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A two-dimensional (2D) spin-up ideal Fermi gas interacting attractively with a spin-down impurity in the
continuum undergoes, at zero temperature, a first-order phase transition from a polaron to a dimeron state. Here,
we study a similar system on a square lattice, by considering the attractive 2D Fermi-Hubbard model with a single
spin-down and a finite filling fraction of spin-up fermions. We study polaron and dimeron quasiparticle properties
via variational ansatz up to one particle-hole excitation. Moreover, we develop a determinant diagrammatic
Monte Carlo algorithm for this problem based on expansion in bare on-site coupling U . This algorithm turns
out to be sign-problem-free at any filling of spin-up fermions, allowing one to sample very high diagram order
(larger than 200 in our study) and to do simulations for large U/t (we go up to U/t = −20 with t the hopping
strength). Both methods give qualitatively consistent results. With variational ansatz we go to even larger on-site
attraction. At very low spin-up filling fraction, we observe the polaron-to-dimeron transition, in agreement with
the continuum case. Upon increasing the filling fraction, however, the transition shifts to higher values of |U |/t
and the transition disappears beyond a filling fraction of about 20%. In this region, the polaron state always gives
a lower energy and has a finite quasiparticle residue. Our findings are directly relevant to cold atom experiments
with 2D optical lattices: A small and finite density of spin-down impurities in the ground state will form a
superfluid at strong coupling at low spin-up filling fraction. Above some critical spin-up filling fraction, the
system is expected to remain a normal Fermi liquid, even in the strong-coupling limit.

DOI: 10.1103/kjcv-919d

Introduction. A single mobile impurity coupled to a bath
of particles is a paradigmatic many-body problem that arises
in a large variety of different physical systems, ranging from
proton impurities in neutron stars [1] to excitons in doped
semiconductors [2]. Typically, the impurity is dressed by
excitations of the bath, giving rise to a quasiparticle called
polaron [3,4]. Such quasiparticles were first proposed by Lan-
dau who studied the properties of an electron moving in a
crystal lattice, where the coupling of the electron to phonons
renormalizes the characteristic properties of the bare electron,
such as its energy and mass. In the last decades, the creation
and unprecedented control of ultracold atomic mixtures has
initiated a very active research activity on polaron physics
[5–8]. A key feature is the tunability of the two-body interac-
tion between the impurity and the bath particles via Feshbach
resonances. Both baths consisting of fermionic [9–23] and
bosonic [24–27] atoms have been realized, corresponding,
respectively, to the so-called Fermi and Bose polarons.

It has been shown by diagrammatic Monte Carlo that the
system consisting of a spin-down impurity interacting attrac-
tively in the zero-range limit with an ideal spin-up Fermi
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gas in the continuum undergoes a first-order phase transi-
tion in the ground state from polaron (impurity dressed with
particle-hole excitations of the sea) to dimeron (bound pair of
fermions of opposite spin dressed with particle-hole excita-
tions of the sea) upon increasing the interaction strength, both
in three (3D) [28–30] and two (2D) [31] spatial dimensions.
In one spatial dimension, Bethe ansatz shows that no sharp
transition occurs [32]. Remarkably, the ground state of the
system can be accurately approximated by a simple ansatz
involving the impurity and a small number of particle-hole
excitations [33,34]. Such ansätze have been used extensively
to study the properties of the Fermi polaron in 2D [35–38] and
3D [38–45].

On the lattice, a mobile impurity moving within a 2D
Bose-Hubbard bath at zero temperature was recently stud-
ied, revealing a well-defined polaron throughout almost the
entire phase diagram of the bath [46,47]. For fermions, the
Fermi polaron problem was considered within the Fermi-
Hubbard model in an early study by Sorella [48], where the
quasiparticle residue was computed (for U/t = −4,−∞) us-
ing quantum Monte Carlo, second-order perturbation theory
and/or a variational wave function introduced in Ref. [49].
Sorella concluded that the polaron residue “looks always fi-
nite,” except for a half filled band. Studying impurities in the
Hubbard model with different configurations for the back-
ground is an active field of research [50–52]. For U > 0,
magnetic polarons [53–56] have been observed in the doped
Hubbard model [57]. Experimentally, ultracold atoms in op-
tical lattices provide a platform to realize Hubbard models
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[58,59]. In particular, quantum gas microscopes allow the
observation and control of quantum matter at the level of
individual atoms [60–67], thus providing an ideal observation
tool of lattice systems.

In this Letter, we focus on the Fermi-polaron problem on
the lattice, by considering the 2D attractive Hubbard model
with strong spin-population imbalance, i.e., a single spin-↓
and a finite number N↑ of spin-↑ fermions. We calculate
the polaron and dimeron properties by variational ansatz and
diagrammatic Monte Carlo. Our work extends the study of
the Fermi polaron to include an (optical) lattice, revealing a
fundamental difference from the well-studied continuum case:
The polaron-dimeron transition disappears above a critical
filling fraction. This behavior could be observed in experi-
ments on ultracold fermionic atoms in a 2D optical lattice.

Model. We consider the attractive Hubbard model for a 2D
square lattice with N sites (N = L × L, where L is the number
of sites per dimension) filled with N↑ spin-up fermions and a
single spin-down impurity. The Hamiltonian reads

Ĥ = −t
∑

σ

∑
〈r,r′〉

(ĉ†
r,σ ĉr′,σ + H.c.) + U

∑
r

n̂r,↑n̂r,↓, (1)

where σ =↑,↓, ĉ†
r,σ creates a spin-σ fermion on site r, and

n̂r,σ = ĉ†
r,σ ĉr,σ is the on-site number operator. The first term

describes hopping of fermions between nearest-neighbor sites
with amplitude t , while the second term describes on-site at-
traction with amplitude U < 0. Note that the repulsive model
is mapped onto the attractive one after particle-hole transfor-
mation of one spin component. We assume periodic boundary
conditions and we set the lattice spacing to 1.

Methods. To determine the properties of the lattice Fermi
polaron, we first consider a variational ansatz similar to the
one for the continuum problem [33,38,45],

|P(QP )〉 = α0ĉ†
QP,↓ |FSN↑〉

+
∑
k,q

′αk,q ĉ†
QP+q−k,↓ ĉ†

k,↑ĉq,↑ |FSN↑〉 , (2)

where ĉ†
k,σ (ĉk,σ ) creates (annihilates) a fermion with quasi-

momentum k and |FSN↑〉 is the Fermi sea of N↑ spin-up
particles, i.e., the ground state of the noninteracting bath.
The particle number N↑ is always chosen such that |FSN↑〉
is a nondegenerate, translationally invariant closed-shell state.
In that case, QP is the total quasimomentum of the polaron
state. The prime in Eq. (2) indicates that sums on k and q
are restricted to quasimomenta above and below the Fermi
level, respectively. In addition to ansatz (2) we also consider
an ansatz for the dimeron state [35,37–40,45,68]:

|M(QM )〉 =
∑

k

′ξkĉ†
QM−k,↓ĉ†

k,↑
∣∣FS(QFS )

N↑−1

〉

+ 1

2

∑
k,k′,q

′ξk,k′,q ĉ†
QM+q−k−k′,↓ ĉ†

k,↑ĉ†
k′,↑ĉq,↑

× ∣∣FS(QFS )
N↑−1

〉
, (3)

where the Fermi sea has N↑ − 1 particles such that both an-
sätze (2) and (3) consider the same total number of fermions.
Since all the levels of the noninteracting spectrum have a
degeneracy of 4 or 8 (apart from k = 0), the Fermi sea with

N↑ − 1 particles is degenerate and, as a result, there are mul-
tiple equivalent ansätze. We fix the total quasimomentum of
the Fermi sea to QFS, and write |FS(QFS )

N↑−1〉 = ĉ−QFS,↑|FSN↑〉.
The total quasimomentum of the dimeron state is QFS + QM .
Again, the prime implies summing k and k′ (q) above (below)
the Fermi level. A priori, we wish to compute the energy
of quasiparticles with zero center-of-mass momentum, i.e.,
QP = 0 for the polaron and QM = 0 for the dimeron. How-
ever, keeping the possibility of setting QP and QM to the Fermi
wave vector will enable a unified variational ansatz [38,45].

By minimizing the energy for both ansätze, as was done in
the continuum in Refs. [33,35,38,39], one obtains the follow-
ing equations for the polaron:

(
E − E (0)

QP

)
α0 = U

N

∑
k,q

′αk,q, (4)

(
E − E (1)

QP,k,q

)
αk,q = U

N
α0 + U

N

∑
k′

′αk′,q − U

N

∑
q′

′αk,q′ ,

(5)

where E (0)
QP

= EN↑
FS + εQP + U N↑

N and E (1)
QP,k,q = EN↑

FS + εk −
εq + εQP+q−k + U N↑

N , with EN↑
FS the energy of the Fermi sea

with N↑ spin-up fermions and εk = −2t (cos(kx ) + cos(ky)),
and for the molecule,

(
E − E (2)

QM ,k

)
ξk = U

N

∑
k′

′ξk′ + U

N

∑
k′′q

′ξk,k′′,q, (6)

(
E − E (3)

QM ,k,k′,q

)
ξk,k′,q = U

N
(ξk − ξk′ ) + U

N

∑
k′′

′ξk,k′′,q

+ U

N

∑
k′′

′ξk′′,k′,q − U

N

∑
q′′

′ξk,k′,q′′ ,

(7)

where E (2)
QM ,k = EN↑−1

FS + εk + εQM−k + U N↑−1
N and E (3)

QM ,k,k′,q

= EN↑−1
FS + εk + εk′ − εq + εQM+q−k−k′ + U N↑−1

N . Note that,
in contrast to the continuum case, there is a finite bandwidth.
Moreover, some of the terms in Eqs. (4)–(7) vanish in the
continuum limit.

Terms in Eqs. (4) and (5) can be rearranged to transform
the system of equations into a single homogeneous Fredholm
equation of the second kind [39]. The ground-state energy is
computed by finding the value of E for which the determinant
of the kernel vanishes. The same method is applied to the
system of Eqs. (6) and (7) but at a higher computational cost.
Alternatively, the above equations can be solved using the it-
erative method. We have checked that this produces consistent
results.

In addition to the variational calculations, we also per-
formed diagrammatic Monte Carlo simulations for the lattice
polaron problem, in order to determine the effect of higher
number of particle-hole excitations. To study the ground-state
properties, we consider the single-particle propagator:

G↓(k, τ ) = −θ (τ ) 〈FSN↑ | ĉk,↓(τ )ĉ†
k,↓(0) |FSN↑〉 , (8)

where operators are written in the imaginary-time Heisenberg
picture, ĉk,↓(τ ) = eK̂τ ĉk,↓e−K̂τ with K̂ = Ĥ − ∑

σ μσ N̂σ , and
with μσ the chemical potentials for both spin components.
We developed and implemented a polaron determinant (PDet)
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algorithm [69] for evaluating the diagrammatic expansion in
terms of bare U for the propagator G↓.

The algorithm works in position-imaginary time represen-
tation, where the sum of all diagram topologies for a given set
of space-time coordinates of the interaction vertices is given
by a single determinant [70–72]. For the polaron problem, all
diagrams generated in this way are automatically connected
[69]. The expansion of the polaron propagator in powers of U
is written as

G↓(X ) = G0
↓(X ) +

∞∑
n=1

∫
X1

· · ·
∫

Xn

U nG0
↓(X1)

× G0
↓(X2 − X1) · · · G0

↓(X − Xn) det(M(n) ), (9)

with M(n) an n × n matrix with elements M(n)
i, j = G0

↑(Xi −
Xj ), with i, j = 1, . . . , n, where n is the order of the diagrams
We have used the notation X = (r, τ ) and

∫
X := ∑

r

∫ +∞
0 dτ .

G0
σ are the noninteracting spin-σ single-particle propagators.

The different terms in Eq. (9) are evaluated stochastically by
the Metropolis algorithm [73].

Extracting the quasiparticle energy from G↓ calculated
by Monte Carlo typically requires fitting the propagator at
large enough τ [28–30]. We propose here a direct method to
estimate the energy, without fitting and without calculating
the self-energy. We follow a standard approach for quantum
Monte Carlo calculations: Given a trial state |ψT 〉 for the
system, the operator e−K̂τ acts as a projector onto the ground
state:

〈ψT | e−K̂τ/2Ĥe−K̂τ/2 |ψT 〉
〈ψT | e−K̂τ |ψT 〉

τ→+∞= E . (10)

This will yield the true ground-state energy as long as
〈ψT |	N↑

0 〉 	= 0, with |	N↑
0 〉 the ground state of the interacting

system. If we choose the trial state to be |ψT 〉 = ĉ†
k,↓|FSN↑〉,

which is an eigenstate of the noninteracting Hamiltonian, then
the energy estimator in the left-hand side of Eq. (10) gives the
energy

EN↑ (k, τ ) ≡ EN↑
FS + εk,↓ + 〈FSN↑ | ĉk,↓V̂ e−K̂τ ĉ†

k,↓ |FSN↑〉
〈FSN↑ | ĉk,↓e−K̂τ ĉ†

k,↓ |FSN↑〉
,

(11)

with V̂ the on-site Hubbard interaction term and k the
total quasimomentum. The denominator is proportional to
G↓(k, τ ), which is calculated with PDet based on Eq. (9).
To evaluate the numerator, one needs to consider diagrams
having an extra interaction vertex at imaginary time τ−. This
can be achieved in the Monte Carlo algorithm by extending
the configuration space with an extra sector where diagrams
have such an extra interaction vertex. The numerator and
denominator in Eq. (11) are both calculated within the same
simulation, by enabling the Monte Carlo algorithm to switch
between the different sectors that evaluate them.

Results. We have performed PDet simulations for the lat-
tice Fermi polaron up to coupling U/t = −20. Figure 1 shows
the estimator EN↑ (k = 0, τ ) − EN↑

FS [see Eq. (11)] for the po-
laron energy EP for U/t = −10 as a function of imaginary
time τ . At large enough τ , convergence to the ground-state

FIG. 1. Monte Carlo estimate for the polaron quasiparticle en-
ergy EP as a function of the imaginary time τ for U/t = −10,
showing convergence to the ground state at large enough τ . The
dashed line represents a fit to the plateau. The inset shows histograms
of the sampled diagram order n for different values of U/t at τ t = 10.
Simulations were performed for L = 23 and N↑ = 157.

energy is observed. When performing PDet simulations for
the lattice polaron, we find that all configurations sampled
during the Monte Carlo process have the same sign. This
remarkable fact allows us to go to very high order, and thus
large values of U/t . The inset of Fig. 1 shows histograms of
the order n for different values of U/t when calculating the
denominator of Eq. (11) at τ t = 10 and k = 0. For U/t =
−20, we go to diagram orders beyond 200. For the attractive
Hubbard model, having ρ↓ = ρ↑ prevents the sign problem
from occurring [72]. In our case of a single spin-down and an
arbitrary filling of the spin-up component, however, there is
no such obvious symmetry.

The dimeron properties can be extracted from the
large-time behavior of the two-particle Green’s func-
tion G↑↓(r, τ ) = − θ (τ ) 〈FSN↑−1| (ĉr,↓ ĉr, ↑)(τ ) (ĉ†

0,↑ĉ†
0,↓)(0)

|FSN↑−1〉 [28–30]. G↑↓ can be calculated via a PDet algorithm
similar to G↓. However, we find that the diagrammatic contri-
butions to G↑↓ do change their sign, making it challenging to
go to the high diagram orders needed at large values of τ . We
therefore use a different approach to get the dimeron energy.
As shown in Refs. [38,45], the polaron-to-dimeron transition
in the continuum case can be viewed as a crossing of polaron
ansatz states with different momenta, Q = 0 and |Q| = kF ,
with Q defined as the momentum of the Fermi polaron with
respect to the Fermi sea and with kF the Fermi momentum.
Analogously, we determine the energy of the dimeron state
by considering the Fermi polaron propagator with a finite
quasimomentum at the Fermi level. More precisely, we use
Eq. (11) with k at the Fermi surface.

In Fig. 2, we show the quasiparticle energies EQP =
E − EN↑

FS (shifted by U for convenience) of polaron and
dimeron branches obtained by variational ansatz and dia-
grammatic Monte Carlo for filling ρ↑ ≡ N↑/N � 0.29 and
L = 23. We have checked that finite-size effects are negli-
gible at this lattice size and filling. The green circles and
purple diamonds represent Monte Carlo estimates for the po-
laron energy EQP ≡ EP = EN↑ (k = 0, τ = ∞) − EN↑

FS and the
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FIG. 2. The quasiparticle energy EQP (shifted by U ) as a func-
tion of the coupling. PDet Monte Carlo results for the polaron and
dimeron are shown with circles and diamonds, respectively. Energies
based on variational ansätze (2) and (3) are shown with lines. Calcu-
lations were done for L = 23 and N↑ = 157.

dimeron energy EQP ≡ ED = EN↑ (k = QFS, τ = ∞) − EN↑
FS ,

respectively. The red solid line shows the polaron energy
from the variational ansatz |P(QP = 0)〉 [see Eq. (2)]. Alter-
natively, one can also get the polaron energy via the ansatz
|M(QM = −QFS)〉 [74]. This gives a slighly lower energy at
high values of |U |/t than ansatz |P(QP = 0)〉. The orange
dashed line shows the dimeron energy from the variational
ansatz |M(QM = 0)〉 [see Eq. (3)]. For |U |/t � 6, we do not
find any solutions. The yellow solid line corresponds to the
dimeron energy obtained with the ansatz |P(QP = QFS)〉 [75].
The ED from PDet joins the variational energy calculated
with first term of |M(QM = 0)〉, to which we refer as the
bare dimer solution, at small enough U/t . At U = 0, one
has ED = ε(QFS) � −1.2t for the filling fraction considered
in Fig. 2. We conclude from Fig. 2 that there is no sharp
polaron-to-dimeron transition for |U |/t � 20. Using the dif-
ferent variational ansätze, we went beyond U/t = −20 and
did not find any sharp transition from polaron to dimeron at
any coupling.

In Fig. 3, we show the quasiparticle residue Z0 ≡
| 〈	N↑

0 | ĉ†
0,↓ |FSN↑〉 |2 for filling ρ↑ � 0.29. When the coupling

FIG. 3. Quasiparticle residue Z0 as a function of U at L = 23 and
ρ↑ � 0.29, calculated with variational ansatz |P(QP = 0)〉 and PDet.

FIG. 4. Quasiparticle energies as a function of −U/t for differ-
ent filling fractions ρ↑ = N↑/L2, obtained by the variational ansatz
approach. The inset magnifies the region of −U/t where the polaron-
dimeron transition occurs.

increases, the residue drops, indicating the greater importance
of particle-hole excitations. Monte Carlo and polaron ansatz
results agree quantitatively well for |U |/t � 6. We find that
Z remains finite at all couplings for the polaron ansatz. The
polaron residue was obtained in the Monte Carlo algorithm

via G↓(k = 0, τ )
τ→+∞= −Z0e−(EP−μ↓ )τ .

Finally, in Fig. 4 we show the polaron and dimeron quasi-
particle energies for different filling factors ρ↑ using the
variational approach. At low enough ρ↑, we observe the
polaron-dimeron transition, consistent with the continuum
case [31]. Upon increasing ρ↑, the critical −U/t shift to
higher values and, ultimately, the transition disappears above
a critical ρ↑ � 0.2.

One might ask why the transition disappears in the lattice
beyond some filling fraction. An upper bound for the criti-
cal filling fraction can be obtained as follows. The dimeron
energy is bounded by ED − U � εF , with εF ≡ ε(QFS) the
Fermi energy. In addition, an upper bound to the polaron
energy is obtained via the polaron ansatz with following ho-
mogeneous choice for the variational parameters: α0 = √

ρ↑
and αk,q = 1/(N

√
ρ↑). This gives the upper bound EP − U �

−4tρ↑ + (1 − ρ↑)12t for the exact polaron energy EP. The
two bounds are equal for ρ↑ = 3

4 − εF
16t � 0.7, thus show-

ing that there can be no polaron-dimeron transition beyond
this filling fraction. The bounds are essentially caused by
Pauli blocking and the reduced available phase space for
particle-hole excitations upon increasing ρ↑. Moreover, a
particle-hole transformation for the spin-up component with
density ρ↑ = 1 − η maps the attractive model onto the re-
pulsive one with a small density of η for spin-up. For the
repulsive model, there is no dimeron ground state in this dilute
regime.
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Conclusion and outlook. We have studied the quasiparticle
properties of the Fermi polaron in a 2D lattice. To this end,
we have developed a sign-problem-free PDet Monte Carlo al-
gorithm based on the diagrammatic expansion in bare U , with
a direct estimator for the quasiparticle energy. In addition, we
have done calculations based on variational ansätze. At low
enough filling, we observe the polaron-dimeron transition,
similar to the continuum case. However, this transition dis-
appears upon increasing the filling fraction beyond a critical
value close to 0.2. The absence of the transition is closely re-
lated to the increased Pauli blocking and the reduced available
phase space for particle-hole excitations when increasing ρ↑.
Our results are relevant for the ground-state phase diagram of
the strongly polarized Fermi gas on the lattice. A small and
finite density of spin-down impurities in the ground state will
form a superfluid at strong coupling when ρ↑ is low enough.
Above some spin-up filling fraction, however, the system will
remain a normal Fermi liquid, even in the strong-coupling
limit. Determining the precise phase diagram of the highly
spin-polarized system would be an interesting topic of future
research. Our findings are thus directly relevant to cold atom
experiments with 2D optical lattices [76], where impressive

progress has been made recently to reach low temperatures
[77–79]. In particular, the stability of the Fermi polaron at
high values of |U |/t at filling fractions ρ↑ � 0.2 could be
verified experimentally. We have also calculated the polaron
residue, which remains finite, in agreement with early calcu-
lations by Sorella [48]. The fact that our PDet algorithm is
free of any sign problem was unexpected since there is no
obvious symmetry guaranteeing a fixed sign. The implications
for simulating a finite spin-down density are a topic we leave
for future research.
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[78] T. Chalopin, P. Bojović, S. Wang, T. Franz, A. Sinha, Z. Wang,
D. Bourgund, J. Obermeyer, F. Grusdt, A. Bohrdt, L. Pollet, A.
Wietek, A. Georges, T. Hilker, and I. Bloch, Probing the mag-
netic origin of the pseudogap using a Fermi-Hubbard quantum
simulator, arXiv:2412.17801.

[79] Y.-X. Wang, H.-J. Shao, Y.-S. Zhu, D.-Z. Zhu, H.-N. Sun, S.-
Y. Chen, X.-C. Yao, Y.-A. Chen, and J.-W. Pan, Homogeneous
fermionic Hubbard gases in a flattop optical lattice, Phys. Rev.
Lett. 134, 043403 (2025).

[80] G. Pascual, J. Boronat, and K. Van Houcke, Dataset for “On
polarons and dimerons in the two-dimensional attractive Hub-
bard model” [Data set], Zenodo (2025), https://doi.org/10.5281/
zenodo.17358036.

L042024-7

https://doi.org/10.1126/science.aal3837
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature09378
https://doi.org/10.1103/PhysRevLett.114.193001
https://doi.org/10.1038/nphys3403
https://doi.org/10.1103/PhysRevLett.114.213002
https://doi.org/10.1103/PhysRevLett.115.263001
https://doi.org/10.1103/PhysRevA.92.063406
https://doi.org/10.1103/PhysRevLett.134.083403
https://doi.org/10.1209/0295-5075/88/60007
https://doi.org/10.1103/PhysRevB.101.045134
https://arxiv.org/abs/cond-mat/0302228
https://doi.org/10.1134/1.1800216
https://doi.org/10.1103/PhysRevB.70.193101
https://doi.org/10.1126/science.ade4245
https://doi.org/10.1038/s41586-025-09112-w
https://arxiv.org/abs/2412.17801
https://doi.org/10.1103/PhysRevLett.134.043403
https://doi.org/10.5281/zenodo.17358036

