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Life relies on a sophisticated metabolic molecular machinery that turns over high-energy molecules to evolve
complex macromolecules and assemblies. At the molecular origin of life, such machinery was absent, implying
the need for simple yet robust physical mechanisms to harvest energy from the environment and perform
chemical work or produce chemical power. However, the mechanisms involved in harvesting energy from a
macroscopic cyclic environment to drive chemical processes on the molecular scale remain elusive. In this work,
we propose a theory that describes the kinetics of chemical reactions in a system subject to a cyclic reservoir with
varying properties. We compare cycles of solvent (wet-dry cycles), with cycles of a component participating in
a chemical reaction (reactant cycle). We find that for both wet-dry and reactant cycles, resonance frequencies
exist at which the chemical power is maximal. We identify which cycle type is more beneficial in harvesting
chemical power for different molecular interactions. Our findings of harvest efficiencies around 10% suggest
that the cyclic environment could have played a key role in catalyzing the metabolic molecular machinery at the

molecular origin of life.
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I. INTRODUCTION

Living systems turn over energy and matter through
which they maintain themselves away from thermodynamic
equilibrium [1]. Specifically, they developed a metabolic
machinery that involves complex macromolecules [2], in par-
ticular, proteins and protein assemblies that can hydrolyze
highly energetic “fuel” molecules, such as ATP or GTP.
Such macromolecules include, as examples, ribosomes used
to synthesize proteins [3] or molecular motors capable of
performing mechanical work [4,5], among many others. This
metabolic molecular machinery, which utilizes fuel molecules
to evolve the system’s complexity, is a hallmark feature of
life and defines it as being out of equilibrium or as “active
matter” [6].

At the molecular origin of life, none of such molecular
machinery was available—It had to evolve through selection
along with the emergence of life itself [7-10]. The synthesis
of such a machinery required a mechanism to harvest en-
ergy from the surroundings making it available for chemical
processes on the molecular scale—an aspect that is relevant
not only for the molecular origin of life, but also for the
emergence of de novo life [10,11]. The synthesis of such ma-
chinery is unlikely close to thermodynamic equilibrium due
to its higher free energy compared to the machinery’s building
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blocks. Thus, nonequilibrium conditions had to act similar to a
metabolism. Such conditions can be created by a surrounding
with physical properties (salt, temperature, composition, etc.)
varying in time [12-14]. For a sustainable evolution, these
time variations have to occur in cycles, or in some thought
of periodic variations, often involving a characteristic average
frequency.

Classical examples relevant to the molecular origin of life
are day-night cycles that lead to periodic changes in tempera-
ture and ultraviolet (UV) light [15,16]. Cyclic nonequilibrium
conditions can also occur due to faster weather changes affect-
ing temperature, humidity, or pressure [17,18], or give rise to
salt deliquescence [19], or freeze-thaw cycles [20-22]. The
cycles mentioned take place on timescales between minutes
to roughly a day, with a characteristic frequency range from
10725~ down to 107> s~!. Moreover, even slower cycles of
the system’s solvent content can be found in foams [23], or
porous rock containing trapped gas bubbles [24,25]. Simi-
larly, wet-dry or geological cycles cause oscillatory changes
in solvent or reactive components [26,27]. A recent specific
example of wet-dry cycles affecting chemical processes is the
evolution of long DNA strands in a Hadean CO, atmosphere
[28]. Extreme cycle conditions can further lead to nondilute
conditions and phase separation of the liquid mixture [29,30].
However, up to now, the general mechanism underlying the
harvest of chemical power from cyclic nonequilibrium condi-
tions remains elusive, and it is unclear under what conditions
energy is efficiently transferred from the macroscale to the
scale of chemical reactions.

In this work, we develop a theory for liquid mixtures
of chemically reacting components coupled to a cycling
reservoir, as depicted in Fig. 1. Specifically, we consider reser-
voirs that can exchange solvent molecules with the system,
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FIG. 1. Harvesting chemical power from a cyclic reservoir. (a) A mixture with a chemical reaction is coupled to a cyclic reservoir. The
reservoir periodically exchanges solvent (wet-dry cycles) or reactant (reactant cycles). Such components are either added (i) or removed (ii)
oscillating between a state rich or poor in the component exchanged with the reservoir (“reservoir-rich/poor”). In certain conditions, the system
can reach a nondilute regime, where interactions among the components lead to liquid-liquid phase separation. (b) The cyclic property of the
reservoir is governed by an oscillating chemical potential of the exchanging component. (c) We calculate the chemical power and find that
there is a resonance frequency €2, at which the chemical power is maximal. (d) The value of the resonance frequency and maximal chemical
power vary depending on the cycle type (wet-dry cycle or reactant cycle).

generating wet-dry cycles, or a reservoir that cycles the react-
ing components of the chemical reaction, leading to reactant
cycles. Our key finding reveals that chemical power can be
harvested by driving the system through reservoir cycles. We
found that there is a resonance frequency at which cycling
both reservoirs maximizes the chemical power. The reso-
nance phenomenon can be understood through an analogy
of coupled harmonic springs driven by the cycling reservoir.
Depending on the rate of exchange with the reservoir, the
harvested power can be greater for wet-dry or reactant cycles.
We further elucidate how liquid-liquid phase separation influ-
ences maximal chemical work and the resonance frequency.
Strikingly, the harvest at resonance is characterized by high
efficiencies, where around 10% of the reservoir’s dissipated
energy can be harvested from the reservoir and transferred
to the molecular level as chemical work or power. Our re-
sults suggest that a cycling reservoir can provide conditions
similar to a low-efficiency catalyst that can kick off chemi-
cal processes forming high-energy complex molecules at the
molecular origin of life—an essential step for the emergence
of a prebiotic metabolism.

II. THEORY FOR HARVESTING CHEMICAL
POWER FROM A CYCLIC ENVIRONMENT

In this section, we propose a theory for a mixture with one
representative chemical reaction. The components undergoing
chemical reactions in the mixture are nondilute, implying that
interactions among the components are affecting the diffusion
and reaction fluxes. The mixture is coupled to a reservoir
that can exchange components with the mixture. The reser-
voir chemical potentials undergo cycles, mimicking a cyclic
environment that maintains the mixture out of equilibrium.

We first present the continuum theory that describes
the coupling to the cyclic reservoir through the boundary
conditions (Sec. II A). Second, we derive a significantly re-
duced theory valid for a system small enough such that

concentration fields are approximately homogeneous in each
phase (Sec. IIC). The corresponding solutions approach the
ones from the continuum theory when the largest reaction-
diffusion length scale increases beyond the system size. In
our work, we ask how much chemical work and power can
be harvested compared to the energy dissipated by cycling
the reservoir (Sec. IIB). The reduced theoretical approach
enables us to understand the conditions of optimal energy
harvest through a mapping to two coupled and driven har-
monic oscillators elongating and retracting in the mixture’s
thermodynamic phase diagram.

A. Continuum description of a reacting
mixture subject to cycling reservoirs

The continuum theory for the mixture comprises the spatial
and temporal evolution of the volume fraction fields ¢;(x, 1).
These fields are governed by diffusive fluxes j; and the net
source s; [31-34]:

O pix,1) = =V - j;(x,1) + si(x, 1), ey

where spatial gradients in chemical potentials, Vu;, drive
diffusive fluxes, j, = —A;Vu;, with A; denoting the mobil-
ity coefficients [35]. The chemical potential u; = v;6G/é¢;
can be derived from the mixture’s Gibbs free energy G; see
Appendix A for the free energy and derivation of chemical
potential.

The surface boundary of the system consists of two parts:
00,, which is the surface area in contact with the reservoir,
and 00, which is an impenetrable surface boundary and there-
fore has a no-flux boundary condition 72 - Vu|3e = 0, where #t
denotes the surface normal vector. When the mixture’s surface
is in contact with the reservoir through the surface 0©,, there
is a reservoir flux A&; through the surface element d°x normal
to 0®, (with the unit of a rate per area). This flux is governed
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by the chemical potential of the bulk w; and the reservoir u/:

I;i(xb) =ﬁl€,ﬁ,‘|:exp{kl;—"T} —exp{%ﬂ, 2)

where IE,, ; 18 the reservoir flux rate coefficient with the unit of
a rate per area. Moreover, kg7 is the thermal energy and x;
is a point on the mixture’s boundary that is in contact with
the reservoir, x;, € 3®,. Local equilibrium with the reservoir
is reached when chemical potentials are equal, w;(x;) = u!,
for all points x;, at the mixture’s boundary 00,, leading to a
vanishing flux I~1i(x;,) =0.

The exchange of molecules between the mixture and the
reservoir affects the mixture’s composition and volume. The
boundary moves with a speed

vy, 1) = Y viki(xs) - i, 3)
which further alters the system volume V' according to
dv
— = / d’x v(xp, 1). )
dt 90,

In this work, we describe the cyclic environment by a pe-
riodically cycling reservoir chemical potential u} () as shown
in Fig. 1(b). To model a characteristic frequency of the various
cycle types mentioned in the introduction, we consider a sinu-
soidal form with a frequency €2 and an amplitude fi; around
an average reservoir value (u!):

wi(t) = (uf) + i sin Qe Q). (5)

As illustrated in Fig. 1(d), we consider two distinct cases of
the reservoir cycle:

(1) Periodic exchange of the solvent between the reservoir
and the mixture, called wet-dry cycles. In this case, the reser-
voir exchange rate coefficient has the form IE,, i = k,0; 5, with
S denoting the solvent component.

(2) Periodic exchange of a reacting component between
the reservoir and the mixture, referred to as reactant cycles.
For the case of changing the reacting component A, the reser-
voir exchange rate coefficient has the form I;,, i = ki 4.

The minimal setting for comparing how wet-dry and re-
actant cycles affect chemical processes is a ternary mixture
(i = A, B, S) with a single (reversible) unimolecular chemical
reaction between A and B. For a volume-conserving chemical
reaction A = B, we have v4 = vg = v. Moreover, the chem-
ical reaction flux rg = —ry = r is governed by the chemical
potentials (14 and pp) for the two chemical rates. This reac-
tion flux can be written as [36]

r(x,t):kc[exp{%}—exp{%x}t)”, (6)

where k. is the kinetic rate coefficient of the chemical reaction.
Chemical equilibrium corresponds to p4(x) = up(x) at each
position x in the mixture.

B. Chemical work and power with cycling reservoirs

The reservoir chemical potential w;(t) is cycled with a
frequency 2 in Eq. (5), maintaining the system away from
chemical equilibrium, resulting in continuous and periodic
chemical turnover between the reacting components A and B.

S —
~
Reservoirg |External Work
Exchange of W (u"(t))
molecules
N .
Chemical Wor
We(t)

FIG. 2. Tllustration of chemical work. To cycle the chemical po-
tential u”(¢) of the reservoir, work VW is performed on the reservoir.
As aresult, molecules associated with the chemical potential ] are
continuously exchanged with the mixture (blue shaded domain), with
N the exchange rate of such molecules. This exchange of molecules
drives the mixture away from equilibrium. Thus, the chemical re-
action (here between red and green molecules) is altered, leading to
chemical work W¢ performed by the chemical reactions. The harvest
of energy or chemical power from the reservoir on the molecular
scales is characterized by the efficiency n = W¢/W".

The turnover can be regarded as chemical work performed by
the mixture, as depicted in Fig. 2. We define the harvested
work of the system from the reservoir as the energy dissi-
pated by the chemical reactions over a period T = 1/ (see
Appendix B for details),

WS = — lim

fh— 00

f+1/Q .
/ drar Y EE )
V(t) T Vi

For the given reaction scheme, the harvested work from the
reservoir takes the form

to

WS = — lim

th— 00

f0+1/Q A
/ Brdr L2 8)
1o V) v

where Ap. = s — pup is the thermodynamic force of the
reaction A = B. No work is performed if the system is at
chemical equilibrium (Au, = 0), or if the reaction flux van-
ishes (r = 0).

For the reservoir to undergo cycles, external work must be
performed on the reservoir (Fig. 2):

to+1/Q 5 5
W" = lim / d“x dr wih; - i )
=0 Ji 90, Xl:

An efficiency n can be defined as the ratio of the harvested
chemical work per cycle [Eq. (7)] and the work of the reser-
voir to maintain the cycles [Eq. (9)]:

WC‘
= Wr .
In other words, the efficiency 1 characterizes the fraction of
external work harvested as chemical work. Chemical work
is expected to increase with longer cycle periods or small
frequencies. To enable a fair comparison across cycles with
different oscillation frequencies, we focus on chemical work

per period or average chemical power [see Fig. 1(c)], defined
as

n (10)

PC = QWE. (11)
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In our work, the harvested average chemical power P¢ and the
efficiency 7 are considered as key readouts that characterize
the harvesting process.

C. Reduced description at phase equilibrium

The dynamic equation (1) describing the spatial-temporal
evolution simplifies under the condition that the diffusive
exchange between phases occurs much faster than the other
timescales of the system, i.e., k., k,.;, 2 < AikBT/Lz. Here, L
denotes the system size, and the associated reaction-diffusion
length scale is given by «/A;kgT /k.. The spatial gradients be-
come negligible and the moving boundary problem associated
with Eq. (1) becomes greatly simplified in this limit. Most im-
portantly, the cyclic dynamics can be represented as chemical
trajectories in the mixture’s thermodynamic phase diagram, as
proposed in Ref. [37]. This representation enables deciphering
the mechanism underlying the harvest of chemical power.

When interactions between components are sufficiently
strong, liquid-liquid phase separation can occur. For two-
phase coexistence, and in this limit of fast diffusion, the two
phases (I, IT) remain in local phase equilibrium at all times,
such that the chemical potential of each phase balances u! =
w!t. Thus, the composition in each phase is uniform but dif-
ferent, characterized by distinct volume fractions (¢}, ¢') and
corresponding phase volumes V! and V!'. Note that the phase
volumes sum up to the total system volume, V = VI 4 VI
Thus, the reduced dynamic equations governing chemical re-
actions in a mixture that is subject to cycling reservoirs are
governed by (see Ref. [37] for the derivation)

d¢;/n o yn o 1 ay/u
a0 Ty g (122)
1 dv'm .
. 1 LI
T Z (Sk —Jk )’ (12b)
k=A.B.S

where i = A, B, and j;/ I denote the diffusive fluxes between
the coexisting phases that maintain phase equilibrium.

The combined change from reactions and boundary fluxes
in Eq. (1) combines to a single source term in Eq. (12):

st =r!+h, (13)

and describes the net source flux in each spatially homoge-
neous phase « € {I, II}. The volume fraction reservoir flux
is related to the surface area flux density given in Eq. (2) by
h¢ = Avia ~I~z;¥/V°‘, finding

v;ik%. un Wi
—— L 1. 14
' Ve [eXp{kBT} eXp{kBT” (9

We defined the reservoir exchange rate coefficient k,,; = A l;,, i
with units [1/time], where A = |0®,| is the total surface area
connected to the reservoir. Note that the chemical potential
has no superscript indicating phase I or II since both phases
are at phase equilibrium with u; = p! = pll.

The reaction flux in each phase reads

r":kﬁ‘[exp{kﬂ—;}—exp{kﬂ—?”, (15)
B B

such that r§ = —r{ = r*, and chemical equilibrium corre-
sponding to Ay, = us — up = 0.

When the system can phase separate, both the reaction
and reservoir exchange rate coefficients can, in general, be
different between the phases. For simplicity, we consider
throughout this work that the reaction rate coefficient is not
phase dependent, k! = kI =: k.. Moreover, either phase I or
phase II is connected to the reservoir through the surface
area A. Say, phase I is connected to the reservoir, k} =k,
while consistently, k' = 0. We note that, due to phase equi-
librium, the choice of which phase is in contact with the
reservoir is conceptually irrelevant. However, in experiments,
the reservoir exchange rate coefficients k, were shown to
differ significantly between the phases [38,39].

Spatial averages, as used in the definition of the chemical
work in Eq. (7), reduce to simple phase averages for the
kinetics at phase equilibrium since spatial profiles are homo-
geneous in each phase. For a general quantity X“(¢), the phase
average is given as

Iyl o,y y Il
@) = VX (f)‘j‘(t‘)/ (X (l).

(16)

Note that the volume of each phase V' and V! is dynamic and
changes according to Eq. (12b). As a result, the total system
volume V = V! + V! changes in time as well. For example,
the system volume V can decrease during the drying period
as solvent molecules evaporate. In general, the exchange with
the reservoir can dilute or concentrate the system’s composi-
tion by adding/removing solvent or reactant molecules. This
process is illustrated in Fig. 1(a).

III. RESULTS

A. Phase diagram orbits generated by cycling reservoir
1. Chasing thermodynamic equilibrium

The cycling reservoir leads to closed-loop trajectories
(orbits) in the thermodynamic phase diagram, as shown in
Figs. 3(c) and 3(f); see also video in the Supplemental Ma-
terial [40]. A fundamental point determining the position of
the orbit in the phase diagram is thermodynamic equilibrium.
Thermodynamic equilibrium in the considered ternary mix-
ture corresponds to a unique composition of average volume
fractions (@4, ¢5), marked by a star in the phase diagrams
shown in Figs. 3(b) and 3(e). Graphically, this thermody-
namic equilibrium point is the intersection of the reservoir
equilibrium (black) line 1 (¢) = p; and chemical equilibrium
(orange) line uy = wp. The mean thermodynamic equilib-
rium is defined by w/(t) = (1) and represents a relevant
stationary reference case to compare to the system connected
to the cycling reservoir. In fact, the orbit always encloses
the mean thermodynamic equilibrium point. Due to the cy-
cling reservoir w/(¢), the thermodynamic equilibrium point
is not stationary and undergoes periodic motion in the phase
diagram. Since the reacting mixture aims to relax to thermo-
dynamic equilibrium, the average volume fraction (¢4, ¢p)
chases the nonstationary thermodynamic equilibrium point.

The shape of the orbits is set by special attractors in the
phase diagram. At an arbitrary time r = ¢*, the system’s phase
average volume fraction {¢;} [marked by a white dot; see
Figs. 3(b) and 3(e)] changes due to fluxes toward two dis-
tinct attractors in phase space: One attractor is set by the
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FIG. 3. Reactant and wet-dry cycles can induce oscillations of the mixture’s composition with intermittent periods of phase separation.
(a), (d) Periodically exchanging molecular components with the reservoir can lead to intermittent periods of phase separation, highlighted by
yellow domains. While the chemical potential of the mixture is maintained close to the oscillating value of the reservoir (top), the volume
fractions of the components A and B exhibit oscillations containing multiple frequencies. (b), (e) At any given moment along the trajectory, the
mixture’s composition experiences two effective driving fluxes: one from the external reservoir h, = (h,, hz) (black arrow) and another from
chemical reactionsr. = (ra, rg) = (—r, r) (orange arrow). Each of the force components points toward its respective equilibrium composition,
which is shown by the black dot (reservoir equilibrium) or orange dot (chemical equilibrium), respectively. As a result, the system evolves in
a net direction, i.e., [Eq. (17)]. The net flux chases the thermodynamic equilibrium point (star symbol). (c), (f) After multiple oscillations, the
system’s trajectory forgets its initial condition and settles into a stable and closed loop in the thermodynamic phase diagram, shortly referred
to as “orbit.” For the orbiting dynamics, see movies in the Supplemental Material [40].

reservoir (black dot, u; = ul), and the other attractor is set
by the chemical reaction (orange dot, us = ug). The net flux
d¢,./dr from the respective attractors is given as

dd/dt = rc +h,, (17)

where @, = (¢4, Pp) is the state vector of the volume frac-
tions. The fluxes r,. and h, point to their respective attractors
as shown in Figs. 3(b) and 3(e), which are set by their
specific constraints. Specifically, the chemical reaction flux
r. = (—r, r) (orange arrow) conserve the total volume frac-
tion ¥ = ¢, + ¢ of the reacting species, while the reservoir
fluxes h, = (hy, hp) (black arrow) conserve the average vol-
ume fraction ratio @; of all the other components as @; =
) i/ qgk#. The constraint lines for the two different reservoirs
are shown in dotted gray in Figs. 3(c) and 3(f). For wet-
dry cycles, the ratio g5 = ¢p/d4, and for reactant (4) cycle,
@4 = ¢s/Pp remains unaffected by external reservoir. The
system’s composition in phase space moves in the direction
of the net flux de,,,/d¢, indicated by a white arrow (tangential
to the orbit), which is unconstrained. The reservoir chemical
potential w1/ (t) changes in time given by Eq. (5), and the ther-
modynamic equilibrium changes concomitantly. This makes
the thermodynamic equilibrium oscillate along the chemical
equilibrium line; see movies in the Supplemental Material
[40]. The system, in turn, chases this dynamic equilibrium,

with the reservoir repeatedly pulling it away from chemical
equilibrium. During its trajectory, the system minimizes its
free energy by phase separating into phases I and II, which
differ in their compositions. The binodals encompass these
phase compositions and are shown in yellow in Fig. 3. After
multiple reservoir cycles, the system’s phase diagram trajec-
tories become periodic, forming closed loops referred to as
orbits in the following.

2. Phase diagram orbits are set by cycle frequency

Starting from an arbitrary initial composition (@4 (t =
0), ¢z(t = 0)), the mixtures trajectories after multiple reser-
voir cycles converge to a periodic orbit in the phase diagram
with a shape distinct to the system’s parameters, such as the
cycle frequency 2 [Eq. (5)]. For frequencies 2/k. < 1, the
changes in the reservoir chemical potential are slow compared
to the chemical reactions in the system. Thus, the system has
enough time to relax toward the thermodynamic equilibrium
point. During this rapid relaxation, the system experiences
only a little exchange of molecules with the external reservoir,
and the orbits are very close to the chemical equilibrium line
for both reactant and wet-dry cycles. Meanwhile, for fre-
quencies 2/k. > 1, the reservoir cycles are much faster than
chemical reactions. Thus, the system is too slow to respond
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FIG. 4. The oscillating chemical and reservoir equilibria act like compositional harmonic springs in the thermodynamic phase diagrams.
(a) Decreasing the amplitude of reservoir cycles 14 decreases the orbit size. (b) Each point along the orbit (red line), system (open white
symbol) experiences a net flux ¢, that is tangent to the orbit. r, is the flux due to chemical reaction. k, is the flux from the reservoir chemical
potential. Inset: Comparison between orbit obtained from numerical solution (red) and analytic calculation using the mapping on a two-spring
model (black) agrees well with each other. (c) Same system and time point as in panel (b) but illustrated using a spring model with elongations
8¢, and 8. The harmonic springs are characterized by the spring matrices 5 and §r related to chemical reactions and the reservoir. These
springs exert effective forces that pull the system toward the reservoir equilibrium point and the chemical equilibrium point at each time. (d),
(e) The larger the amplitude of the respective oscillating reservoir fi;, the larger the average chemical power P¢/(k.kgT ), while the resonance
frequency of the maximal power remains approximately unchanged. The data points are results from numerical simulations, while the solid
lines represent analytic predictions using the two-spring model. (f) The maximum chemical power increases linearly with increasing oscillation

amplitude.

to the changes made by the reservoir, making the system’s
volume fraction majorly evolve along a respective reservoir
constraint line (@g for wet-dry cycle and @4 for reactant cycle).
The orbits take an elliptical shape with the major axis aligned
along their specific constraint line. This dynamic behavior for
very different frequencies is illustrated by the movies in the
Supplemental Material [40]. Between these two extremes, a
frequency exists at which the system has sufficient time to
react to the external reservoir and can be driven away from the
chemical equilibrium line, thereby maximizing the chemical
power of a cycle [Eqs. (7) and (11)].

B. Maximal power is enhanced by increasing the amplitude
of the external reservoir

In this section, we analytically determine the dependence
of the maximal power on the amplitude of the reservoir oscil-
lations. For simplicity, we focus on a homogeneous system.
For the analytics, we consider small amplitudes of the cycling
reservoir (fi/kgT < 1).In this case, we will demonstrate that
the orbits are close to the mean thermodynamic equilibrium,
allowing for a linearization of the system’s dynamics around
this point. We will show that the system can then be mapped
onto a driven harmonic spring network.

1. Lower reservoir amplitude narrows orbits
toward mean thermodynamic equilibrium

Decreasing the cycling amplitude [i; /kgT decreases the or-
bit size. The system’s average volume fraction deviation from
the mean thermodynamic point (black star) in the phase dia-
gram becomes smaller as shown in the compositional phase
diagram in Fig. 4(a). For a low-amplitude cycle ({;/kgT <
1), we can decouple the flux from the reservoir &, into relax-
ation flux Arejax and the driving flux Agrving [for full expression
see Eq. (C9), and derivations are shown in Appendix C]J:

h. = hrelax + hdﬁving' (18)
The reservoir flux A corresponds to the flux without
reservoir cycles (h,(t; = 0)). It pulls the system’s trajectory
toward its mean reservoir equilibrium with u! = (u;). More-
over, Rgriving 18 the flux due to the driving of the cyclic reservoir
chemical potential, pointing toward the attractor point (gray
symbol) on the reservoir equilibrium line (gray line). Both
hrelax and hggiying are parallel along their constraint line @; of
the reservoir. As the reservoir is cycled, Agriving maintains the
system away from equilibrium. As the cycle amplitude [i; be-
comes smaller, the reservoir equilibrium (gray line) oscillates
less from the mean equilibrium (black line). As a result, we
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see that the system deviates less from mean thermodynamic
equilibrium, leading to orbits that are closer to the mean
thermodynamic equilibrium point. By cycling the reservoir
by small amplitude (f&;/kgT < 1) and choosing the mean
thermodynamic equilibrium outside the binodal, we can make
sure that the orbit never enters the binodal, thereby fulfilling
the assumption for the subsequent analytics of a homogeneous
system at all times.

2. System behaves as a driven spring network

The dynamics of the reacting mixture, subject to a reservoir
that can exchange particles with the mixture, correspond to
two coupled and driven oscillators elongating and retracting
in the mixture’s thermodynamic phase diagram. For cycles
with small reservoir amplitudes ({i; < kgT), the system’s or-
bital trajectories get closer toward the mean thermodynamic
equilibrium {¢?} [black star, Fig. 4(a)]. As the deviations
of systems’ average volume fractions from the mean ther-
modynamic equilibrium (i.e., 8¢ = ¢; — @) decrease with
smaller cycling amplitude [1;, we expand the fluxes in average
volume fractions around the mean thermodynamic point; see
Appendix C for more details on the linearization. The lin-
earized time evolution of average volume fraction deviations
8¢; from the mean equilibrium point then takes the form of a
driven harmonic spring network:

ds®(r)
dr

=—-IL-8®@1)+R(@), with 5<I>(;):<§‘§2),

19)

The second term R(¢) [defined in Eq. (C14) and discussed
in Appendix C] is a driving term stemming from the cyclic
reservoir that pulls the system away from equilibrium. The
first term in Eq. (19) pulls the system toward its mean ther-
modynamic equilibrium with the damping matrix I' = M - K.
Here, M is an effective mobility and K is an effective spring
matrix that are defined by the linear response relaxation ki-
netics (see Appendix D). The relaxation can be understood
as a coupled harmonic spring network where each spring is
attached to a dynamic point along the respective equilibrium
lines [see Fig. 4(c)]. As a result, the system (white symbol) is
subject to spring forces in the thermodynamic phase diagram
(white symbol) with springs characterized by spring matrices
K for chemical reactions and K x for the reactant (x = A) or

solvent (x = S) reservoir. The farther the system is displaced
from its rest length (in the phase diagram), the larger is the
resultant force:

—-K .50, (20)

=nrx

FC=—£-8<I>, F,,

where F. and F, , are the forces due to chemical and reservoir
springs, respectively. The corresponding mobility matrices are
defined as M and M" These coupled spring matrices together
with their mobilities enter the effective damping coefficient as

I=T +T
= =rXx

=M ‘K +M'-K 21)

=r =rx

The expressions for both the chemical and reservoir spring
matrices are given in Appendix D, specifically Egs. (D17) and
(D18).

The deviation from system volume at the equilibrium, 3V,
changes as follows:

(SV = V*(hrelax,x + hdriving,x)- (22)

Here, hariving,»(t) is a function of time due to the external
cyclic reservoir, and fiejax (8 ®(¢)) depends on the deviations
in volume fractions at a time ¢ [see Appendix C for derivation
and Eq. (C7) for the full expression]. We note that the fluxes
in Eq. (22) do not depend on §V to leading (linear) order
term. To determine the change in system volume §V (¢) around
the system volume at the mean equilibrium V*, we integrate
Eq. (22) in time over a period ¢ € [0, 1/€2].

We found out that the deviation from the mean thermo-
dynamic point §®(¢) is a function of cycling frequency 2
[see Appendix C, Eq. (C19) for the functional form]. The
analytical solution for an exemplary case is shown in Fig. 4(b)
as an inset (black line), indicating a good agreement with the
numerical solutions of the full nonlinear system [Eq. (12); red
line in inset]. From the analytic solutions, we calculated the
average chemical power P¢ [see Appendix F and Eq. (F6) for
the full analytic expression for chemical power]. We find that
the average chemical power extracted from the wet-dry and
reactant cycles, shown as a function of frequency 2, agrees
well with the numerical solutions [Figs. 4(d) and 4(e)].

3. System produces maximum power at resonance frequency

There exists a reservoir frequency for which the average
chemical power is maximal. For slow cycles (2 < k), the
systems’ average volume fraction is close to chemical equi-
librium, Au, =~ 0. In contrast, for fast cycles (2 > k.), the
system response is much slower than the changes of the reser-
voir, resulting in a small chemical flux 7, [see Eq. (15)]. Thus,
the system’s chemical power P¢ becomes negligible in both
frequency limits. However, for intermediate frequencies, the
system has enough time to respond to the reservoir, pulling
it away from chemical equilibrium, harvesting more chemical
power P¢. Strikingly, this creates a distinct frequency €2, at
which the chemical power P; is maximal. This frequency
corresponds to a resonance of the bulk with the reservoirand is
referred to as a resonance frequency €2, indicated as a white
point in Figs. 4(d) and 4(e).

Wet-dry and reactant cycles, in general, show different
resonance frequencies 2, and different maximal power at
resonance P¢. Interestingly, the resonance frequency €2, is
independent of the amplitude f; of the oscillating reservoir
[see Figs. 4(d) and 4(e)]. Moreover, both cycling reservoirs
give rise to a chemical power with a quadratic increase at
low frequencies P¢ o« 2. In contrast, P¢ o« 72 in the limit
of large frequencies. The average chemical power in the lin-
earized regime is derived in Appendix F and given in Eq. (F6).
This analytical expression is plotted as solid lines in Figs. 4(d)
and 4(e). We see that the analytics captures well both scaling
behaviors at low and high frequencies.
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frequency that maximizes the chemical power. This resonance frequency is strongly affected by changing the reservoir kinetic rates.
(c) Maximal chemical power increases and saturates for both types of reservoir cycles. Interestingly, there is a crossover below which reactant
cycles lead to more chemical power, while above wet-dry cycles dominate.

4. Maximal chemical power scales with cycle amplitude

More chemical power can be harvested by increasing the
oscillation amplitude of the reservoir. The maximum chemical
power P¢, ie., the chemical power at resonance frequency
Q,, is depicted for different amplitudes [1; in Fig. 4(f). For
a fair comparison between wet-dry and reactant cycles, both
share a common mean thermodynamic equilibrium point with
the same oscillation amplitude. As shown in Fig. 4(f), the
harvested chemical power increases linearly with increasing
reservoir amplitude [i;. Here, for the parameter considered,
reactant cycles lead to larger chemical work than the wet-
dry cycle, approximately by a factor of 10. However, this is
not generally true, and it depends on the interactions of the
system, as will be seen in the following section.

C. Maximum power is enhanced by increasing
the Kkinetic rates of the external reservoir

Resonance of solvent reservoirs occurs at much slower
frequencies than for reactant reservoirs. In general, a reservoir
can drive the system’s average composition into the binodal,
as depicted in Figs. 3(b) and 3(e). Varying the cycle frequency
yields different orbits, resulting in different average chemical
power. Average chemical power P¢/(k.kgT) is plotted as
a function of cycling frequency 2/k. for a reactant-phobic
interaction, i.e., reactant A phase separates from solvent [see
Figs. 5(a) and 5(b)]. In the previous section, where system
composition was homogeneous for all orbits, we observed that
the chemical power exhibits a unique resonance frequency
that maximizes power. Strikingly, phase separation can give
rise to multiple local maxima of chemical power for both
reactant and wet-dry cycles [see Figs. 5(a) and 5(b)]. For the
wet-dry cycle, we show the local (light blue)/global (dark
blue) resonance frequencies; see Fig. 11 in Appendix E for
different reservoir kinetic rates k,/k.. For all kinetic rates,
the chemical power decays in both low- and high-cycling
frequency regimes. This behavior arises due to the reasons
explained in the previous section. The average chemical
power saturates for large values of kinetic rates, as shown in
Figs. 5(a) and 5(b).

To harvest more chemical power by cycling the reservoir,
we find that it is better to perform reactant cycles for lower

reservoir kinetic rates k, (or, equivalently, for faster reac-
tions) and better to perform solvent cycles for higher reservoir
kinetic rates (or slower chemical reactions). This result is
evidenced in Fig. 5(c), which shows the maximum chemical
power P; /(k.kgT ) as a function of the reservoir kinetic rates
k. /k. for both cycles. We observe a switch frequency above
which wet-dry cycles give a larger maximal chemical power
than the reactant cycles.

D. Harvested chemical power is maximal
for a distinct reaction rate

When varying the cycling frequency €2, we find that there
exists an optimal cycling frequency €2, at which the chemical
power is maximal with the value P;/(k.kgT ). For a given
reaction rate k./k,, the average chemical power P¢/(k.kgT)
shows a similar qualitative behavior when we vary the cy-
cling frequency €2/k, as we had seen in our studies earlier.
The chemical power decreases for slow and high frequencies.
In between, there exists a resonance frequency £2./k. for
which the harvested chemical power takes the maximal value
Ps/(kkpT) [see Figs. 6(a) and 6(b)]. The maximum chemical
power can be tuned by the reaction rate k.

The maximal harvest of chemical power is largest at a dis-
tinct value of the reaction rate k. [see Fig. 6(c)]. This behavior
occurs for both wet-dry and reactant cycles. For lower and
higher reaction rates, the maximal harvested power decreases.
In the limit of very slow chemical reactions (k./k, < 1), the
harvested power vanishes to zero. Using our analytics, we
have found that in the limit of slow reactions, the maximal
chemical power P¢(2) o k. scales linearly with the reaction
rate k. [see Eq. (F2) in Appendix F]. For very fast reactions
(k:./k. > 1), the harvested power vanishes as well. This van-
ishing power originates from reactions being much faster than
the exchange of molecules with the reservoir. In this case,
the system is almost at chemical equilibrium (Au, = 0) at
all times, leading to zero chemical work in power [Eq. (8)].
Thus, an optimal reaction rate exists that can enhance the
maximum power harvested. The resonance frequency 2. /k,
is unaffected for the wet-dry cycle type; however, it varies
strongly for reactant cycles; see color bar in Fig. 6(c). In-
terestingly, we see that the wet-dry cycle can outperform
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power is shown upon varying cycling frequency. There exists a resonance frequency €2, /k, that maximizes the average chemical power. (c) The
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reservoir exchange rate k,, while panel (c) is created by changing the reaction rate k..

more chemical power than reactant cycles in the limits when
reactions are slower than reservoir exchange k. < k, and the
reactant cycles can extract more chemical work from a system
with reactions much faster than the exchange of reservoirs,
ke > k.

E. Harvesting chemical power through wet-dry
cycles require nondilute mixtures

Chemical power can always be harvested from mixtures
undergoing a chemical reaction A = B by performing reac-
tant cycles, also when the reactants are dilute. Dilute means
that interactions among the components (here, A, B, and sol-
vent) are negligible. For reactant cycles, the average chemical
power P€(£2) as a function of reservoir frequency 2 is quan-
titatively different from its nondilute counterpart, but still has
a qualitatively similar shape. Moreover, values of power and
frequency are on the same order of magnitude for dilute and
nondilute mixtures (Fig. 7).

However, the harvest of chemical power through wet-dry
cycle vanishes when the mixture is dilute (Fig. 7, inset). This
interesting behavior can be understood as follows. The chem-
ical potential of each component i in a dilute mixture is u; =
u; +kgT In(¢;), where w7 is some reference chemical poten-
tial. The condition of chemical equilibrium is Ap, = us —
up =0, corresponding to @p/da = exp {(uy — n3)/ksT}.
The constraint line for wet-dry cycles is given by &5 = @p/Pa.
On long timescales, the chemical equilibrium selects a spe-
cific constraint line defined by @s = exp {(uy — up)/ksT}.
Thus, on long timescales, the chemical equilibrium line for
the dilute system is parallel to the constraint line of the solvent
reservoir and the direction of the reservoir flux, &, [Eq. (17)],
points along this constraint line. Therefore, the solvent reser-
voir oscillates the system along the chemical equilibrium line,
causing it to move back and forth. In other words, the lack
of interactions among the components prevents maintaining
the system away from chemical equilibrium, resulting in zero
chemical power for all cycling frequencies €2/k.. In contrast,
for the reactant cycle, we observe that the constraint line
of the reservoir, @4 = ¢s/¢g, is not parallel to the chemical

equilibrium line, even for dilute mixtures. Hence, the reactant
reservoir can pull the system away from the chemical equilib-
rium line, generically resulting in harvested chemical power
in the case of reactant cycles.

F. System behaves similar to heat engines

The wet-dry cycles exhibit characteristics similar to those
of a Carnot engine, whereas reactant cycles display certain
behaviors characteristic of a stochastic heat engine. Each ther-
modynamic engine exhibits specific trade-offs between power
output and efficiency. By comparing our system to thermo-
dynamic heat engines, we can quantify how effectively the
considered cycling systems transfer energy and identify opti-
mal operating conditions. To this end, we depict efficiency n
for harvested chemical power using Eq. (10). We characterize
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FIG. 7. Interactions between mixture’s components can lead to
enhancement of chemical power: Chemical power upon varying cy-
cling frequency is shown for both mixtures: (1) with weak (solid
lines) and (2) without interactions (dashed lines). Chemical power
can increase due to interactions between the mixture. Inset: Wet-dry
cycles acting on an ideal mixture (with no interactions) result in no
chemical power. In contrast, the reactant cycle produces chemical
power in the case of an ideal mixture.
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FIG. 8. Wet-Dry and reactant cycles behave like different ther-
modynamic heat engines: Power vs efficiency plots for reservoir
exchange rate (k,/k. = 10) illustrate distinct behaviors of the two
cycle types. (a) The wet-dry cycle exhibits characteristics similar to
a Carnot engine, where high chemical power corresponds to low ef-
ficiency, and vice versa. (b) In contrast, the reactant cycle resembles
a stochastic heat engine, demonstrating a regime where both power
and efficiency are high simultaneously.

output power P¢ versus efficiency 7 for the reacting mixtures
subject to wet-dry or reactant cycles.

For wet-dry cycling, we observe that the system achieves
high power output, but at the cost of low(er) efficiency
[Fig. 8(a)]. Conversely, for high efficiency, the power is lower.
This is similar to a Carnot engine. To achieve maximum
efficiency for a Carnot cycle, the engine must operate qua-
sistatically, which requires an infinitely slow cycle, resulting
in zero power output. Conversely, operating the Carnot en-
gine at finite speeds enables finite power generation, which
comes at the cost of reduced efficiency. The reactant cycle,
on the other hand, is similar to stochastic heat engines. The
common property is that there is a frequency [see color bar
of Fig. 8(b)] at which the efficiency and power are maximal
simultaneously.

G. Effects of different interactions

To understand the role of phase separation in harvest-
ing chemical power, we compare the harvested power of
P¢/(k:ksT) [Eq. (11)] in a phase-separating mixture to the
corresponding mixed reference system [Eq. (17)]. We further
vary the interactions between all three components, A, B, and
the solvent in the reacting mixture. For simplicity, we discuss
four systems with very different interactions for which we

denote attraction/repulsion between the respective compo-
nents as —/4, respectively. The corresponding phase diagrams
are shown in Fig. 9(a). Thus, the four systems are abbre-
viated as “— + 4+, “— — 4+, “— — = and “+ — —.” For
example, the “— 4 +” interactions mean that the solvent
and A attract each other, while the solvent and B, and
A and B repel each other, respectively. For a fair com-
parison between both reactant and wet-dry cycles, both
reservoirs were oscillated around the system’s mean ther-
modynamic point (defined as pj () = (u})) with a common
amplitude of cycle ;. We present the average chemical
power for different reservoir cycles as we vary the cycling
frequency; see Figs. 9(b) and 9(d) for a fixed reservoir ki-
netic rate of k,/k. = 10. We note that the power output
for the system with “4 — —” interactions, also commonly
known as homotypic phase separation, can be found above in
Figs. 5(a) and 5(b).

For all cases of interactions, we find that there is a max-
imum in chemical power Pg that can be harvested from the
reservoir, as shown in Fig. 9(e). Surprisingly, the maximal
chemical power Pg/(kckgT) remains of comparable mag-
nitude across different systems undergoing reactant cycle,
whereas the maximum power by wet-dry cycle is notably low
for the first three cases, except for the system with A-solvent
phobic “4 — —” interactions, as shown in Fig. 9(e). The av-
erage chemical power by reactant cycles is always beneficial
at all cycling frequencies for systems with interactions A-B
phobic “— — +,” (corresponding to heterotypic phase sepa-
ration) and hydrophilic “— — —” (A-S and B-S likes to mix
with solvent) [see Figs. 9(c) and 9(d)]. However, in the B-S
and A-B phobic “— + +” interacting system, we see that the
wet-dry cycle outperforms higher chemical power for lower
cycling frequencies. At an intermediate frequency, we see a
switch after which the reactant cycle yields higher chemical
power.

Finally, we discuss how chemical power is affected when
a mixture phase separates (scattered symbols) compared to
a mixed system (solid lines), as shown in Figs. 9(b) and
9(d). At high frequencies, the system becomes unresponsive
to changes by the reservoir, and the system’s volume frac-
tion trajectories become smaller, never entering the binodal
region. Therefore, the chemical power is the same for mixed
and phase-separating systems at high frequencies. On the
contrary, for low frequencies, the harvested power can show
an interesting behavior. For example, consider the case (i)
“— + +” interactions, Fig. 9(b), where the average chemical
power P¢ in the presence of phase separation exhibits a local
and a global maximum for the wet-dry cycle. We also see that
phase separation enhances chemical work by two orders of
magnitude. Due to phase separation, the free energy of the
system is reduced, allowing more of the chemical power of
the reservoir to be harvested. Therefore, we see that phase
separation can enhance chemical power. Table I lists the pa-
rameter values used to generate the numerical results shown
in the figures.

IV. CONCLUSION

In this work, we present a thermodynamic framework
for chemically reacting, nondilute mixtures that exchange
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FIG. 9. Effects of different interactions on harvesting chemical power. (a) Four different cases of interactions are considered, reflected in
phase diagrams of varying shapes. —/+ indicates attractive or repulsive interactions between the neighboring components in the triangular
phase diagram. For example, in the first diagram [clockwise reading: “— + +”; see inset in panel (e)], the solvent attracts each other A, while
the solvent and B, and A and B repel each other, respectively. (b)—(d) Average chemical power P¢/(k.kgT) as a function of reservoir frequency
Q/k. for the two cycle types (wet-dry cycles, reactant cycles) and the different interactions shown in panel (a), except the case “+ — —” that
is demonstrated in Figs. 5(a) and 5(b). The solid transparent lines depict the mixed reference system [Eq. (17)]. (e) Comparison of maximal

chemical power between the different types of cycles, indicating that reactant cycles perform better in terms of harvesting power.

particles with an external reservoir undergoing periodic cy-
cles. The cycling reservoir drives the system away from
chemical equilibrium, making the mixture perform chemical
work. This chemical work can be harvested and used to run
other chemical processes or even to perform mechanical work.
We consider two types of cycling reservoirs: (1) a reactant
reservoir, which exchanges periodically components of the
mixture that participate in the chemical reaction, thereby gen-
erating reactant cycles; and (2) a solvent reservoir, which
exchanges a nonreacting, solvent component of the mixture,
thereby generating wet-dry cycles. An important parame-
ter governing the chemical power output from the reacting

mixture is the cycling frequency 2 of the cycling external
reservoir.

Our studied systems of a nondilute mixture with chemical
reactions and particle exchange with an external reservoir
undergoing periodic cycles show similarities to different
classes of thermodynamic heat engines. We find that wet-
dry cycles exhibit features analogous to a Carnot engine,
whereas reactant cycles resemble stochastic heat engines. In
the limit of low-amplitude cycling (ft;/kgT < 1), we show
that the dynamics of the reacting mixture coupled to a reser-
voir can be approximated by two coupled, driven harmonic
oscillators that elongate and contract within the mixture’s

TABLE 1. Parameter choices for each figure: Common for all figures in this work is that the molecular volumes are equal, v; = 1. All

energy values in the table are given in units of kz7'.

Figure Reservoir  xas/ksT  xgs/ksT xap/ksT wa/kgT wp/ksT (uf/ksT) i/ksT Comments

3(a), 3(b), and3(c) Solvent 3.0 -0.6 0.6 0.4 1.8 —0.35 0.35

3(d), 3(e), and 3(f) Reactant 3.0 -0.6 0.6 0.4 1.8 —0.08 0.35

4(a) and 4(b) Reactant 3.0 —0.6 0.6 0.0 0.05 —1.148 0.6

7 Reactant (0.0, 1.0) (0.0,1.0) (0.0,1.0) 0.0 0.24 (—1.24, -0.84) 0.49 (Ideal, dilute) mixture

7 Solvent (0.0, 1.0) (0.0,1.0) (0.0,1.0) 0.0 0.24 (—0.69, —0.50) 0.49 (Ideal, dilute) mixture
9(a) —0.6 3.0 2.5 1.8 1.0 (0.691, —0.518) 0.5  (Reactant, solvent) reservoir
9(b) 0.6 —0.6 3.0 0.0 0.24 (—0.841, 0.502) 0.49  (Reactant, solvent) reservoir
9(¢c) 1.79 —-1.79 —-1.79 0.4 1.8 (—0.327, —0.158) 0.158 (Reactant, solvent) reservoir
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thermodynamic phase diagram. This approximation enables
us to unravel how the harvested power depends on frequency
and the rate coefficient of the chemical reactions.

A key finding for both types of cycles is that a distinct cy-
cling frequency €2, (resonance frequency) at which the power
output of the chemically reacting mixture is maximal. For
frequencies below and above €2, the power output decreases.
For slow cycles of the reservoir, the mixture can relax back
to thermodynamic equilibrium much faster than any changes
occur in the reservoir. For fast cycles of the reservoir, the
system is too slow to respond to the changes made by the
reservoir. At resonance frequency, the mixture has sufficient
time to react to the external reservoir and can be driven away
from chemical equilibrium and maximize chemical power Ps.

Our finding of a resonance frequency can be readily tested
in experiments using minimal photochemical switches. They
rely on a reversible, unimolecular photoisomerization reac-
tion representing a rather generic mechanism across many
small chromophores. Example are synthetic compounds such
as stilbenes and azobenzenes [41], but also prebiotically rel-
evant molecules such as flavins and pterins [42,43]. These
chromophores are chemically simple and can arise from UV-
driven chemistry, while their switching depends on solvent
polarity and hydrogen bonding that gets altered by wet-dry
cycles for example. An even more abundant system to test the
existence of a resonance frequency is any acid-base reaction,
which corresponds to a pseudounimolecular reaction when a
buffer fixes the pH. Since protonation rates depend strongly
on water activity and ionic strength, both reactant and wet-
dry cycles are expected to significantly affect the acid-base
reaction. Specific systems are amines and imidazole-based
systems and prebiotic systems involving amino acid proto-
nation [44,45]. Finally, DNA/RNA hybridization provides a
minimal, prebiotically relevant [13] and well-controlled re-
alization of a reversible two-state reaction (single-stranded
= double-stranded), whose kinetics and thermodynamics are
quantitatively established, enabling direct comparison to the
theoretical model. By imposing wet-dry or reactant cycles,
the hybridization free energy and rate coefficients change,
as demonstrated in prebiotically relevant nucleic acid sys-
tems [19,46]. Measuring the cycle-averaged hybridization rate
(e.g., via fluorescence or UV absorbance) allows extraction of
the chemical power.

Our finding of nondilute mixtures capable of efficiently
harvesting chemical power from cycling environments sug-
gests the possibility of building complex molecular assem-
blies using cycling reservoirs, such as wet-dry cycles. This
possibility is particularly relevant to the molecular origin of
life, where there was no metabolic machinery to efficiently
harvest energy from the surroundings. We found a maximal
power harvested from the reservoir up to a few 10 W/mol [see
Fig. 10]. Although the harvested power from the reservoir is
smaller than that of the highly developed molecular motors in
extant life (heavy meromyosin (HMM) and kinesin molecular
motors are both around a few kW /mol [47]), our results high-
light that cyclic nonequilibrium environments on the early
Earth could have provided the necessary kick-start for the
evolution toward more high-energy molecules and molecular
assemblies if the cycling frequency is around the resonance
frequency.

—— Reactant cycles ==== Wet-dry cycle

,:01 T T T 'g‘
£ 1o 2,
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< . G
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% 10~3 + ”\,\ /” & 10 2
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FIG. 10. Harvesting power from systems undergoing wet-dry
and reactant cycles. The power output by chemically reacting system
in presence of cyclic reservoir is shown in real units. There exists
an optimal speed of chemical reaction that enhances the maximum
chemical power P¢. Different reservoir timescales produce different
power output. Power output from the system can be increased by
making the exchange from the reservoir faster. For a system with
a fixed reaction rate k., the maximal harvest is achieved when the
cycle frequency is about the reaction rate (2 > k), suggesting the
selection of specific chemical processes.

The distinct resonance periods for different reservoir flux
rates can act as a selection mechanism, favoring the specific
reaction pathways in prebiotic puddles of many molecules.
A particularly important example is the selection of se-
quence patterns of RNA, where dense and phase-separated
environments dictate the oligomerization pathways [48,49],
and cyclical phase transitions have been shown to select
sequences [30].

Strikingly, mixtures with different chemical reactions
(characterized by their reaction rate coefficient) harvest differ-
ent amounts of power from the reservoir. There is an optimal
reaction rate for which the harvested power is maximal. We
speculate whether this has biased the selection to specific
chemical processes. Roughly speaking, maximal harvest is
achieved when the reaction rate is about the cycle frequency
Q ~ k. (Fig. 10). Interestingly, the ligation rate of nucleotides
in template-assisted ligation at prebiotic conditions is in the
range k. ~ 1/day [50-52]—a scenario that can be well sus-
tained by wet-dry cycles stemming from the day-night rhythm
at early Earth. In other words, wet-dry cycles with frequency
of 1/day and faster could have indeed acted as effective
catalysts for prebiotic processes. Thus, such cyclic nonequi-
librium environments could have provided the missing bridge
to evolve the complex protein-based catalytic machinery ab-
sent at the molecular origin of life [7-10].
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APPENDIX A: GIBBS FREE ENERGY DENSITY
AND CHEMICAL POTENTIAL FOR AN
INTERACTING MIXTURE

In the Gibbs ensemble, the system’s chemical potential is
defined as

e

= , Al
on, (AD)

T,p,Njzi

i

where G is the Gibbs free energy, which is defined in terms of
the free energy density as
M

T U)id_)i u <15i -
G/V =g(d}, T.p) =) —=+ksT ) _—Ing
! i=0

Vv
i=0 !

1 &
+ 5 D xibidi +p. (A2)

i,j=0
where yx;; denotes the interaction parameter between compo-
nents i and j, and w; is the internal energy. Using, Eq. (A1)
the chemical potential for each component i thus becomes

— 1)[' M —
wi = o+ keT(n G+ 1)+ =3 xijdhj + vilp — 1),
o ]:O
Mg LM
where A = kgT ; o + . ; 2. Xij®ip;.  (A3)

APPENDIX B: HARVESTING CHEMICAL WORK FROM
THE ENERGY DISSIPATED BY EXTERNAL RESERVOIR

In this section, we derive the different contributions to the
entropy production in the system and define the efficiency of
the system for the reservoir cycles. The model consists of two
parts: the system and the reservoir. Reversible work is done on
the latter part in order to change the chemical potentials. Both
the system with free energy F* and the reservoir with free
energy F’ are in contact with a heat bath that maintains the
temperature at 7. The total entropy production of the system
and the reservoir is therefore given by

1

1
dstt — _?dFS _ T(dFr —dWw"). (B1)

After the transient, the system and reservoir state are periodic
with a period T = 1/, which means that
10+1/2

dF" =F "ty +1)—F' () =0,

(B2)

AF" = lim
f—>o0 Jy

where #; is the initial time of the period. Similarly, the free-
energy difference of the system is AF* = 0. Therefore, the
entropy change over a period is
f0+1/Q
AS* = lim

th— 00

1
ds®e = W (B3)

4]

where
t0+1/Q
W' = lim aw’

to— 00

(B4)
fo

is the work done on the particle reservoir over one period.
Equation (B3) states that, integrated over a period, the energy
added to the reservoir in the form of work (V") is equal to the
total dissipated heat (T AS™").

The state of the system changes due to chemical reactions
and due to particle exchange with the reservoir. The state of
the reservoir changes due to the particle exchange as well,
and due to the work done on the reservoir. The free-energy
differences are therefore

dF* =" pidN;, (B5)

dF" =" uidN] +dW". (B6)
Using that dN; = dN{ — dN;, where dNy is the change due
to chemical reactions, the entropy change is therefore equal to

ds© = _ Z %Mdeic _ Z %(M; - H?)dNih

i i

B7)

which shows that the entropy change has two contributions:
the entropy change due to the dissipation in the chemical
reactions (first term on the right-hand side) and the entropy
change due to the dissipation from the particle exchange be-
tween the system and particle reservoir (second term on the
right-hand side). We call the heat dissipated in the chemical
reactions over one period (minus the integral of first contri-
bution times the temperature) the chemical work done by the
system:

1+1/Q
we=tim [ e
fo+1/%2
= lim dt Y ApaVra, (B8)

ty a

where we used ), uldNf = Y, AuaVrqAt; here 1, is the
reaction flux for a chemical reaction. In case of a volume
conserving A = B reaction, we have r, = r given in Eq. (15).
Taking the lim #y) — oo such that the system and reservoir are
periodic with time period 1/€2.

The work done on the cycling the reservoir over a period
can be expressed in the system parameters by integrating
Eq. (B6) over a period and using Eq. (B2), which gives

f0+1/2
Wmmhm ) ke
to+1/Q
= foh_)n;o dt Z WiVhi/vi, B9)
1

fo

where we used that —dN/ = dt Vh;/v; is the particle flux of
species i from the reservoir into the system.

In the case of an inhomogeneous system, the work done on
the system becomes

W’ = lim

t0+1/Q 5
at [y i B10)
ty—>o0 J, 30 -

-
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where 7;(x;) is the reservoir flux per unit area. The chemical
work becomes

f0+1/2
WS = lim

th— 00

dt/ d’x Y " ApaR,. (Bl
V() .

fo

We define the efficiency of the system as the ratio of the
chemical work and the total dissipated heat (T AS*™ = W"):

We . /;I(H»l/ﬂ dt Za A,U,QRD[
Ns :TASmt = ,ILH;O tZ-H/Q - :
0 ‘/;0 dt Zi /,Ll-Vh,'/l),'

(B12)

APPENDIX C: ORBIT SOLUTIONS FOR SMALL
RESERVOIR CYCLE AMPLITUDES AND
DEFINITION OF DAMPING MATRIX I'

The deviation of the system’s average volume fraction
around the mean thermodynamic equilibrium point {$}} de-
creases when the reservoir is cycled with a small amplitude.
As shown as an example case of the reactant cycle in Fig. 4(a),
the compositional orbits contract toward the mean thermody-
namic equilibrium point (black star) for an amplitude fi4/2.
We can define the systems average composition as {¢ + 3¢},
where §¢; is the deviations in the system average composi-
tion from the mean thermodynamic equilibrium point. The
systems kinetics is governed by a volume conserving chem-
ical reaction A = B, and exchange from a reservoir x, which
can exchange either reactant molecules (x = A) or solvent
molecules (x = S). The deviation in chemical ér; and the
reservoir flux 8h; , around any arbitrary point {¢;} is given as

§ri = ri({gi + 8¢:}) — ri({gi}).
Shix = hix({$i + 8¢:}) — hi x({di}). (C1)

Choosing this point to be the mean thermodynamic equilib-
rium point {¢;}, the flux in chemical and reservoir at {$}}
becomes zero, i.e., r;({$7}) = 0 and h; . ({¢;}) = 0.

In the limits of small amplitude (&; < kgT'), the deviations
in system average {8¢;} become smaller. Therefore, we evalu-
ate the flux in system’s compositional deviation {§¢;} from its
mean equilibrium as deviation in chemical flux as

98P = 8r; + Shyx = 8r; + (87, — F)Shy,
3,8V = V*8h,, (C2)

where 6h;, are the deviations in the reservoir flux around
the mean thermodynamic point for component (i) due to a
reservoir (x). Similarly, §7; is the deviation in chemical flux
around {¢;} and V* is the system volume at {¢}}.

To obtain an expression for 8r; and 8h; ., we first need to
Taylor expand the chemical potential in terms of deviations
around the mean thermodynamic equilibrium as

S(I;j + 0(5(512)

(C3)

_ _ - ou;
wi(@; + 80 = (G + 3753.
j J

Here, we denote the zeroth-order term as u;({¢F}) = uf,
i.e., the chemical potential at the mean thermodynamic

equilibrium {}}}. The first-order linear coefficient is

= =pl (C4)

These derivatives of the chemical potentials are evaluated at
the mean thermodynamic equilibrium. We obtain deviations
in chemical flux ér; by substituting the linearized chemical
potential [Eq. (C3)] in Eq. (15) as

s [ #aa = Hoa | sz, [ Has— Mo | 7

r=k H kgT }8¢A - { kgT }8¢B:|’ ©)
where éry = —d8rp = —38r. We use the condition of chemical
equilibrium at u} = uj, and the reaction rate coefficient gets
multiplied by a constant factor as k¥ = k.exp(u}/ksT) =
keexp(uy/ksT).

Similarly, we obtain deviation in volume fraction reser-
voir flux §h, by substituting the linearized chemical potential
[Eq. (C3)] in Eq. (14) as

8hx = hdriving,x(t) + hrelax,x({(sd;i})v (C6)

where hpeax . relaxes the system toward mean thermodynamic
equilibrium, and /gsiving,» drives the system away from it. Both
Nrelax,x and Agriying,x are given as

oV ((1Es8Pa + 1ipSs
hrelax,x = _kr W kel s
B
(L, sin(27 Qt
hiriving.x = K — [y Sin@rQ1) | (€7
’ V* kgT

We have used the condition of mean reservoir equilibrium
as (u.) = u¥, and the reservoir exchange rate coefficient
gets multiplied by a constant factor k} = k. exp({u;)/kgT) =
kyexp(u;/ksT). Both 8r; and &h, are linearized fluxes in
deviations {8¢;}. The net exchange flux vector h, from the
reservoir around the mean thermodynamic point is given as

hy = 8h (8, — b, 85 — Bp)- (C8)
We use Eqgs. (C6) and (C7) to write the fluxes for the relax-

ation to mean thermodynamic equilibrium £, and external
driving away from the mean equilibrium A4siying as

hrelax = hrelax,x(sf\,x - (5:’ SE,X - fﬁg),
hdriving = hdriving,x(az_x - quv 82){ - J’;) (C9)
The relaxation flux vector A, iS shown in black arrow in

Fig. 4(b).
Substituting Eqs. (C5) and (C6) into Eq. (C2), we obtain
_ . (84
0,6® =—-IL-6®+R(), with §® = 55 )" (C10)
= B
Here, the coefficient of the first term I is a damping term

that splits into contributions from chemical reaction L and
reservoir I' . as

(C11)

The elements of the damping coefficient matrix from chemical
reactions can be written as

— k: (M:A — Hpa Mag — MZB) (C12)
. * * * *
= kpT \Map = Haa Mpp — Hap
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and the elements of damping coefficient matrix from reservoir
I - depend on the type of reservoir considered. i.e., reactant

(x = A) or solvent (x = ) making the matrix as

o (=g (S — g
L B Uk (( ¢A)lu’xA (Ax (IEA)MXB). (C13)
=rx V*kBT ( — ¢B)MXA (3]3)( - ¢Z’)M:B

The second term in Eq. (C10) prevents the system from relax-
ing toward the mean thermodynamic equilibrium. It depends
on the cycling amplitude of the reservoir /i, as

r ‘f;X
T 51n(2n£2t)< ; ) (C14)

r *
83}6 B

R(t) =

with 4} = kv/(V*)fi.. Here, R(¢) is a time-dependent driv-
ing term coming from the external reservoir.

The solutions to the deviations of systems’ average volume
fractions around mean thermodynamic equilibrium are

,CL* ! r ’ 85\ x (l;;\k
5P(t) = —x/ e L= T ) Sin(2r Q)dr
ksT Jy, o

B 825’,)( — ¥B
(C15)
The damping matrix I' can be diagonalized in terms of its
eigenvalues A+ as

1=
1
||

(C16)

Ao O -1 -1
(5 2)a v vyio
The exponential in Eq. (C15) can be expressed in terms of a
power series of the damping matrix I'. Using Eq. (C16), we
diagonalize each term in the power series as

s L (5*
Y-P-Y!. ( A _A) sin(27 Q¢')dr,

Ji

S®(t) = T . .
B 53,): — ¢

(C17)

where

e—L(t—r’) 0
P= < 0 e—w—”)' (C18)

Integrating Eq. (C17), we get an expression for deviation
around the mean thermodynamic equilibrium point as

A L ¢')*
5oy = oy D(1)-Y Ax T TAY O (C19)

k T ¥ *

aB,x - ¢B

with
A sin(SNZt)—ﬁ cos(SNZI) 0
. Q2402

2 - 0 Ay sin(S~21)—S~2 cos(S~2f) (CZO)

Q2427

Here, we redefine the angular frequency as Q = 27Q. The
full expression for the deviation from the mean thermody-
namic equilibrium for each component §¢; is given as

or ~ A A
Hx sin(Q1)1{ = a4+ ~——b;
ke T Q2422 Q2+ A%

~ Q Q
— cos(Q2)4 = a; + = biy|. (C21
( ){522+A2_ Q2427 H (D

8¢i(t) =

In Eq. (C21), a; and b; (for i € {A, B}) are constants defined
as

ax = yn (v (85, — 1) + 12 (850 — 85))
ba =y (y; 11( —6;) +y% (8%, — #3)),
ag =y21(y 11(5Ax ) +y12 (8 ))

—3) + 5 (85 — B5))- (C22)

Here, y;; and y;; ! are the elements of the matrix Y and Y~ !,

respectively. These are constants that depend on the mean
thermodynamic equilibrium. Interestingly, from Eq. (C21),
we see that the deviations from the mean thermodynamic
equilibrium point scale linearly with the cycling amplitude fi,.

by =y (yz‘l (8.«

APPENDIX D: MOBILITIES OF ORBITAL POINTS IN THE
PHASE DIAGRAM WHEN SUBJECT TO AN EFFECTIVE
SPRING NETWORK WITH SPRING MATRIX K

The dynamics of the reacting mixture, subject to a reser-
voir, correspond to two coupled and driven oscillators that
elongate and retract in the mixture’s thermodynamic phase
diagram. The equation of motion of a driven object of mass m
connected to a wall by a harmonic spring with spring constant
K is written as
.5& =R@).

méd +K-5&+M" (D1)

In the overdamp;:d limit, the acceleration of the system van-
ishes, making §® = 0, which results in

5 =-M-K-5&+M- R(). (D2)

In Eq. (D2), the first term is the damping flux that relaxes
the system toward equilibrium. This results from the product
of the mobility matrix of the system M with the force F. A
harmonic spring with deviation §® from its rest length results
in a force F = —K - §®. Similarly, expanding the equation of
motion for a chemically reacting system with exchange from
areservoir around the mean thermodynamic equilibrium gives

0,0® =M -F.+M' F, +R(). (D3)

These equations suggest that the dynamics of the reacting
mixture, subject to a reservoir, correspond to two coupled and
driven oscillators elongating and retracting in the mixture’s
thermodynamic phase diagram as shown in Fig. 4(c). Note
that x = A indicates reactant cycles and x = S wet-dry cycles.
Moreover, the subscripts ¢ and r label chemical reaction and
reservoir-related quantities, respectively.

The system (denoted by a white symbol) is attached to the
chemical and reservoir equilibrium line with springs of spring
constant matrices K and K , respectively. The thermody-

namic forces form the chemlcal reaction and the reservoir are
F.=—-K -0, (D4a)

gl
F..=-K -§&. (D4b)

—rXx

We obtain the respective spring constant matrices from the
inverse relation,

=)™ |{<13?‘} '£c|{q5,»*}’ (D5a)
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K L= (¥X)71|{q§;‘} .T (D5b)

2, , :r.x|{¢3f}’
with %'@?1 and g’r‘ | (gr) are the mobility matrices for fluxes
due to chemical reaction and exchange of molecules from
reservoir (x), respectively, at the mean thermodynamic equi-
librium point.

To obtain the mobilities and spring matrices, we start by
looking at the fluxes for the system shown in Eq. (12), which
can be written in a simplified way for a homogeneous system
that undergoes chemical reactions A = B, and can exchange
reactant (A) or solvent molecules (§) within the reservoir as

Opi=ri+h, and 3V =Vh, (D6)

where r; is the volume fraction flux due to chemical reaction
and h; . is the volume fraction flux from the reservoir. Depend-
ing on the type of reservoir, either reactant (x = A) or solvent
(x = §), we can write the reservoir flux as

hi,x = (Slrk - qsi)hx-

The reaction flux vector r. shown in orange arrow and ex-
change flux vector h, shown in black arrow in Fig. 3 are given
as

D7)

(D8a)
(D8b)

rL‘ = (rA? rB) = r(_la 1)7
hy = (ha, hg) = h(8}, — $a. 85, — P5).

where the reaction flux r is given in Eq. (15) (skipping the
phase index « since we consider a homogeneous mixture
in this section). The thermodynamic forces for bidirectional
chemical reactions A = B are given as

AuT = —=Ap; = pg — pp. (DY)

The thermodynamic force due to exchange from the reservoir
x is read as

A//Lx,r = _(M; - Mx)' (D10)

Around mean thermodynamic equilibrium, for small differ-
ences in thermodynamic force [Eqgs. (D9) and ((D10), the
fluxes in the system from linear response can be written as

MA,c A N Mj,r

3 s ~ ) Ay r, D11
;DA ko M +kBT Mo, (D11)
- MBC Mgr
g ~ —S AT + —LAp,,, D12
P kT Ho + kT M, (D12)
X

aV ~ —LIAu.,, D13
! kT Ha, (1)

where the mobilities M; . and M, &, are the respective mobilities
for component i = A, B due to fluxes from chemical reaction
(c) or exchanges with the reservoir (7). The mobility from the
reservoir depends on the reservoir type as M, = M, (5], —
¢:), where M, , = vk’ /V.For areactant reservoir, i.e., x = A,

the mobilities for volume fraction fluxes in A and B are

vk* _ vk* _

My = —"(pa—1), My = —p, D14

A= @a- 1. My, = Trds (D14

and for a solvent reservoir, i.e., (x = §), these coefficients are
vk, _ vk, -

M = "¢\, My =—¢g. D15

Ar =y ®a Br="y ®5 (DI5)
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FIG. 11. Jump in the resonance frequency: Resonance frequency
that maximizes average chemical power P¢ is shown for a sys-
tem undergoing a wet-dry cycle with nondilute interactions. At
k./k. = 10, we see that there can be more than one frequency [local
(cross symbol)/global (dot symbol)] around which chemical work
gets optimized. A switch in the resonance frequency is observed at
k./k. = 10.

For chemical reactions, the mobilities are

My, =Mg,. =k (D16)

Fluxes in Egs. (D11)—~(D13) are evaluated around the mean
thermodynamic point {¢;} by expanding the forces around the
mean thermodynamic equilibrium point. The fluxes in devia-
tion 8¢; do not depend on the change in volume §V; however,
the fluxes in volume deviations 8V depend on the deviations
8¢; as shown in Eq. (C2) using Eq. (C7). From the inverse
relationship given in Eq. (DS5), we obtain the respective spring
constant matrices for the springs shown in Fig. 4(c). The
spring connecting the system to the chemical equilibrium line
is given as

Man—HMia Han—Hpa
kgT kgT
K=|,.". R (D17)
= Hap—Hpp Hap—Hpp
kgT kg T

and the spring connecting the system to the reservoir equilib-
rium line is given as

VR )
kgT kgT

K = . . (D18)
—nx _ M _ g
kgT kgT

APPENDIX E: PHASE SEPARATION IN A NONDILUTE
MIXTURE CAN GIVE RISE TO MULTIPLE LOCAL
MAXIMA OF CHEMICAL POWER

In Sec. III C of the main text, we discussed that phase sep-
aration in a nondilute mixture can give rise to multiple local
maxima in the average chemical power as a function of the
reservoir cycling frequency. Here, we illustrate this behavior
further by showing how the resonance frequency depends on
the reservoir exchange rate for wet-dry cycles. As shown in
Fig. 11, the resonance frequency can switch discontinuously
when the global maximum changes from one local maximum
to another.
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APPENDIX F: POWER OUTPUT BY CHEMICALLY
REACTING SYSTEM FOR SMALL AMPLITUDE

A system with chemical reactions can exhibit power output
P¢ when the external reservoir drives the system away from
chemical equilibrium Au. # 0 [see Eq. (11) for the expres-
sion]. For reservoir cycles with small amplitude (f;/kgT <K
1), we can derive an analytical expression for the chemi-
cal power for systems with small deviations from the mean
thermodynamic equilibrium {¢7}. In this limit, the average
chemical power in Eq. (11) takes a simpler form that depends
on the linearized chemical force Au. and reaction flux &r
around mean thermodynamic equilibrium as

i 1/Q V*
0

Expanding chemical force upto linear order of deviations
around {¢;} and using the expression for linearised reaction
flux given in Eq. (CS), the chemical power becomes

2
. QkIV* e ) o
P= kgTv /0 d Z (“Aj_ﬂBj)5¢j(l) , (F2)

Jje{A,B}

with k) = k. exp(u}; /ksT) = k. exp(uy/ksT ). The reservoir
x € {A, S} pulls the system away from mean thermodynamic
equilibrium, giving rise to deviations {§¢;} around {¢;}. We
introduce m; and n; as functions of Q =27Qas

(@) = o=+ b, (F3)
Q2422 Q2423

) P (F4)
Q2422 Q%+ A3

Using mi(fNZ) and ni(SNZ), we rewrite the expression for system
deviations around mean thermodynamic equilibrium given in
Eq. (C21) as

5bi(1) = “ x

[m,(Q) sin(Q) — ni(Q) cos(Q)].  (FS)

To obtain an analytical expression for power, we integrate the
integral in Eq. (F2) of average chemical power over a period
t € [0, 1/2]. The expression of chemical power as a function
of cycling frequency P¢(£2) as

. vk (RN L L e

+((hp —

1) (i + 1)
+ 2(uhs — Mpa)(Whg — pg)(mamp + nAnB):|,

(F6)

with k) =k, exp({(u%)/ksT) = k. exp(ux/kgT) and k} =
keexp(uy/kpT) = k.exp(uy/kgT). We use the analytical
expression of average chemical power from Eq. (F6), and plot
power versusfrequency for both solvent and reactant reservoir
in Figs. 4(c) and 4(d) (solid lines).

The analytical expression for chemical power in Eq. (F6)
is a function of cycling frequency 2. In the limits of slow
cycling frequencies (2/k. < 1), we find

b;
hm mi(Q) = — —|— — (F7)
k.—0 )\,+
li (Q) =27Q| — + b (F8)
sz//lcni i o A2

When substituting the above limits in average chemical power
[Eq. (F6)], we obtain

PR x Q2. (F9)

On the contrary, for fast cycling frequency (2/k. > 1), the
functions m; and n; become

lim  m;(Q) =0, (F10)
Q/k.— 00
lim n;(Q2) = (a, + b;). (F11)

Q/ko— 00

In this limit, we see that the chemical power decays as follows:

PUR) x 5 (F12)
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