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Subdimensional entanglement entropy: From geometric-topological response
to entanglement-induced mixed-state holography
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We introduce the subdimensional entanglement entropy (SEE), defined on subdimensional entanglement
subsystems (SESs) embedded in the bulk, as an entanglement-based probe of how geometry and topology
jointly shape universal properties of quantum matter. By varying the dimension, geometry, and topology of
the SES, we show that the subleading term of SEE exhibits sharply distinct responses in a series of stabilizer
states representing fixed points of different phases, including cluster states, Zq topological orders, and fracton
orders. Treating the reduced density matrix of an SES as a many-body mixed state supported on the SES
manifold, we further establish a general correspondence between bulk stabilizers and mixed-state symmetries
on SESs, separating them into strong and weak classes, and use it to identify strong-to-weak spontaneous
symmetry breaking within SESs. Finally, for SESs with nontrivial SEE, we show that a set of weak symmetries
acts as transparent patch operators of the corresponding strong symmetries. This motivates the notion of
transparent composite symmetry, which remains robust under bipartition-factorized finite-depth quantum circuits
that preserve SEE, and implies that a D-dimensional SES may holographically encode a (D + 1)-dimensional
topological order. These results establish SEE not only as a sharp probe of geometric-topological response, but
also as a route from bulk pure-state entanglement to mixed-state symmetry and holography on subdimensional
manifolds.
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I. INTRODUCTION

Recently, a broad class of gapped phases, including sub-
system symmetry-protected topological (SSPT) phases and
fracton orders, has been shown to exhibit unconventional
entanglement entropy (EE) scaling beyond standard constant
topological entanglement entropy (TEE) or size-dependent
topological ground-state degeneracy [1–14]. These phenom-
ena indicate that, in such systems, infrared orders are shaped
not only by topology but also in an essential way by geometry.
This motivates the search for an entanglement-based frame-
work that can cleanly distinguish geometric and topological
contributions.

In this paper, we develop such a framework by introducing
the subdimensional entanglement entropy (SEE), defined on
subdimensional entanglement subsystems (SESs). An SES is
typically a manifold embedded in the bulk, with well-defined
intrinsic dimension and codimension in the continuum limit.
This distinguishes SESs from both standard bulklike sub-
systems and more general graphlike skeletal subsets of zero
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volume [15,16]. Specifically, since an SES admits a well-
defined continuum manifold interpretation, its geometric and
topological attributes can be varied in a controlled way, allow-
ing SEE to probe geometric-topological response directly.

SEE thus provides a response framework for quantum
many-body states that is information-theoretic in nature.
This is qualitatively different from conventional geometric-
topological response theories, where one probes quantum
phases by deforming the entire spacetime manifold or the
bulk lattice [17–24]. While conventional EE extracts limited
information from bulk bipartitions, SEE gives rise to a struc-
tured family of entanglement data associated with SESs of
different dimensions, geometries, and topologies. As we show
below, this framework does more than refine entanglement
diagnostics: Once an SES is specified, its reduced density
matrix naturally defines a mixed many-body state supported
on that submanifold, opening a direct route from pure-state
entanglement to mixed-state physics including mixed-state
symmetry structures and topological holography on SESs
[25–42]. For clarity, an overview of the main results of this
work is provided in Fig. 1.

Quantitatively, for an SES A, we define the SEE
through SA = −Tr ρA log2 ρA, which typically takes the form
[Fig. 1(a)]

SA = α|A| + ζ (A), (1)

where |A| denotes the volume of A, ρA is the reduced density
matrix on A, α is a nonuniversal coefficient, and ζ (A) is a
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FIG. 1. An overview of the main results of this work.
(a) Schematic of an SES A, whose SEE is composed of a volume-law
term α|A| and a subleading term ζ (A). The topological and geometric
responses of ζ (A) characterize various kinds of orders. (b) Mixed-
state symmetries of the reduced density matrix ρA of SES A. The
strong symmetries W and weak symmetries w of ρA are micro-
scopically originated from stabilizers fully and partially embedded
in A, respectively. Interestingly, SW-SSB is observed for SESs with
nontrivial SEE. (c) Mixed-state holography induced by SEE: For an
arbitrary D-dimensional SES with nontrivial SEE considered in this
work, its strong and weak symmetries compose TCS, whose algebra
holographically encodes a topological order in (D + 1) dimensions.

subleading term that can contain universal information. Note
that since A is subdimensional, its volume is equivalently its
surface measure.

In this paper, we restrict our computation of SEE to sta-
bilizer states, which allows us to consider various kinds of
phases, including SSPT orders, Zq topological orders (TOs),
and fracton orders, on the same footing. Such stabilizer states
realize the ground states of a series of representative models
for these phases, and lead to a wealth of important insights
into them [5,11,43–54]. By analytically computing SEE, we
demonstrate that SEE resolves geometric and topological
structures invisible to conventional EE. In particular, SSPT
phases [12] and topological orders can exhibit similar EE
scaling [6,8,13,14], yet SEE distinguishes them sharply: In
SSPT phases, ζ (A) depends on the geometry and orientation
of A, whereas in topological orders it depends only on the
topology of A. This motivates two complementary notions,
namely, geometric SEE (gSEE) and topological SEE (tSEE),
which can coexist in fracton orders.

A second central aspect of this work is to view ρA not
merely as an auxiliary reduced density matrix, but as the
density matrix of a bona fide mixed many-body state living
on the SES [Fig. 1(b)]. Surprisingly, this perspective allows
us to study mixed-state symmetries on SESs while varying
the dimension, geometry, and topology of the underlying
submanifold, which leads to a bridge connecting pure-state
entanglement in bulk and mixed-state physics in lower dimen-
sions. In open quantum systems, symmetries are commonly
divided into strong and weak classes [25–28]: For a mixed
state ρ, a strong symmetry W satisfies W ρ = eiθρ for some
phase θ , whereas a weak symmetry w satisfies wρw† = ρ.
For stabilizer states, we establish a rigorous correspondence
between stabilizers and mixed-state symmetries on an SES

A: Stabilizers fully supported on A generate strong symme-
tries, while stabilizers partially supported on A generate weak
symmetries, as stated in Theorem 1. In this way, both strong
and weak symmetries of the mixed state on the SES acquire
a concrete microscopic origin in the stabilizer structure of the
bulk pure state.

Furthermore, we investigate strong-to-weak spontaneous
symmetry breaking (SW-SSB) [29–36], finding that SW-SSB
occurs in a series of SESs with nontrivial SEE, for both global
and 1-form strong symmetries. These results connect SES
physics to broader developments in mixed-state phases, in-
cluding thermal states, intrinsically mixed topological orders,
and decohered topological codes [28,31–34,55].

Remarkably, a topological holography between mixed-
state symmetry structures on SESs and higher-dimensional
topological orders induced by SEE is also identified
[Fig. 1(c)]. The algebra generated by mixed-state symmetries
of SESs aligns naturally with the transparent patch (t-patch)
operator framework [39] developed in the study of topolog-
ical holography by Wen et al. [39–42]. In that framework,
t-patch operators in a D-dimensional system organize local
and extended symmetric operators whose algebra holographi-
cally encodes a (D+1)-dimensional topological order. Related
developments extend topological holography to fracton sta-
bilizer codes [56]. For SESs with nontrivial SEE, namely,
ζ (A) �= 0, we find that a set of weak symmetries acts as
t-patch operators associated with the corresponding strong
symmetries. This correspondence remains invariant under
bipartition-factorized finite-depth quantum circuits (FDQCs)
preserving SEE, which motivates us to define a composite of
strong and weak symmetries, dubbed transparent composite
symmetry (TCS) (see Table I and Fig. 7). As a consequence,
the mixed state supported on a D-dimensional SES may holo-
graphically encode a (D + 1)-dimensional topological order.

This paper is organized as follows. In Sec. II, we briefly
review the entanglement entropy of Pauli stabilizer states
and transparent-patch operators, both of which are crucial for
the subsequent discussion. Useful notations are introduced in
Sec. II C. In Sec. III, we compute SEE for SESs of various
topologies and geometries in stabilizer states with different
kinds of order, including spontaneous subsystem symmetry
breaking, topological order, SSPT order, and fracton order. In
Sec. IV, we establish a general relation between stabilizers
and symmetries of SES mixed states by proving Theorem 1,
and demonstrate the SW-SSB properties of SESs with either
global or 1-form strong symmetries. In Sec. V, we explicitly
compute the strong and weak symmetries for a series of SESs
with nontrivial SEE, and show that they form transparent
composite symmetries, which holographically encode various
TOs in one higher dimension, with the results summarized
in Table I. Finally, we summarize our findings and discuss
possible future directions in Sec. VI.

II. PRELIMINARIES

In this section, we briefly introduce several topics that
are essential to this work, including the computation of the
entanglement entropy of stabilizer states and the framework of
transparent patch operators. Finally, in Sec. II C, we introduce
some useful notations and conventions.
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A. Entanglement entropy of stabilizer states

As we focus on the stabilizer formalism, where SEE is
computed for specific stabilizer states, we first review the
derivation of a general formula for the entanglement entropy
of stabilizer states [Eq. (3)] following Refs. [9,57,58]. In this
paper, we analyze the SEE of stabilizer states composed of
q-dimensional qudits, focusing on prime q for simplicity. A
qudit of dimension q generalizes the qubit, which is recovered
in the case q = 2. We denote the generalized Pauli operators
for qudits by X̃ and Z̃ (reducing to standard Pauli operators
X, Z for qubits). A stabilizer state |ψ〉 is defined as the unique
eigenstate with eigenvalue +1 of a complete set of commuting
products of generalized Pauli operators, referred to as stabi-
lizer generators.

To derive the entanglement entropy for these states, we
begin with a set of independent and mutually commuting sta-
bilizer generators S = {Oi}. There are N qudits in total, where
each qudit can be viewed as a spin-(q − 1)/2 degree of free-
dom. We require the existence of a unique stabilizer state |ψ〉
stabilized by all Oi, i.e., Oi|ψ〉 = |ψ〉 for all i. Equivalently,
|ψ〉 is the unique ground state of the parent Hamiltonian H =
−∑

i Oi [or H = −∑
i(Oi + O†

i ) for non-Hermitian Oi]. We
note that the uniqueness of |ψ〉 may require some generators
Oi to be nonlocal. Since a simultaneous eigenstate of all Oi

is completely determined by their eigenvalues, we denote
such an eigenstate by |�k〉, where �k = (k1, k2, . . . , kN ), with
kl ∈ {0, 1, . . . , q − 1} specifying the eigenvalue of Ol , i.e.,
Ol |�k〉 = ωkl |�k〉, with ω = ei 2π

q .
Consider the Abelian group G multiplicatively generated

by the generator set S . Since all stabilizers in S are indepen-
dent and satisfy Oq

i = I (where I is the identity operator), G is
isomorphic to (Zq)|S|, where |S| denotes the cardinality of S .
Furthermore, an element g ∈ G is uniquely determined by a
sequence �n = (n1, n2, . . . , n|S|), where ni ∈ {0, 1, . . . , q − 1}
denotes the exponent of Oi in the product g (e.g., ni = 2
implies a factor O2

i ). Its action on a simultaneous eigenstate

|�k〉 is given by g(�n)|�k〉 = ω
�k·�n|�k〉.

Because |ψ〉 can be uniquely determined by eigenvalues
of {Oi}, we have |S| = N . Consequently, it is straightforward
to find that the projector onto the state |ψ〉 takes the form
|ψ〉〈ψ | = 1

|G|
∑

�n g(�n). Similar to the ground-state projector,

the density matrix for a general eigenstate is ρ = |�k〉〈�k| =
1

|G|
∑

�n ω−�k·�ng(�n). Therefore, given a bipartition of the N qu-
dits into subsystems A and B, the reduced density matrix
ρA = TrBρ is given by ρA = 1

|G|
∑

�n ω−�k·�nTrBg(�n). If g(�n) acts
nontrivially on any qudit in subsystem B, TrBg(�n) vanishes;
otherwise, TrBg(�n) = qNB . Therefore, we have

ρA = |GA|
qNA

⎛
⎝ 1

|GA|
∑
�nA

ω−�kA·�nA g(�nA)

⎞
⎠, (2)

where qNB

|G| = |GA|
qNA

× 1
|GA| is utilized, NA (NB) is the number of

qudits in subsystem A (B), and �nA denotes a sequence such that
g(�nA) is supported entirely within A. Here, GA is the subgroup
of G generated by stabilizers fully supported in A, and �k is for-
mally replaced by �kA to emphasize that distinct global states
|�k〉 may become indistinguishable in A. Physically, �kA labels a

subspace of the Hilbert space of A in which every g(�nA) ∈ GA

has eigenvalue ω
�kA·�nA . Therefore, the term in parentheses in

Eq. (2) acts as a projector onto the subspace specified by �kA.
As ρA has trace 1 and the subspace specified by �kA has

dimension qNA/|GA|, the reduced density matrix ρA is diagonal
with qNA/|GA| nonzero eigenvalues, all equal to |GA|/qNA . The
von Neumann entropy of A given by SA = −TrρA log2 ρA is
thus

SA = NA log2 q − log2 |GA|. (3)

Here, |GA| is the order of the subgroup of stabilizers fully
supported within A (including the identity).

Crucially, to characterize the SEE in a specific ground state
of a given model (i.e., a stabilizer state), one must specify not
only the local stabilizer generators defining the parent Hamil-
tonian but also a set of nonlocal stabilizers that complete
the full stabilizer group. This complete set uniquely selects
a representative ground state, whose SEE can be computed to
probe the associated geometric and topological responses. As
implied by the derivation, starting from a local Hamiltonian
H compatible with different choices of nonlocal stabilizers
may yield eigenstates with distinct entanglement entropies for
the same subsystem, such that degenerate ground states of the
same Hamiltonian may also be distinguished by SEE.

B. Topological holography and transparent patch operators

In this subsection, we briefly review the concept of
t-patch operators, following Ref. [39]. Conventionally, sym-
metries are described by groups of symmetry transformations.
More recently, however, generalized symmetries—such as
higher-form symmetries and subsystem symmetries—have
challenged this paradigm. Because these symmetries are sup-
ported on subsystems of varying topology and geometry, their
action cannot always be fully captured by groups. Alterna-
tively, a symmetry can be physically understood as a set of
constraints on local operators (e.g., Hamiltonian terms). The
relevant physical properties are then encoded in the algebra
formed by the operators satisfying these constraints, termed
local symmetric operators (LSOs). This algebraic perspec-
tive naturally accommodates generalized symmetries beyond
the group description. Furthermore, in cases where distinct
symmetry transformations impose identical constraints on op-
erators, the algebra of LSOs may offer a more physically
relevant description than the transformation group itself.

Although LSOs are local by definition, they can alge-
braically generate extended operators, such as stringlike and
membranelike operators. These spatially extended operators
must be included in the closure of the LSO algebra. Among
these local and extended symmetric operators, a subclass con-
sisting of patch operators satisfying a transparency property is
of special interest. Given a set of symmetry transformations,
t-patch operators are generated by corresponding LSOs and
thus naturally encode the symmetry. Moreover, the algebra of
t-patch operators encodes a braided fusion (higher) category
via the fusion and braiding of their boundaries; consequently,
the isomorphism classes of such algebras are referred to as
categorical symmetries in Ref. [39].
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Concretely, a patch operator is a tensor network operator
of the form

OP =
∑

ai

	({ai})
∏
i∈P

Oai
i , (4)

where i denotes a site, P is a patch (a region with the topology
of an n-dimensional disk, such as a point, an open string, or an
open membrane), Oai

i is a local operator near site i labeled by
ai (including the identity idi), and 	({ai}) is a complex weight
determined by the configuration {ai}.

Given a set of symmetry transformations {Wi}, patch opera-
tors {OP} are said to be transparent if they are invariant under
{Wi} and satisfy the following condition:

OP1 OP2 = OP2 OP1 , (5)

provided the boundaries of the patches P1 and P2 (denoted by
∂P1 and ∂P2) are not linked and are spatially well separated.

Furthermore, t-patch operators can be classified into two
categories: patch charge operators and patch symmetry op-
erators. A t-patch operator OP is classified as a patch charge
operator if it has an empty bulk (i.e., Oai

i = idi for all i far from
∂P); otherwise, it is classified as a patch symmetry operator.

In this paper, to focus on the physical applications, we
adopt the t-patch operators derived for specific symmetry
transformations in Ref. [39]. These t-patch operators have
been proven to generate algebras corresponding to braided
fusion (higher) categories and topological orders (see Sec. V).

C. Notations and conventions

For convenience, we introduce the following notations
for subdimensional manifolds. An n-dimensional object is
denoted by Sn (e.g., S1 for a string), and its dual-lattice coun-
terpart by Dn [see Fig. 4(b)]. In particular, open objects are
denoted by OSn and ODn. Furthermore, we use k̂ to represent
the unit vector along the k direction, and v, l, p, c to denote a
vertex, a link, a plaquette, and a cube, respectively.

Unless otherwise specified, our analysis is restricted to
non-self-intersecting objects that contain no closed dual
objects [e.g., a dual string that contains no loop in two dimen-
sions (2D)], ensuring that such nonuniversal contributions can
be safely ignored. For convenience, we adopt the convention
|A| ≡ NA and assume periodic boundary conditions (PBC) by
default.

III. GEOMETRIC-TOPOLOGICAL RESPONSE THEORY

In this section, we compute the SEE of various specific
many-body states in stabilizer formalism to demonstrate its
diagnostic power. For each system, we provide general results
and detailed calculations.

A. 2D subsystem cat state

We first examine the subsystem cat state |cat〉 as an
example of 2D systems with subsystem symmetries. Such
symmetries interpolate between global and local symmetries,
as they are supported on rigid subsystems of intermediate
dimensionality. This state is realized as a ground state of the
2D plaquette Ising model [59], which is a representative lattice
model with spontaneous subsystem symmetry breaking order

FIG. 2. Representative Hamiltonian terms, subsystem symmetry,
and SESs of the 2D plaquette Ising model. Panel (a) shows a repre-
sentative Hamiltonian term Bi in Eq. (6), where i denotes a site, and
the remaining terms follow by lattice translations. Panel (b) shows a
typical subsystem symmetry generator

∏
i Xi supported on an axial

line. Panels (c)–(f) illustrate SESs with nonzero (orange) and zero
(purple) subleading terms ζ (A). Panels (c) and (d) show segments of
a straight line at angle θ to x axis. Formally, a line at some special
angles can reduce to a rectangular array of sites with nonzero ζ (A) as
shown in panel (e), where circles highlight the identification of sites
under PBC. Finally, panel (f) shows a looplike SES.

[43–48]. The Hilbert space consists of spin-1/2 degrees of
freedom (qubits) on the sites of an L × L square lattice with
PBC. The parent Hamiltonian is [Fig. 2(a)]

H = −
∑

i

Bi, (6)

where Bi = ZiZi+x̂Zi+ŷZi+x̂+ŷ. This model possesses lin-
ear subsystem symmetries generated by W (S1) = ∏

j∈S1 Xj ,
where S1 denotes a straight line along the x or y direction
[Fig. 2(b)]. There are 2L − 1 such independent generators in
total.

We define the subsystem cat state by adopting the
linear subsystem symmetry generators W (S1) as non-
local stabilizers. Explicitly, |ψ〉cat = 2

−2L+1
2 (|000 · · · 0〉 +

W (S1)|000 · · · 0〉 + · · · ), where the summation runs over all
22L−1 elements in the subsystem symmetry group. Thus, the
complete stabilizer set includes the local terms Bi and the
nonlocal operators W (S1) = ∏

i∈S1 Xi for straight lines S1

aligned with the x or y axis.
For the subsystem cat state, we find that the subleading

term ζ (A) in the SEE is sensitive to the geometric orientation
of the SES; thus, it should be regarded as a gSEE term. For
a general straight line SES A closed under PBC oriented at
an angle θ to the x axis, the subleading term is given by
[Fig. 2(c)]

ζ (A) = −δ(θ, 0) − δ
(
θ,

π

2

)
, (7)

where δ(x, y) is the Kronecker delta. This formula indicates
that a nonzero correction appears only when the linelike SES
aligns with the x or y axes.
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FIG. 3. Representative Hamiltonian terms, subsystem symmetry,
and SESs of the 2D cluster model. Panel (a) shows a representa-
tive Hamiltonian term Ai in Eq. (8), where i denotes a site. Panel
(b) shows a typical subsystem symmetry generator

∏
i Xi supported

on a diagonal line. Panel (c) illustrates SESs with nonzero (orange)
and zero (purple) subleading terms ζ (A).

This formula is obtained by explicitly calculating SEE for
SESs of various kinds:

(1) For a straight line of L spins along the x direction, we
have NA = L, |GA| = 2, so SA = NA − log2 |GA| = L − 1 =
|A| − 1.

(2) For a straight line of L spins along diagonal direc-
tion, we have NA = L, |GA| = 1, so SA = NA − log2 |GA| =
L = |A|.

(3) For a straight line closed under PBC at an angle θ to
the x axis (0 < θ < π

2 ), we have NA = l , |GA| = 1, so SA =
NA − log2 |GA| = l = |A| [Fig. 2(d)]. Seemingly, ζ (A) �= 0 at
special commensurate angles satisfying tan(θ ) = qy

qx
, where

qx and qy are coprime integers and simultaneously satisfy
gcd(qx, L) > 1, gcd(qy, L) > 1. Nevertheless, for such spe-
cial angles A actually becomes a rectangular array of sites due
to PBC and is no longer linelike [Fig. 2(e)]; thus, such special
cases can be ignored when we focus on linelike SESs.

(4) For a closed loop of l spins as in Fig. 2(f), we
have NA = l , log2 |GA| = 3, so SA = NA − log2 |GA| = l −
3 = |A| − 3.

Notably, the constant term in the SEE of the loop SES is not
a consequence of the loop topology. Rather, it arises because
the specific geometry of the loop fully contains three indepen-
dent “discrete rectangle” stabilizers. Each discrete rectangle
involves four vertices of a rectangle and contributes a −1 to
the SEE, as it supports a stabilizer; for a subsystem consist-
ing solely of such a discrete rectangle (NA = 4), one finds
|GA| = 2 and thus SA = 4 − 1 = 3.

B. 2D cluster state

Next, we consider a 2D cluster state |ψ〉cluster as a rep-
resentative example of SSPT orders [12,60–63]. The cluster
state model considered here has linear subsystem symmetries
supported on linelike subsystems, while it is straightforward
to apply the SEE diagnostic to SSPT with subsystem symme-
tries supported on fractal, chaotic, and more general patterns
[11,49]. The Hilbert space consists of qubits on the sites of an
L × L square lattice. The parent Hamiltonian is [Fig. 3(a)]

H = −
∑

i

Ai, (8)

where Ai = Zi−x̂Zi−ŷXiZi+x̂Zi+ŷ. This model hosts SSPT order
protected by linear subsystem symmetries. These symmetries

are generated by W (S1) = ∏
i∈S1 Xi, where S1 is a straight

diagonal line [Fig. 3(b)]. Under PBC, SSPT phases possess a
unique ground state, analogous to global SPT phases. Thus,
we denote the unique ground state simply by |ψ〉cluster without
the need to introduce additional nonlocal stabilizers.

For the 2D cluster state, the gSEE term appears only when
the SES lies strictly along a linear subsystem that supports a
symmetry generator. This orientation dependence is summa-
rized as [Fig. 3(c)]

ζ (A) = −δ
(
θ,

π

4

)
− δ

(
θ,

3π

4

)
, (9)

where A is a straight line closed under PBC. This formula is
obtained by explicitly calculating SEE for SESs of various
kinds:

(1) For a straight line of L spins along x axis, we have
NA = L, |GA| = 1, so SA = NA − log2 |GA| = L = |A|.

(2) For a straight line of L spins along diagonal direction,
we have NA = L, |GA| = 2, so SA = NA − log2 |GA| = L − 1.

(3) For a straight line closed under PBC at an angle θ to
the x axis (−π

4 < θ < π
4 ), we have NA = l , |GA| = 1, so SA =

NA − log2 |GA| = l = |A|.
(4) For a contractible closed loop of l spins (extends

only diagonally), we have NA = l , |GA| = 1, so SA = NA −
log2 |GA| = l .

(5) For a straight open string of l spins (extends only diag-
onally), we have NA = l , |GA| = 1, so SA = NA− log2 |GA|=l .

The distinct orientation dependence of ζ (A) in 2D subsys-
tem cat and cluster states exemplifies the diagnostic utility of
gSEE.

C. 2D Zq toric-code models

In contrast to subsystem-symmetric systems, the SEE of
the 2D Zq topological order depends solely on topology. To
demonstrate how SEE identifies topological order, we con-
sider the 2D Zq toric-code model as a representative example
of an Abelian topological order [50–53]. Here, qubits in the
original 2D toric code are replaced by q-level qudits, and we
assume q is prime for simplicity. The Hilbert space is com-
posed of qudits on links of a square lattice of the size L × L.
Here, a q-level qudit is defined by a q-dimensional local
Hilbert space with an orthonormal basis |0〉, |1〉, . . . , |q − 1〉.
For a qudit, we have generalized Pauli operators defined as
follows:

X̃ |i〉 = |i + 1 mod q〉, Z̃|i〉 = ωi|i〉,
where i = 0, 1, . . . , q − 1, ω = ei 2π

q . These operators satisfy
Z̃X̃ = ωX̃ Z̃ .

The Hamiltonian is given by [Fig. 4(a)]

H = −
∑

p

(Ap + A†
p) −

∑
v

(Bv + B†
v ), (10)

where Ap = X̃p+ x̂
2
X̃p− ŷ

2
X̃ †

p− x̂
2

X̃ †
p+ ŷ

2

, Bv = Z̃v+ x̂
2
Z̃

v+ ŷ
2
Z̃†

v− x̂
2

Z̃†
v− ŷ

2

,

and x̂ (ŷ) is the unit vector along the x (y) direction.
With PBC, the ground states of a 2D Zq toric-code model

are q2-fold degenerate. To specify a concrete ground state as
a stabilizer state, we choose the nonlocal stabilizers to be the
logical operators W (D1

x ) = ∏
l∈D1

x
Z̃l and W (D1

y ) = ∏
l∈D1

y
Z̃l ,
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FIG. 4. Representative Hamiltonian terms, logical operator, and
SESs of a 2D Zq toric-code model. Panel (a) shows representative
Hamiltonian terms in Eq. (10). Panel (b) shows a typical logical op-
erator supported on a noncontractible dual loop. Panel (c) illustrates
SESs with nonzero (orange) and zero (purple) subleading terms ζ (A).

where D1
x(y) denotes a noncontractible dual loop along the x

(y) direction and l labels a link [Fig. 4(b)]. We denote the cor-
responding stabilizer state by |ψ〉Zq . Here, we choose straight
representatives of the nonlocal stabilizers only for simplicity;
their supports can be freely deformed by multiplying them by
Bv operators.

For this state, we find that the subleading term ζ (A) de-
pends solely on the topology of the SES. Let [A] denote the
cobordism class of an SES A. In the convention used here,
[A] = [∅] means that A is closed and contractible. Let ∂A
denote the boundary of A. The results can be summarized as
follows. For a string SES A, we have [Fig. 4(c)]

ζ (A) =
{− log2 q, [A] = [∅],

0, [A] �= [∅] or ∂A �= ∅.
(11)

For a dual string A (a string living on the dual lattice), we have

ζ (A) =
{− log2 q, ∂A = ∅,

0, ∂A �= ∅.
(12)

These results are consistent with Refs. [15,58] and indicate a
purely tSEE.

These formulas are obtained by explicitly calculating SEE
for SESs of various kinds:

(1) For a noncontractible loop of L spins along the x
direction, we have NA = L, |GA| = 1, so SA = NA log2 q −
log2 |GA| = L log2 q = |A| log2 q.

(2) For a noncontractible dual loop of L spins along the
x direction, we have NA = L, |GA| = q, so SA = NA log2 q −
log2 |GA| = L log2 q − log2 q = |A| log2 q − log2 q.

(3) For a contractible closed loop of l spins, we have
NA = l , |GA| = q, so SA = NA log2 q − log2 |GA| = l log2 q −
log2 q = |A| log2 q − log2 q.

(4) For an open string of l spins, we have NA = l , |GA| =
1, so SA = NA log2 q − log2 |GA| = l log2 q = |A| log2 q.

The topological invariance of tSEE terms for contractible
loops can be proven as follows: First, for a contractible-loop
SES A composed of l qudits, as we assume SESs to be
connected and contain no dual loop, no Bv stabilizer or their
products can be fully supported on A. Then, for a product of Ap

stabilizers P = ∏
p∈OS2 Ap (where OS2 is an open membrane)

to be fully supported on A, A must be the boundary of OS2;
thus, OS2 is uniquely determined up to complementation.
Since

∏
p∈ ¯OS2 Ap = (

∏
p∈OS2 Ap)† = Pq−1, where ¯OS2 is the

complement of OS2, P is the only nontrivial generator of

FIG. 5. Representative Hamiltonian terms and SESs of the 3D
toric-code model. Panel (a) shows representative Hamiltonian terms
in Eq. (13), where plaquettes supporting spins involved in a Bl and
an Ac term are, respectively, colored blue and red. Panel (b) schemat-
ically illustrates SESs with nonzero (orange) and zero (purple)
subleading terms ζ (A).

the stabilizer group fully supported on A, GA is the cyclic
group generated by P, and |GA| = q. As a result, we have
SA = |A| log2 q − log2 q for any contractible loop A, which
means the − log2 q subleading term is topologically invariant.
For other SESs, the topological invariance of tSEE terms can
be proved similarly.

Here, we can notice an obvious difference between sub-
dimensional and conventional entanglement entropies: When
A is an open string, SA contains only the area (volume) law
term without constant TEE term, while for a rectangle entan-
glement subsystem with finite width we would have the TEE
term. Intuitively, it may be traced back to a significant dif-
ference between one-dimensional (1D) SES and conventional
2D bulklike entanglement subsystems: The 1-form symmetry
in 2D toric-code model is supported on closed loops; thus,
only for 1D SES the 1-form symmetry can reduce to a global
symmetry. For a finite-size disk SES, it would simply inherit
the 1-form symmetry of the total system. This observation
leads to the further exploration of symmetries of SESs with
nontrivial SEE in this work, as presented in Secs. IV and V.

Moreover, comparing the results of noncontractible-loop
and dual-loop SESs, we can notice that the constant term in
the SEE of dual-loop SES comes from the nonlocal stabilizers
we chose to specify a unique stabilizer state. Therefore, for
a different ground state of 2D toric-code model, we may
have different SEEs for such noncontractible SESs. It shows
that topologically degenerate ground states can also be distin-
guished by SEE.

D. 3D toric-code model

We consider the three-dimensional (3D) toric-code model
as a representative example of higher-dimensional topological
orders, which allows for the exploration of both 1D and 2D
SESs. These higher-dimensional topological orders exhibit
a variety of interesting phenomena, including the existence
of spatially extended excitations like strings and membranes,
which have been extensively studied in the literature [54,64–
72]. Here, we focus on the Z2 topological order for simplicity.
The Hilbert space is composed of 1

2 -spins on plaquettes of a
cubic lattice of the size L × L × L. The topologically ordered
3D toric code has the parent Hamiltonian [54] [Fig. 5(a)]

H = −
∑

c

Ac −
∑

l

Bl , (13)
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where Ac = ∏
p∈∂c Xp is the product of the Pauli-X compo-

nents of all spins nearest to cube c and Bl = ∏
p∈∂l Zp is the

product of the Pauli-Z components of all spins nearest to link
l , where p refers to a plaquette.

With PBC, the ground states of the 3D toric-code model
are eightfold degenerate. To specify a concrete ground state
as a stabilizer state, we choose the nonlocal stabilizers
to be the logical operators W (D1

x ) = ∏
p∈D1

x
Zp, W (D1

y ) =∏
p∈D1

y
Zp, and W (D1

z ) = ∏
p∈D1

z
Zp, where D1

x (D1
y , D1

z ) is a
noncontractible dual loop along the x (y, z) direction. Up to
normalization, the corresponding stabilizer state is |ψ〉3D TC ∝∏

c(1 + Ac)|000 · · · 0〉. As in the 2D toric-code model, degen-
erate ground states can be distinguished by the SEE of suitable
noncontractible SESs.

In this model, the SEE demonstrates a purely topological
response, independent of the local geometry of SESs. We
summarize the results for the subleading term ζ (A) as follows.
For a membrane SES A, we have

ζ (A) =
{−1, [A] = [∅],

0, [A] �= [∅]. (14)

For a dual string SES A, we have

ζ (A) =
{−1, ∂A = ∅,

0, ∂A �= ∅.
(15)

These results confirm the topological nature of the ζ (A) sub-
leading SEE terms in the 3D toric-code model, as illustrated
in Fig. 5(b).

These formulas are obtained by explicitly calculating SEE
for SESs of various kinds:

(1) For a contractible dual loop composed of l spins,
we have NA = l , |GA| = 2, so SA = NA − log2 |GA| = l − 1 =
|A| − 1.

(2) For an open dual string composed of l spins, we have
NA = l , |GA| = 1, so SA = NA − log2 |GA| = l = |A|.

(3) For a cubic closed membrane of the size 6 × l × l (i.e.,
the surface of an l × l × l cube), we have NA = 6l2, |GA| = 2,
so SA = NA − log2 |GA| = 6l2 − 1 = |A| − 1.

(4) For a flat open membrane composed of 6l2 spins,
chosen to have the same number of spins as the cubic closed
membrane above, we have NA = 6l2, |GA| = 1, so SA = NA −
log2 |GA| = 6l2 = |A|.

(5) For a noncontractible closed membrane composed of
L2 spins perpendicular to direction x, we have NA = L2,
|GA| = 1, so SA = NA − log2 |GA| = L2 = |A|.

The topological invariance of tSEE terms for contractible
closed membranes can be proved as follows: First, for a con-
tractible closed membrane SES A composed of NA spins, as we
assume SESs to be connected and contain no dual loop, no Bl

stabilizer or their products can be fully supported on A. Then,
for a product of Ac stabilizers C = ∏

c∈OS3 Ac (where OS3 is
a connected 3D region) to be fully supported on A, A must be
the boundary of OS3; thus, OS3 is uniquely determined up
to complementation; because C = ∏

c∈OS3 Ac = ∏
c∈ŌS

3 Ac,

where ŌS
3

is the complement of OS3, C is the only non-
trivial element of the stabilizer group fully supported on A,
so |GA| = 2. As a result, we have SA = |A| − 1 for any con-
tractible closed membrane A, which means the −1 subleading

FIG. 6. Representative Hamiltonian terms and SES of the X-
cube model. Panel (a) shows representative Hamiltonian terms in
Eq. (16), where links supporting spins involved in a Bz

v and an Ac

term are, respectively, colored blue and red. Panel (b) illustrates a
typical planar contractible dual-loop SES with nonzero subleading
term ζ (A).

term is topologically invariant. For other SESs, the topological
invariance of tSEE terms can be proved similarly.

E. 3D X-cube model

As another example in 3D, we consider the X-cube model
as a representative model of fracton order [5], which can
display a mixture of tSEE and gSEE for certain SESs. Fracton
orders are a class of topological orders characterized by topo-
logical excitations with restricted mobility and have attracted
attention from various communities, including quantum in-
formation and high-energy physics [4,9,47,73–80]. Though X
cube is a typical 3D type-I fracton order, it is straightforward
to apply the SEE diagnostic to type-II and higher-dimensional
fracton orders [3,4,81–86]. Again, here we can also consider
both 1D and 2D SESs. The Hilbert space is obtained by
assigning one 1

2 -spin to each link of a cubic lattice of the
size L × L × L with PBC. The parent Hamiltonian is given
by [Fig. 6(a)]

H = −
∑

c

Ac −
∑

v

∑
k=x,y,z

Bk
v, (16)

where Ac = ∏
l∈c Xl is the product of the Pauli-X components

of all spins nearest to cube c, and Bk
v = ∏

l∈vk Zl is the product
of the Pauli-Z components of all spins that are simultaneously
(1) nearest to vertex v and (2) embedded in a plane perpen-
dicular to direction k (vk simply denotes such a set of spins),
k = x, y, z, and l refers to a link.

With PBC, the ground states of the X-cube model de-
fined above are 26L−3-fold degenerate. To specify a concrete
ground state as a stabilizer state, we choose a complete in-
dependent set of nonlocal Pauli-Z stabilizers supported on
noncontractible dual loops. We denote these operators collec-
tively by W (D1

k ) = ∏
l∈D1

k
Zl , where D1

k is a noncontractible
dual loop along the k direction, with k = x, y, z. For each k,
there are two types of such dual loops, each composed of links
oriented along one of the two directions perpendicular to k,
and their transverse positions are chosen to provide a com-
plete independent set. Up to normalization, the corresponding
stabilizer state is |ψ〉X cube ∝ ∏

c(1 + Ac)|000 · · · 0〉.
Unlike in previous cases, the subleading term ζ (A) in SEE

results for the X-cube model can be sensitive to both the
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topology and the geometry of the SES, which is consistent
with the coexistence of topological and geometric effects in
fracton orders. As a concrete example, for a 1D dual string
SES A, we find that ζ (A) is nonzero only when A is both
closed (topological condition) and planar (geometric condi-
tion) [Fig. 6(b)]:

ζ (A) =
{−1, (∂A = ∅) and (∃P so that A ⊆ P),

0, otherwise,

(17)

where P denotes a lattice plane (perpendicular to x, y, or z).
This formula is obtained by explicitly calculating SEE for

1D SESs of various kinds:
(1) For an arbitrary open string composed of l spins, we

have NA = l , |GA| = 1, so SA = NA − log2 |GA| = l = |A|.
(2) For a contractible loop composed of l spins in a plane,

we have NA = l , |GA| = 1, so SA = NA − log2 |GA| = l = |A|.
(3) For an arbitrary open dual string composed of l spins,

we have NA = l , |GA| = 1, so SA = NA − log2 |GA| = l = |A|.
(4) For a contractible dual loop composed of l spins not

fully embedded in any plane, we have NA = l , |GA| = 1, so
SA = NA − log2 |GA| = l = |A|.

(5) For a contractible dual loop composed of l spins in a
plane, we have NA = l , |GA| = 2, so SA = NA − log2 |GA| =
l − 1 = |A| − 1.

(6) For a noncontractible straight loop composed of L
spins, we have NA = L, |GA| = 1, so SA = NA − log2 |GA| =
L = |A|.

(7) For a noncontractible straight dual loop composed of
L spins not fully embedded in any plane, we have NA = L,
|GA| = 1, so SA = NA − log2 |GA| = L = |A|.

(8) For a noncontractible straight dual loop composed of
L spins in a plane, we have NA = L, |GA| = 2, so SA = NA −
log2 |GA| = L − 1 = |A| − 1.

We can prove the conditioned topological invariance (i.e.,
topologically invariant as long as certain geometric conditions
are satisfied) of subleading SEE terms for planar contractible
dual-loop SESs as follows: First, for a planar contractible
dual-loop SES A composed of l spins and embedded in plane
P perpendicular to direction z, we take the dual lattice in P,
where A becomes a loop of the same length, and the support
of a Bz

v term in P becomes a plaquette (i.e., a minimal loop).
Obviously, no other kinds of local stabilizer terms can be fully
supported in A; thus, we can focus on the Bz

v terms in P. Then,
the conditioned invariance of the subleading SEE term of A
follows directly from the proof method used for 2D toric-code
model.

Further structure arises for 2D SESs. For example, consider
a membrane and a dual-membrane SES, both noncontractible
and flat, each of size L × L (with L the linear system size).
The former yields SA = L2 − 1 = |A|/2 − 1, while the latter
gives SA = L2 − 2L + 1 = |A| − 2L + 1 (note that the two
membranes, respectively, contain 2L2 and L2 spins). The
subextensive subleading term for the dual membrane resem-
bles that in the conventional EE of a 3D subsystem in the
X-cube model [9], but here it originates from noncontractible
dual loops within the dual membrane and thus depends on the
specific ground state chosen as |ψ〉X cube.

F. A heuristic example distinguishing TEE and tSEE

The behavior of nontrivial tSEE terms is reminiscent of
TEE. Nevertheless, tSEE terms depend on the topology of the
SES and can be zero for SESs with trivial topology, which
distinguishes them from TEE. Here, we use the standard 2D
Z2 toric code as a heuristic model to further clarify the relation
and difference between tSEE and TEE.

For a disk region AD in the 2D toric code with a smooth
boundary, its reduced density matrix ρAD is [1]

ρAD = C
∑

p̃

| p̃〉〈p̃|, (18)

where C is a normalization constant, p̃ represents a spin
configuration in the Pauli-Z basis along the boundary of AD

with an even number of |1〉 spins, and | p̃〉 is the superposition
of all closed-string configurations with the same boundary
configuration p̃. Meanwhile, according to Eq. (2), the reduced
density matrix of the boundary of AD, which is a contractible
loop, is ρA ∝ (IA + WA), where WA = ∏

i∈A Xi. In the Pauli-X
basis, ρA is diagonal:

ρA = C
∑

c̃

|c̃〉〈c̃|, (19)

where c̃ represents a spin configuration of A with an even
number of spins in the −1 eigenstate of X . Equations (18)
and (19) show that the two reduced density matrices have
the same form, although they act on different Hilbert spaces.
Therefore, the SEE of a general contractible-loop SES A in the
2D toric code equals the conventional entanglement entropy
of the region AD that contains A as its boundary. In this case,
the nontrivial tSEE for a contractible-loop SES equals the
TEE of disk regions, whereas the fact that open strings have
trivial tSEE can be traced back to the topological fact that an
open string cannot serve as the boundary of any region.

This heuristic example reveals the intrinsic difference be-
tween bulklike entanglement subsystems and SESs: Although
both a 1D open string and a 2D disk are topologically trivial,
and a 1D open string can be regarded as the shrinking limit of
a disk, they are associated with different EE subleading terms.
In contrast, a 1D contractible loop has the same EE sublead-
ing term as the disk surrounded by it. In this case, whether
the SEE subleading term can be reduced to a conventional
TEE depends on the topology of the SES, and this topology-
dependent reducibility gives rise to the overall dependence
of tSEE on the topology of the SES, which constitutes the
characteristic feature of tSEE and underlies the diagnostic
power of SEE for topological orders.

Intuitively, in gapped topological orders we always expect
a bulklike region to entangle with the rest of the system
through its boundary. Therefore, for an SES A that serves as
the boundary of a bulklike region, we expect a corresponding
TEE contribution to give rise to nontrivial tSEE for A, which
would make the topology-dependent behavior of tSEE robust
in the topological phase. Though a comprehensive analysis
of the robustness of SEE across various kinds of phases is
beyond our scope, this observation inspires us to further in-
vestigate the reduced density matrices associated with SESs,
as presented in Secs. IV and V.
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IV. MIXED-STATE SYMMETRIES

To explore further physical consequences of SEE, we re-
gard the reduced density matrix ρA of an SES A as the density
matrix of a mixed state supported on A. Through this identifi-
cation, we find that SEE provides a broad unifying framework
connecting several diverse forefront directions, including
stabilizer codes, topological holography, and mixed-state
symmetries. In this section, we study mixed-state symmetries,
laying the foundation for the topological holography frame-
work discussed in the next section.

Symmetries of a mixed state ρ are classified into strong and
weak ones, where a strong symmetry W satisfies W ρ = eiθρ

with a phase θ , while a weak symmetry w satisfies wρw† =
ρ. These two classes of symmetries underlie many important
phenomena, such as symmetry-protected topological orders in
open systems, nontrivial steady-state dynamics, and symme-
try breaking in mixed states [25–36,87,88].

Furthermore, we analyze SW-SSB of strong symmetries
within SESs, which is another major focus in current research
on mixed-state topological phases [29–36]. We obtain a series
of preliminary results showing that SW-SSB occurs in several
SESs with nontrivial SEE.

A. Deriving mixed-state symmetries of SESs from stabilizers

First, in this subsection, we prove the following general
relation for stabilizer states, which directly connects the strong
and weak symmetries of entanglement subsystems to bulk
stabilizers.

Theorem 1. Given a Pauli stabilizer state |ψ〉 and an en-
tanglement subsystem A composed of a set of spins, any
stabilizer fully supported on A is a strong symmetry of ρA.
Moreover, if the support of a stabilizer intersects both A and
its complement, its restriction to A is a weak symmetry of ρA.

Proof. First, we consider the Schmidt decomposition of
|ψ〉:

|ψ〉 =
∑

i

ai|ψ〉i
A ⊗ |ψ〉i

B,

where A is the SES, B is the remainder of the system,
{|ψ〉i

A} and {|ψ〉i
B} are orthonormal sets of states for A and

B, respectively, and ai are normalized, real, and non-negative
coefficients.

Then, the reduced density matrix of A can be formally
expressed as

ρA =
∑

i

a2
i |ψ〉i

A〈ψ |iA.

For a Pauli stabilizer WA fully supported in A, we have
WA|ψ〉 = |ψ〉. Substituting |ψ〉 by its Schmidt decomposition,
we obtain∑

i

ai
(
WA|ψ〉i

A

) ⊗ |ψ〉i
B =

∑
i

ai|ψ〉i
A ⊗ |ψ〉i

B,

which requires WA|ψ〉i
A = |ψ〉i

A for every i, with ai �= 0; thus,
we have

WAρA =
∑

i

a2
i

(
WA|ψ〉i

A

)〈ψ |iA = ρA, (20)

which means WA is a strong symmetry of ρA.

For a Pauli stabilizer WAB whose support intersects both A
and B, the on-site tensor-product structure of Pauli operators
allows us to decompose it as WAB = wA ⊗ wB, where wA(B)

is a product of Pauli operators on different spatial sites, not
necessarily a stabilizer, fully supported in A(B). Then, the
condition WAB|ψ〉 = |ψ〉 can be written explicitly using the
basis expansion:∑

i

ai
(
wA|ψ〉i

A

) ⊗ (
wB|ψ〉i

B

) = |ψ〉.

Consequently, proper substitution into the reduced density
matrix definition ρA = TrB(WABρW †

AB) yields

ρA =
∑

cB

〈cB|
[( ∑

i

aiwA|ψ〉i
A ⊗ wB|ψ〉i

B

)

×
( ∑

i′
ai′ 〈ψ |i′Aw

†
A ⊗ 〈ψ |i′Bw

†
B

)]
|cB〉

=
∑
i,i′

aiai′

( ∑
cB

〈cB|wB|ψ〉i
B〈ψ |i′Bw

†
B|cB〉

)

× (
wA|ψ〉i

A

)(〈ψ |i′Aw
†
A

)
,

where cB refers to a spin configuration in B; thus, the
summation denotes the trace over a complete basis of
subsystem B.

Note that |ψ〉i
B〈ψ |i′B is traceless when i′ �= i. Based

on the unitarity of wB and the cyclic invariance of
the trace, the inner term for subsystem B simplifies
to

∑
cB

〈cB|wB|ψ〉i
B〈ψ |i′Bw

†
B|cB〉 = Tr(|ψ〉i

B〈ψ |i′B) = δii′ , where
δii′ refers to the Kronecker delta.

Therefore, we obtain

ρA =
∑

i

a2
i

(
wA|ψ〉i

A

)(〈ψ |iAw
†
A

) = wAρAw
†
A, (21)

which implies that wA is a weak symmetry of ρA. �
As a concrete example, consider the flat noncontractible

membrane SES A in the X-cube model, as shown in Fig. 7.
Since the product of local stabilizers Bk

v and nonlocal stabi-
lizers W (D1

x(y,z) ) fully embedded in A can form an arbitrary
Pauli-Z dual-loop operator therein, Wc̃ = ∏

l∈c̃ Zl constitutes
a strong symmetry of A for any configuration c̃ composed of
dual loops. Meanwhile, the restriction to A of a product of
general W (D1

x(y,z) ) and Bk
v stabilizers can yield an arbitrary

Pauli-Z open dual string operator, and the restriction of Ac

stabilizers can yield an arbitrary Pauli-X contractible-loop
operator. Consequently, these two types of operators serve as
weak symmetries of A. Finally, note that the above theorem
does not guarantee that all symmetries of ρA can be obtained
from the stabilizers. For example, spatial symmetries such as
translations obviously cannot be derived in this manner.

B. SW-SSB signaled by nontrivial SEE

Unlike conventional spontaneous symmetry breaking in
pure states, SW-SSB is characterized not by the explicit ab-
sence of symmetry, but by long-range correlations of charged
operators. To diagnose SW-SSB in an SES A, we employ the
fidelity correlator FX (i, j) and the Choi-state order parameter
Os of WS1 = ∏

k∈S1 Xk (see Secs. IV B and IV C for detailed
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definitions) for global and 1-form strong symmetries, respec-
tively, where i, j are two sites in A and S1 is a loop [31,33–
35]. For the stabilizer SESs considered here, only SESs with
nontrivial SEE are relevant to this analysis, since ρA is max-
imally mixed when SA = |A| and therefore has no nontrivial
strong Pauli symmetry.

First, we consider global strong symmetries, for which the
fidelity correlator diagnostic is applied. For a mixed state ρ

and a charged local operator O, the fidelity correlator FO(x, y)
is defined as FO(x, y) = 〈O(x)O†(y)〉F , where 〈·〉F denotes the
fidelity average: 〈O〉F = Tr

√√
ρOρO†√ρ.

Consider the 1D (planar) contractible dual-loop SES in
|ψ〉Z2 and |ψ〉X cube. The reduced density matrix is ρA =
C(IA + WA) according to Eq. (2), where C is a normalization
constant and WA = ∏

i∈A Zi represents a strong symmetry of
ρA. This provides a prototypical example of SW-SSB. We
calculate the fidelity correlator of Pauli-X operators between
two different sites i, j ∈ A:

FX (i, j) = Tr
√√

ρAXiXjρAXjXi
√

ρA

= Tr
√√

ρAXiXj · C(IA + WA) · XjXi
√

ρA

= Tr
√√

ρA · ρA · √
ρA = 1,

where we utilized the commutation relation [WA, XiXj] = 0,
which implies XiXjWAXjXi = WA. In contrast, the standard
two-point correlation function vanishes: Tr(ρAXiXj ) = 0 for
i �= j. The nonvanishing fidelity correlator combined with
vanishing standard correlation indicates that the strong global
Z2 symmetry of ρA undergoes spontaneous strong-to-weak
breaking. For the 2D contractible closed membrane SES in
|ψ〉3D TC, the reduced density matrix has the same form; thus,
the strong global Z2 symmetry in 2D similarly exhibits SW-
SSB.

C. SW-SSB of 1-form strong symmetries

Turning to the 2D noncontractible flat closed membrane
SES in |ψ〉X cube, we employ the Choi-state order parameter
diagnostic to analyze the SW-SSB of 1-form strong symme-
tries. According to Eq. (2), the reduced density matrix of
region A takes the form ρA = C′ ∑

c̃ Wc̃, where the sum runs
over all dual-loop patterns c̃ ⊂ A (including the empty set),
Wc̃ = ∏

i∈c̃ Zi applies Pauli Z on each spin in c̃, and C′ is a
normalization constant. Each Wc̃ represents a strong symmetry
transformation of ρA.

To construct the Choi state, we first diagonalize ρA. Since
all operators Wc̃ are diagonal in the computational (Pauli-Z)
basis, we work with computational basis states {|s〉}, where
|s〉 = |s1s2 · · · sNA〉, with si ∈ {0, 1}. Each basis state is an
eigenvector of all Wc̃: Wc̃|s〉 = (

∏
i∈c̃ Zi )|s〉 = (−1)

∑
i∈c̃ si |s〉

for any c̃. The operators {Wc̃} form an Abelian group un-
der multiplication. For each configuration |s〉, the mapping
χs : Wc̃ �→ (−1)

∑
i∈c̃ si defines a character of this group. By

the orthogonality theorem for group characters, the sum∑
c̃(−1)

∑
i∈c̃ si is nonzero only when (−1)

∑
i∈c̃ si = 1 for all c̃,

which requires the number of spins with si = 1 on any dual
loop to be even. Denoting such configurations by s̃, we ob-
tain ρA = C′′ ∑

s̃ |s̃〉〈s̃|, where C′′ is a normalization constant.
The corresponding Choi state is |ρA〉〉 = √

C′′ ∑
s̃ |s̃u〉 ⊗ |s̃l〉,

where subscripts u and l denote the “upper” and “lower”
Hilbert spaces, respectively.

Then, we consider the order parameter for the
strong 1-form symmetry in this Choi state: Os =
limr→∞〈〈ρA|WS1,uWS1,l |ρA〉〉, where S1 is a contractible
loop of radius r, and WS1,u(l ) denotes

∏
i∈S1 Xi acting on

the upper (lower) Hilbert space. This operator qualifies as an
order parameter as its corresponding anyon braids nontrivially
with the anyon corresponding to the strong symmetry Wc̃. The
calculation yields

Os = lim
r→∞C′′

( ∑
s̃′

〈s̃′
l | ⊗ 〈s̃′

u|
)

WS1,uWS1,l

(∑
s̃

|s̃u〉 ⊗ |s̃l〉
)

= lim
r→∞C′′ ∑

s̃′

∑
s̃

δ(s̃′, s̃ + S1)〈(s̃′ + S1)u|s̃u〉

= lim
r→∞C′′ ∑

s̃

〈s̃u|s̃u〉 = 1,

where s̃′ + S1 refers to the Z2 addition of these two pat-
terns (i.e., the symmetric difference between the two sets
of spins). Similarly, we find that the order parameter for
the weak 1-form symmetry Ow = limr→∞〈〈ρA|WS1,u|ρA〉〉
vanishes, as limr→∞ C′′ ∑

s̃′
∑

s̃〈(s̃′ + S1)u|δ(s̃′, s̃)|s̃u〉 = 0.
Consequently, we conclude that the strong 1-form symme-
try of the 2D noncontractible flat closed membrane SES in
|ψ〉X cube is spontaneously broken to a weak symmetry.

D. Discussion

In summary, for a series of SESs with nontrivial SEE, our
analytical calculations reveal that the SESs exhibit SW-SSB
of the corresponding strong symmetry (global or 1-form).
Specifically, the diagnostics FX (i, j) and Os(WS1 ) for the
respective symmetries approach nonzero constants for arbi-
trarily distant i, j and arbitrarily large loops S1. Notably, the
SW-SSB of 1-form symmetries signals intrinsically mixed
topological orders that are inequivalent to pure-state topo-
logical orders [28,31–33,55]; this is exactly the case for the
2D noncontractible flat closed membrane SES in the X-cube
model. Therefore, such SW-SSB behavior shows that entan-
glement in the total system can induce nontrivial mixed-state
phases in SESs.

It has been proved that SW-SSB is a general property
of thermal states within a fixed charge sector of a global
symmetry [34,89]. Since the 1D and 2D SESs with global
strong symmetries considered in this section can be regarded
as such thermal states in the T → ∞ limit, our results are
consistent with this theorem. Furthermore, we expect this rela-
tion between SW-SSB and nontrivial SEE subleading terms to
hold for general stabilizer states: According to Eq. (2), for an
arbitrary SES A in a stabilizer state with a volume-law leading
term |A| and a constant subleading term in the SEE, assuming
translation symmetry, this subleading term must result from
stabilizers that are fully supported on A as global operators;
thus, ρA can be regarded as a thermal state within a fixed
charge sector and would exhibit SW-SSB. While for an SES
A with trivial SEE SA = |A|, ρA would reduce to the identity,
and no nontrivial strong symmetry could be present. Given
that the volume-law scaling of the SEE is also reminiscent of
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TABLE I. TCS of SESs. In each case, both the strong and weak symmetries are entirely supported within the SES A. Here, i labels a site
(spin) in the underlying model, and PX

OSn ≡ ∏
i∈OSn Xi applies Pauli-X operators on all spins in region OSn; other weak symmetry operators

are defined analogously. In 1D SESs, i+1 denotes a nearest neighbor of i; in the 2D SES of the X-cube model, c̃ denotes a configuration
composed of dual loops D1 in A, so Wc̃ is a 1-form symmetry transformation. For instance, PZ

∂OS1 = ZjZk , where j, k are the two end points of

the open string OS1 (i.e., ∂OS1). In each SES with nontrivial SEE, the weak symmetries serve as t-patch operators of the strong symmetry,
and their algebra holographically encodes a TO of one higher dimension. Such a composite of strong and weak symmetries forms a transparent
composite symmetry. In the 2D Z2 toric code (in purple), an open dual string SES with trivial SEE is included for comparison.

Model SES A Strong symmetry Weak symmetry Encoded TO

2D Z2 toric code Open dual string Identity 0D: Zi, Xi Trivial

2D Z2 toric code Contractible dual loop Global: WA = ∏
i∈A Zi 0D: Zi, XiXi+1

1D: PZ
OS1 , PX

∂OS1

2D Z2 TO

3D Z2 toric code Contractible membrane Global: WA = ∏
i∈A Xi 0D: Xi, ZiZi+x̂(ŷ,ẑ)

1D: PZ
∂OS1

2D: PX
OS2

3D Z2 TO

X cube Planar contractible dual loop Global: WA = ∏
i∈A Zi 0D: Zi, XiXi+1

1D: PZ
OS1 , PX

∂OS1

2D Z2 TO

X cube Flat noncontractible membrane 1-form: Wc̃ = ∏
i∈c̃ Zi, ∀c̃ 0D: Zi

1D: PZ
OD1

2D: PX
∂OS2

3D Z2 TO

thermal states, such SW-SSB suggests an intriguing connec-
tion between entanglement-induced phenomena and thermal
physics beyond the stabilizer formalism.

In particular, SW-SSB of 1-form symmetries can also de-
scribe the decohered 2D toric code [33], which suggests an
SEE-induced relation between noiseless complicated codes
and noisy simple codes. Thus, the SW-SSB exhibited by SESs
illuminates the rich structure of SEE and associated SESs
from a distinct perspective.

V. TRANSPARENT COMPOSITE SYMMETRIES AND
MIXED-STATE TOPOLOGICAL HOLOGRAPHY

Remarkably, for the SESs with nontrivial SEE [ζ (A) �=
0] considered below, we identify a set of strong and weak
symmetries that combine to form what we call TCSs. In
each such composite, the listed weak symmetries form t-patch
operators [39] associated with the strong symmetry transfor-
mations (see Sec. II B for a review), hence the terminology.
Because the algebra of t-patch operators can encode data
of topological orders, TCS induces a form of mixed-state
topological holography that relates mixed-state symmetries of
lower-dimensional subsystems to topological orders in higher
dimensions.

In this section, we explicitly show the existence of TCS in
a series of concrete SESs, utilizing results of t-patch operators
associated with various symmetry transformations derived in
Ref. [39]. We use Eq. (2), the definition of reduced density
matrices of stabilizer states, to explicitly find the strong and
weak symmetries of SESs, and show that our results are
consistent with Theorem 1. We notice that SESs in various
models may be the same, and the difference between orders
is reflected in the partition generating the SES, such as re-
quiring the SESs to satisfy certain geometric or topological
constraints. In general, based on the explicit examples, we

conjecture that the correspondence between nontrivial SEE
and TCS extends to systems beyond stabilizer code construc-
tions, which is further supported by the robustness of TCS
demonstrated in Sec. V D.

The main results of this section are summarized in Table I.
In each nontrivial case involving an SES of a given dimension,
the listed weak symmetries serve as the t-patch operators of
the corresponding strong symmetries, forming an algebraic
structure that holographically encodes a topological order in
one higher dimension [39–42]. As a concrete example, Fig. 7
shows the TCS of a membrane SES in the X-cube model from
Table I (detailed in Sec. V C), where the nontrivial commu-
tation relation between the t-patch operators PZ

OD1 and PX
∂OS2

reproduces the braiding phase of the two kinds of fundamen-
tal topological excitations in 3D Z2 topological order. For

FIG. 7. TCS of a flat, noncontractible 2D closed membrane SES
A in the X-cube model. Panels (a) and (b) show a portion of A. The
operators generating the strong and weak symmetries are depicted in
panels (a) and (b), respectively, together constituting the TCS of this
SES.
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SESs with trivial SEE (SA = |A|), the corresponding TCSs are
trivial: No strong symmetry exists, and the weak symmetries
are generated by all local Pauli operators, matching the trivial
categorical symmetry [39]. Interestingly, the order encoded in
an SES can evidently differ from that of the total system, as
shown in Table I, indicating that TCS encodes complementary
information compared with the t-patch operators [39].

A. TCS of 1D (planar) contractible dual-loop SES in |ψ〉X cube

and |ψ〉Z2

First, we consider the TCSs of a 1D planar contractible
dual-loop SES in |ψ〉X cube and a 1D contractible dual-loop
SES in |ψ〉Z2 simultaneously, because Eq. (2) gives the same
reduced density matrix for both SESs:

ρA = C′(IA + WA), (22)

where IA is the identity matrix supported on A, WA = ∏
i∈A Zi

is uniformly acting Pauli Z on each spin in A, and C′ is a nor-
malization constant. For this ρA, we have WAρA = C′(WA +
IA) = ρAWA = ρA, which means WA is a strong symmetry
of ρA.

In the Pauli-X basis, we can expand ρA as follows:

ρA = C

( ∑
c

|c〉〈c| +
∑

c

WA|c〉〈c|
)

= C
∑

c

(|c〉 + WA|c〉)〈c|,

where c denotes a spin configuration of A in Pauli-X basis, |c〉
is the corresponding configuration state, and C is a normal-
ization constant. Here, we would like to mention that, up to a
basis transformation, the above ρA also describes some other
SESs, such as straight line SES along the direction of linear
subsystem symmetry in |ψ〉cat and |ψ〉cluster, and contractible
dual-loop SES in |ψ〉3D TC.

Given the strong symmetry transformation WA = ∏
i∈A Zi,

its associated t-patch operators of various dimensions are as
follows:

(1) Zero-dimensional t-patch operators: Zi and XiXi+1.
(2) One-dimensional t-patch operators: Patch symme-

try operator PZ
i j = Zi+1Zi+2 · · · Zj and patch charge operator

PX
i j = XiXj , where i < j is assumed, and we use a convention

to start the PZ
i j string from site i + 1.

Note that PX
i j is regarded as an open string operator con-

necting sites i and j with empty bulk; thus, it can also be
denoted as PX

∂OS1 . Similarly, PZ
i j can be denoted as PZ

OS1 .
Then, we prove that the t-patch operators of WA are the

weak symmetries of ρA:
(1) PZ

OS1 : For an arbitrary one-dimensional patch symme-

try operator PZ
OS1 = Zi+1Zi+2 · · · Zj , where OS1 is an open

string connecting sites i and j, we have

PZ
OS1ρAPZ

OS1 = C
∑

c

(
PZ

OS1 |c〉 + WAPZ
OS1 |c〉

)〈c|PZ
OS1

= C
∑

c

(|c〉 + WA|c〉)〈c| = ρA,

where we used [WA, PZ
OS1 ] = 0 and the fact that we can replace

|c〉 by PZ
OS1 |c〉 inside the summation. Therefore, PZ

OS1 is a weak
symmetry of ρA.

(2) PX
∂OS1 : For an arbitrary one-dimensional patch charge

operator PX
∂OS1 = XiXj , where OS1 is an open string connect-

ing sites i and j, ∂OS1 is the boundary of OS1 (i.e., site i and
j), we have

PX
∂OS1ρAPX

∂OS1 = C
∑

c

(
PX

∂OS1 |c〉 + WAPX
∂OS1 |c〉

)〈c|PX
∂OS1 ,

where we used [WA, PX
∂OS1 ] = 0. Furthermore, noting that the

action of PX
∂OS1 on |c〉 can only give a 1 or −1 phase depending

on |c〉, and the phase from PX
∂OS1 |c〉 and 〈c|PX

∂OS1 would cancel
each other, we obtain PX

∂OS1ρAPX
∂OS1 = ρA. Therefore, PX

∂OS1 is
a weak symmetry of ρA.

(3) The zero-dimensional (0D) t-patch operators Zi and
XiXi+1 have the same form as the above spatially extended
operators; thus, they are also the weak symmetries of ρA.

In summary, we see that for either a 1D planar contractible
dual-loop SES in |ψ〉X cube or a 1D contractible dual-loop SES
in |ψ〉Z2 , its weak symmetries form the t-patch operators of
its strong symmetry; thus, the strong and weak symmetries
together form a TCS.

Finally, we demonstrate how such a TCS encodes a
topological order. Because the two zero-dimensional patch
operators can be, respectively, expressed as one-dimensional
patch operators PZ

i(i+1) and PX
i(i+1), and t-patch operators com-

posed of the same type of Pauli operators must commute
with each other, we can see the only important nontrivial
commutation relation of the t-patch operators is as follows:

PX
i j PZ

kl = −PZ
kl P

X
i j , i � k < j < l, (23)

which reproduces the braiding phase between the two kinds
of fundamental topological excitations in 2D Z2 topological
order. Without loss of generality, here we assume the PZ

kl
operator is at “the right side” of the PX

i j operator, i.e., k �
i, l > j, l > k, j > i. The complete algebra of these t-patch
operators corresponds to a braided fusion category that de-
scribes the Z2 topological order in 2D toric-code model [39].

B. TCS of 2D contractible closed membrane SES in |ψ〉3D TC

According to Eq. (2), the reduced density matrix of this
SES is

ρA = C′(IA + WA), (24)

where IA is the identity matrix supported on A, WA = ∏
i∈A Xi

is uniformly acting Pauli X on each spin in A, and C′ is a
normalization constant. In the Pauli-Z basis, we can expand
ρA as follows:

ρA = C

( ∑
c

|c〉〈c| +
∑

c

WA|c〉〈c|
)

= C
∑

c

(|c〉 + WA|c〉)〈c|,
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where c denotes a configuration in A, |c〉 is the corresponding
configuration state, and C is a normalization constant. Clearly,
WA is a strong symmetry of ρA.

Given the strong symmetry transformation WA = ∏
i∈A Xi,

the associated t-patch operators of various dimensions are as
follows:

(1) Zero-dimensional t-patch operators: Xi and ZiZi+k̂ ,
where k̂ = x̂, ŷ is the unit vector along spatial direction x
or y.

(2) One-dimensional t-patch operators: Patch charge op-
erator PZ

∂OS1 = PZ
i j = ZiZ j .

(3) Two-dimensional t-patch operators: Patch symmetry
operator PX

OS2 = ∏
i∈OS2 Xi, where OS2 is a 2D open disk.

Then, we prove that the t-patch operators of WA are the
weak symmetries of ρA:

(1) PZ
∂OS1 : For an arbitrary one-dimensional patch charge

operator PZ
∂OS1 = ZiZ j , where OS1 is an open string connect-

ing sites i and j, ∂OS1 is the boundary of OS1 (i.e., sites i and
j), we have

PZ
∂OS1ρAPZ

∂OS1 = C
∑

c

(
PZ

∂OS1 |c〉 + WAPZ
∂OS1 |c〉

)〈c|PZ
∂OS1 ,

where we used [WA, PZ
∂OS1 ] = 0; then, notice that the action

of PZ
∂OS1 on |c〉 can only give a 1 or −1 phase depending on

|c〉, and the phase from PZ
∂OS1 |c〉 and 〈c|PZ

∂OS1 would cancel
each other; we obtain PZ

∂OS1ρAPZ
∂OS1 = ρA. Therefore, PZ

∂OS1

is a weak symmetry of ρA.
(2) PX

OS2 = ∏
i∈OS2 Xi: For an arbitrary two-dimensional

patch symmetry operator PX
OS2 = ∏

i∈OS2 Xi, where OS2

refers to a 2D open disk, we have

PX
OS2ρAPX

OS2 = C
∑

c

(
PX

OS2 |c〉 + WAPX
OS2 |c〉

)〈c|PX
OS2

= C
∑

c

(|c〉 + WA|c〉)〈c| = ρA,

where we used [WA, PX
OS2 ] = 0 and the fact that we can replace

|c〉 by PX
OS2 |c〉 inside the summation. Therefore, PX

OS2 is a weak
symmetry of ρA.

(3) The zero-dimensional t-patch operators Xi and ZiZi+k̂

(k̂ is a unit vector extending inside the membrane SES) have
the same form as the above spatially extended operators; thus,
they are also the weak symmetries of ρA.

In summary, we see that for a 2D contractible closed mem-
brane SES ρA in |ψ〉3D TC, a series of its weak symmetries
form the t-patch operators of its strong symmetry; thus, these
strong and weak symmetries form a TCS.

Here, the nontrivial commutation relation between spa-
tially extended t-patch operators is

PZ
i j P

X
OS2 = −PX

OS2 PZ
i j , (25)

where exactly one of the sites i, j belongs to the disk OS2. The
algebra of these t-patch operators corresponds to a braided
fusion 2-category that describes the topological order of the
3D Z2 toric code [39].

C. TCS of 2D flat noncontractible closed membrane
SES in |ψ〉X cube

According to Eq. (2), the reduced density matrix of this
SES is

ρA = C′ ∑
c̃

Wc̃, (26)

where IA is the identity matrix supported on A, Wc̃ = ∏
i∈c̃ Zi

is uniformly acting Pauli Z on each spin in a pattern c̃ ⊂
A composed of dual loops, and C′ is a normalization con-
stant. Note that here c̃ is actually a set of spins, and
when c̃ is empty (i.e., it contains no spin) Wc̃ reduces to
IA. Again, we can notice that for an arbitrary dual-loop
pattern c̃′:

Wc̃′ρA = C′ ∑
c̃

Wc̃′Wc̃ = C′ ∑
c̃′′

Wc̃′′ = ρA,

since Wc̃′Wc̃ = Wc̃′′ has the same form as Wc̃, and we can
freely exchange c̃ and c̃′′ in the summation over all dual-loop
patterns. Therefore, for an arbitrary dual-loop configuration
c̃′, Wc̃′ is a strong symmetry of ρA.

In the Pauli-X basis, we can still expand ρA as follows:

ρA = C
∑

c̃

∑
c

Wc̃|c〉〈c|,

where c denotes a configuration of A in Pauli-X basis, |c〉 is the
corresponding configuration state, and C is a normalization
constant.

Given the 1-form strong symmetry transformations Wc̃ =∏
i∈c̃ Zi, t-patch operators of various dimensions are as fol-

lows:
(1) Zero-dimensional t-patch operators: Zl , where l de-

notes a link.
(2) One-dimensional t-patch operators: Patch symmetry

operator PZ
OD1 = ∏

l∈OD1 Zl , where OD1 is an open dual string.
(3) Two-dimensional t-patch operators: Patch charge op-

erator PX
∂OS2 = ∏

l∈∂OS2 Xl , where OS2 is a 2D open disk and

∂OS2 as a loop is the boundary of OS2.
Then, we prove that the t-patch operators of Wc̃ are the

weak symmetries of ρA:
(1) PZ

OD1 = ∏
i∈OD1 Zi: For an arbitrary one-dimensional

patch symmetry operator PZ
OD1 = ∏

i∈OD1 Zi, we have

PZ
OD1ρAPZ

OD1 = C
∑

c̃

∑
c

Wc̃PZ
OD1 |c〉〈c|PZ

OD1 ,

where we used [Wc̃, PZ
OD1 ] = 0 and the fact that we can replace

|c〉 by PZ
OD1 |c〉 inside the summation over c. Therefore, PZ

OD1

is a weak symmetry of ρA.
(2) PX

∂OS2 = ∏
i∈∂OS2 Xi: For an arbitrary two-dimensional

patch charge operator PX
∂OS2 = ∏

i∈∂OS2 Xi, where OS2 refers

to a 2D open disk and ∂OS2 is a loop, we have

PX
∂OS2ρAPX

∂OS2 = C
∑

c̃

∑
c

Wc̃PX
∂OS2 |c〉〈c|PX

∂OS2 = ρA,

where we used [Wc̃, PX
∂OS2 ] = 0,∀c̃, OS2. Notice that the ac-

tion of PX
∂OS2 on |c〉 can only give a 1 or −1 phase depending

on |c〉, and the phase from PX
∂OS2 |c〉 and 〈c|PX

∂OS2 would cancel

043007-13



MENG-YUAN LI AND PENG YE PHYSICAL REVIEW RESEARCH 8, 043007 (2026)

each other; we obtain PX
∂OS2ρAPX

∂OS2 = ρA. Therefore, PX
∂OS2 is

a weak symmetry of ρA.
(3) The zero-dimensional t-patch operators Zi have the

same form as the above spatially extended operators; thus,
they are also the weak symmetries of ρA.

In summary, we see that for a noncontractible closed mem-
brane SES A in |ψ〉X cube, a series of its weak symmetries form
the t-patch operators of its strong symmetry; thus, these strong
and weak symmetries form a TCS.

Here, the nontrivial commutation relation between spa-
tially extended t-patch operators is

PZ
OD1 PX

∂OS2 = −PX
∂OS2 PZ

OD1 , (27)

when exactly one end point of OD1 belongs to the disk OS2.
The algebra of these t-patch operators also corresponds to a
braided fusion 2-category that describes the topological order
of the 3D Z2 toric code, as in the case of a 2D SES with
global Z2 symmetry. Therefore, the Z2 1-form symmetry here
is physically equivalent to the Z2 global symmetry in the
sense that they impose the same constraints on local operators;
i.e., the algebras of local operators symmetric under the two
symmetries are equivalent, despite the apparent difference
between the symmetry transformations [39].

D. Robustness of TCS under FDQC

In this subsection, we prove that TCS is robust under
bipartition-factorized FDQCs that preserve the entanglement
entropy of the chosen entanglement subsystem.

Consider a pure state |ψ〉 on a total system M. For a
subsystem A, let ρA = TrĀ(|ψ〉〈ψ |) be the corresponding re-
duced density matrix. Suppose ρA is equipped with a TCS
composed of strong symmetries {Wi} and weak symmetries
{w j}, where i and j are indices labeling the symmetry trans-
formations. We consider an FDQC U acting on |ψ〉 that has
a tensor-product structure with respect to the partition into A
and its complement Ā, i.e., U = UA ⊗ UĀ. Here, UA and UĀ are
FDQCs supported entirely on A and Ā, respectively. A circuit
of this bipartition-factorized form preserves the entanglement
entropy SA. In contrast, a circuit that does not factorize in
this way does not, in general, preserve SEE. To see this,
consider a universal gate set consisting of single-qubit gates
and cnot gates. A circuit that violates the factorized form
must contain at least one cnot gate crossing the bipartition,
which could make a stabilizer originally fully supported on
A acquire support in Ā under a cross-boundary cnot. This
can change the SEE. Thus, we focus on bipartition-factorized
FDQCs. Under such a transformation, the reduced density
matrix on A becomes ρa

A = UAρAU †
A , where superscript a is for

“altered.”
First, we show that U preserves the strong and weak sym-

metries of ρA up to an isomorphism. We begin with the weak
symmetries. For an arbitrary weak symmetry w j supported
entirely on A, it automatically commutes with UĀ. We define
its transformed counterpart as wa

j = UAw jU
†
A . We can verify

that wa
j is a symmetry of the new state ρa

A:

wa
j ρ

a
A

(
wa

j

)† = (UAw jU
†
A )(UAρAU †

A )(UAw jU
†
A )†

= UA(w jρAw
†
j )U †

A = UAρAU †
A = ρa

A.

Thus, {wa
j } form a set of weak symmetries of ρa

A. Similarly,
for a strong symmetry Wi satisfying WiρA = eiθρA, we define
its transformed counterpart as W a

i = UAWiU
†
A . It acts on ρa

A as

W a
i ρa

A = (UAWiU
†
A )(UAρAU †

A ) = UA(WiρA)U †
A

= UA(eiθρA)U †
A = eiθρa

A.

Thus, {W a
i } form a set of strong symmetries of ρa

A. In sum-
mary, U induces an isomorphism between the symmetries of
ρA and ρa

A, explicitly given by

ω → UAωU †
A , (28)

where ω ∈ ({Wi} ∪ {w j}) is a symmetry transformation
of ρA.

Next, we prove that the TCS structure itself is also pre-
served. This requires showing that the transformed weak
symmetries are still transparent with respect to the trans-
formed strong symmetries, and that their algebra is invariant.
Since UA is an FDQC and the original symmetries are locally
generated, the transformed symmetries {W a

i } and {wa
j } are also

locally generated patch operators. The commutativity between
transformed strong and weak symmetries, [W a

i ,wa
j ] = 0, is

verified as follows:[
W a

i ,wa
j

] = [UAWiU
†
A ,UAw jU

†
A ] = UA[Wi,w j]U

†
A = 0,

where the last equality holds because the original symmetries
commute, [Wi,w j] = 0.

Finally, we demonstrate that the algebra of the weak sym-
metries is also preserved. The commutator of any pair of
transformed weak symmetries is given by[

wa
j ,w

a
k

] = [UAw jU
†
A ,UAwkU

†
A ] = UA[w j,wk]U †

A . (29)

Furthermore, as an FDQC, UA is locality preserving and can
enlarge the support of an operator only by a finite distance
determined by the circuit depth and gate range. Therefore, for
patch operators whose boundaries are separated by distances
larger than this finite dressing scale, topological relations
between their supports, such as linking or nonlinking, are
preserved. This implies that the transformed weak symmetries
still form t-patch operators of the transformed strong symme-
tries and span an equivalent algebra up to the isomorphism
given by conjugation by UA. In conclusion, an FDQC of the
form U = UA ⊗ UĀ preserves the transparent composite sym-
metries of ρA.

VI. SUMMARY AND OUTLOOK

In this paper, we establish SEE as a sharp probe of quan-
tum many-body orders through its geometric and topological
responses, and as a route from bulk pure-state entanglement
to mixed-state symmetry and holography on subdimensional
manifolds. By systematically analyzing subdimensional man-
ifolds in a range of quantum phases, we show that SEE
resolves structures that are invisible to conventional entangle-
ment diagnostics. We further prove a general relation between
SESs and mixed-state symmetries in stabilizer states, and use
it to uncover SW-SSB in SESs with nontrivial SEE. Most
notably, we identify an entanglement-induced mixed-state
holography: For each SES considered in this work, weak
and strong symmetries combine into a TCS, whose algebra
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holographically encodes a topological order of one higher
dimension. We further show that TCS remains robust under
the bipartition-factorized finite-depth quantum circuits which
preserve the SEE of the chosen SES. This robustness sug-
gests that the structure may extend beyond exactly solvable
points.

These results open several directions for future work. First,
throughout this paper, we focus on SEE of stabilizer states,
which serve as representative models for various phases but
do not allow us to investigate SEE in general states. Thus,
a natural direction for future work is to explore SEE in
broader settings beyond stabilizer states, including fracton
phases and cluster states in the presence of external fields,
using numerical methods such as tensor-network wavefunc-
tions [90] and quantum Monte Carlo [63,91–93]. Analytically
exploring the SEE in each phase requires a concrete discus-
sion within the specific theoretical framework of that phase,
which would require extensive further work [8,9,13,68,94–
100]. Free-fermion studies on fractal and hyperbolic lattices
provide further examples of geometry-dependent entangle-
ment scaling [101,102], motivating extensions of SEE beyond
the stabilizer setting. For SESs, another important direction is
to investigate their singular-value spectrum and Schmidt vec-
tors, in order to test possible extensions of the correspondence
between entanglement spectrum and physical edge spectrum
[103].

Furthermore, it is interesting to extend the idea of TCS
to general composite symmetries composed of strong and
weak symmetries satisfying certain relations. We expect such

general composite symmetries and their breaking to provide
another perspective for understanding mixed-state phases. Fi-
nally, volume-law scaling of SEE and SW-SSB at the exactly
solvable points both show the similarity between thermal
states within a certain symmetry sector and SESs with non-
trivial SEE [34,89,104], which inspires us to further explore
the connection between thermalized systems and complicated
many-body entangled states.
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