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Unified framework of optical thermodynamics and optical pressure
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Optical thermodynamics is a recently developed framework that applies principles from statistical mechanics
to describe the intricate behavior of weakly nonlinear, multimode photonic systems. Utilizing this theory, the
collective dynamics of complex optical arrangements can be systematically uncovered and understood. The
purpose of this work is to examine fundamental aspects of optical thermodynamics, including optical pressure,
and provide a unified framework that can be applied effectively to any optical setting within the domain of
validity of optical thermodynamics. We find that in addition to the conservation laws, the remaining extensive
and intensive parameters of the system are naturally provided by the parameters of the propagation constants.
At this point, several thermodynamic approaches exist for analyzing optical forces in multimode settings. Here,
we develop a theoretical methodology that unifies these perspectives in a variety of different configurations,
irrespective of whether they are discrete or continuous. We apply our theory in four different settings. By studying
Su-Schrieffer-Heeger lattices, we elucidate the thermodynamics of polyatomic chains and show that intercell and
intracell bonds can display different optical forces. In addition, we provide a thermodynamic formalism to predict
and understand the optical pressure at equilibrium arising in arrangements characterized by a continuous index
variation and apply our results to graded-index fibers.
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I. INTRODUCTION

Optical thermodynamics aims to describe in a universal
manner the statistical response of complex weakly nonlin-
ear multimode photonic systems [1]. As such, it applies to
a variety of conservative settings having invariant quantities
such as the energy and total power, where different degrees
of freedom can be thermalized [2]. These could include, for
example, optical multimode and multicore fibers, metallic
waveguides, waveguide arrays, and photonic lattices, as well
as microresonators. Central to this theory is the tendency
of a system to reach maximum entropy upon equilibration,
at which point the modal occupancies follow a Rayleigh-
Jeans distribution characterized by an optical temperature
and chemical potential—quantities that can be fully predicted
from the initial excitation conditions [3]. A direct manifes-
tation of optical thermodynamics is the emergence of beam
self-cleaning in nonlinear multimode fibers [4–6]: as the
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power of the input laser beam increases, the beam profile at
the output transitions from a highly speckled pattern to a bell-
shaped wave front. Interestingly, this effect has a statistical
origin given that it occurs irrespective of the type of nonlin-
earity involved [1]. By now, the process of Rayleigh-Jeans
thermalization in multimode fibers has been experimentally
demonstrated in several studies [7,8]. In addition, by mod-
ifying the internal energy of the system while keeping the
power constant, it is possible to set the Rayleigh-Jeans dis-
tribution at a negative optical temperature—a phenomenon
recently observed in time-synthetic lattices [9] as well as in
graded-index multimode fibers [10]. The conservation of or-
bital angular momentum can also be utilized to generalize the
resulting Rayleigh-Jeans distribution [11,12]. Joule–Thomson
expansion processes have recently been observed in photonic
lattice configurations [13]. On the theoretical front, in addition
to fundamental topics of the optical thermodynamic theory
[14,15], the process of thermalization from an initial excita-
tion to the final equilibrium distribution has been extensively
analyzed [16–21].

Using energy-based methods, the radiation pressure in pho-
tonic structures such as waveguides, couplers, and coupled
microresonators has been successfully predicted [22–26] and
observed [27–29]. Unlike scattering arrangements, the forces
between two evanescently coupled waveguides can be either
attractive or repulsive depending on the excitation conditions
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[22,23]. A rigorous derivation of the optical forces in dielec-
tric structures was derived using the Minkowski-Helmholtz
formula [26]. Such optical forces were observed in experi-
ments involving coupled dielectric waveguides and freestand-
ing lightguides on top of dielectric substrates [27–29]. A
variety of applications of these forces in integrated photonics
have been proposed and observed [30,31]. These range from
optical routing [32] and optical information storage [33] to
precision measurements [34], photothermal sensing [35], and
actuators [28,29,36]. Several of these applications exploit the
fact that the value of a spatial degree of freedom can change
either by optical forces or by external mechanical perturba-
tions. Such displacements, in turn, affect the wave dynamics
(e.g., the power transfer between the waveguides).

Recently, considerable effort has been devoted to inves-
tigating the optical forces (due to radiation pressure) in
multimode systems at thermal equilibrium [37,38]. In this
context, it has been demonstrated that by applying the funda-
mental principles of statistical mechanics, the optical pressure
can be calculated thermodynamically, without the need for
complex computations based on the Maxwell stress tensor.
In Ref. [37], using the theory that was developed in Ref.
[15], a generic formula for the optical pressure was derived,
which in the case of photonic lattices can be further simplified
[Eqs. (1) and (2) of Ref. [15], respectively]. In a subsequent
work [38], the electrodynamic pressure exerted in a non-
linear multimode optical system was explicitly obtained by
using purely entropic principles and was found to be in full
agreement with Maxwell-stress tensor calculations [Eq. (9)
of Ref. [38]]. While in Ref. [37] a grand-canonical ensem-
ble was utilized, Ref. [38] was based on a microcanonical
ensemble. Interestingly, the formulas in these two works did
not seem to be connected. Finally, optical forces have also
been examined in composite multimode systems involving
several optical species [39,40]. Following the discussion of
the previous section, we envision that optical forces in highly
multimode optical platforms (such as photonic lattices) can be
harnessed for reconfigurability and sensing. In the same spirit,
small changes of a spatial coordinate (e.g., lattice spacing,
boundary), whether induced optically or mechanically, can
modify the thermalization properties of the system.

In this work, we explore several fundamental aspects that
are central to optical thermodynamics. We first revisit the
very concept of entropy extensivity. As previous studies have
shown, the entropy happens to be extensive with respect to
the power N , the internal energy (or momentum flow) U , and
the number of modes M. Here, we show that this statement
can be generalized. While U and N are always present in the
fundamental thermodynamic equation, the third quantity is a
system parameter that affects the spectrum or the propaga-
tion constants. For the systems that we investigate, the third
extensive natural variable of entropy can be the number of
modes M, the number of primitive cells M̃, the size of the
system �, or the effective size of the system �̃, as summarized
schematically in Fig. 1. Differently from previous approaches
[37,38], in this work, the eigenvalues or the propagation con-
stants are directly employed to determine the complete set of
parameters (including the third extensive natural variable of
entropy) required for analyzing the thermodynamic relations
at equilibrium as well as the electrodynamic forces. In this

FIG. 1. Discrete and continuous multimode optical platforms
used to demonstrate the unified thermodynamic framework. The con-
figurations in the first row are discrete: (a) A regular one-dimensional
waveguide array and (b) a diatomic Su-Schrieffer-Heeger lattice,
where the intracell and intercell bonds introduce distinct thermody-
namic parameters. The second row shows two continuous systems:
(c) a metallic waveguide and (d) a graded-index fiber used to investi-
gate settings with nonabrupt boundaries. While the first two extensive
natural variables of entropy are always the power N and the internal
energy U , the third one ξ1 (shown in the middle ellipse) depends on
the optical platform, as demonstrated in Secs. III–VI. Specifically,
in panel (a) it is the number of modes M, in panel (b) the number
of primitive cells M̃, in panel (c) the waveguide length L or area A
(depending on dimensionality), and in panel (d) the effective beam
area Ã.

regard, we provide a generalized and unified framework
that can be applied to all types of conservative discrete or
continuous multimode weakly nonlinear optical settings hav-
ing invariant quantities such as the energy and total power
(see Fig. 1). In calculating the optical pressure, we compare
closed-form results with asymptotic expressions in order to
identify in which regime they are valid. Figure 2 summarizes
the resulting optical-pressure expressions for the settings con-
sidered in this work. For example, Eq. (9) of Ref. [38] for
continuous systems is derived using asymptotic calculations
from the exact expression for the optical pressure and is found
to be very accurate except near the high-energy condensation
limit T → 0−. Thermodynamic pressure effects are also in-
vestigated in diatomic lattices such as a Su-Schrieffer-Heeger
(SSH) chain. We unveil that such systems are associated with
two different optical pressures related to the two bonds. In
such polyatomic settings, the third extensive natural variable
of entropy is the number of primitive cells.

We also study systems with continuous index variations.
Due to the presence of smooth index changes, the thermal
equilibrium beam size is, in general, not characterized by
the size of the waveguide. We focus on the particular ex-
ample of parabolic index waveguides in both one and two
transverse directions (graded-index fibers). We compute com-
pact closed-form expressions for the thermal equilibrium
beam size and optical pressure, both of which depend on
the waveguide parameters as well as the beam power and
internal energy. We also discuss limitations that arise from
the asymptotic character of the Rayleigh-Jeans distribution.
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FIG. 2. Platform-dependent expressions for optical pressure de-
rived from the unified thermodynamic formalism. The central
modal-sum expression [see Eq. (46)] represents the generic structure
of the thermodynamic pressure, from which the platform-specific
formulas are derived. Here, L denotes the relevant size coordinate of
the system, and the derivative is taken for a fixed number of modes.
(a) For a regular one-dimensional lattice, the summation reduces to
the closed-form expression of Eq. (19) for the mean pressure between
adjacent waveguides. (b) In a diatomic SSH lattice, two pressures pj ,
j = 1, 2, are obtained, corresponding to the mean forces on the intra-
cell and intercell bonds [Eq. (24)]. (c) For a bulk metallic waveguide,
an asymptotic evaluation of the modal sum leads to Eq. (37) for the
pressure. This expression agrees with the exact summation formula
except near the high-energy condensation limit T → 0−. (d) For
systems with a radial parabolic index profile, such as graded-index
fibers, the summation leads to the closed-form expression of Eq. (45).
Thus, the pressure is proportional to the internal energy and inversely
proportional to the effective area of the beam.

In particular, the Rayleigh-Jeans distribution predicts nonzero
power occupation numbers even at cutoff, i.e., at the transi-
tion between a propagating mode and an evanescent mode or
between a bound mode and a radiation mode. As a result,
thermodynamic parameters (such as the entropy, the optical
temperature, and the chemical potential) might exhibit dis-
continuities exactly at the cutoff. Prominent examples are the
predicted pressure singularities and the, on average, decrease
of the entropy in the case of metallic waveguides.

The paper is organized as follows: In Sec. II, we develop
the general framework of our results. Then, in Secs. III–VI
we apply our theory to four representative systems: one-
dimensional lattices, Su-Schrieffer-Heeger lattices, metallic
waveguides, and graded-index fibers. Finally, in Sec. IX we
discuss limitations of the Rayleigh-Jeans distribution as com-
pared to the expected behavior.

II. GENERAL FORMALISM

We consider a weakly nonlinear multimode optical system
with a Hamiltonian Ĥ and expand the optical wave as

|�〉 =
M∑

�=1

C(�)(z)|�〉, (1)

where |�〉 are the supermodes with propagation constants ε(�)

and C(�)(z) are the modal amplitudes that depend on the

propagation distance z. The type of the nonlinearity (such as
Kerr, saturable, or quadratic) is not particularly important, as
long as the system is not close to being integrable. The system
has two conservation laws, namely, the total power

N = 〈�|�〉 =
M∑

�=1

|C(�)|2 =
M∑

�=1

n(�) (2)

(where n(�) is the power of mode � or the power occupation
number) and the internal energy (which physically represents
the electromagnetic momentum flow; see, for example, Ref.
[41])

U = 1

ω
〈�|Ĥ |�〉 =

M∑
�=1

ε(�)n(�)

ω
, (3)

where ω is the frequency of the optical wave. Due to the
relatively weak strength of the nonlinear effects, in the last
expression of Eq. (3) we have approximated the Hamiltonian
with its linear part. Each physical setting has its own set of sys-
tem parameters ξ = {ξ1, ξ2, . . . , ξJ} that enter the propagation
constants ε(�)(ξ ) and, in turn, determine the final thermody-
namic expressions. Thus, in optical thermodynamics the final
relations are system dependent. We assume that entropy is
extensive (homogeneous of degree 1) with respect to three
parameters, two of which are the conservation laws N and U ,
while the last one is the first system parameter ξ1. The param-
eters (N,U, ξ1) are called the extensive natural variables of
entropy. We utilize a grand canonical approach by maximizing
the Gibbs entropy S = − ∫

ρ ln ρd	 under the constraints that
the total probability is equal to one

∫
ρd	 = 1 subject to the

mean values 〈N〉 = ∫
�
ρNd	 and 〈U 〉 = ∫

ρUd	, where we
integrate over the phase-space d	 = (i/2)M

∏M
�=1 dC(�)dC(�)∗.

We derive the probability

ρ = exp[−q − αN − βU ]

of the system being associated with power occupation num-
bers {n(�)} [42]. In the above expression, α and β are the
Lagrange multipliers. The q potential is the probability nor-
malization coefficient that is related to the grand canonical
partition function Q via q = lnQ. Following the calculations,
we derive

q = ln
∫

e−αN−βU d	 = M ln π −
M∑

�=1

ln(α + βε(�)/ω).

(4)

Differentiating the q potential with respect to ε(�), we find
that the ensemble average power occupation numbers follow
a Rayleigh-Jeans distribution

〈n(�)〉 = −ω

β

(
∂q

∂ε(�)

)
α,β,ε(�)

= 1

α + βε(�)/ω
, (5)

where ε = {ε(1), . . . , ε(M )} and ε(�) = ε \ ε(�). In addition, we
derive the ensemble average values of the two conservation
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laws

〈N〉 = −
(

∂q

∂α

)
β,ξ

=
M∑

�=1

〈n(�)〉, (6)

〈U 〉 = −
(

∂q

∂β

)
α,ξ

= 1

ω

M∑
�=1

〈n(�)〉ε(�). (7)

From this point on, for simplicity, we will omit the brackets
that denote ensemble average. By direct substitution, we find
the following energy expression:

αN + βU = M, (8)

which relates the energy, the power, and the number of
modes with the Lagrange multipliers. Taking the differen-
tial of q(α, β, ε(ξ )), and utilizing Eqs. (6) and (7), we
obtain

d(q + M ) = β

⎡
⎣α

β
dN + dU +

J∑
j=1

Rjdξ j

⎤
⎦, (9)

where

Rj = T

(
∂q

∂ξ j

)
α,β,ξ j

= −
M∑

�=1

n(�)

ω

(
∂ε(�)

∂ξ j

)
α,β,ξ j

(10)

is the conjugate variable to ξ j and ξ j = ξ \ ξ j . Comparing
Eq. (9) to the expected differential form dU = T dS + μdN +
· · · , we find that the Lagrange multipliers are related to the op-
tical temperature T and the chemical potential μ via β = 1/T ,
α = −μ/T , and the entropy is proportional to the q potential:

S = q + M.

Thus, the Rayleigh-Jeans distribution of Eq. (5) takes the form

n(�) = T

ε(�)/ω − μ
, (11)

the energy relation given by Eq. (8) becomes

U − μN = MT, (12)

and the differential of the internal energy can be written as

dU = T dS + μdN −
J∑

j=1

Rjdξ j . (13)

Since the power occupation numbers n(�) are positive num-
bers, from Eq. (11) we directly see that for positive
temperatures, lower modes have higher occupation numbers.
On the other hand, for negative temperatures the higher modes
have larger power occupancies.

We assume that the entropy is extensive with respect to
U, N, ξ1 and intensive (homogeneous of degree 0) with re-
spect to ξ2, . . . , ξJ :

S(λU, λN, λξ1; ξ2, . . . , ξJ ) = λS(U, N, ξ1; ξ2, . . . , ξJ ).

(14)

Thus, we can proportionally integrate the extensive variables
in Eq. (13) while keeping the intensive variables constant
leading to

U = T S + μN − R1ξ1, (15)

an expression that can also be derived through Euler’s ho-
mogeneous function theorem. Combining Eqs. (13)–(15), we
obtain a Gibbs-Duhem relation

SdT + Ndμ − ξ1dR1 +
J∑

j=2

Rjdξ j = 0

that relates the variations between all the intensive parameters.
Finally, from Eqs. (8) and (15) we find that R1 can be written
as

R1 = T q

ξ1
. (16)

In the next sections, we will apply this general formalism to
different optical settings.

III. ONE-DIMENSIONAL LATTICE

Let us first utilize the results of Sec. II for the case of
a regular one-dimensional photonic lattice with either zero
or periodic boundary conditions [see, e.g., Fig. 1(a)]. The
statistical mechanics and the optical pressure of this system
are examined in detail in Ref. [37]. As we discussed above,
the additional system parameters ξ j are directly derived from
the propagation constants. For single-mode waveguides, the
propagation constants are given by

ε(�)(M, s) = −2κ (s) cos
π (1 + ζ )�

M + 1 − ζ
, � = 1, . . . , M, (17)

where ζ = 0 for homogeneous Dirichlet boundaries (or open
boundaries) and ζ = 1 for periodic boundary conditions. In
the above expressions, M is the number of waveguides (and
thus the number of modes) and κ is the coupling coefficient
that depends on the spacing s between two adjacent waveg-
uides. Thus, the third extensive natural variable of entropy is
ξ1 = M, whereas ξ2 = s is intensive. The conjugate variable
to the number of modes is R = R1, which we call “internal
pressure”; it is given by

R = T

(
∂q

∂M

)
α,β,s

= −
M∑

�=1

n(�)

ω

(
∂ε(�)

∂M

)
(18)

and characterizes how the internal energy will change when
we increase the number of modes. The actual average value
of the optical pressure between waveguides is the intensive
variable, which is conjugate to the size of the system, L ≈ sM.
Specifically, using Eq. (10) with ξ2 = s and dividing by M, we
find that the optical pressure p is given by

p = −
M∑

�=1

n(�)

ωM

(
∂ε(�)

∂s

)
α,β,M

.

The above expression can be further simplified by utilizing
Eq. (17) for the propagation constants

p = −U

M

d ln κ

ds
. (19)

We observe that the pressure is directly proportional to the
internal energy per mode (U/M) and the derivative of ln κ

with respect to the spacing. The thermodynamic pressure in
such uniform waveguide arrays represents the average value
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of the optical forces per unit of propagation length exerted
between adjacent waveguides. The total applied force per unit
of propagation length in each waveguide is the vectorial sum
of the forces due to its first neighbor(s) (see Ref. [37] for
details). From Eq. (13), the differential of the internal energy
becomes

dU = T dS + μdN − pMds − RdM.

If we further assume extensivity, then we can directly inte-
grate dU leading to

U = T S + μN − RM. (20)

In addition, we derive a Gibbs-Duhem equation

SdT + Ndμ + pMds − MdR = 0 (21)

as well as a simplified formula for the internal pressure:

R = T q/M. (22)

IV. SU-SCHRIEFFER-HEEGER LATTICE

Polyatomic photonic lattices can, in principle, exhibit a
more complex behavior due to the presence of additional
system parameters. In particular, here we focus on the thermo-
dynamics of a one-dimensional Su-Schrieffer-Heeger lattice
with alternating coupling coefficients [Fig. 1(b)]. In the case
of a topologically trivial configuration, the propagation con-
stants are arranged in two bands according to

ε(k(�)(M̃ ), s1, s2; γ ) = (−1)γ
√

κ2
1 + κ2

2 + 2κ1κ2 cos k(�),

(23)

where κ1(s1) is the intracell and κ2(s2) is the intercell coupling
coefficient, which depend on the two different spacings be-
tween the waveguides (s1 and s2, respectively), and γ = 1, 2
is the band number. Thus, the length of the primitive cell
is s = s1 + s2. When the boundary conditions are periodic,
the Bloch momentum is given by k(�)(M̃ ) = 2π�/M̃, where
� = 1, . . . , M̃ and M̃ = M/2 is the number of primitive cells.
On the other hand, for homogeneous Dirichlet boundary con-
ditions in the topologically trivial regime κ2/κ1 < 1 + 1/M̃,
the transverse wave numbers are derived by solving a tran-
scendental equation [43].

From Eq. (23), we see that besides M̃, the propagation con-
stants are also functions of the two different spacings s1 and
s2. The conjugate variable to M̃ is the internal pressure defined
by Eq. (18). Since s1, s2 represent lengths, their conjugate
variables are the extensive variables M̃ p1 and M̃ p2, where
p1, p2 are the thermodynamic pressures exerted between ad-
jacent waveguides associated with the intracell and intercell
couplings, respectively:

p j = −
2∑

γ=1

M̃∑
�=1

n(γ ,�)

ωM̃

(
∂ε(γ ,�)

∂s j

)
α,β,M̃,s3− j

, j = 1, 2. (24)

These pressures represent the average values of the optical
forces per unit of propagation length and are applied to the
waveguides along directions defined by the lines connect-
ing the centers of neighboring waveguides. The differential

of the internal energy contains these two distinct pressure
terms:

dU = T dS + μdN − RdM̃ − p1M̃ds1 − p2M̃ds2.

Alternatively, the differential of the internal energy

dU = T dS + μdN − RdM̃ − pM̃ds − τM̃dr (25)

can be expressed in terms of the average pressure

p = p1 + p2

2
= −

2∑
γ=1

M̃∑
�=1

n(γ ,�)

ωM̃

(
∂ε(γ ,�)

∂s

)
T,μ,M̃,r

,

and the differential pressure associated with the two bonds:

τ = p1 − p2

2
= −

2∑
γ=1

M̃∑
�=1

n(γ ,�)

ωM̃

(
∂ε(γ ,�)

∂r

)
T,μ,M̃,s

, (26)

where r = s1 − s2 is the intracell-intercell length difference.
Assuming that the system is extensive, we can derive a

Gibbs-Duhem relation

SdT + Ndμ + p1M̃ds1 + p2M̃ds2 − M̃dR = 0,

which can also be written in terms of s, r as

SdT + Ndμ + pM̃ds + τM̃dr − M̃dR = 0.

Finally, Eqs. (20) and (22) have the same form as compared
to the case of a monoatomic lattice.

Lattice settings, such as those studied in Secs. III and
IV, might be experimentally observed and investigated for
potential application. The main requirement is the use of a
suspended array to magnify the mechanical effects of the
optical forces. For example, in Ref. [37], we have studied an
array suspended in an index-matching fluid. Our calculations
showed that according to the optical temperature (that de-
pends on the beam excitation condition), the optical pressure
(force per unit of propagation length) can take values in the
range −0.587 nNµm−1 � p � 0.587 nNµm−1.

V. METALLIC WAVEGUIDES

We now proceed to the investigation of continuous
systems. In this section, we examine the case of a one-
dimensional metallic waveguide [Fig. 1(c) with one direction
being significantly longer than the other]. The effect of ther-
modynamic pressure in such waveguides is examined in detail
in Ref. [38]. The modes of the waveguide can be either trans-
verse electric or transverse magnetic, having in both cases
propagation constants

ε(�)(L) =
√

k2 − �2π2

L2
. (27)

The number of propagating modes can be found by requiring
the expression inside the square root to be positive:

M =
⌊

Lk

π

⌋
.

From Eq. (27), we see that a main difference, as compared
to the discrete configurations studied in Secs. III and IV, is
that the propagation constants do not depend on the number
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of modes M but rather on the size of the waveguide L. Thus,
we should select L as the third extensive natural variable of
entropy. The pressure is the conjugate variable of L = ξ1,
which, utilizing Eq. (10), is given by

p = T

(
∂q

∂L

)
α,β

= −
M∑

�=1

n(�)

ω

dε(�)

dL
. (28)

Substituting the propagation constants [Eq. (27)], we can ex-
press the thermodynamic pressure as

p = −
M∑

�=1

n(�)

ω

π2l2

L3ε(�)
. (29)

Equation (29) represents the mean optical force per unit of
propagation length that is applied on the waveguide. From
Eq. (13), the differential of the internal energy takes the form

dU = T dS + μdN − pdL. (30)

Assuming that the system is extensive, we can directly in-
tegrate the extensive variables while keeping the intensive
constant. Thus, from Eq. (30) we derive the following relation
for the internal energy:

U = T S + μN − pL. (31)

Combining Eq. (31) with the energy relation of Eq. (12), we
find the following simplified expression for the pressure:

p = T q

L
. (32)

An alternative way to derive Eq. (32) is by starting from the
first equality of Eq. (28), and noting that the variables α and
β (or equivalently T, μ) that are kept constant are intensive.
Since both S and M extensively increase with (N,U, L), we
conclude that q = S − M is also extensive. Thus, we can
approximate (∂q/∂L)T,μ ≈ q/L leading to Eq. (32).

With the above reasoning, since q is extensive, we can,
on average, approximate its partial derivative (∂q/∂L)T,μ with
q/L. However, if the function q has discontinuities, then the
average slope can, in general, be quite different from the
local slope. In our numerical results, we find that such dis-
continuities exist, and are located at the values L = Mπ/k,
where additional modes are introduced. Since the value of
the pressure is dictated from the local slope, rather than the
average slope, Eq. (32) fails to accurately approximate the
pressure.

Our task is to find a way to approximate the average
local value of the partial derivative appearing in Eq. (28).
We define the function F (m) to be the waveguide length at
which the mth mode is introduced. In the case of metal-
lic waveguides, F (m) = mπ/k. Thus, in the right limit
F (m)+ = limε→0+ (F (m) + ε) = mπ/k + limε→0+ ε, the sys-
tem will have m modes, and in the left limit F (m)− =
limε→0− (F (m) + ε) = mπ/k + limε→0− ε, the system will
have m − 1 modes. We can express the discontinuity in the

q potential due to the mth mode as

�qm = q(F (m)+) − q(F (m)−)

=
m−1∑
�=1

ln
n(�)(F (m)+)

n(�)(F (m)−)
+ ln n(m)(F (m)+). (33)

Note that ideally, asymptotically close to the cutoff, the left
and right limits of the power occupation numbers should be
identical, meaning that n(�)(F (m)+) = n(�)(F (m)−) for � < m
and n(m)(F (m)+) = 0. If these conditions are satisfied, then
the discontinuity in the q potential becomes zero �qm = 0 and
the asymptotic expression for the pressure given by Eq. (32)
should be valid. However, due to the asymptotic nature of the
Rayleigh-Jeans distribution, we observe a non-zero power oc-
cupation number of the last mode at the cutoff n(m)(F (m)+) >

0. Since the total power is the same on both sides of the cutoff,
in general n(�)(F (m)+) �= n(�)(F (m)−) for � < m.

To circumvent this problem and obtain an approximate
average value for the partial derivative of q with respect
to L, we can subtract from Eq. (32) all the discontinuities
due to the introduction of the 1st, 2nd, . . ., Mth modes,
leading to

(
∂q

∂L

)
α,β

≈ 1

L

[
q(L) −

M∑
m=1

�qm

]
. (34)

The above expression requires the calculation of all the power
occupation numbers at all the discontinuities. Ideally, we
would like to find a simpler expression. Following our original
assumption that the system is extensive, then, as the number
of modes increases, all the discontinuities �qm will approxi-
mately have the same value. Thus, we can keep only the last
discontinuity m = M multiplied by the number of discontinu-
ities: (

∂q

∂L

)
α,β

≈ q(L) − M�qM

L
. (35)

Since we assume that M � 1, the introduction of the last
mode is not going to significantly change the values of the
existing power occupation numbers n(�). This happens be-
cause only a small amount of power will be transferred from
each one of the existing modes � = 1, . . . , M − 1 to the
last mode � = M. Thus, the terms appearing in the sum on
the right-hand side of Eq. (33) will be approximately zero,
with the main contribution coming from the last term. We
conclude that

�qM ≈ ln n(M )(F (M )+), (36)

a formula that depends only on a single power occupation
number. We expect that the above approximations will start
to fail as, under constant power, the internal energy increases,
and especially when we reach negative optical temperatures.
In this regime, the power distribution n(�) is inverted and the
highest mode is associated with the highest power. As a result,
the fractions n(�)(F (�)+)/n(�)(F (�)−) will have significant
deviations from unity, and the terms appearing in the sum in
Eq. (33) cannot be ignored.
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FIG. 3. Proportional variation of the set of extensive natural vari-
ables of entropy (L, N,U ) for a metallic waveguide. To display the
effect of the introduction of new modes, on the horizontal axis we
vary L for a relatively small range of values. (a) The q potential
shown with blue lines is piecewise continuous with discontinuities
at the locations where new modes are introduced. It is extensive
and thus its average value can be described by the red dash-dotted
line that passes through the origin. (b) Exact optical pressure using
Eq. (29) is shown with blue lines, an approximation where the last
mode of the sum is truncated is shown with green dotted lines,
whereas the red dash-dotted lines depict the approximate calculation
for the pressure using Eq. (37). In panels (c) and (d), we present the
temperature and the chemical potential, which, due to their intensive
character, remain almost invariant as a function of L.

We conclude that the optical pressure can be approximated
by

p ≈ T

L
[q(L) − M ln n(M )(L)]. (37)

Equation (37) was originally derived in Ref. [38] using a
different approach. As we showed above, it is expected to
be valid in the lower-energy regime and, in particular, when
T > 0. For negative temperatures, it starts to fail especially
as we approach the high-energy condensation limit T → 0−.
In Fig. 3, we proportionally increase all the extensive natural
variables of entropy of the metallic waveguide (L, N,U ) and
display the results as a function of L. In Fig. 3(a), we see that
the q potential has the form of a tilted sawtooth function, with
a positive local slope and negative discontinuities when a new
mode is introduced. Thus, the system is extensive since, on av-
erage, the q potential can be well approximated by a function
of the form αL. An unexpected behavior shown in Fig. 3(a)
is the decreasing average value of the entropy S = q + M
(leading to negative values of S) with increasing complexity.
Although the entropy is increasing in the regions where it is
continuous, the introduction of additional propagating modes
leads to large negative jumps in the entropy. In Figs. 3(c) and
3(d), we see that both the optical temperature and the chemical
potential are, for all practical purposes, almost constant and
thus intensive.

In addition, in Fig. 3(b) we compute the optical pressure
according to three different methods. The first is the direct
evaluation of the exact expression of Eq. (29). We observe
that this leads to pressure singularities at the points where

FIG. 4. Variation of (a) the q potential, (b) the optical tempera-
ture, and the optical pressure as a function of (c) the internal energy
and (d) the optical temperature for a metallic waveguide. The vertical
green dash-dotted lines separate the regions of positive and negative
temperatures. In panels (c) and (d), the blue curve shows the exact
calculation of the pressure using Eq. (29), whereas the red dashed
lines are computed using the asymptotic formula of Eq. (37).

the new modes are introduced. These infinities are triggered
by the 1/ε(M )(L) terms that go to infinity as L → F (M )+.
As we explained above, the presence of singularities is a
shortcoming of the Rayleigh-Jeans distribution, which pre-
dicts positive power occupation numbers even at the cutoff
between a propagating and an evanescent mode [ε(M ) → 0+
in Eq. (27)]. To resolve this problem, we can truncate the last
term of Eq. (29) (green dotted lines) that is responsible for
the singularities. Alternatively, we can use the approximate
expression of Eq. (37) (red dash-dotted lines). Both of these
approximations are valid in the positive temperature regime.
In Fig. 4, we present the thermal equilibrium properties of
a metallic waveguide as a function of the internal energy. In
particular, we keep constant the total power N and the length
of the waveguide L and vary the internal energy to cover all
acceptable values ε(1)N/ω � U � ε(M )N/ω. In Fig. 4(a), we
depict the q potential, which is equal to the entropy shifted
downward by M. As expected at the maximum and minimum
allowed values of U , the q potential has a minimum with an
infinite slope that indicates zero temperature [Fig. 4(b)]. On
the other hand, when q is maximum, the temperature becomes
infinite. In Figs. 4(c) and 4(d), we present the optical pressure
as a function of the internal energy and the optical temper-
ature. Specifically, we use Eq. (29) to compute the actual
optical pressure, as well as the approximate expression given
by Eq. (37). In Fig. 4(d), we can see that the two formulas
agree, except in the region where T approaches the value
0−. However, by plotting the pressure as a function of the
internal energy, we observe that Eq. (37) can be considered as
a good approximation of Eq. (29) in a regime that covers about
30% of the acceptable values of the energy, which is mainly
associated with positive optical temperatures. As we already
explained, once the distribution of the power occupation num-
bers gets inverted (and the highest mode is associated with
the highest occupation), the asymptotic expression of Eq. (37)
starts to fail. In the limiting case of condensation to the highest
energy state, the optical pressure of the approximate formula
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(a) (b)

(c)

FIG. 5. (a) Light propagation in a weakly nonlinear multimode optical fiber with a graded-index profile. Different modes generate
distinct radiation pressure distributions, as indicated by the white arrows. At equilibrium, the total pressure can be obtained by incoherently
summing the contributions of all modes, weighted according to a Rayleigh-Jeans distribution. (b) Averaged electromagnetic pressure in the
graded-index fiber shown in panel (a) under various initial excitation conditions. The red line indicates the pressure calculated using the
optical thermodynamic method [Eq. (45)], while the blue squares represent the pressure obtained from the Maxwell stress tensor. (c) Modal
occupancies at thermal equilibrium across different temperature regimes.

is minimized, in contrast to the exact formula that shows that
the pressure takes its maximum value.

VI. THERMODYNAMICS IN A GRADED-INDEX FIBER

Finally, we will examine the thermodynamics of a graded-
index fiber associated with a parabolic index potential
[Fig. 5(a)]. The general methodology developed here can be
utilized to determine the pressure and the thermodynamic
properties in other systems with smooth index variations as
well as in Bose-Einstein condensates. The calculations and
numerical results for the related problem of a one-dimensional
waveguide with a parabolic index profile are presented in
Appendix A.

We assume paraxial wave propagation

i
∂ψ

∂z
+ 1

2k

(
∂2ψ

∂x2
+ ∂2ψ

∂y2

)
+ k0n(r)ψ + ωn2

c
|ψ |2ψ = 0

(38)

in a medium with a finite-size parabolic index potential:

n(r) =
{−�(r/R)2, r � R,

−�, r > R,
(39)

where r =
√

x2 + y2 is the radial coordinate, R is the radius of
the waveguide, � is the refractive index contrast, k0 = 2π/λ,
k = n0k0, and n0 is the on-axis refractive index. In order to
derive closed-form results, we assume that the modes and the
respective propagation constants are identical to those of an
untruncated parabolic-index profile and apply a modal cutoff.

This is a good approximation for most of the modes besides
the last few of them. Thus, it is expected to be highly accurate
except in the case of high internal energies associated with
negative temperatures, where higher-order modes are mostly
occupied. Specifically, by defining the length scale

w0 =
(

R

k0(2�n0)1/2

)1/2

,

we can express the orthonormal Hermite-Gauss eigenmodes
and the respective propagation constants as

ψ (�1,�2 ) = e−r2/(2w2
0 )

w0(π2�1 2�2�1!�2!)1/2
H�1

(
x

w0

)
H�2

(
y

w0

)
, (40)

ε(�1,�2 ) = �1 + �2 + 1

kw2
0

, (41)

where H� are the Hermite polynomials. The number of nonde-
generate energy states W is determined from the modal cutoff
condition max(ε(�1,�2 )|�1+�2=W −1) � k0� through

W = ⌊
(k0w0)2(n0�)

⌋
.

Taking into account the modal degeneracies, the total number
of modes is given by M = W (W + 1)/2. Due to the continu-
ous variation of the refractive index, the width of each mode
is not globally characterized by the fiber radius R, but it varies
along each direction with the modal indices �1, �2. How-
ever, due to the cylindrical symmetry, the root mean square
radius of the beam at thermal equilibrium along both direc-
tions 〈x2〉1/2 and 〈y2〉1/2 is the same. Thus, we conclude that
〈r2〉 = 2 〈x2〉 = 2 〈y2〉. For a supermode with indices (�1, �2),
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we find that

〈r2〉�1,�2 = 〈ψ (�1,�2 )|r2|ψ (�1,�2 )〉
〈ψ (�1,�2 )|ψ (�1,�2 )〉 = w2

0 (�1 + �2 + 1). (42)

We expand the optical wave into the supermodes [see Eq. (1)]
with the coefficients C(�1,�2 ) satisfying the Rayleigh-Jeans dis-
tribution of Eq. (11). For Hermite-Gauss beams, the mean
effective beam radius can be well approximated by R̃ =
( 2〈r2〉)1/2. Following the calculations, the mean effective area
of a beam is given by

Ã = π R̃2 = 2π
〈�|r2|�〉
〈�|�〉 = ωUπR2

k0�N
= σA, (43)

where σ = ωU/(k0�N ) is the ratio of the effective beam area
Ã to the actual area of the waveguide A.

A question that naturally arises is whether the actual
waveguide area A or the effective beam area Ã is the correct
variable to describe the size of the system. First, let us point
out that since σ is an intensive parameter, the entropy is exten-
sive with respect to both (N,U, A) and (N,U, Ã). Importantly,
both selections (A or Ã) should provide the correct result for
the average optical pressure. Specifically, using the pressure
definition pA = T (∂q/∂A)α,β and changing variables from A
to Ã, we derive the following expression for the ratio of the
average thermodynamic pressures:

pA/pÃ = Ã/A.

Taking into account that Ã should describe the effective area
of the beam where almost all the power resides, cropping
the remaining part should result in a pressure ratio that is
inversely proportional to their area. We conclude that both pA

and pÃ correctly describe the mean optical pressure as long as
Ã contains most of the beam power.

The limiting values of Ã are obtained from the condensa-
tion limits where all the power is concentrated either in the
lowest �1 = �2 = 0 or in the highest modes �1 + �2 = W − 1,
with the same, on average, amount of power and thus

2πw2
0 � Ã � 2πW w2

0 .

We can now follow the thermodynamic calculations in a
similar fashion as in Sec. V with a partition function q =
q(α, β, Ã). The optical pressure is the conjugate variable to
Ã, leading to

pÃ = T

(
∂q

∂Ã

)
α,β

= −
M−1∑
�=0

n(�)

ω

dε(�)

dÃ
= −

M−1∑
�=0

n(�)

ωσ

dε(�)

dA
.

(44)

Note that in this case we can have two transverse directions,
and thus the force is measured in units of force per unit area.
Substituting into Eq. (44) the propagation constants given by
Eq. (41), we obtain the following very simple exact expression
for the optical pressure:

pÃ = U

2Ã
, (45)

which is proportional to the internal energy and inversely
proportional to the effective beam area. In a similar fashion
to the previous section about metallic waveguides, we observe

discontinuities in the thermodynamic parameters (q, p, T, μ)
when we proportionally increase (N,U, A). The discontinu-
ities take place when a new mode is added to the system.
However, in contrast to the results of Sec. V, due to the
functional form of the propagation constants, here we do not
observe pressure singularities. Specific details can be found
in Appendix A, where we examine the corresponding one-
dimensional problem.

It is worth noting that Eq. (45) represents an important
result: it enables the electrodynamic pressure to be determined
effortlessly once the system reaches thermal equilibrium. Ow-
ing to the unique characteristics of the propagation constants
in graded-index fibers, Eq. (45) provides an equation of state
pÃÃ = U/2 analogous to that of an ideal gas [42]. It there-
fore enables the electrodynamic pressure to be determined
directly once the internal energy and effective beam area are
known. To illustrate the theoretical results, we present numer-
ical simulations for a weakly guided graded-index fiber with
a radius of a = 25 µm, as schematically depicted in Fig. 5(a).
The core and cladding refractive indices are n1 = 1.46 and
n2 = 1.4454, respectively. The fiber operates at a wavelength
of λ = 1064 nm and supports M = 120 Hermite-Gaussian
modes [44]. These modes produce distinct optical radiation
pressure distributions, as shown in Fig. 5(a). Our simulation
results, shown in Fig. 5(b), demonstrate excellent agreement
between the two methods across the entire temperature range.
In Fig. 5(c), we plot the corresponding Rayleigh-Jeans dis-
tributions under positive and negative temperature conditions,
where lower- and higher-order modes are preferentially popu-
lated, respectively. Meanwhile, at infinite temperatures (T →
±∞), power equipartition ensues among modes. Notably, as
T → 0−, the electrodynamic pressure increases due to the
increased population of higher-order modes, while as T →
0+, lower-order modes are favored, resulting in a decrease in
electrodynamic pressure. This behavior is consistent with the
observations in Fig. 5(b).

Optical pressure in graded-index multimode fibers can
induce optomechanical deformations and, through the pho-
toelastic effect, measurable changes in the refractive-index
distribution. Here, we provide an introductory discussion
based on order-of-magnitude estimates, leaving a comprehen-
sive treatment to future work. The calculations are presented
in Appendix B. Using parameters that are relevant for silica
graded-index fibers (R = 26.05 µm, n0 = 1.46, � = 1.44 ×
10−2, λ = 1064 nm, E = 73.1 GPa, ν = 0.17, pe = 0.22),
we found that the photoelastically induced, mode-dependent
shifts of the propagation constants per unit power are on the
order of 10−7 W−1m−1. For example, substituting the above
parameters in Eq. (B6) we obtain |δβ (0,0) − δβ (1,1)| 
 1.09 ×
10−7P m−1. For order of magnitude estimate for the input
power P = 100 kW and the propagation distance L = 100 m,
the accumulated differential phase shift is on the order of
1 rad.

VII. SYSTEM EXTENSIVITY

In classical thermodynamics, we identify the extensive
natural variables of entropy to be the energy Û , the num-
ber of particles N̂ , and the volume V̂ . This means that if a
system has entropy S(Û , N̂, V̂ ) and we proportionally scale
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all the extensive natural variables by λ while keeping all the
intensive ξ̂ fixed, the entropy will also proportionally increase
to S(λÛ , λN̂, λV̂ ; ξ ) = λS(Û , N̂, V̂ ; ξ ). In optical thermody-
namics, different quantities may, at first glance, appear to be
candidates for the third extensive natural variable of entropy.
However, the final selection has to rely on the fact that the
entropy is extensive when we scale all the extensive natural
variables of entropy while keeping all the remaining parame-
ters constant [see Eq. (14)].

Let us summarize our findings about system extensiv-
ity. The results are also illustrated schematically in Fig. 1.
The two extensive natural variables of entropy in mul-
timode optical systems are always the two conservation
laws, namely, the total power N and the internal energy
(or energy per unit of propagation distance, or momen-
tum flow) U . The third natural variable of entropy de-
pends on the system under investigation. Specifically, we
have found that it is easily recognizable as a parame-
ter (ξ1) of the propagation constants, by requiring system
extensivity through Eq. (14): S(λN, λU, λξ1; ξ2, . . . , ξJ ) =
λS(N,U, ξ1; ξ2, . . . , ξJ ). For example, in discrete settings,
such as those studied in secs. III and IV, the third extensive
natural variable of entropy is the number of primitive cells
M̃. On the other hand, in continuous systems, including those
examined in secs. V and VI, the last extensive natural variable
of entropy is the size of the system � (length, area, or volume,
depending on the system dimensionality), or even the effective
beam size �̃ (if the system does not have abrupt boundaries).

In discrete systems, the extensive natural variables of the
entropy are (U, N, M̃ ). Increasing M̃ corresponds to repli-
cating identical unit cells at fixed intensive parameters. The
rest of the parameters, such as the spacing between waveg-
uides, the lattice arrangement and geometry, the coupling
coefficients, and even the boundary conditions, should remain
invariant/intensive as we proportionally increase (U, N, M̃ ).
The total number of modes is not an appropriate extensive
variable, because changing M by one can modify the spec-
tral/topological properties of the system (e.g., the topological
edge states in an SSH lattice). The question that naturally
arises is why we selected M̃ over a parameter that describes
the size of the system (L or more generally �). First, let us
point out that we did not select M̃, but it was naturally pro-
vided from the propagation constants. More importantly, we
see that increasing M̃ leads to the proportional increase of the
size of the system L. However, the opposite is not always true:
Increasing the size of the system L does not necessarily imply
the proportional increase of the number of primitive cells M̃.
Since L(M̃, s) = sM̃, we can increase L either by changing M̃
or by changing the spacing between primitive cells s. Thus, the
entropy should satisfy S(λU, λN, λM̃; ξ ) = λS(U, N, M̃; ξ ),
where ξ are intensive parameters. For example, in general
SSH lattices ξ = {s1, s2, β1, β2}, where β1, β2 are the prop-
agation constants of the two sublattices.

Similar arguments hold for bulk systems. Here, the third
extensive natural variable of the entropy is the size of the
system � (length L, area A, or volume V ) or the effective size
�̃, meaning that the entropy is homogeneous of degree 1 with
respect to (U, N,�) while keeping the rest of the parameters
constant. We ask again the same question: Why do we select
� over M? Again, we emphasize that � was not selected

but emerges naturally from the propagation constants. What
is more crucial is that increasing � (or �̃) proportionally
increases M (Weyl’s law for elliptic differential operators).
However, increasing the number of modes M does not nec-
essarily proportionally increase the size of the system �:
The number of modes depends not only on the size of the
system but also on other parameters such as the refractive
index distribution. For example, for step-index waveguides
S(λU, λN, λA; n1, n2) = λS(U, N, A; n1, n2), where n1 and n2
are the refractive indices of the core and the cladding.

VIII. OPTICAL PRESSURE

We find that the expression

p = −
M∑

�=1

n(�)

Mω

(
∂ε(�)

∂s

)
α,β,M,ξ j

= −
M∑

�=1

n(�)

ω

(
∂ε(�)

∂L

)
α,β,M,ξ j

(46)

for the pressure has a global character and thus can be applied
to derive the optical forces in both discrete and continuous op-
tical settings. This formula was originally derived in Ref. [37].
Note, however, that according to the system under investiga-
tion, the parameters and interpretation of Eq. (46) have to be
accordingly tuned. The middle part above applies to discrete
systems, whereas the last expression should be utilized in
continuous settings. The main expressions related to optical
pressure are summarized in Fig. 2.

In particular, in monoatomic photonic lattices (Sec. III), the
second part can be directly applied, with s being the spac-
ing between adjacent waveguides and M being the number
of waveguides. In polyatomic lattices, s is the length of the
primitive cell and we have to replace M with the number of
primitive cells M̃. In this case, Eq. (46) represents the average
optical pressure for all the bonds along the array. In addition,
in SSH diatomic lattices examined in Sec. IV, it can also be
used to derive the intercell and intracell pressures [Eq. (24)].
Here, s is replaced with s j , j = 1, 2, and ξ j = s3− j . Finally,
by replacing s with r = s1 − s2 and keeping constant ξ j = s,
we can compute the differential-pressure term from Eq. (26).
Such generalizations can also be utilized in other types of
polyatomic lattices.

In bulk systems, following the discussion of Sec. VII, the
size of the system L is the third extensive natural variable of
entropy. The number of modes M(L) and thus s = L/M(L) are
uniquely determined from the size of the system L (keeping
the rest of the parameters constant). Thus, the middle expres-
sion for the pressure in Eq. (46) does not apply and we have to
utilize the last term that involves the total length of the system
L. This formula was used for metallic waveguides in Sec. V.

In systems with refractive-index variations that are spa-
tially inhomogeneous, such as the graded-index configura-
tions studied in Sec. VI and Appendix A, the optical forces
are not only exerted close to the geometric interfaces, but are
distributed along the beam footprint on the areas with index
gradients. This is apparent from the following expression
for the time-averaged electromagnetic force density: 〈 f (r)〉 ≈
−(ε0/2)n(r)|E(r)|2∇n(r) (up to electrostrictive terms). In
systems with spatially varying index, the beam size L̃ (or more
generally �̃) can be smaller than the actual size of the fiber or
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waveguide L (or �). In our calculations, we compute the beam
size from the variance 〈x2〉 although different selections are
also possible. Outside this effective beam size �̃, the optical
forces are almost zero. Substituting into Eq. (46) L → L̃,
or A → Ã (2D), we compute larger mean pressure since we
divide the same total force by a smaller area. Both expressions
for pressures pÃ and pA are correct; however, pÃ does not
overestimate the beam size.

Depending on the system under study, different simple,
exact, or asymptotic expressions for the optical pressure are
derived. For example, in discrete monoatomic systems an
exact expression for the pressure is given by Eq. (19) [37],
whereas in graded-index systems we have derived Eq. (45).
Both of these expressions are proportional to the internal
energy and inversely proportional to the number of modes
[Eq. (19)] or the effective size of the system [Eq. (45)]. In
metallic waveguides, Eq. (37), which was originally derived
in Ref. [38], is very accurate for positive temperatures.

IX. LIMITATIONS OF THE RAYLEIGH-JEANS
DISTRIBUTION

We have identified deviations in the results obtained using
the Rayleigh-Jeans distribution as compared to the expected
behavior. They originate from the fact that optical thermo-
dynamics describes systems with finite number of modes.
The first one is the presence of positive power occupation
numbers when a mode is at its cutoff. However, such a mode
has zero propagation constant and thus cannot carry power.
Assume that a parameter ξ that controls, for example, the
refractive index contrast or the size of a system can be tuned.
Specifically, when ξ < ξ0 the system supports M − 1 modes,
whereas for ξ � ξ0 the system has M modes. Exactly at the
cutoff ξ = ξ0, due to continuity, we expect that the power
occupation number n(M ) should be identical to zero. However,
due to the functional form of Eq. (11) the power occupation
numbers are always positive even at the cutoff.

The presence of a positive power occupation number at the
cutoff results in discontinuities in most of the resulting ther-
modynamic quantities. Specifically, as we can see in Figs. 3
and 6, the temperature, the chemical potential, and the q po-
tential are discontinuous functions. Note that from Eq. (33) we
see that if n(�) vary continuously with L, then the q potential
will be a continuous function.

More importantly, we expect that the entropy S = q + M
will increase proportionally with the extensive parameters of
the system. Although the entropy is linearly increasing in the
regions where it is continuous, there are cases [e.g., in metallic
waveguides—see Fig. 3(a)] where the negative discontinuities
at the locations where additional modes are introduced lead to
an, on average, decreasing entropy. These discontinuities do
not affect the average degree-one homogeneity of the entropy;
however, we obtain an unphysically negative and decreasing
entropy with increasing complexity of the problem.

A discrepancy that affects physically measurable quanti-
ties is already presented in Fig. 3(b). In the case of metallic
waveguides, at the locations where additional modes are in-
troduced (L = F (m) = mπ/k) the exact expression for the
pressure goes to infinity. This problem only affects the val-
ues of the pressure at the right limit of the discontinuities:

FIG. 6. Proportional variation of the set of extensive natural vari-
ables of entropy (L, N,U ) for a one-dimensional parabolic potential.
To display the effect of the introduction of new modes, in the hor-
izontal axis we vary L for a narrow range of values. (a) The q
potential shown with blue lines is extensive and thus, on average,
fits well with the red dash-dotted line that passes through the origin.
We see that q is piecewise continuous with discontinuities at the
locations where new modes are introduced. (b) Exact optical pressure
using Eq. (A9) is presented with blue lines, whereas the dash-dotted
red line depicts the approximate calculation for the pressure using
Eq. (37). In panels (c) and (d), we observe that the temperature and
the chemical potential remain almost invariant as L varies, verifying
their intensive character.

L = lim→0+ (F (m) + ε). As we can see from Eq. (29), this
problem can be resolved if n(m) satisfies a distribution that
goes to zero faster than ε(m) when the mth mode is introduced
to the system.

However, other than the above limitations, the Rayleigh-
Jeans distribution in optical thermodynamics is an excellent
model to describe the thermal equilibrium conditions of
weakly nonlinear multimode optical systems. The power
occupation numbers show very good agreement with nu-
merical and experimental results. The resulting temperature
and chemical potential are uniquely obtained from the en-
ergy and the power conservation laws. Note that we expect
that the above discrepancies cannot be resolved by utiliz-
ing a Bose-Einstein distribution. The main reason is that the
Bose-Einstein statistics still predict nonzero power occupation
numbers at the cutoff.

X. CONCLUSIONS

In conclusion, we have shown that in optical thermo-
dynamics each multimode nonlinear optical platform is
characterized by a distinct set of extensive and intensive pa-
rameters. Thus, the final thermodynamic description can differ
substantially from one system to another. We have provided a
unified methodology to identify the relevant thermodynamic
parameters and derive the thermodynamic relations and the
optical pressure, which is directly applicable to any type of
multimode weakly nonlinear optical setting. We apply our
results to a variety of optical systems, including lattices with
a different number of “atoms” per unit cell, waveguides, and
systems with smooth index variations such as graded-index
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fibers. We expect that our work is important in analyzing
different optical settings, as well as understanding and ex-
plaining a number of fundamental aspects that lie at the core
of optical thermodynamics.
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APPENDIX A: THERMODYNAMICS IN A
ONE-DIMENSIONAL GRADED-INDEX WAVEGUIDE

We investigate the thermodynamics of a one-dimensional
waveguide in the paraxial regime,

i
∂ψ

∂z
+ 1

2k

∂2ψ

∂x2
+ k0n(x)ψ + ωn2

c
|ψ |2ψ = 0, (A1)

in a medium with a finite-size parabolic index potential:

n(x) =
{−�(2x/L)2, |x| � L/2,

−�, |x| > L/2,
(A2)

where L is the diameter of the waveguide and � is the refrac-
tive index contrast. In Eq. (A1), we consider Kerr nonlinearity,
k0 = 2π/λ, k = n0k0, and n0 is the on-axis refractive index. In
order to derive closed-form results, we assume that the modes
and the respective propagation constants are identical to those
of an untruncated parabolic-index profile and apply a modal
cutoff. This is a good approximation for most of the modes
besides the last few of them. Thus, it is expected to be highly
accurate except in the case of high internal energies associated
with negative temperatures, where higher-order modes are
mostly occupied. Specifically, by defining the width

w0 =
(

L

2k0(2�n0)1/2

)1/2

,

we can express the orthonormal Hermite-Gauss eigenmodes
and the respective propagation constants as

ψ (�)(x) = e−x2/(2w2
0 )

(π1/22��!w0)1/2
H�

(
x

w0

)
, (A3)

ε(�) = 1

kw2
0

(
� + 1

2

)
, (A4)

where H� are the Hermite polynomials and � = 0, 1, . . . , M −
1. The modal cutoff value M is determined from the condition
max(ε(M−1)) � k0� leading to the following expression for
the number of modes:

M =
⌊

(k0w0)2�n0 + 1

2

⌋
.

Due to the continuous variation of the refractive index, the
width of each mode is not globally characterized by the
waveguide diameter L, but it varies with the modal index �.
Specifically, as the mode number increases, the spatial extent
of the mode also increases. The effective size of each mode
can be estimated from the variance of x. Since the eigenmodes
are either even or odd, we have 〈x〉� = 0. Thus, the variance is
equal to the second-order moment and is given by

Var�(x) = 〈x2〉� = 〈ψ (�)|x2|ψ (�)〉
〈ψ (�)|ψ (�)〉 =

(
� + 1

2

)
w2

0 . (A5)

From Eq. (A5), we see that the effective size of each mode
is proportional to the square of the mode number �1/2.
The beam variance in thermal equilibrium can be computed
by using a modal expansion |�〉 = ∑M−1

�=0 C(�) |�〉, with the
coefficients C(�) satisfying the Rayleigh-Jeans distribution
n(�) = T/(ε(�)/ω − μ). For Hermite-Gauss beams, we find
that the beam diameter can be well approximated by L̃ =
(8〈x2〉)1/2. Following the calculations, we derive the following
relation:

L̃2 = 8
〈�|x2|�〉
〈�|�〉 = ωUL2

k0�N
= σ 2L2, (A6)

where

σ = L̃

L
=

√
ωU

k0�N
(A7)

is the ratio of the effective beam diameter L̃ to the actual
diameter of the waveguide L.

As in the two-dimensional case of graded-index fibers stud-
ied in Sec. VI, we see that entropy is extensive with respect to
both (N,U, L) and (N,U, L̃). Specifically, using the definition
of the pressure pL = T (∂q/∂L)α,β , we derive the following
expression for the ratio of the average thermodynamic pres-
sures:

pL/pL̃ = L̃/L.

Taking into account that L̃ should describe the effective diam-
eter of the beam where almost all the power resides, cropping
the remaining part should result in a pressure ratio that is
inversely proportional to their length. We conclude that both
pL and pL̃ correctly describe the mean optical pressure as long
as L̃ contains most of the beam power.

The limiting values of L̃ are obtained from the condensa-
tion limits where all the power is concentrated either in the
lowest � = 0 or in the highest mode � = M − 1 and thus

4w2
0 � L̃2 � 8

(
M − 1

2

)
w2

0 .

We can now follow the thermodynamic calculations in a
similar fashion as in Sec. II, with a partition function
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FIG. 7. Variation of (a) the q potential, (b) the optical tempera-
ture, and (c) the optical pressure as a function of the internal energy
in a one-dimensional graded-index arrangement. (d) Pressure as a
function of the optical temperature. The power and the size of the
waveguide are kept constant. The vertical green dash-dotted lines
separate the regions of positive and negative temperatures. In panels
(c) and (d), the blue curve shows the exact calculation of the pressure
using Eq. (A9), whereas the red dashed lines are computed using
Eq. (37).

q = q(α, β, L̃). Thus, Eq. (44) for the pressure becomes

pL̃ = T

(
∂q

∂L̃

)
α,β

= −
M−1∑
�=0

n(�)

ω

dε(�)

dL̃
= −

M−1∑
�=0

n(�)

ωσ

dε(�)

dL
.

(A8)

Substituting into Eq. (A8) the propagation constants given by
Eq. (A4), we obtain the following very simple exact expres-
sion for the optical pressure:

pL̃ = U

L̃
, (A9)

which is proportional to the internal energy and inversely
proportional to the effective beam size. The rest of the results
are similar to those obtained in Sec. V, with the substitution
L → L̃, and do not need to be repeated.

In Fig. 6, we depict q, p, T , and μ as a function of L, when
the extensive natural variables of entropy (U, N, L̃) are pro-
portionally increased. We see that the q potential is extensive
[Fig. 6(a)] and thus, on average, it can be approximated by
a straight line passing through the origin. In Fig. 6(b), the
pressure is computed using both the exact formula given by
Eq. (A9) and the approximate expression given by Eq. (37).
For the selected parameters, the optical temperature is pos-
itive, and both formulas give comparable results, with the
asymptotic formula slightly underestimating the resulting op-
tical pressure. In contrast to the case of metallic waveguides,
here we do not observe any singularities in the computation
of the pressure. This is an outcome of the functional form
of the propagation constants. Finally, in Figs. 6(c) and 6(d),
we plot the optical temperature and the chemical potential,
both of which, due to their intensive character, remain almost
constant as expected.

In Fig. 7, we vary only the internal energy, while keeping
constant values for the power and the size of the fiber L.

Specifically, the internal energy takes values in the maximum
allowed range ε(0)N/ω � U � ε(M−1)N/ω. As we can see in
Fig. 7(a), the q potential is minimum with an infinite slope at
the condensation limits and reaches a maximum in between.
The slope of the q potential determines the temperature, which
is shown in Fig. 7(b). Two methods for the computation of
the pressure are compared in Fig. 7(c). We observe that the
asymptotic formula of Eq. (37) fails to approximate Eq. (A9)
at relatively large values of the internal energy associated
with negative temperature. Finally, in Fig. 7(d) we present the
optical pressure as a function of the temperature.

APPENDIX B: PHOTOELASTIC CALCULATIONS

There are a few key ingredients needed to relate optical
pressure to measurable changes in the radius or the index
distribution of the fiber. Since the contribution associated with
strain-induced changes of the fiber radius is expected to be
smaller, we focus here on the photoelastic modification of the
refractive index. In three-dimensional isotropic linear elastic-
ity, the stress σ and strain ε̃ tensors are related through

ε̃i j = 1 + ν

E
σi j − ν

E
tr(σ )δi j, (B1)

where E is Young’s modulus and ν is Poisson’s ratio. We
denote the strain tensor by ε̃ in order to avoid confusion with
the propagation constants. The static force balance between
stress and external force density requires

∇ · σ + f = 0. (B2)

Optical force density can, in principle, be computed from the
Maxwell stress tensor. For analytical estimates, however, it is
useful to employ the local approximation,

〈 f (r)〉 ≈ −ε0

2
n(r)|E(r)|2∇n(r), (B3)

which applies to a linear, isotropic dielectric with slowly vary-
ing material parameters. This expression shows that optical
forces arise from spatial gradients of the refractive index and
are therefore naturally relevant in graded-index fibers. Finally,
the strain field modifies the refractive index through the pho-
toelastic effect. In a scalar isotropic approximation

δn(r) = −n3
0

2
pe tr ε̃(r), (B4)

where pe is an effective photoelastic constant.
To get an order of magnitude estimate of the mode-

dependent changes in the propagation constants, |β (�1,�2 ) −
β (�′

1,�
′
2 )|, we approximate the intensity profile by a Gaussian

beam with radius R̃:

I (r) = P

π R̃2
exp

(
− r2

R̃2

)
. (B5)

From Eq. (B3) and matching the work performed by the
effective mean pressure pÃ to that associated with the radial
force density fr (r) over the beam cross section, we obtain

fr (r) = 2pÃ

R̃2
r exp

(
− r2

R̃2

)
.

Then, from Eq. (B2) we can compute the stress, and sub-
sequently, through Eq. (B1) the strain under plane-stress
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assumption σzz = 0. Specifically, for axisymmetric stress, the
differential equation for g(r) = ε̃rr + ε̃θθ satisfies

g′(r) = −1 − ν2

E
fr (r),

which can be analytically integrated:

g(r) = 1 − ν2

E
pÃ exp

(
− r2

R̃2

)
.

Thus, the trace of the strain is given by tr ε̃ = (1 −
2ν)g(r)/(1 − ν). Subsequently, the refractive index contrast
profile is found via Eq. (B4). The corresponding propagation-
constant shifts can then be estimated using first-order

perturbation theory:

δβ (�1,�2 ) = k0

∫
δn(r)|ψ (�1,�2 )|2dA.

The resulting formula is

δβ�1,�2 = −CβPM�1 (ζ )M�2 (ζ ), (B6)

where

M�(ζ ) = 1√
ζ

(
2 − ζ

ζ

)�/2

P�

[
1√

ζ (2 − ζ )

]
,

P� is the respective Legendre polynomial, Cβ = k0n3
0 pe�(1 +

ν)(1 − 2ν)/(2πc0R2E ), and ζ = 1 + w2
0/R̃2.
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