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We study the sample complexity of the prototypical tasks quantum purity estimation and quantum inner prod-
uct estimation. The former has been a key subroutine for experimental benchmarking and entropy estimation,
while the latter is a core task for cross-platform validation that compares the unknown quantum states produced
by different physical platforms. In purity estimation, we are to estimate tr(ρ2) of an unknown quantum state ρ to
additive error ε. Meanwhile, for quantum inner product estimation, Alice and Bob are to estimate tr(ρσ ) to ad-
ditive error ε, given copies of the unknown quantum states ρ and σ using classical communication and restricted
quantum communication. We propose a protocol that solves quantum inner product estimation with k-qubit
one-way quantum communication and unentangled local measurements using O(median{1/ε2, 2n/2/ε, 2n−k/ε2})
copies of ρ and σ . Our protocol can be modified to estimate the purity of an unknown quantum state ρ

using k-qubit quantum memory with the same sample complexity. We also prove that arbitrary protocols with
k-qubit quantum memory that estimate purity to error ε require �(median{1/ε2, 2n/2/

√
ε, 2n−k/ε2}) copies of

ρ. This indicates the same sample complexity lower bound for quantum inner product estimation with one-way
k-qubit quantum communication and classical communication, and unentangled local measurements. We further
improve the sample complexity lower bound for any purity estimation protocols using an identical single-copy
projection-valued measurement. Last, we investigate a decisional variant of quantum distributed inner product
estimation without quantum communication for mixed states and provide a sample complexity lower bound.
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I. INTRODUCTION

In recent years, notable progress has been made in the
development of noisy intermediate-scale quantum devices
utilizing different physical platforms [1]. Benchmarking the
physical systems on these quantum devices is of fundamental
importance for verifying the computational outputs [2]. How-
ever, the increasing size of quantum devices has pushed the
standard validation methods, such as state tomography [3,4]
and state certification [5] to the limit of their capabilities due
to the exponential scaling of resource requirement in system
size n. These certification algorithms focus on the task of
comparing the noisy quantum state (process) with a known
target. It is therefore desirable to develop protocols with feasi-
ble resource requirements for cross-platform validation [6–8].
Such a protocol should directly compare unknown quantum
states generated by different devices, which is an essential task
in quantum benchmarking.
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In this work, we focus on the task of quantum inner product
estimation. Here, Alice and Bob are given copies of possibly
different quantum states ρ and σ , respectively. Their goal
is to estimate the inner product tr(ρσ ) up to additive error
ε with a high probability. When Alice and Bob are able
to share arbitrary quantum communication channels, a joint
SWAP test suffices to efficiently estimate tr(ρσ ). However,
quantum communication between Alice and Bob is limited
in practice due to hardware constraints. In the extreme case
when Alice and Bob are restricted to local quantum opera-
tions and classical communication (LOCC), this task is known
as distributed quantum inner product estimation [9]. It was
shown in the same work that �(2n/2) copies of ρ and σ

are sufficient and necessary to solve distributed inner product
estimation to constant accuracy ε even if joint local quantum
measurements are allowed. An efficient algorithm for inner
product estimation based on Pauli sampling has been provided
for quantum states with low magic and entanglement [10]. An
experimental demonstration of this protocol among different
existing quantum platforms is provided in Ref. [11]. An alter-
native cross-platform protocol using deep learning is proposed
in Ref. [12].

II. CONNECTIONS BETWEEN INNER PRODUCT
AND PURITY ESTIMATION

Recent experimental advances in realizing quantum lo-
cal area networks [13–15] enable cross-platform validation
schemes with quantum communication channels [16]. The
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capacities of these quantum wires between different platforms
are restricted away from the n-qubit quantum communication
channel that is required for joint SWAP tests. However, there
is no rigorous theoretical understanding of the complexity
for cross-platform validation with bounded quantum commu-
nications so far. This motivates the characterization of the
sample complexity in terms of quantum communication [17].
Formally, we investigate the complexity of the following task:

Problem 1 (Inner product estimation with k-qubit one-way
quantum communication). Alice and Bob are given N copies
of the unknown quantum states ρ and σ , respectively. In each
round of measurement, Alice and Bob each get access to one
copy of ρ and σ , and are able to perform k-qubit one-way
quantum communication and any one-way classical commu-
nication. The goal is to estimate the quantum inner product
tr(ρσ ) within additive error ε.

Here, we focus on the scheme where Alice and Bob are
only allowed to perform unentangled (i.e., single-copy) mea-
surements locally as it is enough to provide the optimal
sample complexity of O(2n/2) when k = 0 for distributed
quantum inner product estimation [9] and local joint measure-
ments are relatively impractical in experiments. In addition,
we assume that the communication between Alice and Bob
is restricted to a one-way communication from Alice to Bob.
The setting where Alice and Bob are allowed to have arbitrary
k-qubit quantum communication and classical communica-
tion is beyond the scope of this work and remains an open
question.

While testing properties among multiple quantum systems
in a distributed setting is very different from testing a sin-
gle system, we demonstrate strong connections between the
sample complexity of purity estimation and quantum inner
product estimation in different measurement schemes. Purity
estimation, which estimates the purity tr(ρ2) to additive error
ε given copies of ρ, emerges as a key subroutine in many
quantum information problems such as quantum benchmark-
ing [2] and experimental estimation of quantum Rényi entropy
on near-term devices [18]. As pointed out by Ref. [9], a single-
copy protocol for distributed inner product estimation, which
corresponds to Problem 1 with k = 0, indicates a single-copy
protocol for purity estimation. Furthermore, by setting ρ = σ ,
we can observe that any algorithm for Problem 1 indicates an
algorithm for distributed estimation of tr(ρ2) with bounded
one-way quantum communication between Alice and Bob. It
is thus natural to ask whether we can show connections of
sample complexity between Problem 1 and the purity estima-
tion setting without communications.

We answer this question affirmatively by showing the same
sample complexity scaling for quantum inner product estima-
tion with k-qubit one-way quantum communication (Problem
1) and purity estimation with k-qubit quantum memory (as
shown in Fig. 1), which is defined as the following:

Problem 2 (Purity estimation with k-qubit quantum mem-
ory, informal). Given N copies of the unknown quantum state
ρ, the goal is to estimate tr(ρ2) within additive error ε. The
algorithm can take two copies of ρ at a time, and maintain
n working qubits and a k-qubit quantum memory to store
the data. In each round, the algorithm first makes a quantum
measurement on the first copy and stores k qubits of the post-
measurement state in the quantum memory. The algorithm

FIG. 1. Comparison of the models for (a) quantum inner product
estimation with k-qubit one-way quantum communication and any
classical one-way communication (Problem 1) and (b) purity estima-
tion with k-qubit quantum memory (Problem 2).

then performs a quantum measurement on the n + k qubits
on the second copy and the quantum memory.

Regarding the existing results for purity estimation of
unknown quantum states, well-known algorithms include
randomized benchmarking based on single-copy measure-
ments of sample complexity O(max{2n/2/ε, 1/ε2}) and SWAP

test based on two-copy measurements of sample complexity
O(1/ε2). An �(2n/2 + 1/ε2) sample complexity lower bound
for single-copy protocols of purity estimation is also provided
in Ref. [19]. However, there is still a gap in the optimal ε

dependence for ancilla-free protocols. It also remains an open
question to understand the quantum memory trade-offs for
purity estimation with and without bounded quantum memory
between single-copy protocols and two-copy protocols, which
has been widely investigated by a long line of recent works to
understand the relationship between near-term constraints on
quantum devices and algorithms for various quantum learning
tasks, and the underlying statistical complexity. A polyno-
mial sample complexity gap for mixedness testing with and
without quantum memory was first demonstrated in Ref. [20].
Subsequent works [21–26] further demonstrated exponential
separations for a quantum memory for various tasks, in-
cluding shadow tomography, unitary learning, purity testing,
and quantum dynamics learning. In particular, the relation-
ship between the number of qubits in quantum memory and
estimating Pauli observables is fully characterized in Refs.
[24,27]. Memory-sample trade-offs are also revealed for other
tasks such as purity testing [27] and Pauli channel eigenvalue
estimation [28,29]. In addition, a classical learning problem
that exhibits a quantum memory trade-off was recently pro-
posed [30].

We note that, in contrast to the definition of learning with k-
qubit quantum memory in Refs. [24,27] that can take N oracle
access to ρ and store data in the quantum memory before
the final measurement on ρ⊗N , the definition here follows
the definition of learning with two-copy measurements and
k-qubit quantum memory in Ref. [27], which only allows the
usage of at most two copies of ρ in each round (see formal
definition in Definition 5). This measurement setting is more
feasible in experiments and possesses the connection to the
task of inner production estimation with unentangled local
measurements between two platforms.

III. THE UPPER BOUND

As mentioned above (and rigorously in Appendix B), we
show that any protocol for inner product estimation where
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Alice and Bob share k qubits of one-way quantum communi-
cation and any one-way classical communication (Problem 1)
indicates a protocol for purity estimation with k-qubit quan-
tum memory (Problem 2) with the same sample complexity
scaling. Therefore, inversely, the lower bound for purity esti-
mation with k-qubit quantum memory indicates a lower bound
of the same scaling for inner product estimation where Alice
and Bob share k qubits of one-way quantum communication
and any one-way classical communication. Using this connec-
tion, our first main result gives an algorithm to Problem 1 and
thus Problem 2:

Theorem 1 (Informal). Given unknown quantum states ρ

and σ , and error parameter ε, there exists a nonadaptive al-
gorithm that solves inner product estimation of tr(ρσ ) with
k-qubit one-way quantum communication (Problem 1) using
O(median{1/ε2, 2n/2/ε, 2n−k/ε2}) copies of ρ and σ .

Our protocol is a combination of the distributed inner
product estimation protocol with single-copy measurements
[9], which gives the upper bound of O(max{1/ε2, 2n/2/ε}),
and a partial SWAP test algorithm (see Algorithm 2 and Ap-
pendix D 1 for details) on the first k qubits of ρ and σ , which
gives the upper bound of O(2n−k/ε2). In the regime where ε �
1/poly(n) is at least inverse polynomial in system size, the up-
per bound can be further reduced to O(min{2n/2/ε, 2n−k/ε2}).
Combining purity estimation with inner product estimation
using the algorithm in Theorem 1, we can estimate fidelitylike
measures [6,31] and the squared Hilbert-Schmidt distance
D2

HS(ρ, σ ) = tr(ρ2) + tr(σ 2) − 2tr(ρσ ) with restricted quan-
tum communication and memory.

IV. LOWER BOUNDS

Given the algorithm in Theorem 1, it is natural to ask
about the optimality of the algorithm. Our next result provides
a lower bound for Problem 2 and thus a lower bound for
Problem 1:

Theorem 2 (Informal). For any 0 � ε < 1, any (possibly
adaptive) protocols for estimating purity with k-qubit
memory (inner product estimation with one-way
k-qubit quantum communication) requires at least
�(median{1/ε2, 2n/2/

√
ε, 2n−k/ε2}) copies of ρ (ρ and

σ ).
The detailed proof is technically involved and thus left to

Appendixes C 1 and C 2. The high-level strategy of our proof
is to combine the learning tree framework [24,25] with the
martingale trick [27,29,32]. We model a learning protocol as
a decision tree with the depth representing the number of sam-
ples, and any choice of unknown quantum state ρ corresponds
to a distribution on the leaves. We then consider distinguishing
between the maximally mixed state ρmm with purity 2−n from
a state ρ chosen from an ensemble such that tr(ρ2) > 2−n + ε

with high probability. We show that the induced probability
distributions on the leaves corresponding to the two cases
are statistically indistinguishable unless the decision tree is
deep enough. The ensemble we employed to prove the purity
estimation sample complexity lower bound for strategies with
bounded quantum memory in Theorem 2 is significantly dif-
ferent from the previous work [20,24]. When proving lower
bounds using the learning tree technique in these previous
works, the distinguishing task considered is comparing the

maximally mixed state and an ensemble of quantum states
constructed by adding a tiny random perturbation Operturb to
the maximally mixed state in the form (I + Operturb)/2n. To
ensure that the perturbed state has at least an O(ε) deviation
from the maximally mixed state, the amplitude of the pertur-
bation has to be at least O(

√
ε). However, this distinguishing

task will yield an �(max{2n/2/ε1/4, 1/ε2}) sample complex-
ity lower bound using the learning tree framework, which is
looser than our result. In contrast, our random ensemble is
constructed by adding a random perturbation in the enlarged
Hilbert space and partially tracing out the ancillary system.

We note that at k = 0, the sample complexity lower
bound for purity testing using single-copy measurement
provided by Theorem 2 is �(max{2n/2/ε1/2, 1/ε2}). This
lower bound is weaker than the existing lower bound of
�(max{2n/2/ε, 1/ε2}) for distributed inner product estimation
with only LOCC [9]. However, the hard instance used for
inner product estimation cannot be extended to purity estima-
tion as inner product estimation involves in different states ρ

and σ , indicating that the lower bound for the latter is more
difficult to obtain than the former.

It is also natural to wonder whether the hardness of pu-
rity estimation may vary for different purity regimes like
quantum state certification [21]. To this end, we provide
negative evidence by showing that given an arbitrary purity
value, we can construct a hard instance such that esti-
mating the purity to epsilon accuracy around this value
requires �(max{2n/2/ε1/2, 1/ε2}) copies for any strategies
using single-copy measurements in Appendix C 3. In other
words, the hardness of purity estimation is universal around
any constant purity value for strategies using single-copy
measurements.

Proposition 1 (Informal). For any 0 � ε < 1 and con-
stant 0 < a < 1 − ε, estimating purity close to a2 requires
�(max{2n/2/

√
ε, 1/ε2}) samples for single-copy strategies.

It is helpful to first interpret this in the regime where
ε � 1/poly(n). Within this regime for both purity estimation
and inner product estimation, the lower bound of sample com-
plexity is further reduced to �(min{2n/2/

√
ε, 2n−k/ε2}). Our

result indicates that with k � n/2 qubits of quantum memory
and quantum communication, no protocol can improve upon
the sample complexity achieved by single-copy measurements
and distributed inner product estimation with single-copy
local measurements, respectively. This sample-memory trade-
off is similar to the sample-memory trade-off for purity testing
[24,27,33], which can be solved by purity estimation with
ε � 1/2. However, the proof of the sample complexity lower
bound in Theorem 2 is significantly different from obtaining
the ε dependence. For general ε, the lower bound, which can
also be written as �(max{1/ε2, min{2n/2/

√
ε, 2n−k/ε2}), can

be understood approximately as a combination of the bound
�(1/ε2) for the tiny accuracy regime where ε = O(2−n),
and �(max{2n−k/ε2, 2n/2/

√
ε}) for the trade-off of estimation

with the k quantum memory qubit (one-way quantum commu-
nication).

For the ancilla-free case (k = 0), one may be tempted to
employ the hard instance for the mixedness testing task [21],
which tests whether a state is maximally mixed or epsilon
away from maximally mixed in terms of trace distance. Given
that the mixedness testing sample complexity lower bound for
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any single-copy strategy is �(23n/2/ε), we fix the accuracy
demand ε′ = ε/2n for purity estimation due to the d factor
between trace distance and Hilbert-Schmidt norm and obtain
an �(2n/2/ε) sample complexity lower bound. However, we
have to point out that the accuracy required using this reduc-
tion is always smaller than 1/2n. In this regime, the lower
bound of sample complexity �(2n/2/ε) obtained by reduction
to mixedness tests is not optimal because it is always smaller
than our result, giving �(1/ε2).

We note that compared to Theorem 1 that gives an
O(median{1/ε2, 2n/2/ε, 2n−k/ε2}) sample complexity upper
bound, the lower bound in Theorem 2 exhibits a

√
ε gap

from the 2n/2/ε term in the upper bound. While for general
quantum protocols closing this gap remains open, we prove an
improved lower bound of �(2n/2/ε) for purity estimation (and
thus distributed inner product estimation) using an identical
projection-valued measurement (PVM) in every iteration:

Theorem 3 (Informal). For any 0 � ε < 1, any protocols
for estimating the purity and distributed inner product esti-
mation using an identical single-copy PVM in every round
require at least �(max{1/ε2, 2n/2/ε}) copies of ρ.

Although the assumption that the algorithm implements
only one identical PVM throughout the protocol looks too
restrictive, it captures the known algorithms for distributed
inner product estimation and purity estimation [6,9], and indi-
cates that these protocols are optimal under this measurement
restriction.

While our method of proving lower bounds for purity
estimation also implies lower bounds for inner product es-
timation, it says little about the decision version of this
problem. In particular, this leaves the possibility of deciding
efficiently whether two devices show the same state or not.
The latter is the key objective for cross-platform validation.
We also investigate a decisional variant of quantum distributed
inner product estimation, mixed state decisional inner product
estimation (DIPE) [34]. We obtain the strongest lower bounds
for the following version:

Problem 3 (DIPE: Convex mixture of Haar random states).
Alice and Bob are given copies of states, promised that one of
the following two cases holds:

(1) Alice and Bob both have state ρ = 1
r

∑r
i=1 |ψi〉〈ψi|,

where the states ψi are drawn independent and identically
distributed (iid) from μ (the Haar measure).

(2) Alice has state ρ = 1
r

∑r
i=1 |ψi〉〈ψi| and Bob has state

σ = 1
r

∑r
i=1 |φi〉〈φi|, where the states |φi〉 and |ψi〉 are drawn

iid from μ.
Their goal is to decide which case they are in with high

probability using only LOCC.
When r = 1, and ρ and σ are pure states, Problem 3

reduces to decisional inner product estimation, for which
�(2n/2) copies are shown to be sufficient and necessary when
Alice and Bob can only use LOCC [9]. In Problem 3, the inner
product between the states of Alice and Bob is Etr(ρ2) ∼ 1/r
in the first case, while in the second case, the inner product is
approximately 2−n. Assuming tr(ρ2) = ω(2−n), we can solve
it using a distributed quantum inner product estimation algo-
rithm with accuracy tr(ρ2), which uses O(max{2n/2/tr(ρ2)})
copies. We prove the following theorem in Appendix D 2.

Theorem 4. Any protocol for mixed state DIPE requires
at least �(

√
d/Etr(ρ2)) copies even if Alice and Bob are

allowed to perform arbitrary interactive protocols (or arbitrary
LOCC operations).

Additionally, we consider another version of mixed DIPE
in Appendix D 2, where Alice and Bob either have the same
state UρU † or two independent states UρU † and V ρV † for
two independent Haar random unitaries U and V . For this
variant, we restrict to one-way classical communication be-
tween Alice and Bob, but we obtain a particularly direct proof
using the concentration of measure phenomenon.

V. OUTLOOK

In this work, we propose protocols for quantum inner
product estimation with limited quantum communication and
unentangled measurements and quantum purity estimation
with limited quantum memory, and prove that they are near
optimal to at most a

√
ε factor. Here, we would like to

point out the following differences and improvements from
Ref. [9]. First, while the previous work focused on the task
of distributed inner product estimation with classical com-
munications, our work focuses on both the tasks of purity
estimation with bounded quantum memory and distributed
inner product estimation with bounded quantum communica-
tions, and reveals the connection between the two models. The
algorithms and the hard instances we employed for the upper
and lower bounds are significantly different from the previous
work. In addition, we also investigate a decisional variant of
quantum distributed inner product estimation without quan-
tum communication for mixed states and provide a sample
complexity lower bound.

Several open problems remain to be answered. In Problem
1, we consider quantum inner product estimation when Alice
and Bob have k-qubit one-way communication and one-way
classical communication. It is thus natural to ask whether
the lower bound in this work holds for the case when Alice
and Bob have k-qubit arbitrary quantum communication and
arbitrary LOCC. While our protocols yield sample complex-
ity upper bound O(median{1/ε2, 2n/2/ε, 2n−k/ε2}) for inner
product estimation with k-qubit quantum communication and
unentangled measurements and quantum purity estimation
with k-qubit quantum memory, there is a

√
ε gap from the

lower bound of �(median{1/ε2, 2n/2/
√

ε, 2n−k/ε2}) we ob-
tained in this work. A similar

√
tr(ρ2) gap appears for the

mixed state DIPE problem. An immediate open question is
to find the true ε and tr(ρ2) dependence for the sample
complexity of these two tasks. In addition, we consider the
setting in which Alice and Bob are only allowed to per-
form unentangled local measurements and share k qubits
of quantum communication for each pair of ρ and σ . An
alternative model for restricted quantum communication is
when Alice and Bob can perform local joint measurements
but can only send k qubits of quantum communication in
total. It is interesting to see the sample complexity under this
model. Finally, it is an interesting future direction to explore
whether our techniques can yield protocols or lower bounds
for other distributed quantum property estimation problems
of the form tr(ρ ⊗ σ · W ) for some two-body operators W
with only classical communication or restricted quantum
communication.
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APPENDIX A: PRELIMINARIES

In this Appendix, we provide the basic concepts and results
required throughout this paper. We use ‖A‖, ‖A‖2, and ‖A‖1 to
represent the operator norm, Euclidean norm, and trace norm
of matrix A, respectively. For vectors, we use ‖v‖p to denote
the Lp norm of vector v. The total variation distance between
probability distributions p and q is denoted as ‖p − q‖TV. We
will abbreviate {1, 2, . . . , m} as [m] and (xi1 , xi1+1, . . . , xi2 ) as
x[i1:i2]. We use the standard big-O notation (O,�) throughout.
When we say “with high probability” without specification,
we mean with probability at least 2/3. We denote the n-qubit
identity operator by In and ignore n when it is clear from the
context.

1. Basic results in quantum information

We start with the standard definitions and folklore in quan-
tum information. In general, an n-qubit quantum state can be
represented as a positive semidefinite matrix ρ ∈ C2n×2n

with
tr(ρ) = 1. In the following, we also use d = 2n to denote the
dimension of an n-qubit quantum state. A pure state, which is
usually represented as |ψ〉, |φ〉, or |ϕ〉 throughout this paper,
is a rank-1 state and thus tr(ρ2) = 1. Given an (possibly un-
normalized) n-qubit quantum state ρ and a subset S ⊆ [n], we
use the partial trace trS (ρ) to denote the remaining state after
tracing out the qubits in S. A SWAPn gate is a 2n-qubit operator
that SWAPs the first and last n qubits. We omit n when it is clear
from the context.

a. Quantum measurements

Quantum measurements are represented as positive
operator-valued measures (POVMs) in the general case. An
n-qubit POVM is defined by a set of positive-semidefinite ma-
trices {Fs}s with

∑
s Fs = I , where each Fs is a POVM element

corresponding to a measurement outcome s. The probability
of observing outcome s when we measure a given quantum
state ρ using the POVM {Fs}s is tr(Fsρ).

When Fs is rank 1 for all s, we call {Fs}s a rank-1 POVM.
Lemma 4.8 in Ref. [24] proves that any POVM can be
simulated by a rank-1 POVM and classical postprocessing
information theoretically. We will thus assume when we prove
our lower bounds in the following parts of the paper that
all measurements in the learning protocols only use rank-1
POVMs. We can thus parametrize any rank-1 POVMs as

{ws2
n |ψs〉 〈ψs|},

for pure states {|ψs〉} and non-negative weights ws with∑
s ws = 1. When ws = 2−n for all s, the POVM elements

satisfy Fs = |ψs〉 〈ψs| and the POVM then reduces to a PVM.
We also consider the postmeasurement quantum state after

the POVM {Fs}. The postmeasurement state is not determined
by the POVM {Fs}s itself, but by the physical realization of
it. In particular, we need to specify a decomposition for every
POVM element Fs in {Fs = M†

s Ms}s, where Ms is a 2m × 2n

matrix. The postmeasurement state of ρ corresponding to the
outcome s is an m-qubit state given by

ρ → MsρM†
s

tr(M†
s Msρ)

.

We will refer to such a (realization of a) POVM as having n-
qubit input and m-qubit output or simply as being an (n → m)
POVM to emphasize the dimension of the postmeasurement
state. We say “POVM” in this paper for a realization with 0-
qubit output unless we specify the number of qubits in the
output.

b. Measurements with classical communications

In this paper, we usually have to consider the measurement
{Fs}s = {Ms

A,B}s that is jointly performed by two parties, Alice
and Bob. We ignore the outcome s when it does not matter in
the context. Suppose Alice and Bob can only have classical
communications. If the classical is restricted to one-way com-
munication, we can always depict the measurement scheme
for two-case distinguishing tasks as follows: Alice performs a
POVM {Mi} on her copies and sends the result i to Bob. After
receiving i, Bob performs a two-outcome POVM {Ni, I − Ni}
on his copies to decide which case they are in. We thus have
every MA,B is in the form of

MA,B =
∑

i

Mi ⊗ Ni, (A1)

with
∑

i Mi = I .
If Alice and Bob can have arbitrary classical communi-

cation, {Ms
A,B}s can be described as quantum measurements

with LOCC. A rigorous mathematical representation for mea-
surements with LOCC is complicated. Instead, we consider
separable measurements, which are defined as follows.

Definition 1 (Separable measurements). A two-outcome
POVM {MA,B, I − MA,B} is separable if and only if

MA,B =
∑

t

At ⊗ Bt ,

I − MA,B =
∑

t

A′
t ⊗ B′

t ,

At , A′
t , Bt , B′

t � 0.
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It is proved that any quantum measurements with LOCC
are included in the class of separable measurements [36,37].

2. A brief review of Haar random unitaries

A common tool to prove lower bounds on the sample com-
plexity of learning problems is to consider random instances.
The random states we consider here are based on Haar random
unitaries. The Haar measure μ on the unitary group U (d ) is
the unique probability measure that is invariant under left and
right multiplication. That is,

E
U∼μ

f (UV ) = E
U∼μ

f (VU ) = E
U∼μ

f (U ),

for any unitary V ∈ U (d ). We can also define a unique rota-
tion invariant measure on states by U |ψ〉 with U ∼ μ. Here,
|ψ〉 ∈ Cd can be any quantum state. Slightly abusing notation,
we will write ψ ∼ μ.

The Haar measure has multiple desirable properties for
proving lower bounds, most noticeably concentration of mea-
sure in the form of Levy’s lemma: A function f : U (d ) → R
is called Lipshitz continuous with Lipshitz constant L if

| f (U ) − f (V )| � L||U − V ||2,
where || · ||2 denotes the Frobenius or Schatten 2-norm.

Theorem 5 (Levy’s lemma for Haar-random pure states).
Let f : U (d ) → R be a function that is Lipschitz with Lips-
chitz constant L. Then,

Pr
U∼μ

[∣∣ f (U ) − E
U∼μ

[ f (U )]
∣∣ > τ
]

� 4 exp

(
− 2dτ 2

9π3L2

)

for any τ > 0.
We will apply this to the outcome probabilities of measure-

ments using k copies of U ∼ μ. We can then use Theorem 5 to
show that, for small k, the outcomes of such measurements do
not depend on U and therefore reveal only little information.

In some settings, we will need to explicitly compute ex-
pectation values over the Haar measure. A key tool is the
following folklore formula:

Lemma 1 (See e.g. Ref. [38]).

Eψ∼μ(|ψ〉〈ψ |)⊗k = Sk(d+k−1
k

) = 1

d · · · (d + k − 1)

∑
π∈Sk

πd ,

where Sk denotes the projector onto the symmetric subspace
Symk (Cd ), Sk is the set of permutation over k elements, and
πd acts on (Cd )⊗k via

πd |i1, . . . , ik〉 = |iπ−1(1), . . . , iπ−1(k)〉.

3. Tree representations and the Le Cam’s two-point method

In this paper, we focus on adaptive protocols, which can be
naturally modeled as learning trees [20,23,24,27,39]. In each
node, we select c copies of the unknown state ρ, perform some
POVM on ρ⊗c, and step to its child node corresponding to the
outcome. Adapting Ref. [27], we call such protocol a (c,M)
learning protocol, where M is the set of feasible POVMs
on ρ⊗c. Throughout the paper, we only consider two specific
kinds of protocols:

(1) c = 1 and M is the set of all single-copy POVMs. This
characterizes all protocols that only use single-copy measure-
ments.

(2) c = 2 and M is the set of all rank-1 two-copy POVMs
where there are only k qubits of quantum memory (see Defi-
nition 5 for the formal definition).

Definition 2 (Tree representation for (c,M) learning pro-
tocols [27]). Given an unknown n-qubit quantum state ρ,
a (c,M) learning protocol can be represented as a rooted
tree T of depth T with each node on the tree recording the
measurement outcomes of the algorithm so far. In particular,
it has the following properties:

(1) We assign a probability pρ (u) for any node u on the
tree T .

(2) The probability assigned to the root r of the tree is
pρ (r) = 1.

(3) At each nonleaf node u, we measure ρ⊗c using an
adaptively chosen POVM Mu = {F u

s }s ∈ M, which results in
a classical outcome s. Each child node v corresponding to the
classical outcome s of the node u is connected through the
edge eu,s.

(4) If v is the child of u through the edge eu,s, the proba-
bility to traverse this edge is pρ (s|u) = tr(F u

s ρ⊗c). Then,

pρ (v) = pρ (u)pρ (s|u) = pρ (u)tr
(
F u

s ρ⊗c
)
.

(5) Each root-to-leaf path is of length T . Note that for a
leaf node 
, pρ (
) is the probability for the classical memory
to be in state 
 at the end of the learning protocol. Denote the
set of leaves of T by leaf(T ).

At the end of the protocol, a classical algorithm A maps
any leaf node 
 to a desired output of the protocol. A is called
the postprocessing part of the protocol.

To prove the lower bound of purity estimation, we consider
the reduction from the following distinguishing problem:

Problem 4 (Distinguishing the maximally mixed state and
an ensemble D). Given access to copies of an unknown state
ρ of dimension d = 2n, distinguish the following two cases:

(1) ρ is the maximally mixed state ρm = I/2n.
(2) ρ is sampled from a known distribution D over n-qubit

mixed states.
We will explicitly construct an ensemble Dn,ε (Definition

6) such that the distinguishing problem can be reduced to a
purity test. There are mature tools for proving lower bounds
of many-versus-one distinguishing problems, including Le
Cam’s two-point method [40], one-sided likelihood ratio [24],
and the martingale technique [32]. Here, we adapt notations
and statements in Ref. [27].

Definition 3 (Likelihood ratio). Let T be the tree rep-
resentation of a learning protocol for the many-versus-one
distinguishing task in Problem 4. For any 
 ∈ leaf (T ), define
the likelihood ratio

L(
) := Eψ∼Dpψ (
)

pρm (
)
.

We also define the likelihood ratio for each edge eu,s and each
state ψ :

Lψ (u, s) := pψ (s|u)

pρm (s|u)
, Lψ (
) := pψ (
)

pρm (
)
.
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Lemma 2 (Toolbox for proving lower bounds). Suppose T
is a learning tree with depth T that solves the distinguishing
problem in Problem 4 with probability psucc.

(a) (Le Cam’s two-point method [40])

psucc � dTV(Eψ∼Dpψ, pρm )

:= 1

2

∑

∈leaf(T )

|Eψ∼Dpψ (
) − pρm (
)|.

(b) (One-sided likelihood ratio [24]; see also Ref. [27],
Lemma 6). For any β > 0,

dTV(Eψ∼Dpψ, pρm ) � Pr

∼pρm (
),ψ∼D

[Lψ (
) � β] + 1 − β,

dTV(Eψ∼Dpψ, pρm ) � Pr

∼pρm (
)

[L(
) � β] + 1 − β.

(c) (Martingale technique [32]; see also Ref. [27], Lemma
7). If there exists a δ > 0 such that for every node u we have

Eψ∼DEs∼pρm (s|u)[(Lψ (u, s) − 1)2] � δ,

then

Pr

∼pρm (
),ψ∼D

[Lψ (
) � 0.9] � 0.1 + αδT,

where α is a universal constant.
These tools upper bound the success probability from

different perspectives. Lemma 2(a) is tree-based: We upper
bound the statistical distance between the leaf distributions
under the two cases. Lemma 2(b) is path based: we have to
prove that for most of the paths from root to leaves, the likeli-
hood ratios are not too small. Lemma 2(c) is edge based: We
only have to focus on each edge and show that the likelihood
ratio over the edge concentrates around 1.

APPENDIX B: FROM PURITY TO INNER PRODUCT
ESTIMATION

In this Appendix, we consider the models for quantum
inner product estimation with k-qubit one-way quantum com-
munication (Problem 1) and purity estimation with k-qubit
quantum memory (Problem 2), and show the connection be-
tween the sample complexity of the two tasks (see Fig. 1 for
illustration).

For quantum inner product estimation defined in Problem
1, Alice and Bob are allowed to perform k-qubit one-way
quantum communication, any one-way classical communi-
cation, and unentangled local measurements. As shown in
Fig. 1(a), we can always describe such a protocol sequentially,
as the quantum communication is one way:

Definition 4 (Sequential description of Problem 1). The
sequential description of a protocol for Problem 1.

(1) Alice takes a copy of ρ and selects an (n → k) POVM
{M†

s Ms}s (see Appendix A 1 for definitions) to measure ρ.
(1) Alice obtains the classical outcome s with probability

tr(ρ · M†
s Ms), sends arbitrary classical message (might de-

pend on s), and sends the k-qubit postmeasurement �s,k =
MsρM†

s /tr(ρ · M†
s Ms) to Bob.

(1) Bob receives the classical message and �s,k , and per-
forms an (n + k → 0) POVM {M†

s′Ms′ }s′ on �s,k ⊗ σ .

For purity estimation with k-qubit quantum memory de-
fined in Problem 2 [as shown in Fig. 1(b)], we can also provide
a sequential definition as below adapting Ref. [27]:

Definition 5 (Purity estimation with k qubits of quantum
memory: see also Definition 4 of Ref. [27]). The algorithm
consists of N/2 rounds, and each round involves two copies of
ρ. In each round, the algorithm maintains a k-qubit quantum
memory � (initialized to a fixed quantum state at first). Within
the round, we get a fresh copy of ρ, select an (n → k) POVM
{M†

s Ms}s to measure ρ, obtain the outcome s with probability
tr(ρ · M†

s Ms), and store the k-qubit postmeasurement state
�s,k = MsρM†

s /tr(ρM†
s Ms) into the quantum memory. The al-

gorithm then takes a fresh copy of ρ, selects an (n + k → 0)
POVM {M†

s′Ms′ }s′ to measure �s,k ⊗ ρ, and obtains the out-
come s′ with probability tr((�s,k ⊗ ρ) · M†

s′Ms′ ). Finally, the
quantum memory is reset to empty, and the next round begins.
After N/2 rounds, the algorithm predicts purity tr(ρ2) of ρ.
The total sample complexity of the protocol is N .

Under this learning model with k qubit of quantum mem-
ory, purity testing, which distinguishes between ρ being a
Haar random pure state from the maximally mixed state,
requires �(min{2n/2, 2n−k}) copies of ρ for algorithms with
k-qubit quantum memory [27]. However, for purity estimation
to additive error ε, the dependence on ε for sample complexity
is unclear.

Given the sequential description of quantum inner product
estimation with bounded one-way quantum communication
in Problem 1 and purity estimation with bounded memory
in Definition 5 (Problem 2), we can observe the following
connection between the sample complexity of Problems 1
and 2:

Claim 1. Consider quantum inner product estimation with
k-qubit one-way quantum communication (Problem 1) and
purity estimation with k-qubit quantum memory (Problem 2).
Suppose we have an algorithm A that can solve Problem 1
with N copies of ρ and σ , we have an algorithm A′ that solves
Problem 2 using 2N copies of ρ.

The intuition for this claim is straightforward given the
sequential descriptions of two tasks. Suppose we have an
algorithm A for Problem 1 using N copies of ρ and σ (i.e.,
N rounds in Definition 4), we can describe the algorithm A′
in a similar pattern for Problem 2:

(1) We take a copy of ρ and select the same (n → k)
POVM {M†

s Ms}s in A to measure ρ.
(2) We obtain the classical outcome s with probability

tr(ρ · M†
s M ) and store the k-qubit postmeasurement �s,k =

MsρM†
s /tr(ρ · M†

s M ) into the quantum memory.
(3) We take a fresh copy of ρ and perform the same (n +

k → 0) POVM {M†
s′Ms′ }s′ in A on �s,k ⊗ ρ.

One can verify that the above sequence satisfies Definition
5 and A′ is a protocol for Problem 2 using 2N copies of ρ.

APPENDIX C: LOWER BOUNDS FOR PURITY
ESTIMATION

1. Universal lower bound for purity estimation

In this Appendix, we prove a lower bound for purity esti-
mation when arbitrary entangled measurements are allowed.
Since entangled measurements are the most general form of
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quantum algorithms, the lower bound also applies to the re-
strictive settings that we will consider later.

Lemma 3. Any algorithm A that estimates the purity
within additive error ε � 1/36 using entangled measurements
has sample complexity at least �(1/ε2).

Proof. Then, proof is elementary and similar ideas have

been employed in Refs. [9,19]. Let δ = 1
6 −
√

1
36 − ε. Con-

sider ρ0 = 1
3 |0〉〈0| + 2

3 |1〉〈1| and ρ1 = ( 1
3 + δ)|0〉〈0| + ( 2

3 −
δ)|1〉〈1|. We have tr(ρ2

0 ) = 5
9 and tr(ρ2

1 ) = 5
9 − 2

3δ + 2δ2, so
the purity of the two states differs by 2

3δ − 2δ2 = 2ε. Thus, we
can use A to distinguish the two states based on whether the
estimated purity is larger than 5

9 − ε. However, by Helstrom
theorem [41], the probability of distinguishing t copies of ρ0

and t copies of ρ1 is at most 1
2 + 1

4‖ρ⊗t
0 , ρ⊗t

1 ‖1. Therefore,
‖ρ⊗t

0 − ρ⊗t
1 ‖1 � 2

3 . Defining the fidelity between ρ and σ as
F (ρ, σ ) = (tr(

√√
ρσ

√
ρ ))2, we have both

F
(
ρ⊗t

0 , ρ⊗t
1

)
� 1 − 1

4

∥∥ρ⊗t
0 − ρ⊗t

1

∥∥2
2 � 8

9
,

F
(
ρ⊗t

0 , ρ⊗t
1

) = F (ρ0, ρ1)t

=
⎛
⎝
√

1

3

(
1

3
+ δ

)
+
√

2

3

(
2

3
− δ

)⎞⎠
2t

� (1 − 40ε2)t � 1 − 40ε2t,

where the second inequality uses the well-known relation
that fidelity is upper bounded by 1 minus the squared trace
distance. Thus, the number of copies t needed for A is
�(1/ε2). �

2. Lower bound for purity estimation
with bounded quantum memory

In this Appendix, we prove a lower bound of
�(min{√d/ε, 2n−k/ε2}) for protocols with k qubits of
memory. This together with the �(1/ε2) lower bound from
Appendix C 1 yields a lower bound of

�(max{1/ε2, min{
√

d/ε, 2n−k/ε2}})

= �(median{1/ε2, 2n/2/
√

ε, 2n−k/ε2}).

When k = 0, the protocols considered are degenerate to pro-
tocols that only use single-copy measurements. This implies
an �(max{1/ε2, 2n/2/

√
ε}) lower bound for single copy mea-

surements.
Our lower bound is proved via a reduction from Problem

4. To this end, we need an appropriate ensemble D of n-qubit
mixed states satisfying the following conditions:

(1) With high probability, a state ψ sample from D
has high fidelity, i.e., tr(ψ2) = tr(ρ2

m) + �(ε), so that an
algorithm for purity estimation implies an algorithm for dis-
tinguishing ρm and D.

(2) There is a neat expression of Eψ∼Dψ⊗T that allows us
to prove lower bound using tools from Lemma 2.

We achieve the two conditions by tracing out part of the
qubits from a large Haar random state. This is called a random
induced state [42] that has been considered extensively in the
literature of quantum entanglement [43–45]. To the best of

our knowledge, this is the first time it has been considered for
quantum hypothesis testing.

Definition 6 (Ensemble of random induced states). Define
Dn,ε as the distribution of ψ = tr>n(|H〉〈H |), where |H〉 is
a (D = 2n+log(1/ε))-dimensional Haar random state, and tr>n

means tracing out the last log(1/ε) qubits.
We now instantiate Problem 4 into the following problem

and show that the problem can be reduced to purity estimation.
Problem 5. Distinguish the maximally mixed state ρ and

the ensemble Dn,ε of random induced states (in the sense of
Problem 4) with probability at least 7/12.

Lemma 4. An algorithm A that estimates the purity up to
within the additive error ε/3 can be used to construct an algo-
rithm that solves Problem 5 with the same sample complexity.

Proof. We need some basic properties of random induced
states, which can be obtained from direct calculations using
Lemma 1:

Eψ∼Dn,ε
tr(ψ2) = 2nε + 1

2n + ε
,

Varψ∼Dn,ε
tr(ψ2) = 2(22n − 1)(1/ε2 − 1)

(2n/ε + 1)2(2n/ε + 2)(2n/ε + 3)
.

By Chebyshev’s inequality,

p = Pr
ψ∼Dn,ε

[
tr(ψ2) � 2−n + 2ε

3

]

� Varψ∼Dn,ε
tr(ψ2)

(Eψ∼Dn,ε
tr(ψ2) − (2−n + 2ε/3))2

= O(2−2n).

To solve Problem 5, use A to estimate the purity and output
ρm if the estimated purity is smaller than 2−n + ε/3. With
probability 1 − p, ρ in the random induced state case has
purity greater than 2−n + 2ε/3. Then, with probability at least
2
3 , A estimates purity within error ε/3, in which case the
distinguishing task in Problem 5 is solved correctly. Thus, the
probability of solving the distinguishing task correctly is at
least (1 − p)2/3 � 7

12 . �
Hence, it suffices to prove lower bounds for Problem 5.

The techniques are similar to the ones used in Ref. [27]. We
include some lemmas there:

Lemma 5 (See Lemma 16 of Ref. [27]). Let x, y be two
positive integers, ρx be a mixed state on x qudits (each qudit
has local dimension d), and ρy be a mixed state on y qudits.
Then,

tr

⎛
⎝ρx ⊗ ρy

∑
π∈Sx+y

πd

⎞
⎠ � tr

⎛
⎝ρx

∑
π∈Sx

πd

⎞
⎠tr

⎛
⎝ρy

∑
π∈Sy

πd

⎞
⎠.

Lemma 6. Let F
 = ⊗T
t=1F ut

st
be a product of T non-

negative d-dimensional Hermitian operators, and B1 � B2 ⊆
[T ]. Then,

tr

⎛
⎝F


∑
π∈SB2

πd ⊗ I⊗B2

⎞
⎠ � tr

⎛
⎝F


∑
π∈SB1

πd ⊗ I⊗B2

⎞
⎠.

Proof. Without loss of generality, we assume B1 =
{1, 2, . . . , k} and B2 = {1, 2, . . . , k′} with k < k′. We also
assume F ut

st
is of trace 1. Then, we can recursively apply
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Lemma 5 to obtain

tr

⎛
⎝F


∑
π∈SB2

πd ⊗ I⊗B2

⎞
⎠ = tr

⎛
⎝⊗k′

t=1F ut
st

∑
π∈Sk′

πd

⎞
⎠ � tr

⎛
⎝⊗k′−1

t=1 F ut
st

∑
π∈Sk−1

πd

⎞
⎠tr
(
F uk′

sk′

)

= tr

⎛
⎝⊗k′−1

t=1 F ut
st

∑
π∈Sk−1

πd

⎞
⎠ � · · · � tr

⎛
⎝⊗k

t=1F ut
st

∑
π∈Sk

πd

⎞
⎠ = tr

⎛
⎝F


∑
π∈SB1

πd ⊗ I⊗B1

⎞
⎠. �

Lemma 7 (See Lemma 17 of Ref. [27]).

max
{Fs}s∈Mk

2,n

∑
s

tr(FsSWAP)2

tr(Fs)
� 2k+n.

Now we are ready for the lower bound.
Theorem 6. Any algorithm A that estimates the purity within additive error ε with two-copy protocols with k qubits of

quantum memory requires �(median{1/ε2, 2n/2/
√

ε, 2n−k/ε2}) copies.
By Claim 1, Theorem 6 also indicates an �(median{1/ε2, 2n/2/

√
ε, 2n−k/ε2}) sample complexity for quantum inner product

estimation using k-qubit one-way communication as in Problem 1.
Proof. As argued before, it suffices to prove an �(min{2n/2/

√
ε, 2n−k/ε2}) lower bound for Problem 5. Using the tree

representation, consider a path {eut ,st }T
t=1 from root leaf 
. We have the likelihood ratio for ψ :

Lψ (
) =
T∏

t=1

tr
(
F ut

st
ψ⊗2
)

tr
(
F ut

st ρ⊗2
m

) = tr
(⊗T

t=1 F ut
st

tr⊗2T
>n (|H〉〈H |⊗2T )

)
tr
(⊗T

t=1 F ut
st ρ⊗2T

m

) = tr
(⊗T

t=1 tr⊗2†
>n

(
F ut

st

)|H〉〈H |⊗2T
)

tr
(⊗T

t=1 F ut
st ρ⊗2T

m

) ,

where tr⊗x
>n means tracing out the last log(1/ε) qubits for all x copies and tr⊗x†

>n is its adjoint. Then, the likelihood ratio is

L(
) = Eψ∼Dn,ε
[Lψ (
)] = E|H〉∼μ

tr
(⊗T

t=1 tr⊗2†
>n

(
F ut

st

)|H〉〈H |⊗2T
)

tr
(⊗T

t=1 F ut
st ρ⊗2T

m

)
= d2T

D(D + 1) · · · (D + 2T − 1)
· tr
(⊗T

t=1 tr⊗2†
>n

(
F ut

st

)∑
π∈S2T

πD
)

tr
(⊗T

t=1 F ut
st

)
� d2T

D(D + 1) · · · (D + 2T − 1)

T∏
t=1

tr
(
tr⊗2†

>n

(
F ut

st

)∑
π∈S2

πD
)

tr
(
F ut

st

)
= d2T

D(D + 1) · · · (D + 2T − 1)

T∏
t=1

tr
(
F ut

st
tr⊗2

>n

(∑
π∈S2

πD
))

tr
(
F ut

st

)
= D2T

D(D + 1) · · · (D + 2T − 1)

T∏
t=1

tr
(
F ut

st

(
I + d

D SWAP
))

tr
(
F ut

st

)
�
(

1 − 2T

D

)2T(
1 + 1

D

)T T∏
t=1

tr
(
F ut

st
ρ2
)

tr
(
F ut

st ρ⊗2
m

) �
(

1 − 4T 2

D

) T∏
t=1

tr
(
F ut

st
ρ2
)

tr
(
F ut

st ρ⊗2
m

) .
In the third line, we used Lemma 1. The fourth line uses Lemma 5 recursively. We defined the 2n-qubit state ρ2 = I+d/DSWAP

d2(1+1/D) in

the seventh line. Note that
∏T

t=1
tr(F ut

st ρ2 )
tr(F ut

st ρ⊗2
m ) is the likelihood ratio of distinguishing ρ⊗2

m and ρ2 when using (1,Mk
2,n) protocols.

We can bound it using Lemma 2(c). To apply Lemma 2(c), we need to bound the likelihood ratio at each step.

max
{Fs}s∈Mk

2,n

Es∼tr(Fsρ⊗2
m )

[(
tr(Fsρ2)

tr
(
Fsρ⊗2

m

) − 1

)2]

= max
{Fs}s∈Mk

2,n

∑
s

tr(Fs)

d2

(
d

D + 1

tr(FsSWAP)

tr(Fs)
− 1

D + 1

)2

� 2

(D + 1)2
+ 2 max

{Fs}s∈Mk
2,n

tr(FsSWAP)2

(D + 1)2tr(Fs)
� 2

(D + 1)2
+ 2k+n+1

(D + 1)2
� 4ε22k−n.
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In the second line, we used the inequality (x − y)2 � 2x2 + 2y2. Thus, by Lemma 2(c) we have

Pr

∼pρ⊗2

m (
)

[
T∏

t=1

tr
(
F ut

st
ρ2
)

tr
(
F ut

st ρ⊗2
m

) > 0.9

]
� 0.9 − cT (4ε22k−n),

for a constant c. This means that

Pr

∼pρ⊗2

m (
)

[
L(
) > 0.9

(
1 − 4T 2

D

)]
� 0.9 − cT (4ε22k−n).

Assuming T � min{ 2n/2

20
√

ε
, 2n−k

400cε2 }, we have 0.9(1 − 4T 2/D) � 0.9 × 0.99 � 0.89 and cT (4ε22k−n) � 0.01. Thus, in this case

Pr

∼pρ⊗2

m (
)
[L(
) > 0.89] � 0.89.

By Lemmas 2(a) and 2(b), the success probability is at most 0.11 + 0.11 = 0.22 < 7
12 . We conclude that to solve Problem 5

with probability 7
12 , T � min{ 2n/2

20
√

ε
, 2n−k

400cε2 } = �(2n/2/
√

ε, 2n−k/ε2). �
Theorem 7 (The exponential hardness of purity estimation is universal). The hard instances in Definition 6 (used in the lower

bound in Theorem 6) are all close to the maximally mixed state. Here, we show that estimating purity close to any constant
value also requires �(2n/2/

√
ε) samples for single-copy strategies. This indicates that purity estimation is also hard for states far

from maximally mixed (even for pure states). By contrast, in quantum state certification, certifying states that are far away from
maximally mixed can be significantly easier [21].

Proof. For any fixed constant 0 < a < 1, we consider a distinguishing task between the following ensembles:
(1) The n-qubit quantum state is of the form ρ1 = a|ψ〉〈ψ | + (1 − a) · I/d , where |ψ〉〈ψ | is sampled Haar randomly and

d = 2n.
(2) The n-qubit quantum state is of the form ρ2 = (a + ε)|ψ〉〈ψ | + (1 − a − ε) · I/2n, where |ψ〉〈ψ | is sampled Haar

randomly.
By calculating the expectation and variance, we see that the purity is exponentially concentrated around a2 + (1 − a2)/d

((a + ε)2 + (1 − (a + ε)2)/d) in the first (second) case. Therefore, an algorithm A that estimates purity within additive error
2aε/3 can solve the above distinguishing task. Now we show that the sample complexity of this distinguishing task is at least
�(

√
d/

√
ε) for single-copy strategies.

In the following, we consider a strategy using T single-copy measurements. We consider the learning tree framework in
Definition 2. Similar to Lemma 2(a), the success probability of distinguishing between the two cases is given by [40]

psucc � dTV(Eψ pρ1 ,Eψ pρ2 ) := 1

2

∑

∈leaf (T )

|Eψ pρ1 (
) − Eψ pρ2 (
)|. (C1)

By the definition, the probability pρ (
) = tr(F
ρ
⊗T ), where F
 = ⊗T

t=1F ut
st

is the tensor product of POVM elements along path

. We first prove the following fact ∀B1 � B2 ⊆ [T ]:

∑



|tr(F
Eψψ⊗B1 ⊗ (I/d )⊗B1 ) − tr(F
Eψψ⊗B2 ⊗ (I/d )⊗B2 )| � |B2|2 − |B1|2
d

. (C2)

Write |B1| = b1 and |B2| = b2. By Lemma 2(b), we only need to bound the one-sided likelihood ratio given by

tr(F
Eψψ⊗B2 ⊗ (I/d )⊗B2 )

tr(F
Eψψ⊗B1 ⊗ (I/d )⊗B1 )
= db2−b1

(d + b1) · · · (d + b2 − 1)

tr
(
F


∑
π∈SB2

πd ⊗ I⊗B2
)

tr
(
F


∑
π∈SB1

πd ⊗ I⊗B1
)

� db2−b1

(d + b1) · · · (d + b2 − 1)
=

b2−1∏
i=b1

(
1 − i

d + i

)
�

b2−1∏
i=b1

(
1 − i

d

)

� 1 −
b2−1∑
i=b1

i

d
= 1 − b2(b2 − 1) − b1(b1 − 1)

2d
� 1 − b2

2 − b2
1

2d
.

Here, we use Haar integral in the first line, Lemma 6 in the second line, and the Bernoulli inequality
∏n

i=1(1 − xi ) � 1 −∑n
i=1 xi, xi ∈ (0, 1) in the last line. Hence, Eq. (C2) holds by Lemma 2(b).
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Now we can bound the total variation distance in Eq. (C1):

dTV(Eψ pρ1Eψ pρ2 ) = 1

2

∑



|Eψ pρ1 (
) − Eψ pρ2 (
)|

= 1

2

∑



|tr(Fl (Eψ (aψ + a(I/d ) + (1 − a − ε)(I/d ))⊗T − Eψ (aψ + εψ + (1 − a − ε)(I/d ))⊗T |

= 1

2

∑
B1,B2,B3partition[T ]

a|B1|ε|B2|(1 − a − ε)|B3|
∑




|tr(F
(Eψψ⊗B1∪B2 ⊗ (I/d )⊗B3 − Eψψ⊗B1 ⊗ (I/d )⊗B2∪B3 ))|

� 1

2

∑
B1,B2,B3partition[T ]

a|B1|ε|B2|(1 − a − ε)|B3| |B1 ∪ B2|2 − |B1|2
d

= 1

2d

∑
b1+b2+b3=T

(
T

b1, b2, b3

)
ab1εb2 (1 − a − ε)b3 ((b1 + b2)2 − b2

1)

= 1

2d

∑
b1+b2+b3=T

ab1εb2 (1 − a − ε)b3 (2b1b2 + b2(b2 − 1) + b2)

(
T

b1, b2, b3

)

= 1

2d

∑
b1+b2+b3=T

ab1εb2 (1 − a − ε)b3

(
2T (T − 1)

(
T − 2

b1 − 1, b2 − 1, b3

)

+ T (T − 1)

(
T − 2

b1, b2 − 2, b3

)
+ T

(
T − 1

b1, b2 − 1, b3

))

= aεT (T − 1)

d
+ ε2T (T − 1)

2d
+ T ε

2d
.

Therefore, when T � √
d/

√
ε, the TV distance is much less than 2/3, and the algorithm cannot distinguish the two cases with

high probability. �

3. Improved lower bound restricted to protocols
with fixed measurements

The analysis above gives an �(median{1/ε2,

2n/2/
√

ε, 2n−k/ε2}) lower bound. There is a
√

ε gap between
this lower bound and the O(median{1/ε2, 2n/2/ε, 2n−k/ε2})
upper bound that we will show in the next section. We believe
that the gap is due to some technical inadequacy in the
lower bound proof. Here, we provide a piece of evidence by
improving the lower bound in a restricted setting: estimating
purity with a randomly fixed PVM.

Definition 7 (Estimating purity with a randomly fixed
single-copy PVM). We say an algorithm A estimates the
purity within additive error ε with a randomly fixed single-
copy PVM, if it proceeds as the following: Given access to
an unknown state ρ, A samples a unitary U from a well-
designed distribution U and performs the single-copy PVM
MU := {U |x〉〈x|U †}d−1

x=0 on T copies of ρ. It then classically
processes all outcomes and outputs an estimator Ê such that
with probability at least 2/3, |Ê − tr(ρ2)| � ε. T is called the
sample complexity of A.

In the single-copy scenario (i.e., k = 0), one can verify
that the aforementioned lower and upper bounds simplify to
�(max{1/ε2, 2n/2/

√
ε}) and O(max{1/ε2, 2n/2/ε}), respec-

tively. Now we prove that in the setting of estimating with
a randomly fixed PVM, the lower bound can be improved to
�(max{1/ε2, 2n/2/ε}), matching the upper bound.

Theorem 8. Any algorithm A that estimates the purity
within additive error ε with a randomly fixed single-copy
PVM (as in Definition 7) has sample complexity at least
�(max{1/ε2, 2n/2/ε}).

Proof. The �(1/ε2) lower bound comes directly from
Lemma 3. Here, we only need to prove the �(2n/2/ε) lower
bound when 1/ε � 2n/2. By Lemma 4, it suffices to prove a
lower bound for Problem 5. Fix a unitary U sampled from U .
We index a leaf 
 ∈ Leaf(T ) by outcomes (x1, x2, . . . , xT ) ∈
{0, 1, . . . , d − 1}T and define |
〉 := |x1, . . . , xT 〉. We calcu-
late the probabilities of 
 in both cases.

p(
) := pρm (
)

= 〈
|(U †)⊗T ρ⊗T
m U ⊗T |
|
|(U †)⊗T ρ⊗T

m U ⊗T |
〉
= d−T . (C3)

q(
) := Eψ∼Dn,ε
pψ (
)

= 〈
|(U †)⊗T Eψψ⊗T U ⊗T |
|
|(U †)⊗T Eψψ⊗T U ⊗T |
〉
= 〈
|Eψψ⊗T |
|〈
|Eψψ⊗T |
〉 . (C4)

Here, we use the fact that the distribution of U †ψU is the
same as the distribution of ψ (i.e., Haar measure is invariant
under unitary multiplication). Therefore, the distributions p
and q are indeed independent of U . The goal is to upper bound
the success probability by Lemma 2(b) when the depth of the
learning tree T � √

d/ε.
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We now explicitly calculate q(
) using Lemma 1. Here, we explicitly specify the local dimension of a permutation operator.
For a permutation π ∈ ST , let πD be the permutation operator on T copies, πd be the permutation operator on the first n qubits
of T copies, and π1/ε be the permutation operator on the last log(1/ε) qubits of T copies. Then, we have πD = πd ⊗ π1/ε. Let
c(π ) be the number of cycles in π . By Lemma 1,

Eψ∼Dn,ε
ψ⊗T = tr⊗T

>n

(∑
π∈ST

πD
)

D(D + 1). . .(D + T − 1)
=
∑

π∈ST
πd tr(π1/ε )

D(D + 1). . .(D + T − 1)

=
∑

π∈ST
πε−c(π )

D(D + 1). . .(D + T − 1)
= d−T

∑
π∈ST

πεT −c(π )

(1 + ε/d ). . .(1 + (T − 1)ε/d )
. (C5)

Here, tr⊗T
>n means tracing out the last log(1/ε) qubits for all copies. We use Lemma 1 in the first line, πD = πd ⊗ π1/ε in the

second line, and tr(π1/ε ) = ε−c(π ) in the third line. We omit the superscript d and write πd as π from now on. Notice that
for any term 〈
|π |
|
|π |
〉 to be nonzero, π must connect copies with the same outcomes, that is, xi = xπ (i) for any i. Define
B


y := {i ∈ {1, 2, . . . , T } : xi = y} for y ∈ {0, 1, . . . , d − 1}, b

y := |B


y|, and let SB

y

be the set of permutations over copies in B

y.

〈
|∑π∈ST
πεT −c(π )|
|
|∑π∈ST

πεT −c(π )|
〉 has a block structure as follows:
˝



∣∣∣∣∣∣
∑
π∈ST

πεT −c(π )

∣∣∣∣∣∣

∣∣∣∣∣∣

∣∣∣∣∣∣
∑
π∈ST

πεT −c(π )

∣∣∣∣∣∣

˛

=
d−1∏
y=0

�

y⊗b

y

∣∣∣∣∣∣∣
∑
π∈B


y

πεb

y−c(π )

∣∣∣∣∣∣∣y
⊗b


y
∣∣y⊗b


y

∣∣∣∣∣∣∣
∑
π∈B


y

πεb

y−c(π )

∣∣∣∣∣∣∣y
⊗b


y

�

=
d−1∏
y=0

∑
π∈B


y

εb

y−c(π ). (C6)

Recall that the coefficient of xk in x(x + 1) · · · (x + t − 1) is the unsigned Stirling number of the first kind, which is the number
of permutations of t elements with k cycles (see, e.g., Ref. [46]). So, x(x + 1) · · · (x + t − 1) =∑π∈St

xc(π ). Setting x = 1/ε,

we obtain that
∑

π∈B

y
εb


y−c(π ) = (1 + ε)(1 + 2ε) · · · (1 + (b

y − 1)ε). Combining with Eqs. (C3)–(C6), we finally obtain the

likelihood ratio

L(
) := q(
)

p(
)
=
∏d−1

y=0 (1 + ε) · · · (1 + (b

y − 1
)
ε
)

(1 + ε/d ) · · · (1 + (T − 1)ε/d )
.

Since x − x2

2 � ln(1 + x) � x for x � 0,

ln(L(
)) =
d−1∑
y=0

b

y−1∑
i=1

ln(1 + iε) −
T −1∑
i=1

ln(1 + iε/d ) �
d−1∑
y=0

b

y−1∑
i=1

(
iε − (iε)2

2

)
−

T −1∑
i=1

iε

d

= ε

d−1∑
y=0

(
b


y

2

)
− ε

d

(
T

2

)
− ε2

d−1∑
y=0

(
b


y − 1
)
b


y

(
2b


y − 1
)

12

=
(

ε − 1

2
ε2

) d−1∑
y=0

(
b


y

2

)
− ε

d

(
T

2

)
− ε2

d−1∑
y=0

(
b


y

3

)

=
(

ε − 1

2
ε2

)∑
i< j

1[xi = x j] − ε

d

(
T

2

)
− ε2
∑

i< j<k

1[xi = x j = xk]. (C7)

We show in Lemma 8 that, assuming T <
√

d/(100ε)
and 1/ε <

√
d , the right-hand side of Eq. (C7) is larger

than −0.13 with probability at least 0.97. In other words,
Pr
∼p(
)[L(
) � e−0.115] � 0.03. By Lemma 2(b), the suc-
cess probability is at most 0.03 + (1 − e−0.115) < 2/3.
Therefore, to achieve a 2/3 success probability, T =
�(max{1/ε2,

√
d/ε}). �

Lemma 8. Assume T <
√

d/(100ε) and 1/ε <
√

d . Sup-
pose x1, x2, . . . , xT are uniformly drawn from {0, 1, . . . , d −
1}. With probability at least 0.97, the right-hand side of Eq.
(C7) is at least −0.13.

Proof. Define two random variables X :=∑i< j 1[xi =
x j],Y :=∑i< j<k 1[xi = x j = xk]. It is easy to see E[X ] =
1
d

(T
2

)
< 1

10 000ε2 and E[Y ] = 1
d2

(T
3

)
< 1

10 000ε3
√

d
< 1

10 000ε2 .

Furthermore, for i1 < j1, i2 < j2,

E(1[xi1 = x j1 ]1[xi2 = x j2 ]]) − E(1[xi1 = x j1 ])E(1[xi2 = x j2 ])

=
{

1
d − 1

d2 , i1 = i2, j1 = j2,

0, otherwise.

So, Var[X ]=E[X 2] − E[X ]2=( 1
d − 1

d2 )
(T

2

)
< 1

d

(T
2

)
< 1

10 000ε2 .
By Chebyshev’s inequality, with probability at least 0.99,

|X − E[X ]| � 10
√

Var[X ] < 1
10ε

. By Markov’s inequality,
with probability at least 0.99, X � 100E[X ] < 1

100ε2 . With
probability at least 0.99, Y � 100E[Y ] < 1

100ε2 . Therefore,
with probability at least 0.97, all events happen, and the right-
hand side of Eq. (C7) is

ε(X − E[X ]) − 1
2ε2X − ε2Y > −0.115. �
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ALGORITHM 1. Distributed inner product estimation using
unentangled local measurement [9].

Input : Accuracy demand ε, N copies of unknown ρ and σ .
Output : An estimation of tr(ρσ ) within additive error ε.
1: Divide the N copies of ρ and σ into Nb groups, each

containing m copies of ρ and σ .
2: for i = 1, ..., Nb do
3: Alice and Bob sample a (d = 2n)-dimensional Haar random

unitary Ui, and load a fresh batch of m copies of ρ and σ ,
respectively.

4: Alice measures m copies of ρ in the basis {U †
i |b〉 〈b|Ui}d−1

b=0
to obtain outputs x1, ..., xm. Alice then sends these classical
outputs to Bob.

5: Bob measures m copies of σ in the basis {U †
i |b〉 〈b|Ui}d−1

b=0
to obtain outputs y1, ..., ym.

6: Bob computes the collision estimator

g̃i = 1

m2

m∑
j,k=1

1[x j = yk].

7: Let wi = (2n + 1)g̃i − 1.
8: end for
9: Bob outputs w = 1

Nb

∑Nb
i=1 wi.

APPENDIX D: SAMPLE COMPLEXITY OF INNER
PRODUCT ESTIMATION

1. Inner product estimation with bounded
quantum communication

In this Appendix, we provide an algorithm for inner prod-
uct estimation with k-qubit one-way quantum communication
(Problem 1), and thus an algorithm for purity estimation with
k-qubit quantum memory (Problem 2) by Claim 1.

When k = 0 in Problem 1, the task reduces to distributed
inner product estimation with unentangled measurements
where Alice and Bob estimate tr(ρσ ) using single-copy local
measurements and classical communication (i.e., LOCC). In
this case, Ref. [9] proposes a collision-based algorithm using
single-copy local measurements and classical communica-
tions between Alice and Bob as in Algorithm 1.

Here, we write the protocol in a one-way communication
version. The following lemma proves the performance of Al-
gorithm 1:

Lemma 9 (Performance of Algorithm 1, [9]). There exists
a choice of Nb and m such that

N = Nbm = O

(
max

{
1

ε2
,

2n/2

ε

})
,

and the estimator w output from Algorithm 1 is an approxima-
tion of tr(ρσ ) within additive error ε with a high probability.

In Problem 1, Alice and Bob are allowed to have k-qubit
one-way quantum communication for each copy pair ρ and
σ . To this end, we propose the following partial SWAP test
algorithm making use of one-way quantum communication in
Algorithm 2.

Now, we analyze the performance of Algorithm 2. From
Line 1 to Line 3, Alice and Bob are to perform the folklore
SWAP test on the first k qubits of ρ and σ . By choosing Nk =
O(1/ε2), one can guarantee that Alice and Bob can estimate f̃k

ALGORITHM 2. Partial SWAP test using k-qubit one-way com-
munication unentangled local measurement.

Input: Accuracy demand ε, N + Nk copies of unknown ρ and σ

where Nk = O(1/ε2).
Output: An estimation of tr(ρσ ) within additive error ε.
1: Alice and Bob load Nk copies of ρ and σ , respectively.
2: Alice sends the first k qubits of each copy to Bob.
3: Bob applies a partial SWAP test, i.e. POVM

{ I2k+SWAPk
2 ,

I2k−SWAPk
2 }, on the first k qubits of ρ received and σ

for each copy. He can then estimate f̃k within ε/2 of the inner
product fk = tr(tr>k (ρ )tr>k (σ )).

4: Divided the N copies of ρ and σ into Nb groups, each
containing m copies of ρ and σ .

5: for i = 1, ..., Nb do
6: Alice and Bob sample a 2n−k-dimensional Haar random

unitary Ui, and load a fresh batch of m copies of ρ and σ ,
respectively.

7: Alice sends the first k qubits of each copy to Bob.
8: Bob applies a partial SWAP test, i.e. POVM

{ I+SWAPk
2 ,

I−SWAPk
2 }, on the first k qubits of ρ received and σ

for each copy, and obtains outcome z1, ..., zm.
9: Alice measures m copies of the remaining n − k qubits of ρ

each in the basis {U †
i |b〉 〈b|Ui}2n−k−1

b=0 to obtain outputs
x1, ..., xm. Alice then sends these classical outputs to Bob.

10: Bob measures m copies of the remaining n − k qubits of σ

each in the basis {U †
i |b〉 〈b|Ui}2n−k−0

b=1 to obtain outputs
y1, ..., ym.

11: Bob computes the value

g̃i = 1

m

m∑
i=1

(1[zi = 1, xi = yi] − 1[zi = −1, xi = yi])

12: Let wi = (2n−k + 1)g̃i − f̃k

13: end for
14: Bob outputs w = 1

Nb

∑Nb
i=1 wi

within ε/2 of the inner product fk = tr(tr>k (ρ)tr>k (σ )) with
high probability.

We then consider the remaining part of the algorithm.
In each iteration i = 1, . . . , Nb, we denote X = {x1, . . . , xm},
Y = {y1, . . . , ym}, Z = {z1, . . . , zm}, and S = {X,Y, Z}. We
can thus regard g̃i as a random function g(U, S). Note that
for fixed U , we have

Pr[zi = 1, xi = yi]

=
d−1∑
b=0

tr

(
I2k + SWAPk

2
⊗ (U † |b〉 〈b|U )⊗2 · ρ ⊗ σ

)
,

Pr[zi = −1, xi = yi]

=
d−1∑
b=0

tr

(
I2k − SWAPk

2
⊗ (U † |b〉 〈b|U )⊗2 · ρ ⊗ σ

)
.

The expectation value of g(U, S) is thus

E
U,S

[g(U, S)]

= E
U

[
d−1∑
b=0

tr(SWAPk ⊗ (U † |b〉 〈b|U )⊗2 · ρ ⊗ σ )

]
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= tr(SWAPk ⊗ (In−k ⊗ In−k + SWAPn−k ) · ρ ⊗ σ )

2n−k + 1

= f + fk

2n−k + 1
,

where fk = tr(tr>k (ρ)tr>k (σ )) and f = tr(ρσ ). This implies
the following:

Lemma 10. The value w output from Bob in Algorithm 2
is an unbiased estimation for tr(ρσ ).

Note that since Alice and Bob can estimate f̃k within ε/2
of the inner product fk = tr(tr>k (ρ)tr>k (σ )) with high proba-
bility, we only need to compute the parameters N , Nb, and m
such that the remaining part of w deviates from tr(ρσ ) + fk

for at most ε/2. To achieve this, we consider the variance of
w. Note that for

Var(w) = 1

N2
b

Nb∑
i=1

Var(wi ) = (2n−k + 1)2

Nb
Var(g(U, S)),

(D1)

it is sufficient to compute the variance of g(U, S). The vari-
ance of Var(g(U, S)) can be divided into the variance of the
random unitary U and the variance of the intrinsic randomness
of quantum measurement. This indicates that

Var(g(U, S)) = VarU (E[g(U, S)|U ]) + EU [Var(g(U, S)|U )].
(D2)

We now compute the two terms. We have the following
lemma for the first term:

Lemma 11. The first term in Eq. (D2) is bounded by

VarU (E[g(U, S)|U ]) = O

(
1

23(n−k)

)
.

Proof. The first term in Eq. (D2) can be computed as

VarU (E[g(U, S)|U ])

= E
U

[g(U )2] − E
U

[g(U )]2

=
2n−k−1∑
b1,b2=0

E
U

[tr((SWAPk )⊗2 ⊗ (U † |b1〉 〈b1|U )⊗2

⊗ (U † |b2〉 〈b2|U )⊗2 · (ρ ⊗ σ )⊗2)] − E
U

[g(U )]2. (D3)

While the last term above is EU [g(U )]2 = ( f + fk

2n−k+1 )2, the first
term can be further decomposed into the case when b1 = b2

and b1 �= b2. For b1 = b2, the total contribution can be com-
puted as

2n−k E
ψ∼μ

[tr((SWAPk )⊗2 ⊗ (|ψ〉 〈ψ |)⊗4 · (ρ ⊗ σ )⊗2)]

= 1

(2n−k + 1)(2n−k + 2)(2n−k + 3)

∑
π∈S4

tr((SWAPk )⊗2

⊗ π2n−k · (ρ ⊗ σ )⊗2)

= O

(
1

23(n−k)

)
, (D4)

where the second line follows from Lemma 1 and the last line
follows from the fact that the summation is over 24 elements
each of at most 1. When b1 �= b2, the contribution can be
computed as

2n−k (2n−k − 1)E ψ∼μ
ψ ′∼μ⊥ψ

tr((SWAPk )⊗2 ⊗ (|ψ〉 〈ψ |)⊗2

⊗ (|ψ ′〉 〈ψ ′|)⊗2 · (ρ ⊗ σ )⊗2).

Here, μ⊥ψ is the Haar measure over states perpendicular to
|ψ〉. We have the following lemma to deal with the above
equation:

Lemma 12 (See Lemma 18 of Ref. [9]).

E
ψ ′∼μ⊥ψ

[|ψ ′〉 〈ψ ′|⊗2] = 1

2n−k (2n−k − 1)
((I − |ψ〉 〈ψ |)⊗2 + (I − |ψ〉 〈ψ |)⊗2SWAPn−k (I − |ψ〉 〈ψ |)⊗2).

By plugging this lemma into the case when b1 �= b2, it can be written as

2n−k (2n−k − 1)E ψ∼μ
ψ ′∼μ⊥ψ

tr((SWAPk )⊗2 ⊗ (|ψ〉 〈ψ |)⊗2 ⊗ (|ψ ′〉 〈ψ ′|)⊗2 · (ρ ⊗ σ )⊗2)

= Eψ∼μtr((SWAPk )⊗2 ⊗ (|ψ〉 〈ψ |)⊗2 ⊗ (I ⊗ I + SWAPn−k ) · (ρ ⊗ σ )⊗2) + O(2−3(n−k) )

= tr((SWAPk )⊗2 ⊗ (I ⊗ I + SWAPn−k ) ⊗ (I ⊗ I + SWAPn−k ) · (ρ ⊗ σ )⊗2)

2n−k (2n−k + 1)
+ O(2−3(n−k) )

= ( f + fk )2

2n−k (2n−k + 1)
+ O(2−3(n−k) ). (D5)

By inserting Eqs. (D4) and (D5) into Eq. (D3), we arrive at

VarU (E[g(U, S)|U ]) = ( f + fk )2

2n−k (2n−k + 1)
+ O(2−3(n−k) ) −

(
f + fk

2n−k + 1

)2

= O(2−3(n−k) ),

which proves Lemma 11. �
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Regarding the second term, we have the following lemma:
Lemma 13. The second term in Eq. (D2) is bounded by

EU [Var(g(U, S)|U )] = O

(
1

m2n−k

)
.

Proof. We first note that when we fix a U ,

Var(g) = E[g2] − E[g]2

= 1

m2

m∑
i, j=1

(1[zi = 1, xi = yi] − 1[zi = −1, xi = yi])

(1[z j = 1, x j = y j] − 1[z j = −1, x j = y j]) − E[g]2

= E[g′]
m

+
(

m − 1

m
− 1

)
E[g]2

� E[g′]
m

,

Here,

g′ = g̃i = 1

m

m∑
i=1

(1[zi = 1, xi = yi] + 1[zi = −1, xi = yi])

and the third line follows from considering i = j and i �= j.
Averaging over U , we have

EU [Var(g(U, S)|U )] = EU,S[g′]
m

= O

(
1

m2n−k

)
,

where the second step follows from the fact that

EU,S[g′]

= E
U

[
d−1∑
b=0

tr(Ik ⊗ Ik ⊗ (U † |b〉 〈b|U )⊗2 · ρ ⊗ σ )

]

= 1

2n−k + 1
tr(Ik ⊗ Ik ⊗ (In−k ⊗ In−k + SWAPn−k ) · ρ ⊗ σ )

� 2

2n−k + 1
.

�
Combining Lemmas 10, 11, and 13, we have the following

lemma regarding the performance of Algorithm 2:
Lemma 14 (Performance of Algorithm 2). There exists a

choice of Nb and m such that

N = Nbm = O

(
2n−k

ε2

)
,

and the estimator w output from Algorithm 2 is an ap-
proximation of tr(ρ) within additive error ε with a high
probability.

Proof. We first combine Lemmas 11 and 13; we can com-
pute the variance in Eq. (D2) as

Var(g(U, S)) = VarU (E[g(U, S)|U ]) + EU [Var(g(U, S)|U )]

= O

(
1

m2n−k
+ 1

23(n−k)

)
.

Plugging the above equation in Eq. (D1), we have

Var(w) = (2n−k + 1)2

Nb
Var(g(U, S))

= 1

Nb
O

(
2n−k

m
+ 1

2n−k

)
.

Note that from Lemma 10, w output from Bob is an unbiased
estimation for tr(ρσ ). It is enough to satisfy

Var(w) �
(ε

2

)2
.

Then, we have with high probability that w + f̃k deviates from
tr(ρσ ) + fk for at most ε/2. As f̃k deviates from fk for at
most ε/2 with high probability, we conclude that w deviates
from tr(ρσ ) for at most ε with high probability. Therefore, we
require

2n−k

Nbm
� O(ε2),

1

Nb2n−k
� O(ε2).

Here, we set m to 1, and Nb = O(2n−k/ε2) satisfies the re-
quirements. Thus, we have

N = Nbm = O

(
2n−k

ε2

)
. �

Therefore, the sample complexity of Algorithm 2 is N +
Nk = O(2n−k/ε2). Combining Algorithms 1 and 2, we reach
the following theorem:

Theorem 9. Given unknown quantum states ρ and σ , error
parameter ε, and the capacity of one-way communication k in
Problem 1, the combination of Algorithms 1 and 2 yields an
algorithm that solves Problem 1 with a high probability using

O

(
min

{
2n−k

ε2
, max

{
1

ε2
,

2n/2

ε

}})

= O

(
median

{
1

ε2
,

2n/2

ε
,

2n−k

ε2

})

copies of ρ and σ .

2. Lower bound for mixed state decisional
inner product estimation

In this Appendix, we provide two lower bounds for mixed
state versions of the DIPE introduced in Ref. [9]. For both
versions, we obtain a sample lower bound of

√
d/tr(ρ2).

For Problem 6, our bound holds for protocols with one-
way communication between Alice and Bob. The proof
follows directly from concentration of measure and, in par-
ticular, does not require Chiribella’s theorem. For Problem
11, we can show the lower bound for all separable measure-
ments (see Definition 1) by adapting the proof technique in
Ref. [9].

a. Lower bounds from concentration of measure

We consider the following mixed variant of the DIPE:
Problem 6 (Mixed state decisional inner product estima-

tion with fixed spectrum, mixed DIPE I). Fixing an underlying
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quantum state ρ, Alice and Bob are given copies of states,
promised that one of the following two cases holds:

(1) Alice and Bob both have state UρU † for a Haar ran-
domly chosen unitary U .

(2) Alice has state UρU † and Bob has stat V ρV † for
independent Haar randomly chosen unitary U and V .

Their goal is to decide which case they are in with high
probability.

Theorem 10. Deciding DIPE I for any fixed ρ requires
at least �(

√
d/tr(ρ2)) copies if Alice and Bob are allowed

to perform local measurements and one-way communication
protocols.

We need a standard lemma bounding the Lipschitz constant
for k-copy measurements:

Lemma 15. fU,ρ := tr[M(UρU †)⊗k] has Lipschitz con-
stant L � 2k

√
tr[ρ2] for any operator M with ||M||∞ � 1.

Proof. We calculate

|tr[M(UρU †)⊗k] − tr[M(V ρV †)⊗k]|
= |tr[M((UρU †)⊗k − (V ρV †)⊗k )]|
� ||M||∞||(UρU †)⊗k − (V ρV †)⊗k||1
� ||(UρU †)⊗k − (V ρV †)⊗k||1.

We can now use the following bound: Consider matrices
A, B,C, and D with ||A||1 = ||D||1 = 1. Then,

||A ⊗ B − C ⊗ D||1
� ||A ⊗ (B − D) + (A − C) ⊗ D||1
� ||A||1||B − D||1 + ||A − C||1||D||1
� ||B − D||1 + ||A − C||1.

We apply this bound k times and obtain

|tr[M(UρU †)⊗k] − tr[M(V ρV †)⊗k]|
� k||UρU † − V ρV †||1
= k||UρU † − UρV † + UρV † − V ρV †||1
� k||Uρ(U † − V †)||1 + k||(U − V )ρV †||1
� 2k||ρ||2||U − V ||2

by Hölder’s inequality and Cauchy-Schwarz. �
We can now prove Theorem 10:
Proof of Theorem 10. For quantum measurements MA,B =∑
i Mi ⊗ Ni performed by Alice and Bob with one-way

communications (see “Measurements with classical commu-
nications” part in Appendix A 1 for details), we will show that
the assumption

E
U,V ∼μ

tr[MA,B(UρU †)⊗k ⊗ (V ρV †)⊗k]

= E
U∼μ

∑
i

tr[Mi(UρU †)⊗k] E
V ∼μ

tr[Ni(V ρV †)⊗k]

� 2

3

leads to a contradiction for k = o(
√

d/tr(ρ2)). Theorem 5
implies

Pr[|tr[Ni(V ρV †)⊗k] − EV tr[Ni(V ρV †)⊗k]| � τ ]

� 4e
− 2dτ2

36π3tr[ρ2]k2 .

With the notation Bτ := {|tr[Ni(V ρV †)⊗k] −
EV tr[Ni(V ρV †)⊗k]| � τ }, we have.

E
U∼μ

tr[MA,B(UρU †)⊗k ⊗ (UρU †)⊗k]

=
∑

i

E
U∼μ

tr[Mi(UρU †)⊗k]tr[Ni(UρU †)⊗k]

�
∑

i

∫
Bτ

tr[Mi(UρU †)⊗k]tr[Ni(UρU †)⊗k]dμ(U )

�
∑

i

∫
Bτ

tr[Mi(UρU †)⊗k]

× ( E
V ∼μ

tr[Ni(V ρV †)⊗k] − τ
)
dμ(U )

� E
U∼μ

∑
i

tr[Mi(UρU †)⊗k] E
V ∼μ

tr[Ni(V ρV †)⊗k] − τ

−
∫

U (d )\Bτ

∑
i

tr[Mi(UρU †)⊗k]

� 2

3
− τ − 4e

− 2dτ2

36π3tr[ρ2]k2 .

We can now choose τ = 1/10 and find that for k �√
d/400
√

tr[ρ2] mixed DIPE I cannot be solved with general
one-way protocols. �

b. Lower bound for all separable measurements

We consider a second mixed variant of the DIPE to prove a
lower bound even if Alice and Bob are allowed to perform
arbitrary measurements. The following is a restatement of
Problem 3:

Problem 7 (Convex mixture of Haar random states, mixed
DIPE II). Alice and Bob are given copies of states, promised
that one of the following two cases holds:

(1) Alice and Bob both have state ρ = 1
r

∑r
i=1 |ψi〉〈ψi|,

where the states ψi are drawn iid from μ.
(2) Alice has state ρ = 1

r

∑r
i=1 |ψi〉〈ψi| and Bob has state

σ = 1
r

∑r
i=1 |φi〉〈φi|, where the states |φi〉 and |ψi〉 are drawn

iid from μ.
Their goal is to decide which case they are in with high

probability.
We will prove the following theorem:
Theorem 11. Any protocol involving arbitrary interactive

protocols between Alice and Bob requires k = �(
√

d/tr(ρ2))
copies to decide mixed DIPE II with high probability.

As in Ref. [9], we can use Chiribella’s theorem [47] that
characterizes the measure-and-prepare channel via the opti-
mal cloning channel. The measure-and-prepare channel [38]
is defined as

MPa→b(ρ) :=
(

a + d − 1

a

)
Eψ∼μtr(ρ · ψ⊗a)ψ⊗b.

As we will see, the measure-and-prepare channel will show up
naturally when analyzing mixed DIPE II. On the other hand,
we have the optimal cloning channel:

Clonea→b(ρ) :=
(d+a−1

a

)
(d+b−1

b

)Sb
(
ρ ⊗ 1⊗b−a

)
Sb.
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Chiribella’s theorem [47] then establishes the following con-
nection:

Theorem 12 (Chiribella’s theorem). For integers a, b � 0
and a density matrix ρ, it holds that

MPa→b(ρ) =
min a,b∑

s=0

(a
s

)(d+b−1
b−s

)
(d+a+b−1

b

) Clones→b(tra−s[ρ]).

Theorem 12 allows us to prove the following generalization
of Lemma 7 in Ref. [9]:

Lemma 16. For any input state ρ, we have

Eψ∼μtr[ρψ⊗a]ψ⊗b � e−ab/d Sb(d+b−1
b

) .
Proof. Applying Theorem 12, we calculate

E
ψ

tr[ρψ⊗a]ψ⊗b

= 1(a+d−1
a

)MPa→b(ρ)

= 1(a+d−1
a

) min a,b∑
s=0

(a
s

)(d+b−1
b−s

)
(d+a+b−1

b

) Clones→b(tra−s[ρ])

� 1(a+d−1
a

)
(a

0

)(d+b−1
b

)
(d+a+b−1

b

) Clone0→b(tr[ρ])

= 1(a+d−1
a

)
(d+b−1

b

)
(d+a+b−1

b

) Sb(d+b−1
b

)
� 1(a+d−1

a

)e−ab/d Sb(d+b−1
b

) ,
where the last line follows from∏b−1

i=0 (d + i)∏b−1
i=0 (d + a + i)

=
b−1∏
i=1

1

1 + a
d+i

� e−∑b−1
i=0

a
d+i � e− ab

d .

�

Proof of Theorem 11. We will show that a successful
separable two-outcome POVM {MA,B,1 − MA,B} with k =
o(
√

d/Etr(ρ2)) will lead to a contradiction. More precisely,
we assume that {MA,B,1 − MA,B} satisfies

(1) Eρ tr(MA,Bρ⊗k ⊗ ρ⊗k ) � 1
3 .

(2) Eρ,σ tr(MA,Bρ⊗k ⊗ σ⊗k ) � 2
3 .

First, notice that

E
ρ

tr(ρ2) = 1

r2

r∑
i, j=1

E
ψ1,...,ψr∼μ

|〈ψi|ψ j〉|2

= 1

r2
(r + r(r − 1)d−1),

where we used the formula Eψ |〈ψ |φ〉|2 = d−1 for any fixed
state φ. Therefore, we can assume that Eρ tr(ρ2) = �(r−1).

We will consider the (unnormalized) “post measurement”
state of Bob in case 1:

ρBob = E
ρ

tr(Atρ
⊗k )ρ⊗k .

We expand

E
ρ

tr(Atρ
⊗k ) =

r∑
i1,...,ik=1

tr

[
At E

ψ1,...,ψr∼μ

k⊗
l=1

∣∣ψil

〉〈
ψil

∣∣].
The operator Eψ1,...,ψk

⊗k
l=1 |ψil 〉〈ψil | is a tensor product over

maximally mixed states on symmetric subspaces. In the fol-
lowing, for a subset L ∈ [k], we denote by SL the projector
onto the symmetric subspace of tensor copies in L. If the
subset is clear from context, we denote the projector onto the
symmetric subspace of a tensor copies by Sa.

E
ψ1,...,ψk∼μ

k⊗
l=1

|ψil 〉〈ψil | =
r⊗

q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

) .
Consequently, we find

ρBob = 1

r2k

∑
i1,...,ik , j1,..., jk

E
ψ1,...,ψr

tr

[
At

k⊗
l=1

∣∣ψil

〉〈
ψil

∣∣] k⊗
l=1

∣∣ψ jl

〉〈
ψ jl

∣∣

= 1

r2k

∑
i1,...,ik , j1,..., jk

E
ψ1,...,ψr

tr

⎡
⎣ r⊗

q=1

S{l;il =q}At

r⊗
q=1

S{l;il =q}
k⊗

l=1

∣∣ψil

〉〈
ψil

∣∣
⎤
⎦ k⊗

l=1

∣∣ψ jl

〉〈
ψ jl

∣∣

= 1

r2k

∑
i1,...,ik , j1,..., jk

tr

⎡
⎣At

r⊗
q=1

S{l;il =q}

⎤
⎦ E

ψ1,...,ψr

tr

[
τ t

i1,..., jk

k⊗
l=1

∣∣ψil

〉〈
ψil

∣∣] k⊗
l=1

∣∣ψ jl

〉〈
ψ jl

∣∣, (D6)

where we define the state

τ t
i1,..., jk :=

⊗r
q=1 S{l;il =q}At

⊗r
q=1 S{l;il =q}

tr
[
At
⊗r

q=1 S{l;il =q}
] .

We can now interpret the expression Eψ1,...,ψr tr[τ
t
i1,..., jk

⊗k
l=1 |ψil 〉〈ψil |]

⊗k
l=1 |ψ jl 〉〈ψ jl | as a tensor product of measure-and-

prepare channels applied to the state τ . We apply Lemma 16 and arrive at the following bound:

E
ψ1,...,ψr∼μ

tr

[
τ t

i1,..., jk

k⊗
l=1

∣∣ψil

〉〈
ψil

∣∣] k⊗
l=1

∣∣ψ jl

〉〈
ψ jl

∣∣ � r∏
q=1

(
e−|{l;il =q}||{l; jl =q}|/d 1(|{l;il =q}|+d−1

d−1

)
)

·
r⊗

q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

) .
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In Eq. (D6), we will typically see tuples i1, . . . , ik , such that every single value 1 � q � r can be expected to appear roughly
k/r many times. This will allow us to lower bound the contribution of

∏r
q=1 e−|{l;il =q}||{l; jl =q}|/d . We can bound the tails of this

distribution via a Hoeffding bound. More precisely, the probability of drawing the number q greater than m � k/r times is
bounded by

Pr[|{l; il = q}| � m] � 2e−2k(1/r−m/k)2
.

In particular, setting m = Ck/r for a constant C > 1, we find via a union bound

Pr

[
max

q
{|{l; il = q}, {l; jl = q}|} � Ck/r

]
�

k∑
q=1

Pr[|{l; il = q}| � m] � 4ke−2k(1−C)2/r2
. (D7)

Splitting the sum in Eq. (D6) into the typical case and the tail, we find

ρBob � 1

r2k

∑
i1,..., jk

maxq{|{l;il =q}|,|{l; jl =q}|}�Ck/r

tr

⎡
⎣At

r⊗
q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

)
⎤
⎦e−C2k2/rd

r⊗
q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

)

= 1

r2k

r∑
i1,..., jk=1

tr

⎡
⎣At

r⊗
q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

)
⎤
⎦e−C2k2/rd

r⊗
q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

) − L,

where we defined

L := 1

r2k

∑
i1,..., jk

maxq{|{l;il =q}|,|{l; jl =q}|}>Ck/r

tr

⎡
⎣At

r⊗
q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

)
⎤
⎦e−C2k2/rd

r⊗
q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

) .
We can now apply this characterization to case 1 of the mixed DIPE (Problem 7):

E
ρ

tr[MA,Bρ⊗k ⊗ ρ⊗k] =
∑

t

tr
[
tr[Atρ

⊗k]ρ⊗kBt
]

�
∑

t

e−C2k2/rd

r2k

r∑
i1,..., jk=1

tr

⎡
⎣At

r⊗
q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

)
⎤
⎦tr

⎡
⎣ r⊗

q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

)Bt

⎤
⎦−
∑

t

tr[LBt ]

= e−C2k2/rdEU tr[MABρ⊗k ⊗ σ⊗k] −
∑

t

tr(LBt ) � e−C2k2/rd 2

3
−
∑

t

tr(LBt ).

The second term can be bounded by

∑
t

tr[Bt Lt ] � 1

r2k

∑
i1,..., jk

maxq{|{l,il =q}|,|{l, jl =q}|}>Ck/r

tr

⎡
⎣MAB

r⊗
q=1

S{l;il =q}(|{l;il =q}|+d−1
d−1

) ⊗ r⊗
q=1

S{l; jl =q}(|{l; jl =q}|+d−1
d−1

)
⎤
⎦

� 1

r2k

∑
i1,..., jk

maxq{|{l,il =q}|,|{l, jl =q}|}>Ck/r

1

= Pr[max
q

{|{l; il = q}|, |{l; jl = q}|} > Ck/r]

� 4ke−�(kC2/r2 ),

where we used Hölder’s inequality and Eq. (D7). We choose C large enough so that ke−�(kC2/r2 ) � 1
20 for all k � c

√
r for a small

constant c > 0. Assuming that k < c
√

r � c
√

d , we can show that the convex DIPE is strictly harder than the pure version.
Indeed,

r∏
q=1

e−|{l;il =q}||{l; jl =q}|/d = e−∑q |{l;il =q}||{l; jl =q}|/d � e−k2/d .

Else, we simply observe that k � o(
√

dr) = o(
√

d/Etr[ρ2]) contradicts the assumption EU tr[MA,Bρ⊗k ⊗ ρ⊗k] � 1
3 , which

completes the proof. �
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