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Space-based quantum communication naturally involves satellites and ground stations exchanging optical
signals at high altitudes and large relative velocities. Starting from general relativistic considerations, we
systematically separate the frequency shift into longitudinal Doppler contributions, relativistic corrections, and
corrections from the propagation delay (retardation). We find the relativistic corrections to the Keplerian satellite
orbits to be negligible on the considered timescale, compared to the gravitational and special relativistic time
dilation contributions to the frequency shift. Somewhat surprisingly, we find the contribution from the retardation
effect to be on the same order of magnitude as the relativistic contributions. To analyze the significance of these
effects, we investigate secret key capacities for a continuous variable quantum key distribution protocol for
various configurations of satellite orbits and ground stations. We find that the corrections from relativistic effects
and retardation significantly impact the communication performance and should be taken into account.
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I. INTRODUCTION

Quantum key distribution (QKD) promises uncondition-
ally secure exchange of confidential information between two
or more parties in the sense that the security of the protocol
does not depend on the computational effort to break the key.
This enables mitigation of the risk to classical encryption
posed by the development of quantum computing resources
and has led to the vision of a global quantum communication
network, the Quantum Internet [1–6].

The natural carriers for quantum information over large
distances are photons as they propagate with the speed of
light and are sufficiently isolated from their environment even
in media. Moreover, they are already widely used in clas-
sical communication networks based on optical fibers and
many existing technological solutions can be taken over to
QKD. Still, the propagation of photons in optical fibers is
limited to several hundreds of kilometers due to attenuation.
One strategy for extending QKD to larger distances is the
application of quantum repeaters [7–12], whose functionality
relies on predistributed entanglement and quantum memories
[9,10,13–15]. Another approach is the application of opti-
cal free-space communication, including satellite-based links
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[16–18]. The combination of both approaches provides a vi-
able path toward global quantum communication, motivating
many studies in the last decades [19–31]. Such considera-
tions are supported by recent experimental breakthroughs,
ranging from the first satellite-to-ground QKD implementa-
tion [32,33] to intercontinental quantum-secured data transfer
[34,35]. For practical implementations that allow for high
performance and stable data flow, space-qualified and robust
optical components have to be developed. A promising way
of implementation is offered by continuous-variable QKD
(CV-QKD) [36–40], which uses approved standard telecom-
munication technology for state preparation and detection
[41,42]. Several experimental demonstrations of CV-QKD in
terrestrial applications revealed the potential of this technol-
ogy for long-distance quantum communication at high key
rates [27,32,33,43,44] and some preliminary experimental
studies have been performed on signal transmission along
free-space and satellite-to-ground links [45,46]. Most of the
theoretical studies on satellite-based free-space (CV-) QKD
links focus on atmospheric [47–50] and geometric effects
[51,52], such as satellite pointing errors, beam wandering, or
beam divergence due to atmospheric turbulence, which are
undoubtedly the strongest decoherence sources distorting the
performance of satellite-to-ground QKD protocols.

Another important effect that can significantly limit the
performance of CV-QKD is frequency shifts of the signal
with respect to emitter and observer, such as the Doppler
shift due to their relative motion. The resulting deformation
of the signal spectrum relative to the reference spectrum in
homodyne detection at the receiver leads to a mode mismatch
that acts as an effective loss [53,54]. In transmitted local
oscillator setups, the signal and reference are equally affected
by frequency shifts, and therefore no relevant mode mismatch
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arises. In contrast, this effect becomes relevant in local lo-
cal oscillator (LLO) setups, where the reference signals are
generated locally at the emitter and receiver to avoid security
loopholes [55–57]. Since the effect increases for narrow-band
signals, it becomes especially relevant in coherent quantum
communication, where strong phase stability often requires
very narrow-band signals [55–59] and quantum memories are
in use. In space-based operations, quantum memories typi-
cally need to be long lived and therefore store narrow-band
signals [29,60,61]. For such spectrally narrow signals, rela-
tivistic frequency shifts such as the transverse Doppler shift
and the general relativistic gravitational redshift can have a
measurable effect on quantum communication tasks as shown
in Refs. [62–67]. To the best of our knowledge, all previous
studies are restricted to very few special cases, for example,
light signal exchange exclusively in the radial direction of
the Earth. Here, we provide a characterization of relativistic
effects on a practical satellite-based QKD task under realistic
conditions by resolving the time dependence of the dynamic
configurations.

In the present paper, we investigate how the performance of
the standard Gaussian-modulated coherent state (GMCS) CV-
QKD protocol [38] is affected if relativistic and retardation
effects, both on signals and satellites, are not compensated for.
To this end, we find general expressions for the various rele-
vant effects and exemplify them for some common satellite
and ground station configurations. A major component of this
work involves the determination of the signal linking a sender
and a receiver, all moving on a curved spacetime background.
This is the well-known emitter-observer problem (EOP)
[68,69] for which generally no analytic solution is known.
We then investigate the impact on the so-called Pirandola-
Laurenza-Ottaviani-Banchi (PLOB) bound [70], which is a
fundamental upper bound on the secret key rate of any bosonic
two-way quantum communication protocol. Although this
work focuses on point-to-point links between satellites and
ground stations, such pairwise connections form the building
blocks of more complex satellite constellations. Therefore,
our study provides insight into which links should be prior-
itized to maximize overall communication performance.

From general relativistic considerations, general formu-
las for the frequency shift between satellites and ground
stations are derived in the Schwarzschild spacetime, up to
orders including O(v2/c2). It is shown that the leading-order
relativistic effects [71] are constituted solely by transversal
Doppler shift and gravitational frequency shift, while rela-
tivistic orbital perturbation and effects on light propagation
are of higher order and do not affect communication perfor-
mance significantly over timescales of a few orbital periods.
Additionally, we find that the change in frequency shift due
to the light’s propagation time compared to instantaneous
propagation (retardation) contributes at the same order as
the first-order relativistic effects. Therefore, this retardation
must be taken into account. We then compare the frequency
shifts for Newtonian dynamics with simulations from a fully
relativistic numerical framework recently introduced in Refs.
[72,73].

The work is organized as follows: In Sec. II, we intro-
duce the CV-QKD protocol under consideration and discuss
the effect of frequency shift induced mode mismatch on

the quantum channel’s capacity. In Sec. III, the frequency
shift in satellite communication is investigated and decom-
posed into contributions from relativistic effects, retardation,
and relativistic corrections to Keplerian orbital dynamics. In
Sec. IV, we present examples of ground station-satellite and
satellite-satellite communication links and discuss the present
frequency shifts and the effect on the channel capacity. The
higher-order corrections are numerically investigated and dis-
cussed in Sec. V. We conclude in Sec. VI.

II. CV-QKD AND MODE MATCH

In CV-QKD, secure key generation relies on accurately
measuring the quadratures of optical signals using a local
oscillator as the phase reference. When the local oscillator is
generated locally by each communicating party (local local
oscillator), the security loopholes associated with the trans-
mitted local oscillator are avoided [55–57]. The LLO design,
however, requires precise mode matching between the local
oscillator and signal states. Here, we briefly introduce the
considered CV-QKD protocol and how mode match enters as
an effective transmissivity of the quantum channel, directly
affecting the channel capacity.

To demonstrate the effect of mode match explicitly, we
consider the CV-QKD protocol with GMCS [59]. Using her
laser source and a modulator, Alice generates a train of signal
and reference pulses. The signal states are weak coherent
states, |α〉, carrying the quantum information. The informa-
tion is encoded by Alice onto the signal state by randomly
modulating the amplitude and phase (equivalently, the field
quadratures), relative to her local oscillator, according to a
Gaussian distribution [36,38]. At reception, Bob performs
homodyne detection to measure either amplitude or phase
of the signal states randomly using his own local oscillator.
After measurements are complete, Bob can correct potential
phase errors using the high-intensity phase reference pulses
Alice provided and a correlated set of measurement results
is obtained. The protocol ends with the usual sifting, privacy
amplification, and finally key extraction. A detailed review
discussing this protocol can be found, e.g., in Ref. [74]. The
achievable secret key rate depends on the parameters of the
considered optical quantum channel as well as the protocol
itself and is limited by imperfect reconciliation efficiency, ex-
cess noise, detection efficiency, and finite-size effects. Secret
key rates for several protocols were calculated, for example,
in Refs. [70,75]. In satellite communication, additional major
error sources include thermal noise, pointing errors, diffrac-
tion, and atmospheric extinction; these were investigated in
detail in Ref. [76]. However, since in this article we focus on
the relativistic mode mismatch between local oscillator and
signal, we will not account for these additional errors individ-
ually, but we include a baseline transmissivity of η0 = 0.4 to
account for generic loss in the channel. Such a generic loss
could, for example, be attributed to the quantum efficiency of
the detection, which, e.g., in Ref. [76] is taken to be 0.4. To
assess the limitations caused by relativistic frequency shift, we
then proceed to calculate the channel’s secret key capacity,
which is an upper bound to the practically achievable secret
key rate.
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Signal and local oscillator are assumed to be in continuous
mode coherent states [77–79] described by their normalized
spectral amplitudes FS (ω) and FL(ω), respectively.

|αS〉S =
⊗

ω

|αSFS (ω)〉, (1)

|αL〉L =
⊗

ω

|αLFL(ω)〉, (2)

where αS,L is the complex amplitude with modulus |αS,L|
and phase θS,L, respectively. The number of photons in the
coherent state has an expectation value given by the amplitude
〈nS,L〉 = |αS,L|2. Given these states, we define the mode match
(or overlap) between signal and local oscillator as

γ :=
∫

dωFS (ω)F ∗
L (ω). (3)

We will consider the Gaussian spectral amplitude shape
throughout:

F (ω) = 1
4
√

2πσ 2
e− (ω−ω0 )2

4σ2 , (4)

where ω0 is the carrier frequency (peak frequency) and σ

is the width of the Gaussian, related to the bandwidth 	ν

by 	ν = σ
√

ln 4. The overlap between a Gaussian and its
Doppler-shifted counterpart is given by [53,62]

γ (z) =
√

2(z + 1)

z(z + 2) + 2
e− ω2

0 z2

4σ2 (z(z+2)+2) . (5)

For small Doppler shifts, z � 1, and large peak frequency to
bandwidth ratio, ω0/	ν � 1, this reduces to the following:

γ (z) = e− ω2
0 z2

8σ2 = 2− R2

4 z2
, (6)

where R = ω0/	ν is the peak-frequency-to-bandwidth ratio
of the signal. The relation of R to the PLOB bound is illus-
trated in Fig. 1. This expression neglects the stretching of the
wave packet due to the Doppler shift.1

At reception, Bob performs balanced homodyne detection
with a strong local oscillator of a random quadrature as the
protocol dictates. As was shown in Ref. [53], the modulus of
the overlap acts as an effective transmissivity ηγ = |γ | and
the overlap’s argument as an additional phase � = arg γ of
the associated quantum channel. The effective channel is a
composition of a lossy channel of transmissivity η = η0ηγ

and a phase shifter that changes the coherent states phase by
�. The induced phase error �, however, can be corrected after
detection in postprocessing [59]. Since we are considering
Gaussian spectral amplitudes for which the overlap is real
[see Eq. (5)], there is no phase shift in this case. Formally,
the channel is then a pure loss channel given by

Lη : |α〉 �→ |ηα〉. (7)

We note that ηγ = |γ | denotes the effective transmissivity
induced by mode overlap in homodyne detection as discussed
in Ref. [53], rather than the conventional power transmissivity.

1For a discussion of the effect of the stretching on CV-QKD, see
Ref. [53].

FIG. 1. PLOB bound [Eq. (8)] as a function of the relative fre-
quency shift for different values of peak-frequency-to-bandwidth
ratio R = ω0

	ν
. The channel transmissivity is given by the overlap of

a Gaussian spectral amplitude with its frequency shifter counterpart
according to Eq. (6) as well as the assumed detector efficiency of
η0 = 0.4. For relative frequency shifts smaller than the peak fre-
quency to bandwidth ratio, the PLOB bound is nearly constant at
− log2(0.6) ≈ 0.74. At larger frequency shifts, the PLOB bound
drops exponentially and key rates become severely limited. Relative
frequency shifts in the range z � 10−10 are typical for (general)
relativistic contributions for satellites in Earth’s gravitational field
while larger shifts are due to the longitudinal Doppler shift.

The secret key and quantum capacity of the (otherwise ideal)
lossy quantum channel with a loss of 1 − γ is given by the
PLOB bound [70]

P(Lη ) = − log2(1 − η), η = η0ηγ , (8)

where ηγ = |γ | is given by Eq. (6). Having introduced the
baseline transmissivity η0 = 0.4, we avoid the divergence of
the PLOB bound of the ideal channel (η = 1) and the PLOB
bound is instead limited by

P(η = η0) = − log2(0.6) ≈ 0.74. (9)

For small frequency shifts z � 1, the PLOB bound can be
approximated to be

P(z) = − log2(1 − η0) − η0

1 − η0

R2

4
z2 + O(z4). (10)

Additional sources of channel loss, such as free-space
diffraction, atmospheric extinction, and pointing errors, would
enter multiplicatively in the transmissivity as independent ef-
fects [76]. As mentioned before, we neglect these effects to
allow for an isolated investigation of the relativistic effects. A
complete treatment, however, would have to include them.

The order of magnitude of the frequency shift induced loss
depends largely on the peak-frequency-to-bandwidth ratio R
[see Eqs. (5) and (6) and Fig. 1]. For a narrow band signal with
R = 1010 (as assumed in Sec. IV) and a relativistic frequency
shift of z ≈ 10−10, the associated loss is on the order of mag-
nitude of 1 dB. While geometric losses due to diffraction are
much larger (30–40 dB), it is comparable in order of magni-
tude to losses due to pointing errors, atmospheric attenuation,
and detection efficiency [76,80–82]. For spectrally broader
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signals, however, the loss (in decibels) quickly becomes neg-
ligible since it decreases quadratically with R [Eq. (6)].

III. FREQUENCY SHIFT IN SATELLITE
COMMUNICATION

In this section, we derive expressions for the relative fre-
quency shift based on general relativistic considerations. The
emitter and receiver are assumed to move along timelike
curves γA(τA) and γB(τB) with four-velocities uμ

A and uμ
B,

parametrized by their proper times τA and τB, which coincide
with the readings of clocks carried by the respective satel-
lites. Neglecting atmospheric effects (which will be relevant
whenever ground stations are involved), light rays in vacuum
follow null geodesics of the underlying spacetime and are
parametrized by some affine parameter [83,84]. A geodesic’s
equation of motion is the geodesic equation

ẍμ + �
μ

αβ ẋα ẋβ = 0, (11)

where ẋμ denotes the derivative of the spacetime coordinate
xμ with respect to proper time dxμ

dτ
or affine parameter dxμ

ds ,
respectively. �

μ
αβ are the Christoffel symbols of the metric.

We use the (−,+,+,+) signature of the metric. Throughout,
Greek letters run over all spacetime indices, and we employ
the Einstein summation convention.

The frequency of a light ray with wave covector k, ob-
served by some observer with four-velocity u, is given by the
contraction of four-velocity and wave covector ω = −kαuα .
The relative frequency shift z between emitter, uA, and re-
ceiver, uB, is then in all generality [85]

z = ωA

ωB
− 1 = uα

Akα|A
uβ

Bkβ |B
− 1, (12)

where A and B denote the events of emission and reception,
respectively. In a stationary spacetime, the frequency shift can
be factorized as [86]

z = ωA

ωB
− 1 = u0

A|A
u0

B|B

⎛
⎝ 1 + kiv

i
A|A

k0c

1 + k jv
j
B|B

k0c

⎞
⎠ − 1, (13)

where vi are the spatial coordinate velocities and Latin indices
run over spatial components. The first factor is the time di-
lation between emitter and receiver (i.e., special relativistic
and gravitational time dilation) and the second factor is a
longitudinal Doppler shift resulting from the relative coor-
dinate velocities. This, however, assumes that the light ray
connecting emitting and receiving satellite has already been
determined, which, even in flat spacetime, is a nontrivial prob-
lem: the so-called EOP. A sketch of the EOP for an uplink
between a ground station and a satellite is shown in Fig. 2.
The emitter-observer problem then consists of finding the light
ray that connects a given emission event, γA(τem ), with the
timelike curve of the receiver. This can be done either by solv-
ing for light rays on the basis of analytical approximations, as
done, e.g., in Ref. [68] for the Schwarzschild spacetime, or by
integrating the geodesic equation numerically. In this paper,
we approach this problem in two ways: First, we split the
contributions to the frequency shift into an instantaneous part,
which involves only quantities evaluated at a fixed emitter

FIG. 2. Sketch of the emitter-observer problem for a signal trans-
mission from an equatorial ground station to an equatorial satellite.
The signal’s propagation must account for the relative motion of
the receiving satellite to ensure proper detection. General relativistic
effects on the light ray, such as gravitational bending and Shapiro
delay, are present in principle but, as shown in the main text, are
of lower order than the gravitational redshift and special relativistic
Doppler shift.

time, and a retardation part, which estimates the impact of
the relativistic propagation of the signal. Second, the EOP
was solved numerically for a number of test orbit setups
by using the GREOPy software package [72,73]; for more
information on the EOP and the numerical implementation,
see Appendix A.

In comparison to the Newtonian treatment, the relativis-
tic treatment introduces a number of modifications to the
satellite’s and light’s dynamics and frequency shifts. Those
include special relativistic effects such as corrections to the
longitudinal Doppler shift, the transverse Doppler shift, gravi-
tational redshift, light bending, Shapiro delay, and corrections
to Keplerian orbits. In the following, we show that of these
effects, only the corrections to Doppler shift, the gravitational
redshift, and the retardation are the most relevant to space-
based communication scenarios.

A. Relativistic contributions to the frequency shift

Here, we derive contributions to the frequency shift as ob-
tained from taking into account relativistic effects. We assume
that the light signal follows null geodesics of the underlying
spacetime with tangent vector kα as in geometrical optics [83].
Given coordinates xα , the metric can then be written as a
perturbation to the Minkowski metric ηαβ :

gαβ = ηαβ + hαβ, (14)

where we assume hαβ to be small. The relativistic frequency
shift for a signal exchange between two observers in a weak,
stationary, and axially symmetric field around an isolated cen-
tral mass M, e.g., the Earth, has been derived in Ref. [87]. In
the following, we shortly present parts of the results of Ref.
[87] and make use of them in the remaining article. Using
Eqs. (79) and (80) of Ref. [87], the relative frequency shift up
to order O( v2

c2 ) is

z = zrel + zlong, (15)

with

zlong = NAB · (vB − vA)

c
+ 1

c2
(NAB · (vB − vA)(NAB · vB))

(16)
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and

zrel = 1

c2

[
1

2

(
v2

A − v2
B

) +
(

GM

rA
− GM

rB

)]
, (17)

where boldface letters denote three-vectors, NAB = rB−rA
|rB−rA|

is the normalized cartesian spatial coordinate difference be-
tween the emission and reception event,2 and rA, rB denote
the respective position vectors, while rA, rB denote the corre-
sponding radial coordinates. Note that emission and reception
events naturally occur at different coordinate times due to
propagation delay. In Earth-based satellite communication,
the longitudinal Doppler shift typically reaches values of or-
der zlong ∼ 10−5 [88], whereas the relativistic contributions
are of order zrel ∼ 10−10 [89,90].

A discussion and numerical investigation of the higher-
order general relativistic effects such as the aforementioned
Shapiro delay and light deflection is provided in Sec. V.

B. Retardation correction

The equations for zlong and zrel [Eqs. (14)–(16)] assume that
the reception event is known, in order to be able to evaluate
all quantities. However, due to the finite propagation speed of
light the reception occurs at a later, generally unknown, time
than the emission. This means that the EOP needs to be solved
to calculate the redshift based on the above equations. In this
section, we split the frequency shift into an instantaneous part
and a contribution due to the signal’s retardation.

In flat spacetime, the propagation delay is simply given
by the speed of light c and distance d = ||rB − rA|| between
emitting and receiving event, δt = d/c. As discussed in Ref.
[87] and Sec. V, the general relativistic contributions to the
propagation time yield contributions to the frequency shift of
higher order, O(v3/c3), which we neglect. The same holds for
the change in the light’s tangent vector k̂ due to gravitational
light deflection.

While the signal is propagating, the position and velocity
of the receiver are changing:

δvB = aB,0δt + O(δt2), δrB = vB,0δt + O(δt2), (18)

where vB,0 is the receiver’s spatial velocity at time of emission
and aB,0 = dvB

dt |0 the acceleration. Since the position of the
receiver is changing during propagation, the unit ray vector
connecting emitter and receiver naturally differs from that
which would be obtained in the case of instantaneous trans-
mission N0 = rB,0−rA

|rB,0−rA| :

NAB = N0 + δrB/d√
1 + 2N0 · δrB/d + δr2

B/d2
+ O(δt2)

= N0

(
1 − (N0 · vB,0)

δt

d

)
+ vB,0

δt

d
+ O(δt2)

= N0

(
1 − N0 · vB,0

c

)
+ vB,0

c
+ O

(
v2

c2

)
. (19)

2Note that NAB is purely a coordinate difference vector and does not
include effects of light deflection.

We can then decompose the longitudinal Doppler shift into an
instantaneous and a retardation contribution:

zlong = zlong,0 + zret, (20)

where

zlong,0 = 1

c
(vB,0 − vA,0) · N0 (21)

and

zret = 1

c2
[vB,0 · (vB,0 − vA,0) − N0 · (vB,0 − vA,0) N0 · vB,0

+ d (aB,0 · N0)] + O
(

v3

c3

)
, (22)

where the first line in Eq. (22) correspond to the change in
the signals’ tangent vector and the second line to the change
in the receiver’s velocity vector. The overall correction zcorr to
the instantaneous longitudinal Doppler shift is then given by
the (instantaneous) relativistic and retardation contributions:

zcorr = zret + zrel,0, (23)

where zrel,0 is the contribution from the instantaneous rela-
tivistic frequency shift:

zrel,0 = 1

c2

[
1

2

(
v2

A,0 − v2
B,0

) +
(

GM

rA,0
− GM

rB,0

)]
. (24)

For an intersatellite link, we use for the acceleration the
Newtonian law of gravitation aB,0 = −GM

r3
B,0

rB,0, while for an

equatorial geostation the acceleration is given by Earth’s an-
gular velocity, aB,0 = −ω2

E rB,0.
The above results show that, remarkably, the effect of retar-

dation in the signal’s propagation causes frequency shifts on
the same order of magnitude as the lowest-order relativistic
effects, gravitational redshift, and transversal Doppler shift.
This implies that any measurement or experiment that is ac-
curate up to this order must include relativistic as well as
contributions from the light propagation. Indeed, the contri-
butions from retardation (22) include terms that are formally
similar to the relativistic corrections, which include terms
quadratic in the receiver’s velocity (transversal Doppler shift)
and terms proportional to the gravitational potential (gravita-
tional redshift). We want to point out that the frequency shift
due to retardation [Eq. (22)] is not symmetric between up-
and downlink configurations. This is in contrast to the purely
relativistic contributions [Eq. (17)].

It is interesting to investigate the behavior of the gravita-
tional terms of Eqs. (22) and (23) in the special cases of large
and small separation, i.e., d/rA,0 � 1 resp. d/rB,0 � 1 and
instantaneous radial transmission, i.e., N0 · rB,0 = ±rB,0, for
intersatellite links:

(1) In the case d/rA,0 � 1, i.e., rB,0 ≈ d , of large distance
between emitter and receiver, one finds

GM

(
1

rA,0
− 1

rB,0
∓ 1

rB,0

)
,

where the upper sign indicates uplink and the lower sign
downlink. Meaning that in the downlink scenario, the gravita-
tional time dilation at the receiver, −GM/rB,0, cancels exactly
with the contribution from the retardation effect.
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(2) In the case of small separation, d/rA,0 � 1, one finds
by Taylor expansion of 1

rA,0
= 1

rB,0−d :

GM

(
1

rA,0
− 1

rB,0
− d

r3
B,0

N0 · rB,0

)

= GM

(
d

r2
B,0

∓ d

r2
B,0

)
+ O

((
d

rB,0

)2
)

, (25)

such that all gravitational terms cancel in the uplink scenario
up to first order, while they double in the downlink case.

C. Relativistic corrections to satellite orbits

The previous analysis does not take relativistic corrections
to the satellite orbits and their orbital velocities into account.
Assuming that the satellites are ideal test bodies free of any
external forces, they move on geodesics of the underlying
spacetime. We assume the spacetime to be well approximated
by the static, spherically symmetric Schwarzschild spacetime,
which in Boyer-Lindquist coordinates takes the form

g = −
(

1 − 2GM

c2

1

r

)
dt2 +

(
1 − 2GM

c2

1

r

)−1

dr2

+ r2(dθ2 + sin2(θ )dφ2), (26)

where M is the mass of Earth. Using the Schwarzschild space-
time to model the gravitational field outside Earth, we neglect
the higher-order moment of Earth’s gravitational potential
such as the quadrupole moment, as well as perturbations due
to the further bodies in the solar system. Orbital perturbations
are discussed at length in standard textbooks on celestial
mechanics, e.g., in Refs. [91,92]. While such perturbations
must be included in a complete treatment, their omission here
serves to isolate the relativistic effects we wish to investigate.
For a timelike geodesic in the Schwarzschild spacetime, the
differential orbit equation as obtained from the geodesic equa-
tion (11) is [84]

d2u

dϕ2
+ u = c2 rS

2L2
+ 3

2
rSu2, u = 1

r
, (27)

where rS = 2GM
c2 is the Schwarzschild radius. The specific

angular momentum L and energy E are constants of motion,
where the angular momentum is related to the angular velocity
by L = r2 dϕ

dτ
. The last term on the right-hand side of Eq. (27)

is the relativistic contribution to the orbital dynamics. The cor-
responding dimensionless quantity, 3

2 rSu = 3rS
2r , for the Earth

can be estimated to be

3rS

2r
∼ 0.013 31 m

r

⎧⎨
⎩

∼ 2 × 10−9, for r = rISS,

∼ 5 × 10−10, for r = rGPS,

∼ 3 × 10−10, for r = rgeo.

(28)

Since relativistic corrections to satellite orbits around Earth
are small compared to the leading Newtonian dynamics, a per-
turbative approach is appropriate. Expanding to first order in
the relativistic correction yields the modified orbital solution

to first order in rS [84]:

u(ϕ) = 1

p
(1 + ε cos ϕ)

+ 3rS

2p2

(
1 + ε2

2
− ε2

6
cos 2ϕ + εϕ sin ϕ

)
, (29)

where the last term is the relativistic correction. The semilatus
rectum p = a(1 − ε2), semimajor axis a, and eccentricity ε

are those associated with the corresponding Keplerian ellipse.
The validity of the approximation requires that the semilatus
rectum is large compared to the Schwarzschild radius, i.e.,
rS
p � 1. Within the relativistic correction, there is a constant

radial offset, periodic terms, and also a secular contribution
arising from the last term. The secular contribution leads to
the well-known periapsis shift, which over one orbital period
is given by [83,84]

δϕ = 3πrS

p
. (30)

The radius and radial velocity including first-order rela-
tivistic correction are then

r(τ ) = p

ε cos(ϕ) + 1

− rS

4

6 + 3ε2 − ε2 cos(2ϕ) + 6εϕ sin(ϕ)

(ε cos(ϕ) + 1)2
, (31)

ṙ(τ ) = dr

du

du

dϕ

dϕ

dτ
= −Lu′(ϕ)

= L

(
ε

p
sin ϕ − 3rSε

2p2

(
ε

3
sin 2ϕ + sin ϕ + ϕ cos ϕ

))
.

(32)

For given angular momentum L, the angular velocity is
φ̇(τ ) = L/r2. To express the velocities with respect to
Schwarzschild coordinate, we use [84]

ṫ (τ ) = E

1 − rS
r

(33)

and find

dr

dt
= ṙ(τ )

ṫ (τ )
= ṙ(τ )

1

E

(
1 − rS

r

)
,

dφ

dt
= φ̇

ṫ
= L

E

1

r2

(
1 − rS

r

)
. (34)

Using the Newtonian relation between velocity and radius for
Keplerian orbits

v2 = GM

(
2

r
− 1

a

)
, (35)

we find that the relativistic corrections to the orbital velocity
of the Kepler ellipse are of the order O( rS

r ) = O( v2

c2 ).
Having found the first-order relativistic corrections to po-

sition and velocity, we can estimate that the effect on the
frequency shift, as per Eqs. (15)–(17), is at most of order
O( v3

c3 ). In investigating the first-order relativistic contributions
to the frequency shift, we can therefore safely neglect rela-
tivistic corrections to orbital mechanics.
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With Eq. (35), we can conveniently express the relativistic
corrections to the relative frequency shift as a function of
radius r and semimajor axis a:

zrel = GM

c2

(
2

rA
− 2

rB
− 1

2aA
+ 1

2aB

)
+ O

(
v3

c3

)
. (36)

Since the relativistic frequency shift (36) is only nonconstant
for elliptic orbits, it is also called “eccentricity effect” [90].

If either receiver or emitter is a ground station fix on Earth’s
surface, Eq. (35) obviously does not apply. Let, e.g., A be the
ground station, then

zrel = (ωERE)2

2c2
+ GM

c2

(
1

RE
+ 1

2aB
− 2

rB

)
, (37)

where ωE = 2π
24h is the rotational frequency of Earth. For cir-

cular orbits, the relativistic frequency shift relative to a ground
station vanishes at a radius of

R∗ = 3

2

(
(ωERE)2

2GM
+ 1

RE

)−1

≈ 9551 km ≈ 3

2
RE. (38)

IV. EXAMPLES

Here, we calculate the frequency shift and secret key ca-
pacities for explicit configurations of ground stations and
satellites. We consider ground station to satellite, as well as
intersatellite up- and downlinks. To illustrate the significance
of the effects presented in Sec. III, we investigated representa-
tive orbits of various heights and eccentricities but restricted to
the equatorial plane. Those include low/medium Earth orbits
(LEO/MEO) and geosynchronous and geostationary orbits
(GEO) with eccentricities up to ε = 0.7 (highly elliptical
orbits, e.g., Molniya orbit). Similar orbital parameters are
also considered in ongoing space-based QKD mission studies
(e.g., the QEYSSat 2.0 [93] analyzes representative LEO,
MEO, and GEO scenarios). While only examples, they cover
many possible configurations and illustrate the significance in
similar experimental setups.

The start of the signal exchange is chosen to occur when
both communicating parties are at their respective perigee
and at the same azimuth (i.e., are initially aligned). The plots
have been obtained by simulating satellites to be on Keple-
rian orbits of given semimajor axis a and eccentricity ε or
equatorial ground station and the light rays to propagate in
a flat spacetime. The approximations of Keplerian orbits and
flat spacetime propagation were justified in Sec. III. The sim-
ulation time has been limited to the longer of the two orbital
periods in order to avoid the accumulation of deviations be-
tween the Keplerian and relativistic orbits, in particular, those
arising from periapsis shift. A more detailed discussion of
higher-order relativistic corrections is provided in Sec. V and
Appendix B. The frequency shifts were calculated according
to Eqs. (22)–(24). From this, the PLOB bound was calculated
using Eq. (8).

We assume the signal to have a peak frequency to band-
width ratio of R = 1010, which commonly occurs in quantum
communication applications [55–59]. As discussed in Fig. 1,
it is at this magnitude where relativistic effects on the fre-
quency shift start to become relevant.

To isolate the relativistic and retardation effects on the
key rates, we assume that the longitudinal Doppler shift, as
given by the instantaneous velocities and positions at signal
emission, is corrected. Therefore, the mode mismatch is only
caused by relativistic contributions and retardation.

A. Satellite-to-ground station

1. Geosynchronous satellite

First, we consider geosynchronous satellites above an
equatorial ground station. In the special case of a geostation-
ary satellite, the ground station naturally has constant line of
sight (los) and the relative frequency shift is constant at z =
zrel ≈ ±5.398 × 10−10 for up- and downlink, respectively,
which is purely the relativistic contribution from gravitational
and relativistic Doppler shift. The longitudinal Doppler shift
zlong is exactly zero, as well as the retardation effect zret.
This is the case for any configuration of ground station and
geostationary satellite because the satellite appears stationary
from the point of view of the ground station.

Orbits of nonzero eccentricity remain geosynchronous
(i.e., orbital period of 24 h) but become elliptical and are no
longer seen as stationary from Earth. The altitude at perigee
decreases as the eccentricity increases. The frequency shift
now varies as the velocity as well as the radius change as per
Eq. (37). For eccentricities of ε = 0.4 and ε = 0.7, the orbits
as well as frequency shifts are shown in Fig. 3 over a period
of 24 h. The relativistic contributions to the frequency shift
are extremal at the apogee where the gravitational redshift is
largest. At the perigee, due to the increasing satellite velocity,
the transverse Doppler shift in part compensates the gravi-
tational redshift leading to a minimal frequency shift (resp.
maximal for downlink). In the uplink, the retardation effect
is maximal at the perigee, zret ≈ 8.98 × 10−11, and plateaus
quickly toward the apogee at approximately zret ≈ −3.23 ×
10−11 with a zero crossing in between. In the downlink, the re-
tardation effect is overall less significant, which is intuitively
clear since the, now emitting, geosynchronous satellite moves
at a larger total velocity than the receiving ground station.
For the same reason, the retardation effect does not exhibit
the strong peak at the perigee. However, the frequency shift
is slightly larger in magnitude at perigee since the emitter’s
velocity enters through the projection on the modified wave
vector k as per Eq. (22).

These frequency shifts have significant influence on the
achievable communication performance via the PLOB bound,
which is directly calculated from the total mode mismatch via
Eqs. (6) and (8). Since in this example the retardation effect
is most of the time significantly smaller than the relativistic
frequency shift, the PLOB bound mirrors mainly the relativis-
tic frequency shifts behavior. Except for at the perigee, where,
in the uplink, the PLOB bound has a local minimum due to
the retardation effect adding onto the relativistic contribution,
which is not present in the downlink scenario. The features
just discussed become more pronounced for larger eccentrici-
ties, as seen in Fig. 3 (right). The PLOB bound achieves larger
peaks but also drops off much steeper, allowing for shorter but
more effective windows of communication. The magnitude
of drop in capacity as well as the duration of this window
depends strongly on the eccentricity of the satellite’s orbit,

023236-7



EMANUEL SCHLAKE et al. PHYSICAL REVIEW RESEARCH 8, 023236 (2026)

� � ��

FIG. 3. Top: Evolution of the relativistic frequency shift (blue) and retardation effect (orange) for an equatorial ground station and an
equatorial geosynchronous orbit with eccentricity ε = 0.4 (left) and ε = 0.7 (right) over one day for up- and downlink. Gray areas indicate
times without line of sight. In the uplink, the frequency shift due to the retardation effect (Sec. III B) is about an order of magnitude smaller
than the relativistic frequency shift for the lower eccentricity orbit. For the higher eccentricity orbit, the retardation effect is comparable in
magnitude to the relativistic contributions and exceeds them near perigee. For the downlink, the retardation effect is generally less significant
due to the lower velocity of the ground station compared to the satellite. The retardation effect is generally extremal at perigee and apogee
due to, respectively, large velocities and distances. Bottom: The corresponding PLOB bound for a lossy channel with loss given by the above
frequency shifts as calculated from Eqs. (6)–(8) and baseline transmissivity of η0 = 0.4. Due to the retardation, the PLOB bound has a local
minimum at perigee (e.g., at t = 0 and t = 24 h = 86 400 s) in the uplink, which is not present in the downlink due to the less significant
retardation effect. Generally, the PLOB bound peaks at (uplink) or around (downlink) perigee and drops off toward apogee, where it reaches a
global minimum. For more eccentric orbits, the peaks and drops in the PLOB bound are more significant, leading to more effective but shorter
windows of large capacity.

as seen by the much steeper drop in Fig. 3. Additionally, the
line of sight between satellite and ground station occasionally
breaks (gray regions in Fig. 3) for high eccentricity geosyn-
chronous orbits, since the slow satellite velocity at the apogee
leads to the ground station moving out of the satellite’s view
due to Earth rotation. Toward the perigee, the satellite catches
up with the ground station because of its increasing velocity.

2. LEO and MEO satellites

Satellites on low and medium Earth orbit (LEO and
MEO) have larger velocities than higher orbital satellites and
are therefore naturally expected to suffer more significant
Doppler shifts and retardation effects. In Fig. 4, the frequency
shifts and PLOB bound are shown for links between ground
stations and an MEO satellite with a semimajor axis of a =
10 378 km and eccentricities of ε = 0.0 and ε = 0.2 (heights
at perigee hp = 4000 km and hp = 1924.4 km). Results for
different altitudes (e.g., lower LEO or higher MEO) do not
differ qualitatively. A further effect of practical significance is
the increasingly short duration of line of sight for orbits of low
altitude, as, e.g., seen in the examples of Figs. 4, where line of
sight is lost already after ∼1000 s. For zero eccentricity, the
relativistic frequency shift remains constant but its magnitude
is decreased. For an altitude of 4000 km, the frequency shift
is about an order of magnitude smaller than the geostationary
satellite. Similarly to the geosynchronous orbits of Fig. 3, the
uplink retardation effect is again much more significant.

Another feature distinguishing LEO from MEO orbits ap-
pears in combination with eccentricity, where the relativistic
frequency shifts now change sign, as in Fig. 4 (right). As the
satellite approaches its perigee, its velocity increases while
the radius decreases such that at some point the transverse
Doppler shift exactly compensates the gravitational redshift.

B. Satellite to satellite

Having investigated ground station to satellite communica-
tion, we now turn to intersatellite links. The major difference
being that a ground station is moving on a nongeodesic circu-
lar path while the satellites are assumed to be freely falling.

The exchange between a ground station and a GEO there-
fore differs significantly from an LEO to GEO link, which
is depicted for a circular LEO at an altitude of h = 400 km
in Fig. 5. Due to the short orbital period combined with the
low altitude of LEO satellites (about 1.5 h at altitude 400 km),
the line of sight is very limited. While the relativistic con-
tribution zrel stays constant because the satellites’ radii and
speeds are constant, the frequency shift due to retardation,
zret, is oscillating around zero. Here, the downlink oscillates
with much larger amplitude than the uplink and is inverted in
sign. This is in contrast to the ground station-satellite links,
where the uplink suffered more significant retardation effect
(for geosynchronous and lower orbits). This is reflected in
the PLOB bound, which inherits the oscillatory behavior of
the frequency shift. As expected from the frequency shift,
the peaks in the uplink are located where the retardation
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FIG. 4. Top: Evolution of the relativistic frequency shift (blue) and retardation effect (orange) for an equatorial ground station and an
equatorial MEO satellite with a semimajor axis of a = 10 378 km and eccentricities ε = 0.0 (left) and ε = 0.2 (right) over one orbital period
of 10 511 s. Left: The line of sight is interrupted (gray) after about ∼1726 s and picks up again toward the end of the satellite’s orbital period.
Since the orbit is circular and therefore radii and speeds of ground station and satellite are constant, the relativistic contributions to the frequency
shift are constant as well. The retardation effect is, as in Fig. 3, more significant in the uplink and almost an order of magnitude larger than
the downlink. Since the relativistic frequency shift is constant, the PLOB bound’s dynamic is given purely by the retardation effect. It remains
nearly constant for the downlink, while in the uplink the PLOB bound is minimal at perigee and increases toward the end of line of sight.
Right: The nonzero eccentricity leads to nonconstant and increased relativistic contributions, which are extremal at perigee and apogee, where
the transversal and gravitational frequency shift dominate, respectively. In the uplink, the retardation effect drops off faster and plateaus toward
the apogee. The duration of the line of sight is reduced to about 936 s. The PLOB bound at perigee is reduced compared to the circular orbit
due to the increased retardation effect. In the uplink, the PLOB bound quickly peaks within line of sight and drops off toward the end of line
of sight.

effect is minimal and therefore counteract the relativistic
frequency shift. Since the downlink is an order of magni-
tude larger than the relativistic frequency shift, however, the
PLOB bound peaks very narrowly shortly before and after
perigee and quickly plateaus toward apogee. In the downlink,
there are therefore two maxima in the key rate per orbital
period.

In Fig. 6, we consider intersatellite links between a satellite
on a circular inner orbit (left: LEO at hleo = 400 km, right:
MEO at hmeo = 10 000 km) and an outer satellite on an ellip-
tical geosynchronous orbit (eccentricity ε = 0.4). As before,
when eccentricity is introduced, the relativistic contribution
to the frequency shift becomes dynamic, as depicted in Fig. 6.
The eccentricity leads to an additional periodic variation in
the amplitude (oscillating envelope) of the retardation effect
zret on the timescale of the period of the outer eccentric orbit.
For the uplink, the amplitude is maximal at the perigee, for
the downlink at the apogee. For the downlink, the retardation
effect cancels the relativistic frequency shift exactly around
the perigee.

For an inner orbit at a higher altitude, as depicted in Fig. 6
(right), the line of sight windows are naturally significantly
longer and oscillations occur at lower frequency due to a
larger orbital period of the inner satellite. Since the satellites
tend to be closer, the relativistic frequency shift is smaller,
although it still leads to a significant drop in the PLOB bound
at large separation. In the downlink, the frequency shift from
the retardation effect is also decreased due to lower orbital
velocity of the inner satellite. Overall, the MEO-GEO link

allows for larger PLOB bounds (in the uplink) and longer
windows of communication than the LEO-GEO link.

V. HIGHER-ORDER CORRECTIONS

Finally, it is worth considering the limitations of the ap-
proximations applied here to the emitter-observer problem. To
this end, the example satellite setups presented in the previous
section are treated in the general relativistic framework, with
satellite and signal trajectories in the Schwarzschild spacetime
as solutions to the geodesic equation, and the corresponding
redshift is compared with the above results. For a more thor-
ough explanation of the procedure, see Appendix B.

How the redshift deviates between the two frameworks
is exemplified in Fig. 7 for an uplink intersatellite signal
exchange between a satellite on a circular equatorial low
Earth orbit and an eccentric geosynchronous orbit (compare
Fig. 6, left). The blue curve describes the redshift calculated
numerically without approximations, while the orange curve
quantifies the difference in redshift (deviation) arising from
applying the approximations to the satellite and signal tra-
jectories. In the numerical calculations, the overall oscillating
redshift behavior also present in Fig. 6 (left) is reproduced.
Simultaneously, a deviation in the redshift starts to develop,
oscillating with a time-varying amplitude that alternates
between monotonically increasing and decreasing. The devia-
tion curve’s (orange) maxima outside of the shaded regions
can be enveloped by a function whose local maxima in-
crease over time. While the frequency of the deviation curve’s
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FIG. 5. Top: Evolution of the relativistic frequency shift (blue)
and retardation effect (orange) for an equatorial inter-satellite link
between a circular LEO satellite (altitude hleo = 400 km, eccentric-
ity εleo = 0) and a geostationary orbit (hgeo ≈ 35 870 km, εgeo = 0)
over one day for up- and downlink. Gray regions indicate regions
where there is no line of sight between the satellites. The retardation
effect oscillates at the orbital frequency of the LEO satellite while
the relativistic frequency shift remains constant since both satellites
are on zero eccentricity orbits. In contrast to the ground station-
satellite links of Figs. 3 and 4, the retardation effect is much more
significant in the downlink due to the larger orbital velocity of the
LEO satellite. In the downlink, the retardation effect is an order
of magnitude larger than the relativistic frequency shift. Bottom:
The corresponding PLOB bound for a lossy channel with loss given
by the above frequency shifts as calculated from Eqs. (6)–(8) and
baseline transmissivity of η0 = 0.4. The PLOB bound inherits the
oscillatory behavior of the retardation effect. In the uplink, the PLOB
bound peaks at perigee while in the downlink it peaks very sharply
before and after perigee (again, inverse to the results of Figs. 3
and 4).

oscillations coincides with the circular LEO period, the en-
velope’s maxima coincide with the geosynchronous orbital
period. The deviation’s behavior is caused by the two main
effects that are neglected by the approximations described
in Sec. III: light bending and periapsis shift. Early in the
simulation, when the periapsis shift is still small, light bending
effects dominate at this order of magnitude even far away
from the Earth’s center. The oscillations in the deviation curve
are caused by the LEO satellite passing the point of radial
transmission, where the signals are bent in one direction be-
fore passing it and in the opposite direction after passing
it. At the point of radial transmission, the light bending (as
well as the longitudinal Doppler shift) becomes negligible,
wherefore the deviation strongly decreases. However, after
multiple LEO periods, a maximum starts to emerge at the
point of radial transmission. The behavior of the envelope
tracing these maxima is ascribed to the cumulative effect of
the periapsis shift and the position of the geosynchronous
satellite along the orbit. The envelope’s local maxima coincide
with the moment when the geosynchronous satellite reaches
the orbit’s periapsis, where the velocity along the respective

orbit is largest. Since the periapsis shift induces a rotation of
the tangent vector to the orbit when compared to the Kepler
ellipse, and since the vectors’ magnitudes are largest at the
periapsis, so is the deviation in the redshift. Once the satellites
leave the periapsis, the deviation decreases accordingly until
the apoapsis is reached.

Therefore, peaks in the deviation are to be expected for
satellite setups with large satellite velocities, e.g., from highly
eccentric orbits. If the signal propagation time is exceedingly
large, the cumulative periapsis shift together with a high
eccentricity may lead to deviations in the redshift that are
on the order of relativistic effects discussed in this work. In
this case, the approximations are no longer sensible; see, for
example, Fig. 10 for a comparison of satellite setups presented
in the previous section. Rather, a numerical approach using
the complete general relativistic (GR) framework as described
in Appendix A is then necessary. Altogether, a discussion of
relativistic effects on QKD in the manner shown here requires
a careful choice of satellite setups.

VI. DISCUSSION AND CONCLUSION

We investigated the relativistic and retardation effects on
the relative frequency shift in the context of space-based
optical quantum communication. Regarding the relativistic
effects, we demonstrated that to order O(v2/c2) only the well-
known gravitational redshift and the transversal Doppler shift
contribute, which can be attributed to general and special rela-
tivistic time dilation. Using the recently introduced relativistic
numerical software package GREOPy [72,73] for solving the
emitter-observer problem for arbitrary orbital constellations,
we investigated higher-order corrections to the frequency shift
from relativistic orbital dynamics, such as perigee shifts, as
well as light bending effects on the signal transmission. We
found that on the timescale of a few orbital periods, these ef-
fects can be neglected for relevant communication setups. For
combinations of very large semimajor axis and eccentricity,
however, higher-order effects may become relevant and can,
for example, be investigated with GREOPy [72].

Additionally, we investigated the impact of the finite prop-
agation time of light on the frequency shift. We decomposed
the longitudinal Doppler effect into an instantaneous contri-
bution and a retardation contribution, where the latter is on
the same order of magnitude as the relativistic effects, i.e.,
O(v2/c2). Therefore, it must be taken into account as well
whenever relativistic effects are relevant. While the leading-
order relativistic contributions depend only on radius and
speed, the retardation effect is more complex in that it depends
on the velocity’s and light’s directions. It is asymmetric in
up- and downlink configurations and in intersatellite links,
generally more significant in the downlink, since the inner
satellite’s velocity is greater (for circular orbits). While the
retardation effect is by definition included in the usual ex-
pressions for the longitudinal Doppler effect [Eq. (16)], we
think it is both convenient and instructive to work with the
instantaneous quantities used in this paper.

To analyze the effect on communication, we have modeled
the frequency shift-induced mode mismatch in a CV-QKD
protocol as a lossy quantum channel, whose capacity is de-
termined by the PLOB bound [70]. We assumed that the
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FIG. 6. Top: Evolution of the relativistic frequency shift (blue) and retardation effect (orange) for an equatorial intersatellite link between
a circular LEO satellite (altitude hleo = 400 km, eccentricity εleo = 0) (left), and an elliptical geosynchronous orbit (ageo ≈ 42 248 km, εgeo =
0.4) over one day for up- and downlink. Right: The inner LEO orbit is replaced by an MEO orbit (altitude hmeo = 10 000 km, eccentricity
εmeo = 0). For the LEO orbit (left), the frequency shift and PLOB bound behave similarly to Fig. 5 except for the now dynamic relativistic
frequency shift caused by the eccentricity of the outer orbit. The amplitude of the retardation effect is now also changing along the orbit: In
the downlink, it is maximal at apogee, in the uplink at perigee. For the MEO orbit (right), the oscillations naturally occur on a larger timescale
due to the increased orbital period and the retardation effect decreases significantly. Bottom: The corresponding PLOB bound for a lossy
channel with loss given by the above frequency shifts as calculated from Eqs. (6)–(8) and baseline transmissivity of η0 = 0.4. The PLOB
bound reflects the oscillatory behavior of the retardation effect, the amplitude of oscillation is given by the relativistic contribution, which,
for uplink, is smallest at perigee and largest at apogee, where largest key rates are possible. For the downlink, however, the amplitude is not
affected by the change in relativistic frequency shift since it reaches its maximum value (as given by baseline transmissivity η0 = 0.4) due to
the sufficiently compensating contribution from the retardation effect.

leading-order longitudinal Doppler shift had been properly
accounted for and corrected. Whether relativistic effects affect
communication depends largely on the peak frequency-to-
bandwidth ratio of the signal carrier. The order of magnitude
of the combined relativistic and retardation effects on the
frequency shift in the Earth’s gravitational field is about z ∼
10−10, such that they are significant for peak frequency-to-
bandwidth ratios of R � 1010. Using numerical simulations,
we have confirmed this for explicit examples of equato-
rial constellations of ground station-satellite and intersatellite
links.

This investigation offers several ways for further research.
An extension of the equatorial two-party links to arbitrary
orbits and ground stations and even to more complex con-
stellations, and eventually to quantum networks, is a natural
next step. In such networks, entanglement will be an impor-
tant resource for communication and computation; as such,
relativistic frequency shifts might also play an important role
in space-based distribution of entanglement. In this regard,
the investigation of the significance of frequency shifts on
different communication protocols, especially ones using en-
tanglement as a resource [18,33,94–96], might be worthwhile.
Although discrete-variable QKD (DV-QKD) protocols do not
generally rely on the same local-oscillator-based phase ref-
erence as CV-QKD, and the influence of frequency shifts is
therefore less direct than in CV-QKD, they still rely on precise
signal carrier arrival times and pulse spacing. Due to relativis-
tic time dilation and Doppler shift, this timing will be different
at the receiver and additional effective losses and errors may

occur. This is expected to be particularly relevant for time-bin
encoding schemes, as well as protocols relying on coinci-
dence counting [97–99]. Since differential frequency shift
will induce spectral distinguishability, measurement device-
independent protocols [100] are also expected to be affected
by reduced interferometric visibility. The significance of these
effects in DV-QKD protocols is a topic for future research.
Because atmospheric effects are significant in space-based
quantum networks, as shown in, e.g., Refs. [31,76], the inte-
gration of relativistic and atmospheric effects into a unified
framework might be of relevance to high-precision sensing
applications.

Relativistic effects beyond frequency shifts might soon be
important to experimental studies using, for example, deep
space quantum links [101]. Those include the deformation of
spatial modes, tidal effects, and gravitational phases accumu-
lated along propagation, as studied in, e.g., Refs. [102,103].
An operational investigation of this requires a framework that
models the three-dimensional propagation of the signal in
curved spacetime as well as the emission and reception, which
will be published in a future article.
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APPENDIX A: EMITTER-OBSERVER PROBLEM

The EOP can be expressed geometrically in the follow-
ing way: Assume two satellites move along timelike curves
γ (τ ) and γ̃ (τ̃ ), respectively, parametrized with proper time
τ and τ̃ . Further assume that a light signal transmitted be-
tween the satellites travels along a lightlike curve ζ (s)
parametrized with an affine parameter s. The image sets of the
curves p := Img(γ ), p̃ := Img(γ̃ ), q := Img(ζ ) are shown in
Fig. 8. For a light signal exchange, define an emission event
γ (τe) with pe := Img(γ (τe)), as well as a reception event
γ̃ (τ̃r ) with pr := Img(γ̃ (τ̃r )), which are lightlike separated.
Then, fixing the emission event automatically fixes the re-
ception event and the lightlike curve ζ (s) connecting them.
A continuous light signal exchange between the satellites in
the interval (τ1, τ2) is only possible if each emission event
is lightlike separated with a reception event. The EOP now
consists of finding the unique ζ (s) such that the equations

γ (τe) = ζ (se), γ̃ (τ̃r ) = ζ (sr ) (A1)

FIG. 8. Two satellites on timelike curves traced by p, p̃ ∈ M
communicate by transmitting a light signal at the emission event
marked by pe, which travels along a lightlike geodesic traced by
q ∈ M and is received at the reception event marked by p̃r. The
emitter-observer problem is finding ζ (s) and the reception event
for a given emission event. The signal’s frequency as measured by
emitter and observer can then be calculated from the tangent vectors
ue = γ̇ (τe ), ũr = ˙̃γ (τ̃r ), ke,r := ζ̇ (se,r ) at the events, respectively.

are fulfilled.
For the purposes of this work, the EOP is solved numeri-

cally within the GR framework with the help of the GREOPy
software package written in the Python language. It can inte-
grate the geodesic equation for lightlike geodesics in arbitrary
spacetimes and given arbitrary timelike worldlines that allow
for Eq. (A1) to be fulfilled, meaning there exist emission and
reception events that are pairwise lightlike separated. The gen-
eral idea of the numerical procedure including how GREOPy
solves the EOP will be outlined in this section.

First, the satellite setup must be chosen, e.g., a ground sta-
tion and an LEO satellite or two satellites on different orbits.
One fixes the orbits by specifying the corresponding initial
conditions (ICs) xμ(τ ), uμ := ẋμ(τ ) (event and four-velocity
components) and the propagation times; in this paper, discus-
sion is restricted to the equatorial plane, so initial conditions
contain θ = π

2 , θ̇ = 0, and the propagation time is restricted to
a couple of orbital periods. Solving the geodesic equation nu-
merically for these initial conditions, in this case using SciPy’s
[104] solve_ivp function, one obtains one timelike geodesic
acting as the emitter and one as the observer. Each point
γ (τi ) on the emitter’s timelike curve can act as an emission
event for the light ray, meaning one immediately demands
γ (τe) = ζ (se). As stated above, this already fixes the solution
of the EOP, and now it needs to be calculated.

One way to find the lightlike geodesic fulfilling
the second condition γ̃ (τ̃r ) = ζ (sr ) can be found via
the shooting method [105], on which the GREOPy
algorithm is based. It expresses a boundary-value
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problem in a number of initial-value problems, of which
one also fulfills the boundary conditions. Since the emission
event is fixed, the initial four-velocity ke := ẋ(se) is varied
until a resulting lightlike geodesic crosses the receiver’s
worldline; in other words, where the receiver’s worldline
intersects the emission event’s light cone.

For an operational approach, it is convenient to define a
local tetrad (eμ) at the emission event in order to express ke

in terms of celestial angles (�,�) on the emitter’s celestial
sphere. Instead of varying the initial four-velocity, one can
then scan the emitter’s celestial sphere for the pair of celestial
angles, which yield a lightlike geodesic that satisfies Eq. (A1).
This is done by taking advantage of the differential evolution
algorithm, specifically the SciPy implementation based on
Ref. [106]. It is a global optimization method able to handle
possibly nondifferentiable functions of multiple variables. It
is applied to the EOP by defining a function that (1) calculates
a lightlike geodesic for a chosen pair of celestial coordinates
and (2) calculates the closest approach of the corresponding
solution to the receiver worldline in a hypersurface t = const
with coordinate time t . In this case, the closeness of two
events is defined as the spacelike distance between them in
the hypersurface; for weakly curved regions of spacetime,
the spacelike distance defined by the metric may be replaced
by the Euclidean definition of distance in flat spacetime to
shorten calculation time. Since the reception event most likely
does not coincide with one of the reception orbit sampling
points, the distance is calculated for each light ray sampling
point with a linearly interpolated reception orbit until the clos-
est approach is found. In weakly curved regions of spacetime,
the distance function is monotonous with only one minimum.
Over multiple iterations, a number of lightlike geodesics are
calculated over the initial conditions interval, and the closest
approaching lightlike geodesic is kept as a reference for the
next iteration to restrain the IC interval. Another population
of lightlike geodesics is then calculated in the slightly smaller
IC interval, then compared with each other, with the IC of the
closest light ray iteratively serving to reduce the IC interval
until a certain threshold for the spacelike distance of closest
approach is crossed. The final lightlike geodesic serves as the
solution to the EOP by satisfying Eq. (A1) up to the given
threshold. After the light ray curve ζ (s) and its four-velocity
k(s) along the curve are completely determined, the redshift
between emitter and observer can be calculated. Repeating
this for each step along the emission orbit shows the redshift
behavior over time as seen, e.g., in Figs. 3 and 4.

APPENDIX B: NUMERICAL COMPARISON OF
(NON-)RELATIVISTIC ORBITAL MECHANICS AND

SIGNAL PROPAGATION

The discussion of the main text focuses on the influence
of relativistic corrections to the redshift up to orders includ-
ing O( v2

c2 ), neglecting higher-order relativistic corrections to
Kepler orbits, which are estimated to be at most of the or-
der O( v3

c3 ), and approximating the signal transmission with
straight lines on a flat background metric. This is in con-
trast to a general relativistic treatment of the EOP, where
receiver and light signal move on a timelike curve and light-
like geodesic, respectively. The purpose of this Appendix is

to elaborate on and quantify the deviation in the redshift
simulation between the general relativistic treatment and the
approximations adopted in the main text, and by extension, to
justify the adopted approximations regarding the scope of this
work. For the discussion, the EOP is solved and the redshift
over time calculated, once in the general relativistic frame-
work and once with the abovementioned approximations, for
the satellite configurations presented in Figs. 3– 6.

First, concerning the satellite motion. A Kepler orbit is
generally described by six orbital elements, but since discus-
sion is restricted to movement contained within the equatorial
plane (θ = π

2 ) of the spherically symmetric spacetime, this
number is reduced to three; the orbital shape is completely de-
termined by the orbital period T and the eccentricity ε, while
the curve’s starting event is fixed by the mean anomaly at
epoch M0. A satellite moving along this orbit travels on a non-
geodesic curve γ (t ) that can be expressed in Schwarzschild
coordinates, where the radius and true anomaly (azimuthal
angle) are given by

r(t ) = a(1 − ε · cos(E (t ))),

ν(t ) = 2 arctan

(√
1 + ε

1 − ε
tan

(
E (t )

2

))
,

(B1)

with semimajor axis a and eccentric anomaly E (t )
parametrized by coordinate time t . The spatial velocity vector
v transported along the satellite curve on a Keplerian orbit is
then given by the rate of change of radius and true anomaly.
In Newtonian gravity, the presence of absolute time fixes
the parametrization of γ and v with respect to this absolute
time. Once this curve described by Eq. (B1) in Schwarzschild
coordinates is embedded in the Schwarzschild spacetime, the
parametrization of γ and v is determined up to the choice
of time parameter with which to measure the spatial rate of
change; either with respect to coordinate time t or proper
time τ . The corresponding four-velocity components uμ along
γ are given by uμ = dxμ

dτ
= dxμ

dt
dt
dτ

. Now, the choice lies in
whether to measure the three-velocity along the curve as

vi = dxi

dt
or vi = dxi

dτ
. (B2)

The latter case is used, e.g., for treatment that includes rela-
tivistic corrections to Newtonian equations of motion [107],
resulting in a satellite (e.g., on a circular orbit) feeling rel-
ativistic perturbation effects during propagation. Here, the
three-velocity is chosen as measured with respect to coordi-
nate time. Then, the spatial velocity vector v(t ) together with
the normalization condition

−c2 = gμν ẋμẋν (B3)

completely determine the satellite’s four-velocity u(τ ).
Instead of modeling the satellite’s curve after a Keplerian

orbit in Schwarzschild coordinates, one can simulate it as a
geodesic on curved spacetime. The curve’s initial conditions
can be calculated analogously as for the Kepler orbit with
Eq. (B1) and their derivatives. Since here timelike curves start
at the periapsis, as determined by M0, the initial radial ve-
locity is always zero. Solving the geodesic equation for these
initial conditions yields a satellite curve in Schwarzschild
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FIG. 9. Total redshift (blue) calculated in GR and redshift deviation (orange) caused by approximating satellite and signal trajectories in
the EOP; the satellite initial conditions correspond to Fig. 6 (left). Top left: The presence of light deflection strongly increases the redshift
deviation in non-line-of-sight regions r � rEarth (gray background), where stronger light deflection is present. Bottom: Scaling the axis with
respect to deviation values within line of sight regions, the deviation’s oscillating behavior is visualized. Top right: Restricting the emission
time t to one geosynchronous orbital period shows more clearly the emergence of a maximum in the deviation caused by the periapsis shift.

coordinates, which deviates from the Keplerian orbit of New-
tonian gravity.

Second, concerning the signal exchange. As argued in
Sec. III A, the Earth’s weak gravitational field may be char-
acterized by a flat background metric η with some small
perturbations. By neglecting these perturbations, a signal can
be calculated as propagating in the flat background spacetime
and following a curve described by Schwarzschild coordi-
nates. The corresponding tangent covector k to the curve is
transported using η, and the associated frequency measured by
the observer is calculated by projecting it onto the observer’s
four-velocity u [see Eq. (12)]. On the other hand, by not
linearizing gravity, the signal can be calculated as propagating
along a geodesic in curved spacetime. Then, the correspond-
ing tangent covector is transported using the general metric
g, and the associated frequency measured by the observer is
calculated analogously. Depending on the chosen method, the
reception event will be different, contributing to the difference
in redshift.

Solving the EOP once in the GR framework and once with
the approximations discussed above, one can compare the
redshift measurements to quantify the total deviation.

The first result is shown in Fig. 9 for an emitter on a circular
equatorial LEO orbit and a receiver on an eccentric geosyn-
chronous orbit, plotted over three periods of the reception
orbit (see Fig. 6, left, for more details). In each sublot, the blue
curve describes the total redshift over time for the EOP solved
numerically but without approximations, while the orange
curve describes the deviation in redshift between the EOP

solved with and without approximations. Starting at the top
left subplot, the redshift oscillation over one LEO orbit period
(present in Fig. 6) is reproduced, and the oscillation behavior
over multiple orbital periods of the reception orbit, hinted at
in the main text figure, is visible more clearly. The redshift
deviation is dominated by occasional peaks with a varying
magnitude; the maximum magnitude of ∼8 × 10−10, which
is of the order of relativistic effects discussed in the main
text, appears to suggest that relativistic effects on the signal
curve and receiver satellite are non-negligible. However, the
highlighted los between the satellites reveals these peaks to
be lying in regions where the los is lost (gray background).
Indeed, the peaks in the deviation are caused by strong light
bending, occurring when signals pass close to the Earth’s
center. The bending angle in the Schwarzschild spacetime
may be expressed by Einstein’s deflection formula

δ = 4GM

c2rm
, (B4)

where rm is the signal’s minimal radius coordinate. Thus, in
regions with rm � rEarth, the signal curve will deviate from the
straight line approximation more strongly, resulting in a larger
redshift deviation; while the bending is estimated to be neg-
ligible in LEO orbit regions (	z ≈ 10−15 for r ≈ 7000 km),
in regions close to the Earth center (e.g., r ≈ 700 m), the
influence is estimated to be 7000 km

700 m = 104 orders of magnitude
larger, which is reflected in the figure. Since the signal path
depends on the emission event, the numerical sampling of the
emission curve also influences how close the signal passes to
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FIG. 10. Total redshift (blue) calculated in GR and redshift deviation (orange) caused by approximating satellite and signal trajectories in
the EOP. Gray background indicates times during which line of sight is lost. Top left: Signal exchange between a geosynchronous satellite
above an equatorial ground station. Neither periapsis shift nor light bending influences the redshift, so the small deviation is due to numerical
error. Top right: Satellite setup corresponds to Fig. 3 (left). The deviation increasing over time at the periapsis due to the periapsis shift can
be seen. Since the deviation’s overall magnitude is relatively small, numerical error around the apoapsis is resolved. Bottom left: Satellite
setup corresponds to Fig. 3 (right). The only difference to the deviation in the top right subfigure is its increased magnitude due to increased
eccentricity and therefore increased satellite velocity at the periapsis. Here, the deviation at the periapsis is of the magnitude of relativistic
effects discussed in this work. Bottom right: Satellite setup corresponds to Fig. 4 (right). The deviation’s quick oscillating behavior on the
timescale of the MEO period is due to light bending around the Earth, while the overall increase in the magnitude over multiple periods of the
ground station is due to periapsis shift. Here, again, the deviation at the periapsis is of the magnitude of relativistic effects.

the Earth’s center. Together with the fact that this effect is not
cumulative over multiple orbital periods, this leads to large
differences between maxima in different non-los regions. This
work focuses on satellite communication, wherefore the rest
of the discussion will be limited to regions with line of sight,
which is shown in the right and bottom subplots of Fig. 9. The
bottom subfigure shows the overall behavior for three periods
of the reception orbit, while the top right subfigure shows
the first period in more detail. Here, since signals travel at
r > rEarth, the light bending effects are much weaker. Now, the
redshift deviation’s oscillating behavior, regularly interrupted
by non-los sections, is more visible.

The deviation, described by an oscillation with varying
amplitude, whose extrema can be traced by an envelope, can
be explained by two main causes. Focusing first on emission
times during the geostationary satellite’s first orbital period
(t < 86 400 s) (see Fig. 9, top right), the first five line of
sight sections (t < 30 000 s) are dominated by light bending
since the periapsis shift is still small. The moment of ra-
dial transmission between the two satellites, where the light
bending is weakest and the longitudinal Doppler shift van-
ishes, constitutes the center in the line of sight section. To
the right of this center, when the satellites start to move in

their respective directions along their orbits, the relative dis-
tance between the satellites grows and the direction of signal
transmission starts to monotonically rotate away from the
radial direction. Simultaneously, the influence of light bend-
ing on the signal monotonically increases, which is shown
by the increase in the deviation. Analogously, to the left of
the line of sight center, the satellites enter the line of sight
section with a highly nonradial signal transmission, where
the light bending is large, and with a decreasing relative
satellite distance, resulting in a blueshift with relatively large
magnitude. Over time, the satellites then approach the mo-
ment of radial transmission, while the signal transmission
rotates more and more in radial direction; during this time,
the effect of light bending monotonically decreases until it
vanishes at the point of radial transmission. After some LEO
orbital periods, two extremal points emerge along the devia-
tion curve around the point of radial transmission, becoming
more and more pronounced over time. This is explained by
the periapsis shift that monotonically increases over time.
The tangent vector transported along a Keplerian orbit always
points in the same direction when comparing the satellite
after one and multiple orbital periods. If the orbital peri-
apsis shifts over time instead, leading to orbital precession,
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a comparison between two satellite positions one or multi-
ple orbital periods apart yields a difference in direction of
the tangent vector, meaning the tangent vector transported
along the geodesic orbit undergoes additional rotation. When
comparing a geodesic orbit with a Keplerian curve, this rela-
tive rotation between the velocity vectors induces a difference
in the redshift measurements that monotonically increases
with the periapsis shift and can best be seen at the point
of radial transmission, where the Doppler shift vanishes. At
the periapsis, the geostationary satellite velocity, i.e., the
tangent vector’s magnitude, is largest along its orbit, and
therefore the difference between the two velocity vectors is
largest as well along one orbital period. This can be ob-
served well in the figure when focusing on the oscillation’s
enveloping function (highlighting the oscillation’s extrema),
where after one geostationary orbital period the deviation’s
magnitude starts to decrease again (see Fig. 9, bottom sub-
figure), because the geostationary satellite moves away from
the periapsis as its velocity diminishes. This results in the
envelope having local minima at the apoapsis and local max-
ima at periapsis. Since the periapsis shift is a cumulative
effect, the overall deviation becomes larger as time goes
on, as can be seen in the envelope’s three monotonically
increasing maxima. After a sufficiently long satellite travel
time, the magnitude of the deviation will reach the order
of magnitude of relativistic effects discussed in the main
text, meaning the applied approximations break down. This
is, however, only if satellite trajectories are never corrected
during flight, and the timescales considered here are orders
of magnitude longer than timescales considered for actual

line-of-sight measurements, meaning the approximations hold
for this orbit constellation.

Figure 10 shows the redshift and redshift deviation for
other orbit constellations discussed in the main text, analo-
gously to Fig. 9, with light bending filtered out in non-los
regions. Except for the results shown in the first subfigure,
very similar behavior can be seen, attributed to light bend-
ing and the tangent vector rotation due to periapsis shift. In
subfigure 1, the signal transmission is always radial for the
satellite in geosynchronous orbit, leading to a small redshift
deviation since light bending and periapsis shift are absent.
Its behavior can be traced back to numerical noise due to the
EOP algorithm used in this work. Beyond that, the magnitude
of the redshift deviation is below the order of the relativis-
tic effects discussed in the main text for only two of the
shown subfigures. In Fig. 10 (bottom left), where signals are
transmitted between a ground station and a highly eccentric
geosynchronous orbit, the deviation peaks at ∼10−11 after one
orbital period. Similarly, in Fig. 10 (bottom right), where sig-
nals are transmitted between a ground station and an eccentric
satellite orbit of 4000 km height, the deviation peaks in the
same order of magnitude after one orbital period of the ground
station. The reason has been discussed in the main text as well,
where, apart from a cumulative effect from long measurement
times, the relative satellite velocity (caused by low altitudes
and/or high eccentricity) plays an important role when choos-
ing a satellite setup for quantum key distribution. From this,
it is clear that careful consideration needs to be given to the
satellite constellations when adopting these approximations
for QKD.
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