two
functions h, g : G → C, one gets

h(σ ) =
∑
σ ′∈G

f (σσ ′−1)g(σ ′) ⇒ ĥ(ρ) = f̂ (ρ)ĝ(ρ).

(D4)
Now let’s consider an eigenvector of the matrix F in Eq. (D1).
Labeling its components as c(σ ) for any σ ∈ G, it must satisfy∑

σ ′∈G
f (σσ ′−1)c(σ ′) = λc(σ ). (D5)

Taking the Fourier transform of both sides, this implies

f̂ (ρ)ĉ(ρ) = λĉ(ρ), ∀ρ ∈ Irr(G). (D6)

Note that each side of this equation is matrices of size
dim(ρ) × dim(ρ). To solve this equation, let us write the
spectral decomposition of the matrix f̂ (ρ) in braket notation:

f̂ (ρ) =
dim(ρ)∑

j=1

λ j (ρ) | j〉 〈 j| . (D7)

Then, we see that for any ρ̃ ∈ Irr(G) and any pair i, j ∈
{1, . . . , dim(ρ)}, the following choice of ĉ(ρ) provides a so-
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lution of Eq. (D6):

ĉ(ρ) ≡ ĉ(i, j,ρ̃ )(ρ) =
{

0, ρ �= ρ̃,

|i〉 〈 j| , ρ = ρ̃,
(D8)

where |i〉 and 〈 j| refer, respectively, to the right and
left eigenvectors of f̂ (ρ). Once plugged in Eq. (D6),
it leads to

f̂ (ρ)ĉ(i, j,ρ̃ )(ρ) = λi(ρ̃)ĉ(i, j,ρ̃ )(ρ). (D9)

This shows that the spectrum of the matrix F is given by
λi(ρ) for ρ ∈ Irr(G) and i = 1, . . . , dim(ρ) with a degeneracy
dim(ρ), labeled by the index j. This provides a full spectral
decomposition, since one has the known equality∑

ρ∈Irr(G)

dim(ρ)2 = |G|. (D10)

Now let us consider the case where the function f is a class
function; i.e., it is invariant under the group conjugation

f (ωσω−1) = f (σ ), (D11)

for every ω, σ ∈ G. In this case, one can see that

[ f̂ (ρ), ρ(σ )] = 0, ∀ σ ∈ G. (D12)

Indeed, by definition we have

f̂ (ρ)ρ(σ ) =
∑
σ ′∈G

f (σ ′)ρ(σ ′)ρ(σ )

=
∑
σ ′∈G

f (σ ′)ρ(σ ′σ )
∑
σ ′′∈G

f (σ ′′σ−1)ρ(σ ′′)

=
∑
σ ′′∈G

f (σ−1σ ′′)ρ(σ ′′) =
∑
σ ′′′∈G

f (σ ′′′)ρ(σσ ′′′)

= ρ(σ )
∑

σ ′′′∈G
f (σ ′′′)ρ(σ ′′′) = ρ(σ ) f̂ (ρ). (D13)

Because of Schur’s lemma, if ρ ∈ Irr(G), f̂ (ρ) must be a
multiple of the identity

f̂ (ρ) = λ(ρ) 1, (D14)

and therefore in the spectral decomposition equation (D7),
λ j (ρ) = λ(ρ) for all j’s. For generalized Toeplitz matrices
obtained by class functions, the eigenvalues are labeled by the
irreducible representations ρ and each has a degeneracy given
by dim(ρ)2. We can finally obtain an equation for λ(ρ) by
taking the trace of both sides in Eq. (D2) and using Eq. (D14):

Tr[ f̂ (ρ)] = dim(ρ)λ(ρ) =
∑
σ∈G

f (σ )χρ (σ ), (D15)

where χρ (σ ) = Tr[ρ(σ )] is the character of the representation
ρ. Since both the function f and the character are class func-
tions, we can rewrite the sum as a sum over conjugacy classes
Cl(G):

λ(ρ) =
∑
σ∈G

f (σ )χρ (σ )

χρ (1)
=

∑
μ∈Cl(G)

f (μ)χρ (μ) dim(μ)

χρ (1)
,

(D16)
where we used that χρ (1) = dim(ρ), since the representation
of the neutral element is the dim(ρ) dimensional identity and
we denote as dim(μ) the size of the conjugacy class μ. As

a consistency check, we can look at the trivial case, where
f (μ) = 1, irrespective of μ. In this case, from Eq. (D16), we
have

λ(ρ) =
∑
σ∈G

χρ (σ )

χρ (1)
= δρ,1|G|, (D17)

where we indicate as ρ = 1 the trivial one-dimensional rep-
resentation, where all elements are sent to 1. Equation (D17)
from the orthogonality of the characters

1

|G|
∑
σ∈G

χρ (σ )χρ ′ (σ ) = δρ,ρ ′ , (D18)

choosing ρ ′ = 1. Equation (D17) is consistent with the fact
that for f = 1, the matrix F reduces to a matrix made of 1s,
which thus has only one nonvanishing eigenvalue and which
equals the size of the matrix itself, i.e., |G|.

APPENDIX E: DERIVATION OF EQ. (2)

We start using the standard results of [63,64] about the
spectrum of a random matrix with an external deterministic
source. Consider a matrix M distributed according to

Prob(M ) = exp[−n Tr[V (M ) − AM]], (E1)

where V is the potential and A is a deterministic matrix that
we can assume to be diagonal without loss of generality
A = diag(a1, . . . , an). Then, the eigenvalues {w1, . . . ,wn} of
M follow the joint probability distribution

Prob(w1, . . . ,wn)

= 1

Zn
det

(
wk−1

α

)n

α,k=1 det
(
enakwα

)n

α,k=1

n∏
α=1

e−nV (wα ),

(E2)

where the constant Zn enforces normalizations. For Eq. (2),
one sets

M = √
xnH + xD, (E3)

where H and D are as defined in the main text, which is
equivalent to choosing in Eq. (E2)

V (M ) = M2/2xn, A = D/n, (E4)

leading to

Prob(w1, . . . ,wn) = (1/Zn) det
(
wk−1

α

)n

α,k=1

× det
(
e−(k−1/2)wα

)n

α,k=1e− ∑n
α=1 w2

α/2x.

(E5)

We are interested in computing the moments of Tr[eM], i.e.,

�k (x) :=
〈(∑

α

ewα

)k〉

=
∫

dw1 · · · dwn Prob(w1, . . . ,wn)

(∑
α

ewα

)k

.

(E6)

The calculation will be analogous to Ref. [65], but we report
it here with the appropriate notation and normalizations for
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convenience. As a proxy for the calculation of �k (x), we
first introduce Schur’s polynomials. To an integer partition
ρ = (ρ1, . . . , ρn) of the integer k = ∑n

j=1 ρ j , with ρ1 � ρ2 �
· · · � ρn � 0, one associates the corresponding Schur polyno-
mial in n variables y1, . . . , yn via [66]

sρ (y) :=
det

(
y
ρ j+n− j
α

)n

j,α=1

det
(
yk−1
α

)n

k,α=1

=
det

(
y

hj
α

)n

j,α=1

det
(
yk−1
α

)n

k,α=1

, (E7)

where we denote h j ≡ ρ j + n − j. Schur polynomials are
symmetric and homogeneous of degree k. Setting yα = ewα

and using the Vandermonde determinant formula

det
(
yk−1
α

)n

α,k=1 =
∏
α<β

(yβ − yα ), (E8)

we can deduce

(−1)n(n−1)/2e(n−1/2)
∑

α wα det
(
e−(k−1/2)wα

)n

α,k=1

= det
(
e(k−1)wα

)n

α,k=1, (E9)

which allows us to express the average as

〈sρ (y = ew )〉 = (−1)n(n−1)/2

Zn

∫
dw1 · · · dwn det

(
wk−1

α

)n

α,k=1

× det
(
ewα (h j−n+1/2))n

j,α=1e− ∑n
α=1 w2

α/2x.

(E10)

We can use Andreief identity [67] to express it in terms of a
single determinant

〈sρ (y)〉 = (−1)n(n−1)/2(2πx)n/2n!

Zn
det(Ik,ρ j− j+1/2)n

k, j=1,

(E11)
where we defined

Ik,	 =
∫ ∞

−∞

dw√
2πx

wk−1e	w−w2/2x = ∂k−1
μ

[
exμ2/2]∣∣

μ=	

=
(

−i

√
x

2

)k−1

e	2x/2Hk−1(i	
√

x/2), (E12)

and in the last equality we used the Hermite polynomials
Hp(z) = (−1)pez2

∂
p
z [e−z2

]. Note that in these conventions, the
leading coefficient is Hp(z) = 2pzp + O(zp−1). Thus, by using
the properties of determinants, we can combine the rows to
extract only the leading coefficient out of each Hermite poly-
nomials, obtaining

det[Ik,ρ j− j+1/2]n
k, j=1 = xn(n−1)/2 exp

[
x

2

∑
j

(ρ j − j + 1/2)2

]

× det[(ρ j − j + 1/2)k−1]. (E13)

This last determinant is once again a Vandermonde one, which
can be expressed via Eq. (E8). We can now plug this back in
Eq. (E11) and fix the normalization Zn using that for the trivial
partition of 0, ρ1 = ρ2 = · · · = ρn = 0, so that sρ=0(y) = 1
identically. We finally obtain

〈sρ (y)〉 = exp

[
x

2

∑
j

(ρ j − j + 1/2)2 − ( j + 1/2)2

]
sρ (1),

(E14)
where we recognized the equality

∏
1� j< j′�n

ρ j − ρ j′ − j + j′

j′ − j
= sρ (y1 = 1, . . . , yn = 1),

(E15)
which expresses the number of semistandard Young diagram
of shape ρ and n entries [66]. Equation (E14) is consistent
with the fact that for x = 0, the distribution (E5) reduces
to Prob(w1, . . . ,wn) = ∏

α δ(wα ) as the matrix M vanishes
identically. Then, using the identity [66]

∑
j

( j − 1)ρ j = 1

2

∑
i

ρ t
j

(
ρ t

j − 1
)
, (E16)

with ρ t the dual partition of ρ, we obtain that

(1/2)
∑

j

(ρ j − j + 1/2)2 − ( j + 1/2)2 = ν(ρ), (E17)

FIG. 4. Convergence of the numerical distributions (colored lines) to the theoretical ones (black dashed line). (a) The obc numerical
simulations of the RPM. For x = 0, we provide data for (t, L) ∈ {(10, 6), (15, 6), (20, 6)}; for x = 1, (t, L) ∈ {(3, 8), (5, 10), (10, 19)}; and
for x = 1.5, (t, L) ∈ {(3, 10), (5, 13), (7, 18)}. (b) Pbc numerical simulations for the BWM at q = 2 and up to Lmax = 20, tmax = 20. We
provide data for x = 0 at (t, L) ∈ {(3, 15), (5, 15)}; and for x = 0.5 at (t, L) ∈ {(1, 5), (2, 10)}; for x = 1 at (t, L) ∈ {(1, 7), (2, 16)}.
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FIG. 5. Convergence of both the RPM (blue curves) and BWM (colored triangles) models to the same scaling limit (black dashed curve)
for x = 1. (a) The obc numerical simulations of RPM at (t, L) ∈ {(3, 8), (5, 10), (10, 19)} and of BWM at (t, L) ∈ {(1, 8), (3, 40), (4, 88)}.
(b) The pbc numerical simulations of RPM at (t, L) ∈ {(3, 6), (5, 9), (10, 17)} and of BWM at (t, L) ∈ {(1, 7), (2, 16)}.

as defined in Eq. (B3). Now, we can relate the average of
Schur polynomials to Mk (x) using (Eq. (3.10) in Ref. [68])

(∑
α

yα

)k

=
∑
ρ�k

dim(ρ)sρ (y) ⇒

Mk (x) =
∑
ρ�k

dim(ρ)exν(ρ)sρ (1). (E18)

Finally, we consider the limit of large n. We have the standard
identity (see Example 5, page 46 in Ref. [66])

lim
n→∞

sρ (1)

nk
= dim(ρ)

k!
, (E19)

which leads to the final result employed in the main text:

E(gk ) = lim
n→∞

Mk (x)

nk
= 1

k!

∑
ρ�k

dim(ρ)2exν(ρ). (E20)

APPENDIX F: NUMERICAL SIMULATIONS

In the main text, we have demonstrated the convergence
of the RPM and BWM in the pbc and obc cases. In this
section, we further validate our findings by showcasing their
consistency with the theoretical prediction in the complemen-
tary boundary conditions as demonstrated in Fig. 4. Figure 5
serves to explicitly confirm the universality of the Thouless
scaling limit as predicted by our theoretical framework. The
numerical results in this paper were obtained in the following
way:

(i) RPM: The simulation was carried out in the time
direction for systems up to maximum size Lmax = 20 and
up to maximum time tmax = 20 with an effective coupling
strength ε = 1 and q = 2. We computed the states of |�(t )〉 =
W (t ) |�0〉, which in turn were used to generate the ensemble
of w = N | 〈�|� ′〉 |2 for a sample size of Nsample = 1.5 × 106.

(ii) BWM: Similarly, we obtained the ensemble w using
the same methodology as for the RPM with q = 2, Lmax =
20, tmax = 20, but by employing the unitary circular ensem-

FIG. 6. (a) The convergence in n for the pbc theoretical prediction on P(y) given by Eq. (2). The lines of the same color correspond to
n = {10, 25, 50, 100, 150} from lighter to darker shade, with the black dashed line corresponding to n = 300. (b) Comparison of the theoretical
distributions for obc (solid curves) and pbc (dashed curves) at x = 1, 1.5.
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FIG. 7. The numerical distributions for the Floquet circuit of BWM (left) with obc, q = 2, and of RPM (right) with obc, q = 2, ε = 1. In
the former circuit, we observe agreement with the theory again and a fast-growing LTh(t ), whereas in the later one, that is not the case since
the single-site random local unitaries induce a spatial disorder in the system, which is known to lead to a nonchaotic phase. The axes are the
same as in Fig. 3.

ble (CUE) for the local gate u j, j+1(t ). The BWM poses a
greater numerical challenge due to the rapid growth of LTh(t )
over time, as observed in Figs. 3 and 4. To address this,
we employed the spatial transfer matrix method for simu-
lating 〈�|� ′〉 with Lmax = 120 and tmax = 5. This method
was specifically applied for the obc case, as the pbc scenario
necessitates even more demanding computations, where we
reached up to tmax = 2.

The theoretical distributions of the random variable y =
log w were found using Eqs.(1) and (2) for obc and pbc,
respectively. This analysis was carried out for Nsample = 106

at x = 0, 0.5, 1, 1.5. Figure 6(a) illustrates that in the obc
scenario, the distribution exhibits robust n−convergence at
n = 300, which was utilized for numerical comparison. In
Fig. 6(b), we demonstrate the difference between the distribu-
tions for different boundary conditions. The Thouless length
LTh(t ) in our simulations was derived as LTh(t ) = Lint(t )/x.
Here, Lint(t ) denotes the system size at which the numerical
estimation of the average of E[y]sim(L = Lint(t ), t ) matches
the theoretical prediction E[y]RPM/BWM for a specific time t
and value of x. The fact that the LTh(t ) length estimates ob-
tained by this procedure give close values for different x gives
us strong confidence in the validity of the approach.

Here, we also specify the parameters used in obtaining
Fig. 3. Specifically, in Fig. 3(a), we present the pdf obtained
from the pbc, a numerical simulation of the RPM at q =
2, ε = 1: for x = 0 and for which we demonstrate plots cor-
responding to the pairs (t, L) ∈ {(7, 8), (11, 8), (15, 8)}; for
x = 1, (t, L) ∈ {(3, 6), (5, 9), (10, 17)}; for x = 1.5, (t, L) ∈
{(3, 8), (5, 11), (8, 18)}. The theoretical distribution of y was
generated for w = w0 g using Eq. (2) and for a sample size

Nsample = 106 at n = 300. In addition, in Fig. 3(b), we show-
case the pdf obtained from the obc numerical simulation for
a BWM, where the local two-site gate is chosen indepen-
dently of the Haar distribution at q = 2. The plots included
correspond to data for x = 0, (t, L) ∈ {(1, 6), (3, 6), (4, 6)};
for x = 1, (t, L) ∈ {(1, 8), (3, 40), (4, 88)}; and for x = 1.5,
(t, L) ∈ {(1, 11), (2, 26), (3, 57)}. The theoretical distribution
P(y) was created using Eq. (1). All numerical distributions
were obtained from a sample size Nsample = 1.5 × 106.

In the main text, we demonstrated the universality of the
generalized PT distributions through simulations of two quan-
tum many-body circuits. To provide further demonstration
of the agreement, in Fig. 7, we simulate the Floquet BWM
with obc at q = 2, where the local gate uj, j+1(s) = u j, j+1

is independent of time step s. The specific parameters of
the BWM are x = 0 at (t, L) ∈ {(1, 6), (3, 6), (5, 6)}; and
for x = 1 at (t, L) ∈ {(1, 8), (3, 19), (4, 80)}; for x = 1.5 at
(t, L) ∈ {(1, 11), (3, 55), (4, 116)}. To highlight the nontrivial
nature of this agreement with theoretical predictions, in Fig. 7,
we provide simulations of a Floquet quantum many-body
MBL model, the RPM at q = 2, which fails to exhibit the
generalized PT distribution. This observation aligns with prior
works [32,69], which suggests that the q = 2 Floquet RPM
displays characteristics of a finite-size MBL phase, except at
large effective coupling ε. In this phase, we do not expect the
Thouless length to grow unbounded and exponentially fast
with time t (see right inset of Fig. 7), thus invalidating the
coarse-grained picture G̃a of the transfer matrix in the spatial
direction. The specific parameters of the RPM are q = 2,
ε = 1, for x = 0 at (t, L) ∈ {(5, 8), (10, 8), (20, 8)} and for
x = 1.5 at (t, L) ∈ {(11, 11), (13, 14), (15, 17)}.
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